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The Framework

Dis
rete Events Systemsdeterministi
 labeled transition systems with atomi
 propositionsCentralized Supervision and Complete ObservationControl Obje
tivesany mu-
al
ulus de�nable propertyOptimal Controlmaximally permissive 
ontrollers

We turn 
ontrol problems into qL� model-
he
king
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Pro
esses for Systems

S = hS; s0; t; Li on � � APwhere� = fa; b; : : : g eventsAP = fp; p0; 
; 
0; : : : g (atomi
) propositionsS, s0 2 S set of states, initial state,t : S � � ! S transition (partial) fun
tion,L : S ! 2� labeling of states by propositions
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Centralized Supervision with Complete Observation

� = �u
 ℄ �
ControllersAdmissible ControllersC is an admissible 
ontroller of S for property P wheneverC is admissible and S � C satis�es the property P
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Syn
hronous Produ
t

S1 = hS1; s01; t1; L1i on �1 and S2 = hS2; s02; t2; L2i on �2(with �1 \ �2 = ;)S1 � S2 = hS1 � S2; (s01; s02); t; Li

t((s1; s2); a) = (s01; s02) whenever� s01 = t1(s1; a); ands02 = t2(s2; a)L(s1; s2)= L1(s1) [ L2(s2)
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Centralized Supervision with Complete Observation

� = �u
 ℄ �
ControllersAdmissible ControllersC is an admissible 
ontroller of S for property P wheneverC is admissible and S � C satis�es the property P
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The Property P

Mu-
al
ulus L�[Kozen 1983℄, [Arnold & Niwinski 2001℄Fix-point operators to build your own modalitiesL� subsumes CTL, LTL, CTL�,...Safety, Liveness, Fairness, ...Equivalent to (parity) tree automata[Emerson & Jutla 1991℄
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The Mu-Cal
ulus L� and the Quanti�ed Mu-Cal
ulus qL�

Syntaxe of L� > j p j :� j � _ � 0 j <a>� jX j�X:�(X)where p 2 AP , a 2 �, 
onditions on �(X), ...

Syntaxe of qL� 9
:� j :� j� _ �0 j �where 
 2 AP and � 2 L�

Semanti
s of qL� S; s j= � for \state s of S satis�es �"
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The Semanti
s of qL�L�-formulasS; s j= p i� s has label pS; s j=<a>� i� there exists s0 2 S, � t(s; a) = s0S; s0 j= �S; s j= �X:�(X) is te
hni
al ....[a℄� def= : <a>:� means \if any a-su

esseurs then it satis�es �"�X: <a>X _m means \some a� tra
e rea
hes a marked state"INV (�) def= :�X::([ ℄:X ^ �) means \property � is invariant"Formulas 9
:�we need a 
-labeling pro
ess E = hE; "0; t0; L0i 2 Lab
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-labeling Pro
esses for the Semanti
s of 9
:�

A 
-labeling pro
ess is a 
omplete pro
ess E = hE; "0; t0; L0i on f
g.Lab
 the set of 
-labeling pro
esses.

Pro
ess S on � and E 2 Lab
, S � E is a 
-labeling of Sthat is (an unfolding of) S with the new label 
 put somehow.

S; s j= 9
:� i� there exists E= hE; "0; t0; L0i 2 Lab
 s.t.S � E ; (s; "0) j= �
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Pruning and Adjustment

p0 p1a baS
a bb baC


 
 
a bb ba
aa; b E

Pruning

p0 p0 p1a b b aS � C j= �
Adjustment


 p0 
 p0 
 p1p0 p1a b b aaa b a
S � E j= � � 


Pruning

1
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The Proposition for Pruning and Adjustment

E�
 is the 
-pruning of Ejust keep states of E that remain \inside 
" and forget proposition 
��
 is the 
-adjustment of �adjust the formula to talk only about states whi
h remain inside 
(<a>:::)�
 def=<a>(
 ^ :::)
S � E�
 j= � i� S � E j= ��
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The Theorem for Basi
 Controllers

Write Controller(
) 2 L� for 
 ^ INV (
)Vu2�u
[u℄
)

For any � 2 qL�,there exists an admissible 
ontroller C of S for �if and only ifS j= 9
: Controller(
) ^ ��
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Proof sket
h for ()

There exists an admissible 
ontroller C of S for �,S j= 9
: Controller(
) ^ ��


1. S � E j= Controller(
) , E�
 is admissible.2. S � E j= ��
 , S � E�
 j= �
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The Theorem for Maximally Permissive Controllers

For any � 2 qL�,there exists a 
ontroller of S for � whi
h is maximally permissivei�S j= 9
: Controller(
) ^ ��
| {z } ^ 8
0: [ 
 � 
0 ) :Solution(
0; �) ℄Solution(
; �)
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Proof sket
hC is more permissive than C 0 whenever S � C 0 � S � C(� means there exists a simulation)


 v 
0 means \if a state is labeled by 
, it is also labeled by 
0"
 v 
0 def= ([ ℄INV (
0))�
 and 
 � 
0 def= (
 v 
0) ^ :(
0 v 
)

In fa
t, S � E � E 0 j= 
 v 
0 , S � E�
 � S � E 0�
0
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Con
lusionLogi
al Chara
terization of Maximal Permissivenessfor mu-
al
ulus de�nable 
ontrol obje
tivesDe
ision and Synthesis1. build a parity tree automaton A for9
:Solution(
; �) ^ 8
0:[ 
 � 
0 ) :Solution(
0; �) ℄2. 
ompute the parity game G(A;S)3. �nd a winning strategy (if any)4. derive E from the strategy and 
ompute C = E�
Complexity O(jSj2j�j22j�j)


