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Abstract

This paperpresentsa new setof hemisphericabasisfunctionsdedicatedto hemisphericabata representation.
Thesefunctionsare derivedfrom associated_egende polynomials We demonstate the usefulnessf this basis
for representatiorof surfacere ectancefunctions,renderingusingenvironmentmapsand for efcient global il-

luminationcomputationusingradiancecading. We showthat our basisis more appropriate for hemispherical
functionsthan sphericalharmonics.This basiscanbe ef ciently combinedwith sphericalharmonicsin applica-

tionsinvolvingbothhemisphericabnd sphericaldata.

Cateories and SubjectDescriptors(accordingto ACM CCS}
GraphicsandRealism- RenderingGlobal lllumination

1.3.7 [Computer Graphics]: Three-Dimensional

1. Intr oduction

High quality renderingand global illumination techniques
requirean accuratecomputationof the interactionbetween
light and surfaces. Light/surface interaction models usu-
ally rely on hemisphericalfunctions. For example, inci-
dent and outgoing radiancesat ary surface point are de-
ned on a hemisphere,and a BRDF (bi-directional re-
ectance distribution function) is de ned on the carte-
sian product of two hemispheres.For real time real-
istic rendering the efciency and accurag of the rep-
resentationof these hemisphericalfunctions is crucial.
Researcherdhave adapted basis functions de ned over
spheresto represent hemispherical functions such as
BRDFsandincidentradiancefunctions(sphericalharmon-
ics [RH02, SKS02 WAT92, SAWG91, CMS87], or spheri-
cal wavelets[SS95]).However, hemisphericafunctionsin-
troducediscontinuitiesn thesphericablomainatthebound-
ary of the hemisphereand hencetheir accuraterepresenta-
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tion usingsphericabasisrequiresa large numberof coef-
cients.

We introducea hemisphericabasisthat ensuresa more
accuraterepresentatiorof hemisphericalfunctions com-
paredto sphericalharmonicshasis.With minimal effort we
combinefunctionsrepresentedby our hemisphericabasis
with thoserepresentedby sphericalharmonicsfor various
renderingpurposes,such as ernvironment map rendering.
This allows our work to be easily integratedinto existing
algorithmsthat are designedfor using sphericalharmonic
basisfunctions.

Our contributionsin this paperare:

2 The de nition of a setof orthogonalbasisfunctionsto
sene asahemisphericabasis.

2 Methodsfor rotatingfunctionsrepresentedsingour new
basis.

2 Application of thesebasisfunctionsto the representation
of BRDFsandhemisphericatadianceunctions.

2 Application of thesebasisfunctionsto extend the irra-
diancecachingschemdgWar94 for non-Lambertiarsur
faces.

The organizationof the paperis asfollows. After a de-
scription of the state-of-the-artelatedto functional repre-
sentation®f hemisphericafunctions(Section2), we shav
how the shifting of associated_egendrepolynomialscan
lead to a basisof orthogonalpolynomialsde ned on the
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hemisphergSection3). Section4 de nes methodsfor ef-
ciently rotatingfunctionsrepresentedsingour basisfunc-
tions. In Sections5 and 6, we presentapplicationsof our
basisfor BRDF representatiomndradiancecachingin the
contet of globalillumination.

2. Previous Work

Three general approachesfor functional representation
of hemisphericalfunctions have been adoptedin graph-

ics. They are sphericalharmonics,sphericalwavelets and

Zernike polynomial representationsA fourth approach,
basedon Jacobipolynomials,hasbeende ned in the con-

text of radiative transfer

Spherical harmonics. Spherical harmonics (referred to

as SH in the rest of the paper) represent func-
tions dened on the sphere. They are widely used
for representationof BRDFs and ervironment maps
[RHO02,SKS02,WAT92, SAWG91, CMS87. Using spheri-
cal harmonicsfor both BRDFsand environmentmaps,the
lighting integral can be computedas a vector dot product.
Moreover SH areusedto storeprecomputeghadeving and
inter-re ection data[SKS02]. Note that BRDFs,shadaving

andinterre ectionsata pointareall functionsde ned ona
hemispherewhereaghe SH basisfunctionsarede ned on
thewhole sphereHencea larger numberof SH coefcients

is requiredfor accurateepresentation.

Sloanetal. [SHHS03 proposecd solutionto the domain
mismatchby paddinga hemisphericafunction with a mir-
rored copy of the function itself (“even re ection”). This
processsigni cantly improvestheaccurag of therepresen-
tation of a hemisphericafunction. However, with this ap-
proach,the SH coefcients no longerrepresenthe original
function. Problemsappearwhen combiningwith a spheri-
cal ervironmentmap,sincethe nonzerovaluesin the lower
hemisphereyield erroneousdot productresult. To distin-
guishthis procesf hemisphericafunction representation
from the standardSH representationve will referto it as
ESH (for Evenre ection SphericalHarmonics)representa-
tion.

In [SHHSO03] Sloanet al. also proposea least squares
optimal sphericalharmonicLSOSH) projectionfor hemi-
sphericafunctions.Althoughthis methodimprovestherep-
resentationaccurag in the upper hemisphereary hemi-
sphericalfunction projectedusing this methodwould con-
tain nonzerovaluesin thelower hemisphereThereforethis
methodis only suitablefor evaluation purposessincethe
addedhonzerovaluesyield erroneousesultswhencomput-
ing dotproductwith otherLSOSH-projectedunctions.Con-
sequentlythis methodwill notbefurtherdetailed.

Spherical wavelets. Waveletsare well known for ef cient
representatiorof functions de ned on a plane. Schroder
and Sweldens[SS9] extendedwaveletsto the spherical

domainfor efcient representatiorof sphericalfunctions.
They demonstratedhe usefulnesof sphericalwaveletsto

accuratelyrepresenthemisphericalfunctions, particularly
BRDFs.Waveletsareadvantageougspeciallyfor functions
of complex shapeBut usinga small numberof waveletco-
ef cients to approximatea smoothfunction might lead to

aliasing(seeFigure 13 in [SS95]). Aliasing affectsthe vi-

sual quality of the generatedmagesmore than an incor

rect, althoughsmooth,BRDF shapeobtainedby spherical
harmonicsor our new basis.Moreover the hierarchicaldata
structureproposedn [SS95]is not well suitedfor current
graphicshardvare.

Zernike polynomials. Zernike polynomials [WC92] are
basisfunctionsde ned onadisc.Thosefunctionshave been
adaptedby Koenderinket al. [KvDS96€] to build a hemi-
sphericalbasis.The CUReT BRDF databasgDvGNK99]
uses these basis functions for representingmeasured
BRDFs.However, Zernike polynomialshave a high evalu-
ation cost (up to 10 times more than associated_egendre
polynomialsusedfor sphericaharmonics)androtationma-
tricesarenotavailablefor them.

Makhotkin hemispherical harmonics Thesebasisfunc-
tions [Mak96, Sme98 are derived from shifted adjoint Ja-
cobi polynomials. The basis functions can be evaluated
quickly using a simple recurrencerelation, but this repre-
sentatiorlacksrotationmatrices.

In this paperwe proposea new basisde ned directly on
the hemisphereRepresentationf hemisphericafunctions
using this basisis naturaland we demonstratehat sucha
representatiors ef cient aswell.

3. A Novel Hemispherical Basis

In thissectionwe de ne ahemisphericabasisasanadapted
versionof SHthatreliesontheassociatedlegendrepolyno-

mials. In particular we proposeto shift the associated.eg-

endrepolynomialsto derive our new basis.

Orthogonal Polynomials. A setof polynomialsf p;(x)gare
saidto beorthogonabveraninterval [a; b] if p;(X) is apoly-
nomialof degreel, andfor n,m, 0
Zy
. W(X) Pn(X) pm(X)dX = thmCn 1)

wheredymis 0 or 1 accordingagsn& morn= m, andw(X) is
a non negative weightingfunction. If ¢, = 1 thenthe poly-
nomialsareorthonormal.

Shifted Polynomials. We de ne shifting asa linear trans-
formationof x to kyx+ kp, wherek; 6 0. If thepolynomials
f pi(X)g are orthogonalover an intenval [a;b] with weight
functionw(x), thenthe polynomialsf p (kyx+ k»)g areor-

thogonalover the intenal [@klﬁ; leﬁ] with the weighting
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function w(kix + ko) [Sze7]. If fp(X)g are orthonormal
thenf(signkl)I jkijpi(kix+ ko)g are orthonormal. The
polynomialsf py(kyx+ kp)g are saidto be the shifted ver
sionsof f p(X)g.

AssociatedLegendre Polynomials. Thgassogiatediegen-
drepolynomials(or ALP fromnow on), R™(x) wherem2
f0;::;1g, area setof polynomialsorthogonalover [j 1;+ 1]
with respectto | with the weighting function w(x) = 1
[Wei04:
Z,
LECLHERS

2(m+ I)!
—— (o 2
@+ mrae )
Repdacinghe aggumentx with cosg, we getasetof func-
tions, RM(cosg) de ned over the angularinterval [O; p].
Realvalued SH functions,orthogonalover [0; p] £ [0;2p),
areconstructedrom R™(cosq) as:

8 p-
% P 2KMcogmf )P™(cosq) if m>0
Y™(q;f) = péKlmsin(i mf )P M(cosg) ifm<0
KPPO(cosq) if m=0
3
whereK™ is the SH normalizatiorvalue:
s
. H H '
= @+ jm)! @

ap(i-+ jm)!

Shifted ALPs. Usingthelineartransformatiorof xto2xj 1
we getshifted ALPs [Wei04] overtheinterval x 2 [0; 1]:

B"(x) = A™(2xi 1) ©)

Therationalebehindthis shifting is thatby replacingthe ar
gumentx with cosg, we getfunctionsf B™(cosq)g thatare
de nedin theintenal g 2 [0; £], thepolaranglerangeof the
hemisphere:

B™(cosq) = P™(2cosgi 1) with g2 [0;5]:  (6)

The shifted ALPs remainorthogonal but the normalization
changesiccordingo thede nition givenabove. Thefollow-
ing equationshavs the orthogonarelationwith respecto |
with 1 astheweightingfunction.

z z,

1
. BT()BT(x)dx = . RM(2xi 1)RT(2xi 1)dx
(m+1)!
@m0

From Shifted ALPs to Hemispherical Basis. In the same
way thatSH functionsareconstructedrq@ ALPs, we con-
structour hemisphericabasisfunctions H™(q;f) from

© TheEurographic#\ssociation2004.

shiftedALPs.
8 p_
% P 2R cogmf )B™(cosq) if m>0
H™(q;f) = E p?lelmsin(i mf)B M(cosq) if m< 0
" RRO(cosq) ifm=0
®)
with thefollowing normalizatiorvalue:
s
. H . |
M = @+ i jm)t )

2p(l+ jmi)!

By analogy with spherical harmonics, we name the
H™(q;f) basisfunctions “hemisphericalharmonics” (ab-
breviatedby HSH in the remainderof this document)HSH

areorthogonabver[0; 2]£ [0; 2p) with respecto both!l and
m. 3D plotsof the rst few HSH functionsaregivenin Ap-

pendixA. The following sectionpresentgotationmethods
for HSH-projectedunctions.

4. HSH Rotation

In the context of realisticrenderingusing HSH, one might
have to rotateHSH-projectedunctionsef ciently (Section
6.2). This sectioncontainsthreemethodsdealingwith such
rotationsby convertingto sphericaharmonicsusingspher
ical harmonicgotationmatricesandprecomputingotation
matrices.

The rst methodworksasfollows : in section6.1 we de-
ne amatrix C usedto corvertcoefcients from SHto HSH
andvice-versa.TheHSH rotationcanbe carriedout by con-
verting the HSH coefcients to SH using C, thenapplying
a SHrotationmatrix,and nally corvertthe SH coefcients
backto HSH usingCi 1. Sincethe SH representatiois less
accuratehanHSH, we proposeto usea non-squareorver
sion matrix: the intermediateSH representatiomsesmore
coefcients thanHSH. It mustbe notedthatthis methodau-
tomaticallyremovesthe datathatdisappearsinderneatthe
horizonduringrotation(Figure2(c)).

The two next methodsrely on Euler's rotationtheorem:
ary rotation may be describedusing three angles. We
represenpur rotationsby the ZYZ corvention,whereZ is
the vertical axis of a right handedorthogonalcoordinate
system.

The rotation of HSH functions around the Z axis is
the sameasthat of SH functions[SAWG91]]. The rotation
aroundthe Y axisis lossyfor all hemisphericafunctions:
after sucha rotation, a part of the function mustbe setto
zero (Figure 2). Hencewe carry out the Y axis rotationin
two steps.

In the rst stepwe deletethe hemispheraligon| (Figure
1) thatdisappearsifter the rotationaroundaxisY by angle
b (Figure2(b)). We carry out this deletionasa coefcient
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vectortransformatiorwith a matrix M (b). The elementsf
this matrix ared% nedas:

M (b) = " H™(q; f)H(q; f ) singdgdf  (10)

I

whereH j | isthehemispheraftertheremoval of thedigon.
As the digon deletionaddshigh frequenciesn the signal,
this matrix is dense For practicalpurposesye precompute
matricesfor a setof rotationanglesthenlinearly interpolate
themfor ary otherangleat runtime.

Figure 1: Hemisphee anda digon[Dutre 2003]. Thedigon
is theshadedpart of the hemisphes.

@ (b)

H-I

v

©

Figure 2: HSH rotation aroundY axis. Hemisphee before
rotation(a), shadedligonthatis setto zeio (b), Hemisphes
afterrotation(c).

Oncethis “deletion” transformationis applied,we have
to computeand apply a rotationmatrix for rotationaround
Y. SinceHSH de nition is closeto SH, we choseto useSH
rotationmatriceIR96] to derive HSH rotations.

Applying a SHrotationmatrix of anglebgy aroundyY axis
to aHSH vectorof coefcients f fjg is equivalentto:

2 shifting the HSH-projectedfunction fygy to the whole
sphergEgs.11,12),yielding fg4 (Figure3(b)).

fusi(ai) = & fibi(a:r) [0 51£ O:2p]! R (A1)

fsi(qif) = & fivi(q:f) [O:pI£ [0:2p]! R (12)

2 applyinga SH rotationmatrix Rg'; to fgy (Figure3(c))
2 shifting RE;(fSH) to the upper hemisphereto obtain
RISH (f,94) (Figure3(d))

BrsH

L ),

(b) fs4 obtained by shifting
fusy to the entire sphere(i.e.
using SH insteadof HSH basis
functions)

A

L

(a) Original function fyysy

BH SH

Bsm

(c) Spherical harmonicsrota- (d) The rotated hemispherical

tion appliedto fgy functionis obtainedby shifting
R (fsu) to the upper hemi-
sphere

Figure 3: HSH rotation process: the original hemispheri-
cal functionis r st shiftedto thewholesphee, thenrotated
using SH rotation matrices.The last stepshiftsthe rotated
functionbadk to the hemisphez.

Our aim is to determine the relation between bgy
and by : since SH and HSH domains are different,
bsy 6 bygy. Using Equation6, a rotationof angleby gy
on the hemispheras equivalentto a rotationof angleby gy
(Eq.13).

bgq = arccog2cosbygyi 1) (13)

This equationshaws thatthe SH rotationmatricescanbe
appliedto HSH for a rotationaroundY axis provided that
no partof the original function movesinto the lower hemi-
sphereafterrotation(this conditionis ful lled by removing
theconsideredligon (Eg. 10)).

The last rotation methodconsistsof the inclusion of the
rotationin the precomputednatricesin Equation10. The
matrix elementvaluesarede ned by

z
MRS (b) = HT(a:F)HE (R (q: 1) singdgar
' (14)
whereH j | is the hemisphereafter remaving the digon,

© TheEurographic#\ssociation2004.
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Figure 4: Accurcy versus numberof coefcients for ap-
proximationofa Phonglobe, (cosa)®, usingHSH,SH,ESH,
Zernike and Makhotkinapproades.

andRy(q;f) representshedirection(q; f) rotatedaround
Y axisby angleb.

The accurag of this method comesat the expenseof
memory:anaccuratgotationrequiresalargenumberof pre-
computedmatrices.The two next sectionspresentapplica-
tionsof HSHin thecontet of imagesynthesis.

5. HSH for Hemispherical Function Approximation

The [0; 1£ [0;2p) domainof HSH basisfunctionsmalkes
them ideal for representatiorof hemisphericalfunctions
such as BRDFs and radiance functions around surface
points.In this sectionwe shav a accurag comparisorbe-
tweenHSH representatioandprevious methods.

We rst shav theapproximatiorof a Phonglobe[Pho7]
(cosa)®, wherea is the anglebetweerthe speculare ec-
tion directionandthe viewing direction.Figure 4 plots the
approximatioraccurag asfunctionof the numberof coef-
cientsin HSH, SH,ESH, Zernike andMakhotkin'srepresen-
tation. We estimatethis accurag by computingthe fraction
of the total enegy capturedfor a given numberof coef-
cients[RH02]:

aod s
a a if
Accuray = 7z IS0 mei | (15)
02 f(q;f)2singdqdf

Theobsenrationin this gure andtheresultsin latersections
shav thatthe HSH representatioindeedprovides a better
representatiorthan SH with fewer coefcients. Moreover,
our basisperformscomparablyto Makhotkin's method,and
exhibits a higheraccurag thanboth ESH and Zernike ap-
proachesn the Phongcase.

HSH Representationof BRDFs. BRDFsarefunctionsde-
ned over the cartesiarproductof two hemispheres;orre-
spondingto incomingandoutgoingdirections.Onecanuse
eitherof thefollowing two approacheto representhemus-
ing HSH basis.Oneapproachs to usetwo successie HSH

© TheEurographic#ssociation2004.
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Figure 5: Accuacy versusnumberof coefcients for HSH,
SH,ESH,Zernike andMakhotkinrepresentationsTheseval-
uesare obtainedfor ananisotopic Ward BRDFwith kq = 0,
ks=1,ax= 0:2, ay= 05.

transformationspne for the incoming hemisphereandthe
otherfor the outgoinghemispherdsimilar to the approach
usedby Westinet al. [WAT92] using SH basis).The other
approachis to discretizethe outgoinghemisphereand use
HSH to representhe incoming hemispherecorresponding
to eachoutgoingdirection(similar to the approactusedby
Kautzetal. [KSS02]).

We usethelatterapproachin which then-th orderrepre-
sentatiorof a BRDF f,, .y for ary givenoutgoingsample
direction(qo; fo) is

n |
flauta(@f)¥%4d & d'(qoifoHMaif);  (16)
I=0m=j |
where
Z 2f p=2
q(doifo) = F(dosf o s FOHT(ah: fi) singidgidf :
17)
We sample the outgoing hemispherefor (qo;fo) using
parabolicparametrizatiorproposedy Heidrich and Seidel
[HS99].

Figure5 plots the approximationaccurag of the HSH,
SH, ESH, Zernike and Makhotkin's representatiorof an
anisotropicWard BRDF [War93 asa function of the num-
ber of coefcients. The plot shows that althoughthe ESH
providesbetterresultsin thiscasetheHSHrepresentatiois
still moreaccuratehanthe SHrepresentatiowhenthesame
numberof coefcients is used.As in the previous example,
HSH, Zernike and Makhotkin's methodperform compara-
bly.

Figure 6 shavs imageframesfrom our GPU basedreal-
time renderer The teapotsshovn in the imagesare lit
by a single point light source.Thosein the left column
are assigneda PhongBRDF, and in the right column an
anisotropicWard BRDF. The renderingsn the threerows
from top to bottomcorrespondo analyticBRDF functions,
andtheir HSH and SH representationsespectiely. 32£ 32
outgoing sampledirectionsare usedfor the HSH and SH
representationd he coefcients andthe basisfunctionval-
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uesarestoredastextures.For ary incomingdirection(g;; f)
and outgoing direction (qo; f o), ¢"(Go; fo) and H™(q;; fi)
valuesarecomputedy bilineartextureinterpolation Equa-
tion 16 for f(, .r,)(qi;fi) is evaluatedusing a multi-pass
pixel shaderprogram.The imagesusing HSH representa-
tion (Figures6(c) and(d)) arevisually closerto the images
obtainedusinganalyticaBRDFs.Notetheringingin theim-
agesobtainedusingSHrepresentationf theBRDF (Figures

6(e)and(f)).

@ (b)

©

©) ®

Figure 6: ImagesrendeedusingPhongBRDF (left column)
and anisotiopic Ward BRDFs (right column). Figures (a)
and(b) useanalyticBRDFs;Figures(c) and(d) useorder 7
HSH representatiorand Figures(e) and (f) useorder 7 SH
representation.

Figures5 and 6 demonstratehat HSH representatiormf
BRDF usinga givennumberof coefcients outperformsSH
representatiomoth in termsof computedand visual accu-

ragy.

6. HSH in Realistic Rendering
6.1. EnvironmentMap Rendering

Hardware renderingof surfaceswith arbitrary BRDFsillu-
minatedby ervironmentmapshasrecentlyrecevedwide at-
tention[KSS02,RH02,SKS03. Environmentmapsaredis-
creterepresentationsf incoming radiancefrom directions
de ned on a whole sphere.Consequentlythey canbe ap-
proximatedusing a sphericalbasissuchas SH. In this sec-
tion, we shawv thata SH representatioof ervironmentmaps
is straightforvardto combinewith a HSH representationf
BRDFs.We demonstraténteractve hardwarerenderingus-
ing HSH representatiorior BRDFs and SH representation
for ervironmentmaps.

SinceSH andHSH basesarenot mutuallyorthogonalwe
cannotdirectly computean integral containinga SH repre-
sentatiorof anernvironmentmapanda HSH representation
of a BRDF. However, incominglight from the ervironment
atary surfacepointis only de ned onahemisphereConse-
guently we proposeto corvert the ervironmentmapcoef-
cientsfrom SH to HSH after rotatingthemfrom the global
to thelocalframe.This corversionis achiezedby transform-
ing therotatedSH coefcients with abasischangematrix C.
Eachelemenibf this matrixis de ned by:

o L op?p=2
cmoP = o, HM@n)YE(a:f)singdgds  (18)

This matrix is very sparsenonzerovaluesoccuronly for

m = m° which signi cantly reduceshe costof the trans-
formation from SH to HSH representationNote that this

transformationis not invertible sincethe integrationin the
interval g 2 [0; p=2] only accountdor the informationbe-
longing to one half of the sphere,and completelydiscards
the informationin the otherhalf. For | < 3 andI%< 3 the
corversionmatrix Cz.3 is:

0:71 0 0:41 0 0 0 0 0 0 1

0 0:60 0 0 0 0:19 0 0 0
0:82 0 0:71 0 0 0:18 0

0 0 0 0:60 0 0 0 0:19 0

0 0 0 0 0:53 0 0

0 0:77 0 0 0 0:51 0 0 0
0:40 0 0:78 0 0 0 0:53 0

0 0 0 0:77 0 0 0 0:51 0

0 0 0 0 0 0 0 0 0:53

Renderingwith ervironmentmapsproceedssfollows:

2 ComputeSH representatioof the ervironmentmap.

2 ComputeHSHrepresentationf thesurfaceBRDF for ev-
ery surfacein thescene

2 For everyrenderedsurfacepoint:

— Rotatethe coefcients of the environmentmapto t
thelocal frameassociatedavith the surfacepoint.

— Transformthe coefcients from SH to HSH usingthe
precomputedbasischangematrix C.

— Computethe dot product betweenthe HSH coef-
cientsof the ervironmentmap and HSH coefcients
of the surfaceBRDF for the requiredoutgoingdirec-
tion.

Figure7 shavsrenderingof ateapotusingthreedifferent
ervironmentmaps.Table 1 comparedrameratesachiered
by the HSH approximatedBRDF agpinstthe SH approxi-
matedBRDF. Our methodachieves similar frame ratesto
the SH approactfor the samenumberof coefcients since
the conversionstepdoesnot requiremuchadditionalcom-
putation.

It should be notedthat the ESH representatiortan not
be usedin this context becausef the extra non-zeroBRDF

© TheEurographic#ssociation2004.
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(a) GraceCathedral (b) EucalyptusGrove

(c) StPetersBasilica

Figure 7: ErvironmentmaprenderingusingHSHrepresen-
tation of the BRDF (order 10). The glossyteapotis lit by
threedifferenternvironmentmaps.

informationpresentin the lower hemispherethe dot prod-
uctbetweertheervironmentmapandthe BRDFwould take
into accountboth upperandlower hemispheredeadingto
erroneousesults.

Orderof
representatio(n) 2 3 5 8 10

HSH (fps)
SH (fps)

220 138 26.2 31 1.6

223 160 29 328 1.73

Table 1: Timing results(in framesper second)or environ-
mentmapsrenderingusing HSH and SH representatiorof
BRDFs.Thetiming was obtainedon a 2.4GHzIntel Xeon
with ATl Radeor®800Pro card for animage size700x600.
Theteapotmodelusedhas1873vertices.

6.2. RadianceCachingfor Ef cient Global lllumination
Computation

MonteCarlo(MC) ray tracingremainghemethodof choice
for accuratelycomputingglobalillumination. It is, however,
very expensve whenit comesto computingillumination on
surfaceswith low frequeny BRDFs.Many samplerayshave
to be tracedto get a reasonablestimateof the following
illuminationintegral ata point.
Z 2f p=2
L(Go:fo) = o o Li(ai; fi) f(ai; fi; o f o) cosq; sing dg; df i
(19)
wherelL is the outgoingradiancel; is the incomingradi-
anceand f is the BRDF. Variousalgorithmshave beenpro-
posedto reducethe costof this computation Ward et al's
[WRC8§ irradiancecachingis one of suchalgorithms.lIt
signi cantly reduceshe amortizedcostof theillumination

© TheEurographic#ssociation2004.

for (every BRDFin thescene)o
- Computethe HSH representationf the BRDFE
end for
for (every surfacepoint P visible throughthe image
pixels)do
if (radiancecachesamplesxist nearP ) then
- ComputeHSH coefcients of theincomingra-
dianceat P by gradientbasednterpolation.
else
- Monte Carlo samplethe incoming hemisphere
aroundP andgetthe incomingradiancealonga
numberof incomingdirections
- ComputeHSH coefcients of theincomingra-
diancefunctionat P by Monte Carloquadrature.
- Computethe gradientof the coefcients atP.
- Storethe coefcients and the gradientsin the
radiancecache.
endif
- Computethe outgoing radianceat P as the dot
productof the HSH coefcients of incoming radi-
anceandsurfaceBRDF.
endfor

Figure 8: Outlineof our radiancecaching algorithm.

integral estimationat Lambertiansurfacesby cachingand
reusingirradiance.

We extendthis algorithmto supportnon-Lambertiarsur
facedy cachingandreusingtheincomingradianceunction
insteadof irradiance.The incomingradianceis represented
by hemisphericaharmonics.

Figure8 brie y outlinesthe stepsof our radiancecaching
algorithm. They are similar to those used by Ward et
al.[WRC8§ in theirirradiancecaching We make useof the
samebasicobsenationthattheindirectilluminationchanges
slowly over eachsurfacewith low-frequeng BRDFs. The
main differenceis that we cachethe directional radiance
functioninsteadof scalarirradiance This allows usto com-
puteoutgoingradiancefrom surfaceswith non-Lambertian
BRDFs.

Thoughthis methodcansupportall typesof BRDFs,we
would like to point out that the accuraterepresentatiorof
sharpBRDFsrequiresa large numberof HSH coefcients.
Hence,for high frequeny BRDFs, direct computationof
the outgoingradianceby MC importancesamplingis likely
to be more ef cient than interpolationbasedcomputation.
The various stepsof the algorithm shovn in Figure 8 are
describedn the following paragraphskFor a more detailed
descriptionof radiancecachingpleasereferto [KGPBO4].

BRDF Representation. We precomputehe HSH represen-
tationof surfaceBRDFsusingthe methoddescribedn Sec-
tion 5. Notethatwe premultiplyBRDFsby the cosineterm,
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cosg;, of theilluminationintegral (Eq. 19) beforecomputing
their HSH representation.

Incoming Radiance Computation. We representthe in-
comingradiancefunctionL; atapointP by avectorof HSH
coefcients I |™

n |
L(g:f)%a & |™™a:f); (20)

I=0m=j |

wheren is the orderof HSH representatioand

Z 297 p=

= 0 Li(g;f)H™(qg;f)singdgdf:  (21)

We computel ™ by MC quadraturavith uniform sampling
of the hemispheref incomingdirections.The equationfor
this quadratures

N
il Qo

P
N

M= Li(ai; FoH™(ak: fi); (22)
1

whereL;(qx; f«) is theincomingradiancecomingfrom the
sampleddirection (gx; fx) andN is the numberof sample
directionsWe usea x ednumberN of sampledirections.

RadianceGradient computation. Therearetwo majordif-
ferencedetweerthe gradientbasednterpolationusedhere
andby WardandHeckberfWH92].

2 \We rotate the radiancefunctions before interpolation,
hencewe do notuseary rotationalgradient.

2 We use uniform samplingfor computing/ ", whereas
WardandHeckberfWH92] usecosinesamplingfor com-
puting irradiance Henceour translationalgradientcom-
putationis different.

h oo

We computethetranslationagradient\/ = 7’7’7—;(; 7’7’7—)‘/;0

for eachl/ ™. Thetranslationagradientis de ned in thelo-

cal coordinateframe at a samplepoint P. The derivative

I "=1Tx at P is computedby displacingthe samplepoint

P alongthelocal X axisby Dx to P2 The coefcient / |m0 at

POis computedas

N KW PkZ cosx®
k"i‘l kg j P%2 cosx

2 o
J 0= Wp Li(g f) H™ agfi

and{/ "=1xis computedas

7”|m_ I|m0i ,lm'
T Dk

wherethedenotations:
(ak; fx) Direction of the k-th ray usedto samplethe

hemispheratP.

Li(gk;fx) Incoming radiance from the direction
(G; Fi)-

Wi Ray - surfaceintersectionpoint for direction
(a; Fi)-

X Angle betweerthevectortti i P andthesur

facenormalatW.

Directionfrom Pto W.
Anglebetweernthevectortt i PPandthesur
facenormalatW.

(g
XO

The computationof 1/ ™=fy proceedsn a similar way:
Thederivation of thoseformulasis givenin [KGPB04].

Radiance Inter polation. We usea weightedinterpolation
schemesimilar to the oneproposedn [WH92] for interpo-
lating coefcients /™ at ary requiredsurfacepoint P. The
only differencein the schemess thatwe replacethe useof
therotationalgradientby applyingarotationto thevectorof
coefcients L = fllr;Ti‘g. This alignsthe coordinateframeat

thesamplepoint® with theframeatP. Theweightw; (P) of
sampleR is
kpi Ak
+
R

|
il

wi(P) = i Noy (23)

whereN is thesurfacenormalat P, N is the surfacenormal
atR, andR; is theharmonicmeandistanceo objectsvisible
fromB. Thecoefcient vectorL = f[ Mg of theinterpolated
radiances:

u _ Al
AR L+ dx& + dy& wi(P)
L) =2 L SN
aw(P) ’
S

whereS= fijw;(P) > 1=ag anda is a userde ned desired
accurag. Thede nition of the setSis the criterion usedto

decidewhich radiancecachesamplescan be usedfor in-

terpolation.Derivatives L ;=1x and L =1y arethe trans-
lational gradientcomponentsand (dx, dy) arethe displace-
mentsof P B alongthe X andY axes of the samplei's
local coordinateframe. R; is the HSH rotation (Section4)

thatalignsthe coordinateframeat B with the frameat P. It

transformghewhole coefcient vectorL; = fll';?g afterthe
translationaradientis applied.

Outgoing Radiance Computation. As both the incoming
radiancel; andthe BRDF f in the illumination integral
(Eq.19)arenow representedsHSH coefcient vectorsthe
integral computatiorreducego the dot product

ngl J
Lgoifo)= @ a !Mf"(qoifo);

I=0m=j |

© TheEurographic#ssociation2004.
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Figure9: Cornellboxwith glossybad wall rendeedusingradiancecacing. Radiancdunctionat samplepointsare computed
asits HSHcoefcients. 1121radiancesamplesare usedto renderthe centerview (b). Thenumberof additionalsamplesieeded
whentheviewpointchangesto left (a) andright (c) is 250and 198. Thesizeof ead of theimagesis 850£ 850.

where/|™ is an interpolatedincoming radiancecoefcient
and f™(qo; f o) is a BRDF coefcient at P for the outgoing
direction(qo; fo)-

Results. Figure9 shaws threerenderingof a Cornell box
with glossy back wall (Phong, exponent22), taken from
threedifferentviewpointsatresolution850£ 850.Thenum-
berof rayscastto sampleeachhemispherés N = 4000.The
orderof HSH usedis n = 10. Exceptfor the backwall, all
objectsare Lambertian.Direct lighting and rst bouncere-

ection for the backwall wereusedto generateheimages.

The timings given heredo not include direct illumination
computationimage9(b) took 25:8 sec.to rendef with 1121
radiancecachesamplesimages9(a) and(c) took 11:2 and
10:3 secondgo rendersinceonly 250and198additionalra-
diancecachesamplesvereneededMemoryconsumptiorof
theradiancecachewas1:5 MB. The timings comparewell
with 260 secondsenderingtime for theimagesof approx-
imately the samevisual quality generatedvith MC impor-
tancesampling.

7. Conclusion

This paperdescribedinew basisfor hemisphericatiatarep-
resentationThis basisis idealfor the representatioof low-
frequeng hemisphericafunctions.Thesefunctionsare of-
ten encounteredh mary applicationswherethe interaction
betweera pointonasurfaceandits ervironmentneedso be
computed We demonstratedts usefor the following rep-
resentatie setsof applications:ef cient representatiorof
BRDFs, real-timeervironmentmaprenderingpf non-difuse
surfacesand ef cient global-illuminationcomputation.As

T Thetimingsin thissectiorweremeasuredna2.26GHzPentium
4 with 512MB RAM runningWindows XP.

© TheEurographic#ssociation2004.

shawn, this basisprovidesamorecompactndaccuratavay
of representindiemisphericafunctionsthan sphericalhar
monics.
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Appendix A: HSH FunctionPlots

In Figure 10 we shav the shapeof the rst few HSH func-
tions.

(a) jHQ]
(b) jHi Y (©) jHYj (d) jHij
() iH 3 (f) iH3 Y (@) jHY

(h) iH3i @) jH]

Figure 10: Functionplotsof H™ for | from0to 2.

Appendix B: Associated_egendrePolynomials
TheALPsarede ned as

AT (25)

dm
(i DM(Li )™ SR
(G
2
wherethe R (x) arethe unassociatetlegendrePolynomials.

Thesepolynomialscanbecomputedef ciently usingthefol-
lowing recurrenceelations:

Came d™ o
Qi Xm0 D (26)

(i MR = x(2i AT (27)
i (1+mi DR,

PRI = (i D™@mi )N(1j x)™2 (28)

Pm.a(X) = x(2m+ 1)P(X) (29)

wheren!! is the doublefactorialof n, i.e. the productof all
positiveintegerslessthanor equalto n with sameparity asn.
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