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ABSTRACT

Alternating-time Temporal Logic (ATL") is a central logic
for multiagent systems. Its extension to the imperfect in-
formation setting (ATL}) is well known to have an unde-
cidable model-checking problem when agents have perfect
recall. Studies have thus mostly focused either on agents
without memory, or on alternative semantics to retrieve de-
cidability. In this work we establish new decidability results
for agents with perfect recall: We first prove a meta-theorem
that allows the transfer of decidability results for classes
of multiplayer games with imperfect information, such as
games with hierarchical observation, to the model-checking
problem for ATL;. We then establish that model checking
ATL* with strategy context and imperfect information is de-
cidable when restricted to hierarchical instances.

1. INTRODUCTION

In formal verification, model checking is a well-established
method to automatically check systems’ correctness [7, 33,
8]. It consists in modelling the system as a mathematical
structure, expressing a desired property as a formula from a
suitable logic, and checking whether the model satisfies the
formula. In the nineties, interest has arisen in the verifica-
tion of multiagent systems (MAS), in which various entities
(the agents) interact and can form coalitions to attain their
objectives. This has led to the development of logics to rea-
son about strategic abilities in MAS [1, 2, 6, 26, 27, 28, 37].

Alternating-time Temporal Logic (ATL™) [2] plays a cen-
tral role in this line of work. Interpreted on concurrent game
structures (CGS), it extends CTL* with strategic modali-
ties, which express the existence of strategies for coalitions
of agents to force the system’s behaviour to satisfy certain
temporal properties. ATL* has been extended in many ways,
and notably with strategy contexts [5, 24]: In ATL", strate-
gies of all agents are forgotten at each new strategic modal-
ity. In ATL* with strategy context (ATLj.), instead, they are
stored in a strategy context, and are forgotten only when
replaced by a new strategy or when the formula explicitly
unbinds the agent from her strategy. This makes ATLj.
expressive enough to capture important game theoretic con-
cepts, such as the existence of Nash Equilibria [24].

In many real-life scenarios, such as when some information
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is private or hidden for security reasons, agents do not know
precisely what is the current state of the system, but have
a partial view, or observation, of the state. This fundamen-
tal feature of MAS is called imperfect information, and it is
known to quickly bring about undecidability when involved
in strategic problems, especially when agents have perfect re-
call of the past, which is a usual and important assumption
in games with imperfect information and epistemic tempo-
ral logics [12]. For instance solving multiplayer games with
imperfect information and perfect recall, i.e., deciding the
existence of a distributed winning strategy in such games,
is already undecidable for reachability objective [31]. Since
such games are easily captured by ATL* with imperfect in-
formation (ATL}), model checking ATL; with perfect recall
is also undecidable [2].

However, restricting attention to cases where some sort of
hierarchy exists on the different agents’ information yields
decidability for several problems related to the existence of
strategies: Synthesis of distributed systems, which implic-
itly uses perfect recall and is undecidable in general [32],
is decidable for hierarchical architectures [22]. Actually, for
branching-time specifications, distributed synthesis is decid-
able exactly on architectures free from information forks,
for which the problem can be reduced to the hierarchical
case [13]. For richer specifications from alternating-time log-
ics, being free of information forks is no longer sufficient,
but distributed synthesis is decidable precisely on hierarchi-
cal architectures [34]. Similarly, solving multiplayer games
with imperfect information and perfect recall, i.e., checking
for the existence of winning distributed strategies, is decid-
able for w-regular winning conditions when there is a hier-
archy among players, each one observing more than those
below [30, 22]. Recently, it has been proven that this as-
sumption can be relaxed: the problem remains decidable if
the hierarchy can change along a play, or even if transient
phases without such a hierarchy are allowed [4]. Note that
hierarchical information occurs naturally, for instance when
agents are assigned different levels of security clearance.

Our contribution. In this work we establish several
decidability results for model checking ATL; with perfect
recall, with and without strategy context, all related to no-
tions of hierarchy. Our first result is a theorem that allows
the transfer of decidability results for classes of multiplayer
games with imperfect information, such as those mentioned
above, to the model-checking problem for ATL}. This theo-
rem essentially states that if solving multiplayer games with
imperfect information, perfect recall and omega-regular ob-
jectives is decidable on some class of concurrent game struc-



tures, then model checking ATL; with perfect recall is also
decidable on this class of models (a simple bottom-up algo-
rithm that evaluates innermost strategic modalities in every
state of the model suffices). As a direct consequence we eas-
ily obtain new decidability results for the model checking of
ATL; on several classes of concurrent game structures.

Our second contribution concerns ATL* with imperfect
information and strategy context (ATLj ;). Because there
are in general infinitely many possible strategy contexts,
the bottom-up approach used for ATL] fails here. Instead
we build upon the proof presented in [24] that establishes
the decidability of model checking ATLj3. by reduction to
the model-checking problem for Quantified CTL* (QCTL™).
The latter extends CTL* with second-order quantification
on atomic propositions, and it has been well studied [36,
20, 21, 14, 23]. QCTL], an imperfect-information exten-
sion of QCTL™, has recently been introduced, and its model-
checking problem was proven decidable for the class of hier-
archical formulas [3]. In this paper we define a notion of hi-
erarchical instances for the ATL}, ; model-checking problem:

sc,i
an ATLy, ; formula ¢ together with a concurrent game struc-
ture G is a hierarchical instance if the observations of agents
appearing in strategy quantifiers get more refined as one goes
down ¢’s syntactic tree. We adapt the proof from [24] and
prove the model-checking problem for ATL{. ; on hierarchi-
cal instances decidable by reduction to the model-checking
problem for hierarchical QCTL; formulas.

Related work. The model-checking problem for ATL] is
known to be decidable when agents have no memory [35],
and the case of agents with bounded memory reduces to
that of no memory. Another way to retrieve decidability is
to assume that all agents in a coalition have the same infor-
mation, either because their observations of the system are
the same, or because they can communicate and share their
observations [10, 15, 16, 18, 19]. This idea was also used re-
cently to establish a decidability result for ATL, ; [25] when
all agents have the same observation of the game.

The results we establish here thus strictly extend previ-
ously known results on the decidability of model checking
ATL; and ATLj, ; with perfect recall and standard seman-
tics, and they hold for vast, natural classes of instances, that
all rely on notions of hierarchy, which seems to be inherent to
all decidable cases of strategic problems for multiple entities
with imperfect information and perfect recall.

Outline. After setting some basic definitions in Section 2,
we present our meta-theorem on the model checking problem
for ATL; in Section 3. In Section 4 we prove that when
restricted to hierarchical instances, model checking ATLj, ;
is decidable, and we conclude in Section 5.

2. PRELEMINARIES

Let X be an alphabet. A finite (resp. infinite) word over
3 is an element of ¥* (resp. £“). The empty word is noted
e, and &1 = 2%\ {€}. The length of a word is |w| := 0 if w
is the empty word e, if w = wow . .. w, is a finite nonempty
word then |w| := n + 1, and for an infinite word w we let
|w] := w. Given a word w and 0 < 4,5 < |w| — 1, we let w;
be the letter at position ¢ in w and wli, j] be the subword of
w that starts at position ¢ and ends at position j. For n € N
we let [n] := {1,...,n}. Finally, for the rest of the paper, let
us fix a countably infinite set of atomic propositions AP and
let AP C AP be some finite subset of atomic propositions.

2.1 Kiripke structures

A Kripke structure over AP is a tuple S = (S, R, {) where
S is a set of states, R C S x S is a left-total' transition
relation and £ : S — 247 is a labelling function.

A pointed Kripke structure is a pair (S, s) where s € S. A
path in a structure S = (S, R, ¢) is an infinite word A over S
such that for all 2 € N, (A, Aix1) € R. For s € S, Paths(s)
is the set of all paths that start in s.

2.2 Infinite trees

Let X be a finite set. An X-tree 7 is a nonempty set of
words 7 C X such that
e there exists r € X, called the root of 7, such that each
u € T starts with r;
o ifu-xz €7 withx € X and u # ¢, then v € 7, and
e if u € 7 then there exists ¢ € X such that v -z € 7.
The elements of a tree 7 are called nodes. If u-x € 7, we
say that u -z is a child of w. Similarly to Kripke structures,
a path is an infinite sequence of nodes A = uou1 . .. such that
for all 4, u;4+1 is a child of u;, and Paths(u) is the set of paths
that start in node u. An AP-labelled X -tree, or (AP, X)-tree
for short, is a pair t = (7, £), where 7 is an X-tree called the
domain of t and £ : T — 247 is a labelling.

DEFINITION 1 (TREE UNFOLDINGS). Let S = (S, R, ¢)
be a Kripke structure over AP, and let s € S. The tree-
unfolding of & from s is the (AP, S)-tree ts(s) = (1,0,
where T is the set of all finite paths that start in s, and for
every u € T, ' (u) = £(s), where s is the last letter of u.

3. ATL" WITH IMPERFECT INFORMATION

In this section we recall the syntax and semantics of ATL"
with imperfect information and synchronous perfect-recall
semantics, or ATL; for short, and establish a meta-theorem
on the decidability of its model-checking problem.

3.1 Definitions

We first introduce the models of the logics we study. For
the rest of the paper, let us fix a non-empty finite set of
agents Ag and a non-empty finite set of moves M.

DEFINITION 2. A concurrent game structure with imper-
fect information (or CGS; for short) over AP is a tuple
G = (V,E, £, {~a}tacag) where V is a non-empty finite set
of positions, E : V X M?%8 — V is a transition function,
0V — 247 45 q labelling function and for each agent
a € Ag, ~, CV XV is an equivalence relation.

In a position v € V, each agent a chooses a move mq, € M,
and the game proceeds to position F(v, m), where m € M8
stands for the joint move (ma)acag (nOte that we assume
E(v,m) to be defined for all v and m?). For each position
v € V, £(v) is the finite set of atomic propositions that hold
in v, and for a € Ag, equivalence relation ~, represents the
observation of agent a: for two positions v,v’ € V, v ~, v’
means that agent a cannot tell the difference between v and
v'. We may write v € G for v € V. A pointed CGS; (G,v) is
a CGS; G together with a position v € G.

1

i.e., for all s € S, there exists s’ such that (s,s’) € R.
2This assumption, as well as the choice of a unique set of
moves for all agents, is made to ease presentation. All the
results presented here also hold when the set of available
moves depends on the agent and the position.



In Section 3.2 we also use nondeterministic CGS;, which
are as in Definition 2 except that they have a transition re-
lation E C V x M™% x V instead of a transition function. In
a position v, after every agent has chosen a move, forming
a joint move m € M*€, a special agent called Nature (not
in Ag) chooses a next position v’ such that (v, m,v’) € E
(see [4] for detail). In the following, unless explicitly speci-
fied, CGS; always refers to deterministic CGS;. The follow-
ing definitions also concern deterministic CGS;, but they
can be adapted to nondeterministic ones in an obvious way.

A finite (resp. infinite) play is a finite (resp. infinite)
word p = wvg...vn (resp. ™ = vov1...) such that for all ¢
with 0 <4 < |p| — 1 (resp. i > 0), there exists a joint move
m such that F(v;, m) = v;41. A finite (resp. infinite) play
p (resp. m) starts in a position v if pg = v (resp. mo = v).
We let Plays(G, v) be the set of plays, either finite or infinite,
that start in v.

In this work we consider agents with synchronous perfect
recall, meaning that the observational equivalence relation
for each agent a is extended to finite plays the following way:
p~aq p if |p| = |p|" and p; ~q pj for every i € {0, ..., |p|—1}.
A strategy for agent a is a function o : V't — M such that
a(p) = o(p’) whenever p ~, p'. The latter constraint cap-
tures the essence of imperfect information, which is that
agents can base their strategic choices only on the informa-
tion available to them, and removing this constraint yields
the semantics of classic ATL with perfect information.

A strategy profile for a coalition A C Ag is a mapping o4
that assigns a strategy to each agent a € A; for a € A, we
may write o, instead of oca(a). An infinite play 7 follows
a strategy profile o4 for a coalition A if for all ¢ > 0, there
exists a joint move m such that E(m;, m) = m4+1 and for
each a € A, mq = 04(m[0,4]). For a strategy profile 04 and
a position v € V, we define the outcome Out(v,04) of o4
in v as the set of infinite plays that start in v and follow o 4.

The syntax of ATL] is the same as that of ATL", and is
given by the following grammar:

pu=plop Vel (A | Xe| Uy,

where p € AP and A C Ag.

X and U are the classic next and wuntil operators, re-
spectively, while the strategic operator (A) quantifies over
strategy profiles for coalition A.

The semantics of ATL] is defined with regards to a CGS;
G = (V,E,¢,{~a}ecag), an infinite play 7 and a position
i > 0 along this play, by induction on formulas:

g,milkEp if p € £(m;)

g,?’l’,’i):_‘@ ifg77r7il;é¢
GmikEpVve G mikEporgmilky

G,m,i = (A)p if there exists a strategy profile o4 s.t.
for all 7’ € Out(m;,04), G, 7,0 ¢

GmilEXe G mitlg

G,m,i = Uy’ if there exists j > i s.t. G, m,j = ¢ and,

forall kst. i <k <j, G,mk[Ee.

An ATL; formula ¢ is closed if every temporal operator
(X or U) in ¢ is in the scope of a strategic operator (A).
Since the semantics of a closed formula ¢ does not depend on
the future, we may write G, v |= ¢, meaning that G, 7,0 = ¢
for any infinite play 7 that starts in v.

The model-checking problem for ATL} consists in deciding,
given a closed ATL; formula ¢ and a finite pointed CGS;
(G,v), whether G,v = ¢.

3.2 Model checking ATL;

It is well known that the model-checking problem for ATL}
is undecidable for agents with perfect recall [2], as it can eas-
ily express the existence of distributed winning strategies
for multiplayer reachability games with imperfect informa-
tion and perfect recall, which was proved undecidable by
Peterson, Reif and Azhar [29]. A direct proof of this unde-
cidability result for ATL] is also presented in [11]. However,
there are classes of multiplayer games with imperfect infor-
mation that are decidable. For many years, the only known
decidable case was that of hierarchical games, in which there
is a total preorder among players, each player observing at
least as much as those below her in this preorder [30, 22].
Recently, this result has been extended by relaxing the as-
sumption of hierarchical observation. In particular, it has
been shown that the problem remains decidable if the hier-
archy can change along a play, or if transient phases without
such a hierarchy are allowed [4]. We establish that these re-
sults transfer to the model-checking problem for ATL;.

We remind that a concurrent game with imperfect infor-
mation is a pair ((G,v), W) where (G,v) is a pointed non-
deterministic CGS; and W is a property of infinite plays
called the winning condition. The strategy problem is, given
such a game, to decide whether there exists a strategy profile
for the grand coalition Ag to enforce the winning condition
against Nature (for more details see, e.g., [4]).

Before stating our meta-theorem we need to introduce a
couple of notions. First we introduce a notion of abstraction
over a group of agents. Informally, abstracting a CGS; G
over an agent consists in erasing her from the group of agents
and letting Nature play for her in G.

DEFINITION 3 (ABSTRACTION). Let A C Ag be a group
of agents and let G = (V, E, £, {~a}acag) be a CGS;. The
abstraction of G from A is the nondeterministic CGS; over
set of agents Ag\ A defined as G1*:= (V, E', £, {~a}acag\a);
where for every v € V and m € MA8\A,

(v,m,v) € E' if 3m’ e M* s.t. E(v, (m,m)) =v'.
Thanks to this notion we can define the following problem:

DEFINITION 4  (A-STRATEGY PROBLEM). The A-strategy
problem takes as input a pointed CGS; (G,v), a set A C Ag
of agents and a winning condition W, and returns the an-
swer to the strategy problem for the game ((G148\, v), W).

The A-strategy problem for (G, v) with winning condition W
thus consists in deciding whether there is a strategy profile
for agents in A to enforce W against everybody else.

Finally we introduce the following notion, which simply
captures the change of initial position in a game from a
position v to another position v’ reachable from v:

DEFINITION 5  (INITIAL SHIFTING). LetG be a CGS; and
let v,v" € G. The pointed CGS; (G,v') is an initial shifting
of (G,v) if v’ is reachable from v in G.

We are now ready to state our first result.

THEOREM 1. IfC is a class of pointed CGS; closed under
initial shifting and such that the A-strategy problem with w-
regular objective is decidable on C, then model checking ATL}
is decidable on C.



ProoOF. Let C be such a class of pointed CGS;, and let
(¢, (G,v)) be an instance of the model-checking problem for
ATL; on C. A bottom-up algorithm consists in evaluating
each innermost subformula of ¢ of the form (A)¢’, where ¢’
is thus an LTL formula, on each position v’ of G reachable
from v. Evaluating (A)¢’ on v amounts to solving an in-
stance of the A-strategy problem® with w-regular objective
(recall that LTL properties are w-regular). By assumption
(G,v) € C, and because C is closed by initial shifting and
v’ is reachable from v, we have that (G,v') € C. Also by
assumption, the A-strategy problem for w-regular winning
conditions is decidable on C. We thus have an algorithm to
evaluate each (A)¢’ on each v'. One can then mark posi-
tions of the game with fresh atomic propositions indicating
where these formulas hold, and repeat the procedure until
all strategic operators have been eliminated. It then remains
to evaluate a boolean formula in the initial position v. [J

Let us recall for which classes of nondeterministic CGS;
the strategy problem is known to be decidable. A (nonde-
terministic or deterministic) CGS; G has hierarchical obser-
vation if there exists a total preorder < over Ag such that
if a < band v ~4 v, then v ~4 v'. This notion was refined
in [4] to take into account the agents’ memory, using the
notion of information set: for a finite play p € Plays(G,v)
and an agent a, the information set of agent a after p is
I*(p) := {p’ € Plays(G,v) | p ~a p'}. A finite play p yields
hierarchical information if there is a total preorder < over
Ag such that if a < b, then I°(p) C I°(p). If all finite plays
in Plays(G,v) yield hierarchical information for the same
preorder over agents, (G,v) yields static hierarchical infor-
mation. If this preorder can vary depending on the play,
(G, v) yields dynamic hierarchical information. The last gen-
eralisation consists in allowing for transient phases without
hierarchical information: if every infinite play in Plays(G, v)
has infinitely many prefixes that yield hierarchical informa-
tion, (G,v) yields recurring hierarchical information.

PROPOSITION 1. Hierarchical observation as well as static,
dynamic and recurring hierarchical information are preserved
by abstraction.

PRrROPOSITION 2. Hierarchical observation as well as static,
dynamic and recurring hierarchical information are preserved
by initial shifting.

This is obvious for hierarchical observation. For the other
cases we establish Lemma 1 below. It is then easy to check
that Proposition 2 holds.

LEMMA 1. If a finite play v-p-v' - p’ yields hierarchical
information in (G,v), so does v’ - p’ in (G,v"), with the same
preorder among agents.

Let Cobs (resp. Cstat, Cdyn, Crec) be the class of pointed
CGS; with hierarchical observation (resp. static, dynamic,
recurring hierarchical information). We instantiate Theo-
rem 1 to obtain three decidability results for ATL;.

THEOREM 2. Model checking ATL] is decidable on the
class of CGS; with hierarchical observation.

30Observe that if A = Ag then G1#\4= G, and Nature thus
does not do anything. This is coherent with the fact that
for agents with perfect recall (Ag)ep = E¢, where E is the
CTL path quantifier, even for imperfect information.

PRrOOF. By Proposition 2, Cobs is closed under initial shift-
ing. It is proven in [22] that the strategy problem is decid-
able for games with hierarchical observation and w-regular
objectives. Since, by Proposition 1, all pointed nondeter-
ministic CGS; obtained by abstracting agents from CGS; in
Cobs also yield hierarchical observation, we get that the A-
strategy problem with w-regular objectives is decidable on
Cobs. We can therefore apply Theorem 1 on Cops. O

It is proven in [4] that the strategy problem with w-regular
objectives is also decidable for games with static hierarchical
information and for games with dynamic hierarchical infor-
mation. Since Proposition 1 and Proposition 2 also hold for
Cstat and Cqyn, with the same argument as in the proof of
Theorem 2, we obtain the following results as consequences
of Theorem 1:

THEOREM 3. Model checking ATL] is decidable on the
class of CGS,; with static hierarchical information.

THEOREM 4. Model checking ATL] is decidable on the
class of CGS; with dynamic hierarchical information.

Note that in fact, since Cobs C Cstat C Cdyn, Theorem 2
and Theorem 3 are also obtained as corollaries of Theorem 4,
but we wanted to illustrate how Theorem 1 can be applied
to obtain decidability results for different classes of CGS;.

REMARK 1. The last result in [4] establishes that the strat-
egy problem is decidable for games with recurring hierarchi-
cal information, but only for observable w-regular winning
conditions, i.e., when all agents can tell whether a play is
winning or not. Now considering ATL] on Cayn we could
require atomic propositions to be observable for all agents;
in that case we could evaluate the inner-most strategy quan-
tifiers using the above-mentioned result. But then the fresh
atomic propositions that mark positions where these subfor-
mulas hold (see the proof of Theorem 1) would not, in gen-
eral, be observable by all agents. So on Crec we could obtain
a decision procedure for the fragment of ATL; without nested
non-trivial strategy quantifiers, where “non-trivial” means
for coalitions other than the empty coalition or the one made
of all agents (which, we recall, are simply the CTL path quan-
tifiers). We do not state it explicitly due to lack of space and
because it does not seem of much interest.

Concerning complexity, the strategy problem for games
with imperfect information and hierarchical observation is
already nonelementary [32, 29], hence the following result:

COROLLARY 1. Model checking ATL] is nonelementary
on games with hierarchical observation, hence also for games
with static or dynamic hierarchical information.

EXAMPLE 1. Our decidability results typically apply to sys-
tems with different security levels, where higher levels have
access to more data (i.e., can observe more). In such sys-
tems, by Theorem 4, we can model check all ATL} formulas,
even if the distribution of clearance levels between agents
can vary in different scenarios/plays and also along time
(an agent may get access to a higher security clearance).

We now turn to ATL with imperfect information and strat-
egy context, and study its model-checking problem.



4. ATL, WITH STRATEGY CONTEXT

While in ATL strategies for all agents are forgotten each
time a new strategy quantifier is met, in ATL with strat-
egy context (ATLsc) [5, 9, 24] agents keep using the same
strategy as long as the formula does not say otherwise. In
this section we consider ATLse. with imperfect information
(ATLsc,;). As far as we know, the only existing work on
this logic is [25], which proved its model-checking problem
to be decidable in the case where all agents have the same
observation of the game. We extend significantly this result
by establishing that the model-checking problem is decid-
able as long as strategy quantification is hierarchical, in the
sense that if there is a strategy quantification for agent a
nested in a strategy quantification for agent b, then b should
observe no more than a. In other terms, innermost strategic
quantifications should concern agents who observe more.

4.1 Syntax and semantics

The models are still CGS;. To remember which agents are
currently bound to a strategy, and what these strategies are,
the semantics uses strategy contexts. Formally, a strategy
context for a set of agents B C Ag is a strategy profile op.
We define the composition of strategy contexts as follows.
If op is a strategy context for B and o4 is a new strategy
profile for coalition A, we let 04 oo be the strategy context
for AU B defined as caup : a — {UA(a) ffae f,l’ .

op(a) otherwise

So if a is assigned a strategy by o4, her strategy in caoop
is o4 (a). If she is not assigned a strategy by o4 her strategy
remains the one given by o, if any.

Also, given a strategy context op and a set of agents
A C Ag, we let (0B)\a be the strategy context obtained
by restricting op to the domain B\ A.

Finally, because agents who do not change their strategy
keep playing the one they were assigned, if any, we cannot
forget the past at each strategy quantifier, as in the seman-
tics of ATL} (see Section 3.1). We thus define the outcome of
a strategy profile o4 after a finite play p, written Out(p, ca),
as the set of infinite plays 7 that start with p and then fol-
low 04: ™ € Out(p,04) if # = p- 7’ for some 7, and for all
i > |p| — 1, there exists a joint move m € M*® such that
E(mi,m) = ;41 and for each a € A, mq = 04(7[0, 7]).

To differentiate from ATL*, in ATLj. the strategy quanti-
fier for a coalition A is written (A?) instead of (A). ATLZ,.
also has an additional operator, (A|), that releases agents in
A from their current strategy, if they have one. The syntax
of ATLY,. ; is the same as that of ATL}. and is thus given by

sc,t
the following grammar:

pu=p|o@leVel|(A)e| (A)e | Xe | ¢Uyp,

where p € AP and A C Ag. We use standard abbreviations:
T:=pV-p, Li=-T, Fp:=TUp, and Gy := ~F-p.

REMARK 2. In [24] the syntaz of ATLS. contains in ad-
dition operators (AY and (A|) for complement coalitions.
While they add expressivity when the set of agents is not
fized, and are thus of interest when considering expressiv-
ity or satisfiability, they are redundant if we consider model
checking, which is our case in this work. To simplify pre-
sentation we thus choose not to consider them here.

The semantics of ATL?, , is defined with regards to a CGS;

sc,t

G = (V,E,{,{~a}acAg), an infinite play m, a position i € N

along this play, and a strategy context op. The semantics
is defined by induction on formulas:

G,m,i ':UB p if p € £(m;)

g,ﬂ',i 'Z(J'B "2 if g7ﬂ-7i %0’5 [%2)

g77r7i':0'B 90\/90, ifg77r7i):0'B¢0rg77Tai':0B SDI

G, 7,1 Eopy (A)p  if there exists a strategy profile o4 s.t.
for all 7’ € Out(x[0,],04 0 oB),
gﬂ",/i ):O'AOUB P

G, miFGop . ®

ifG,mi+lEe ¢

if there exists j > i s.t. G,m,j Fog ¢’
and, for all k such that i < k < 7,
G,mk Fop @

The notion of closed formula is as defined in Section 3.1
and once more, the semantics of a closed formula ¢ being
independent from the future, we may write G,v =5, ¢ in-
stead of G, 7,0 =5, ¢ for any infinite play 7 that starts in
position v. We also write G,v |= ¢ if G,v |5, ¢, that is if
o holds in v with the empty strategy context.

The model-checking problem for ATLY, ; consists in decid-
ing, given a closed ATLY, ; formula ¢ and a finite pointed
CGS; (G,v), whether G,v = .

We now present QCTL* with imperfect information, or
QCTL; for short, before proving our main result on the
model-checking problem for ATL, ; by reducing it to the

model-checking problem for a decidable fragment of QCTL].

G,m i f=op (Ap
g,ﬂ'/&’ ':aB XQO
g,ﬂ',i 'ZO'B (pUSDI

4.2 QCTL" with imperfect information

Quantified CTL*, or QCTL™ for short, is an extension of
CTL* with second-order quantifiers on atomic propositions
that has been well studied [36, 20, 21, 23]. It has recently
been further extended to take into account imperfect infor-
mation, resulting in the logic called QCTL* with imperfect
information, or QCTL] [3]. We briefly present this logic, as
well as a decidability result on its model-checking problem
proved in [3] and that we rely on to establish our result on
the model checking of ATLY, ;.

Imperfect information is incorporated into QCTL* by con-
sidering Kripke models with internal structure in the form of
local states, like in distributed systems (see for instance [17]),
and then parameterising quantifiers on atomic propositions
with observations that define what portions of the states
a quantifier can “observe”. The semantics is then adapted
to capture the idea of quantification on atomic propositions
being made with partial observation.

Let us fix a collection {L;};c[n) of n disjoint finite sets of
local states. We also let X,, = L1 X ... X Ln.

DEFINITION 6. A compound Kripke structure (CKS) over
AP is a Kripke structure S = (S, R, £) such that S C X,.

The syntax of QCTL] is that of QCTL", except that quan-
tifiers over atomic propositions are parameterised by a set
of indices that defines what local states the quantifier can
“observe”. It is thus defined by the following grammar:

p=pl-pleVe|Ep|Ip o|Xp|eUp

where p € AP and o C N is a finite set of indices. As usual,
we let Ap := -E—p.

A finite set o C N is called an observation, and two states
s=(l1,...,0n) and 8" = (I3, ...,1},) are o-indistinguishable,
written s &, &', if for all i € [n] N o, it holds that I; = I.



The intuition is that a quantifier with observation o must
choose the valuation of atomic propositions uniformly with
respect to o. Note that in [3], two semantics are considered
for QCTL], just like in [23] for QCTL*: the structure se-
mantics and the tree semantics. In the former, formulas are
evaluated directly on the structure, while in the latter the
structure is first unfolded into an infinite tree. Here we only
present the tree semantics, as it is this one that allows us to
capture agents with perfect recall. But we first need a few
more definitions.

For p € AP, two labelled trees t = (7,¢) and t' = (7, ¢)
are equivalent modulo p, written t =, ', if 7 = 7’ and for
each node u € 7, £(u) \ {p} = ' (u) \ {p}. Sot =, t' if they
are the same trees, except for the labelling of proposition p.

This notion of equivalence modulo p is the one used to
define quantification on atomic propositions in QCTL*: in-
tuitively, an existential quantification over p chooses a new
labelling for valuation p, all else remaining the same, and the
evaluation of the formula continues from the current node
with the new labelling. For imperfect information we need
to express the fact that this new labelling for a proposition is
done uniformly with regards to the quantifier’s observation.

First, we define the notion of indistinguishability between
two nodes in the unfolding of a CKS. Let o be an observation,
let 7 be an X,-tree (which may be obtained by unfolding
some pointed CKS), and let u = so...s; andu’ = s3... s} be
two nodes in 7. The nodes v and u’ are o-indistinguishable,
written u &, v, if i = j and for all k € {0,...,i}, we have
Sk ~o si. Observe that this definition corresponds to the no-
tion of synchronous perfect recall in CGS; (see Section 3.1).
We now define what it means for the labelling of an atomic
proposition to be uniform with regards to an observation.

DEFINITION 7. Let t = (71,£€) be a labelled X, -tree, let
p € AP be an atomic proposition and o C N an observation.
Tree t is o-uniform in p if for every pair of nodes u,u’ € T
such that u =, u’, we have p € £(u) iff p € L(u).

The satisfaction relation |=; (t is for tree semantics) is now
defined as follows, where ¢t = (7,£) is a labelled X,-tree, A
is a path in 7 and 7 € N a position along that branch:

LA e if e, A e
t7>\7i':t§0\/90/ ift7)‘7i|:t§00rt7)‘7i':t¢/
t,\i =t Egp if there exists X' € Paths(\;)
such that ¢, \',0 =4 ¢
t,\,i =t 3°. ¢ if there exists ' =, t such that
t' is o-uniform in p and t', A3 = ¢
ift,\i+1E o
if there exists j > 4 such that ¢, X\, j =+ ¢’
and for i <k <j, t,\,j Et ¢

Similarly to ATL] and ATLj, ,, we say that a QCTL; for-
mula is closed if all temporal operators are in the scope of a
path quantifier. The semantics of such formulas depending
only on the current node, for a closed formula ¢ we may
write ¢ ¢ ¢ for t,r =+ ¢, where r is the root of ¢, and

given a CGS; G, a state s and a QCTL;] formula ¢, we write
S,s e if ts(s) e .

REMARK 3. In [8] the syntax is presented with path for-
mulas distinguished from state formulas, and the semantics
is defined accordingly. To make the presentation more uni-
form with that of ATL. ; we chose here a different, but equiv-
alent, presentation.

t7 A,Z 'Zt X(ﬂ
t, i = Uy

REMARK 4. Note that when n is fixed, the propositional
quantifier with perfect information from QCTL" is equivalent
to the QCTL] quantifier that observes all the components,
i.e., the quantifier parameterised with observation [n].

The model-checking problem for QCTL] is the following:
given a closed QCTL] formula ¢ and a finite pointed CKS
(S, s), decide whether S, s |=¢ .

We now define the class of QCTL; formulas for which the
model-checking problem is known to be decidable with the
tree semantics.

DEFINITION 8. A QCTL; formula ¢ is hierarchical if for
all subformulas @1, p2 of the form @1 = 3°1p1. ] and Y2 =
3°2p,. b where s is a subformula of ©', we have o1 C 02.

The following result is proved in [3], where QCTL] - is the
set of hierarchical QCTL] formulas:

THEOREM 5  ([3]). Model checking QCTL] - with tree
semantics is decidable.

4.3 Model checking ATL:. ;
We establish that model checking ATL?, ; is decidable on

sc,t
a class of instances whose definition relies on the notion of

hierarchical observation.

DEFINITION 9. Let G = (V,E, {,{~a}acag) be a CGS;,
and let a,b € Ag be two agents. Agent a observes no more
than agent b in G, written a <¢g b, if for every pair of po-
sitions v,v" € V, v ~p v implies v ~q v'. We say that
A C Ag is hierarchical in G if <¢g is a total preorder on A.

If a set of agents A is hierarchical in a CGS; G, we thus
may talk about maximal and minimal agents in A, referring
to maximal and minimal elements of A for the relation <g.

The essence of the requirement that makes the problem
decidable is the same as for the decidability result on QCTL}
(Theorem 5): nesting of quantifiers (here, strategy quan-
tifiers) should be hierarchical, with those observing more
inside those observing less. However, unlike in QCTL], in
ATL. ; observations are not part of formulas, but rather
they are given by the models. We thus define the notion of

hierarchical ATLj, ; formula with respect to a given CGS;:

DEFINITION 10. Let @ be an ATLj. ,; formula and G a
CGS;. We say that ® is hierarchical in G if:
e for every subformula ¢ of the form ¢ = (A)p', A is
hierarchical in G, and
o for all subformulas 1,92 of the form o1 = (A1)
and @2 = {(A2)p5 where @2 is a subformula of o1,
mazimal agents of A1 observe mo more than minimal
agents of As.
An instance (®,(G,v)) of the model-checking problem for
ATL, ; is hierarchical if ® is hierarchical in G.

In the rest of the section we establish the following:

THEOREM 6. Model checking ATL

sc,i s decidable on the
class of hierarchical instances.

EXAMPLE 2. Consider the security levels scenario of Ex-
ample 1, and assume that a <g b <g c. Then (a)[-b-]¢c)Gp,
which says that a and c can collaborate against an unreliable
agent b to ensure some safety property, as long as agent c



can adapt her strategy to that of agent b, forms a hierarchi-
cal instance with G. On the other hand, (-c)[-b]¢a)Gp does
not form a hierarchical instance with G.

Further, the decidable fragment of ATLj. , is not restricted
to models where there is a total order on agents’ observa-
tions: assume a fourth agent d that observes more than a
and b, but whose security level is incomparable to that of
c. On such models, the following formulas form hierarchical
instances that we can model check: (a,b,c)FpV (a,b,d)Fp,
which means that a and b can achieve p by collaborating with
¢ or with d, and [-a,b|(¢c)Fp A {(d)Gq), which means that
for all strategies of a and b, ¢ can enforce that p is reached,
and d can enforce that q always holds.

To establish Theorem 6 we build upon the proof in [24]
that establishes the decidability of the model-checking prob-
lem for ATL}. by reduction to the model-checking prob-
lem for QCTL*. The main difference is that we reduce
to the model-checking problem for QCTL; instead, using
quantifiers parameterised with observations corresponding
to agents’ observations. We also need a couple of adjust-
ments to obtain formulas in the decidable fragment QCTL] .

Let (®,(G,v.)) be a hierarchical instance of the ATL{. ;
model-checking problem, where G = (V, E, ¢, {~a}acag) is a
CGS; over AP. In the reduction we will transform ® into
an equivalent QCTL; formula ®’ in which we need to refer
to the current position in the model G, and also to talk
about moves taken by agents. To do so, we consider the
additional sets of atomic propositions AP, := {p, | v € V'}
and APy = {p5, | a € Agand m € M}, that we take
disjoint from AP.

First we define the CKS Sg on which ® will be evalu-
ated. Since the models of the two logics use different ways
to represent imperfect information (equivalence relations on
positions for CGS; and local states for CKS) this requires a
bit of work. First, for each v € V and a € Ag, let us de-
fine [v], as the equivalence class of v for relation ~,. Now,
noting Ag = {a1,...,an}, we define for each i € [n] the set
L; := {[v]a; | v € V} of local states for agent a;. Since we
need to know the actual position of the CGS; to define the
dynamics, we also let L,4+1 := V. States of Sg will thus
be tuples in Ly X ... X Ly, X Lpy1. For each v € G, let
Sv = ([V]ays - - - [V]an,v) be its corresponding state in Sg.

We can now define Sg := (S, R, ¢'), where

o S:={s,|veEV}
o R:={(s,5,) | IMm € M*¢ s.t. E(v,m) ="'}, and
o ('(sy) :=€(v) U {py}.

To make the connection between finite plays in G and
nodes in tree unfoldings of Sg, let us define, for every finite
play p = vo...vk, the node u, 1= sy ...y, In ts;(Svgy)
(which exists, by definition of Sg and of tree unfoldings).
Observe that the mapping p — wu, is in fact a bijection
between the set of finite plays starting in a given position v
and the set of nodes in ts; (sv).

Now it should be clear that giving to a propositional quan-
tifier in QCTL; observation o; := {i}, for ¢ € [n], amounts to
giving him the same observation as agent a;. Formally, one
can prove the following lemma, simply by applying the def-
initions of observational equivalence in the two frameworks:

LEMMA 2. For all finite plays p, p’ starting in position v,
P ~a; P up Ro; uy i tsg (Su).

We now describe the translation? from ATL.,; formulas
to QCTL] formulas. First we recall the translation from [24]
for the perfect-information case.

The translation from ATLg. to QCTL* is parameterised
by a coalition B C Ag, that conveys the set of agents who
are currently bound to a strategy. It is defined by induction
on ¢ as follows:

B ._ __B._ __B
p =P Y =T
——F B — —B ——B _
oV = Vg (A)p" ="\
Xy = Xgp” PO =5 U

The only non-trivial case is for formulas of the form (A9e.
For the rest of the section, we let M = {mu,...,m;}. Now,
if A= {ai,,...,a:}, we define

— B a; a; a; a;
— ‘1 1 'k Tk
(A =3m .oomp o omyF L my P pou.

(CI)Strat (A) A Pout (AU B) A A(Gpour — @AUB)) ,

where

Dirar(A) 1= /\ AG \/ (m® A /\ -

acA meM m’#m

and

'I'out(A) 1= Pout N\ AG [_‘pout — AX—‘pout] NAG Pout —

Pv’ 7 Pout

Vv

vEV meMA

Do APm A AX \

v/ e€E(v,m)

In @yt (A), for m = (Ma)aca € MA, notation p., stands
for the propositional formula A, ., mg which characterises
the joint move m that agents in A play in v. Also, E(v, m)
is the set of possible next positions when the current one is
v and agents in A play m, and it is defined as E(v,m) :=
{E(v,(m,m")) | m' € M*e\4}.

The idea of this translation is the following: first, for each
agent a € A and each possible move m € M, an existential
quantification on the atomic proposition m® “chooses” for
each finite play p of (G,v,) (or, equivalently, for each node
up of tsg(sy,)) whether agent a plays move m in p or not,
coded by m® being chosen to be true a in p or not. Formula
Dyirat (A) ensures that each agent a chooses exactly one move
in each finite play, and thus that atomic propositions m®
characterise a strategy for her. An atomic proposition pout
is then used to mark the paths that follow the currently
fixed strategies: formula ®out(AU B) states that pouts marks
exactly the outcome of strategies just chosen for agents in A,
as well as those of agents in B, that were chosen previously
by a strategy quantifier “higher” in ®.

Note that we simplified slightly ®sirat(A) and Doy (A),
using the fact that unlike in [24], we have assumed in our
definition of CGS; that the set of available moves is the same
for all agents in all positions (see Footnote 2).

It is proven in [24] that this translation is correct, in the
sense that for every ATLsc closed formula ¢ and pointed
perfect-information concurrent game structure (G, v), letting

“Here we abuse language: the construction depends on the
model G and is therefore not a translation in the usual sense.



Sg be as described above but removing the local states for
all agents and keeping only the L, 41 component, we have:

G.v = ¢ iff tsy(s0) e B

We now explain how to adapt this translation to the case of
imperfect information. Observe that the only difference be-
tween ATLj. and ATLy, ; is that in the latter, strategies must
be defined uniformly over indistinguishable finite plays, i.e.,
a strategy o for an agent a must be such that if p ~, p’, then

a(p) = o(p’). To enforce that the strategies coded by atomic

.- . T B .
propositions m® in (A)p are uniform, we use the propo-
sitional quantifiers with partial observation of QCTL]. For-
mally, we define a translation ~ 7 from ATLS. ; to QCTL;.
It is defined exactly as the one from ATL}. to QCTL", except
for the following inductive case.
If A={ai,...,a:} welet

B w w @
(Ayp =F%m" oomy L F%%my

.. m?i’“ Ipout-
(@stmt(A) A Bou (AU B) A A(Gpout — gaAUB)) ,

where Dgirat (A) and Doyt (A) are defined as before, and Ipout
is a macro for 3"+ p . (see Remark 4).

So the only difference from the previous translation is
that now, the labelling of each atomic proposition m®* must
be o;-uniform. This means that if two nodes u and ' in
tsg (Sv,) are o;-indistinguishable, then w is labelled with m®
if and only if u’ also is. In other words, in the strategy coded
by atomic propositions m®¢, agent a; plays m in u if and only
if she also plays it in ', and thus this strategy is uniform
(recall that, by Lemma 2, observation o; correctly reflects
agent a;’s observation in ts; (sy,)). It is then clear that this
translation is correct:

G,v = @ iff tsgy(s0,) ¢ D (1)

However, even if we have taken (®, (G, v,)) to be a hierar-
chical instance, ®° is not in the decidable fragment QCTL; .
Indeed, with the current definition of observations {0: }ic[ni,
hierarchical observation in G does not imply hierarchical ob-
servation in Sg: since o; = {i}, for ¢ # j it is never the
case that o; C o;. Still, we note that if agent a; observes no
more than agent a;, then letting a; see also what agent a;
sees does not increase her knowledge of the situation:

LEMMA 3. If a; <g ai, then for all finite plays p,p’ that
start in the same position, u, <o, Uy iff u, Rlo;Uo; Up! -

In the light of this Lemma 3, we can safely redefine obser-
vations as follows: for each i € [n], we let

/
0; = U 0j.

jlaj<gai

Observe that in fact o = {j | a; <¢ a;}. Informally, a
quantifier with observation o} sees what agent a; observes
(note that <g is reflexive), as well as what agents that see
no more than a; observe.

Let us define a new version of the translation ~~ 2. First,
® being hierarchical in G, for each subformula of ® of the
form (- A)¢ we have that A is hierarchical in G. It is thus pos-
sible to choose for agents in A an indexing A = {a;,,...,a: }
such that for all 1 < ¢ < d < k, we have a;, <g ai,-

Now the translation remains the same as before except for
the following inductive case:

If A= {ai,...,ai}, where for all 1 < c < d < k, we
have a;, <¢g ai,, we let

——B a,
(2

o’ aqy i o, Qi agy,
(A)p =F%myt o omy ™t L 3R my R my F Tpou.

(o)A AL A A G 2 59

where Pgirat (A) and Pout(A) are defined as before.

From Lemma 3 we have that this new translation is still
correct in the sense of Equation (1). In addition, for all
1 < e <d<k we have o, C oj,.

Now consider formula ®?. Because ® is hierarchical in g,
for every pair of subformulas @1, @2 of the form ¢ = (A1) 01
and @2 = (A2)p5 where s is a subformula of ¢/, maximal
agents of A; observe no more than minimal agents of As,.
It is then easy to see that ®” would be hierarchical if there
were not the perfect-information quantifications on atomic
proposition pout that break the monotony of observations
along subformulas when there are nested strategic quanti-
fiers. We explain how to remedy this last problem.

We remove altogether proposition pous, and we use instead
the formula out(A) defined below to characterise which
paths are in the outcome of the currently-fixed strategies:

AN N porpm—=X '\ p

vEV meMA v/ €E(v,m)

wout (A) = G

Clearly, this formula holds in a path X of ts, (sy, ) marked
with propositions m® characterising strategies for agents in
A, if at each point along A corresponding to some position
v, the next point in A corresponds to a position v’ that can
be attained from v when agents in A each play the move
prescribed by their current strategy. The last modification
to 72 is thus the following:

If A= {ai,...,a;}, where forall 1 < c¢ < d <k, we
have a;. <g aq,, we let

B ’ a; a; ’ a; a;
. L o, o a2
(Ayp =F%m"t oo om "t T %my R oy R

Byrrar(A) A A (wout(A UB) - @AUB) ,

where Pgirat (A) is defined as before.

It follows from the above considerations that this transla-
tion is still correct in the sense of Equation (1), and one can
check that ®° is a hierarchical QCTL} formula. We conclude
the proof by recalling that by Theorem 5, model checking
QCTL; ¢ is decidable.

Concerning complexity, model checking ATLs. being al-
ready nonelementary [24], so is it for ATLg ;.

5. CONCLUSION

In this work we established new decidability results for
the model-checking problem of ATL* with imperfect infor-
mation and perfect recall as well as its extension with strat-
egy context. Should new decidable classes of multiplayer
games with imperfect information be discovered, and assum-
ing the reasonable property of closure under initial shifting,
our transfer theorem (Theorem 1) would entail new decid-
ability results also for ATL;. As for ATLY. ;, it would be
interesting to investigate whether a meaningful notion of
hierarchical instances based on, e.g., dynamic or recurring
hierarchical information instead of hierarchical observation
as here, could lead to stronger decidability results.
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