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Representions

~

,
T | W1, Wo | X1; X2
B|yuy2 |z1,2

o Player 1 has the rows (Top or Bottom) and Player 2 has the cohsn
(left or right):
S =fT;BgandS, = f';rg

e For example, when Player 1 choosEsand Player 2 chooses the
payo for Player 1 (resp. Player 2) isv1 (resp.w-), that is

ur(T;7) = wyandux(T;") = wp
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Example

@ The Battle of Sexes

Bach Stravinsky
Bach 2.1 00
Stravinsky 0;0 1,2

Strategic Interaction = players wish to coordinate their haviors but
have con icting interests.

o A Coordination Game

Mozart Mahler
Mozart 11 00
Mahler 0;0 2,2

Strategic Interaction = players wish to coordinate their baviors
and have mutual interests.
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Strategic Games

The Prisoner's Dilemma

The story behind the name \prisoner's dilemma" is that of twarisoners
held suspect of a serious crime. There is no judicial eviddioc this crime
except if one of the prisoners confesses against the othfeoné of them
confesses, he will be rewarded with immunity from prosemutjpayo 0),
whereas the other will serve a long prison sentence (pay®). If both
confess, their punishment will be less severe (pay@ for each).
However, if they both \cooperate" with each other by not cassing at
all, they will only be imprisoned brie y for some minor char¢hat can be
held against them (payo 1 for each). The \defection" from that
mutually bene cial outcome is to confess, which gives a l@gpayo no
matter what the other prisoner does, which makes \confessti@minating
strategy (see later). However, the resulting payo is lowr both. This
constitutes their \dilemma".

confess don't Confess
Confess 2, 2 0 3
Don't Confess 3,0 1, 1
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The Prisoner's Dilemma

confess don't Confess
Confess 2, 2 0 3
Don't Confess 3,0 1, 1

@ The best outcome for both players is that neither confess.
@ Each player is inclined to be a \free rider" and to confess.
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A 3-player Games

L R L R L R L R
T|8|0 410 0|0 3|3
B|0|O 0|4 0|8 3|3

Mi M2 M3 Mg

Player 1 chooses one of the two rows;
Player 2 chooses one of the two columns;
Player 3 chooses one of the four tables.
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SiieichNeE el De nitions and Examples

(Finite) Strategic Games

A nite strategic gamewith n-players is

= (N;fSigian; fuigian) where

S=5 S i S, isthe set ofpro les.

Instead ofu;, usepreference relations
s%% s for Playeri prefers pro les®than prole s

=( N;fSgizn;fuigian) or = ( N;fSgian: f%0i2n)
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o2 IR EIE S ENTEES
Comments on Interpretation

A strategic game describes a situation where
@ we have a one-shot even

e each player knows

I the details of the game.
I the fact that all players areational (see futher)

o the players choose their actions \simultaneously" and ipdadently.
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o2 IR EIE S ENTEES
Comments on Interpretation

A strategic game describes a situation where
@ we have a one-shot even

e each player knows

I the details of the game.
I the fact that all players areational (see futher)

o the players choose their actions \simultaneously" and ipdadently.

Rationality: Every player wants to maximize its own payo .
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Dominance and Elimination of Dominated Strategies
Notations

o Uses 2 S, orsimplyj 2 § where1 | m;.
o Givenaproles=(s;9;:::;%) 2 S, we let acounter pro le be an

which denotes everybody's strategy except that of Playeand write
S ; for the set of such elements.

new pro le where Player has switched from strategg to strategyr;.
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SiicicheNer Iyl Dominance and Elimination of Dominated Strategies

Dominance

Lets;s’2 S.

s strongly dominatess if
ui(s i;s) > ui(s i;scb foralls {2 S i;
s (weakly) dominatess? if

u(s i;s) u(s ;) foralls 2SS,
ui(s i;8) > u(s i;s), for somes {2 S ;.
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Dominance and Elimination of Dominated Strategies
Example of Dominance

The Prisoner's Dilemma

C 2. 2] 0 3
D 3.0 1, 1

o Strategy C of Player 1 strongly dominates strategy D.

@ Because the game isymmetrig strategy c of Player 2 strongly
dominates strategy d.
o Note also thatuy(D;d) > ui(C;c) (and alsouy(D;d) > uy(C;c)),

so that
\C dominates D" does not meanC is always better than D'
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SiicicheNer Iyl Dominance and Elimination of Dominated Strategies

Example of Weak Dominance

~

r

T 13

1;3

B|L1

1.0

" (weakly) dominates'.
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Dominance and Elimination of Dominated Strategies
Elimination of Dominated Strategies

o If a strategy is dominated, the player can always improvegdgo by
choosing a better one (this player considers the strategiethe other
players as xed).

e Turn to the game where dominated strategies ariéminated

C 2, 21 0 3
D 3.0 1, 1

The game becomes simpler.

e Eliminating D and d, shows (C,c) as the \solution" of the gamkee. a
recommandation of a strategy for each player.
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Dominance and Elimination of Dominated Strategies
Iterated Elimination of Dominated Strategies

@ We consider iterated elimination of dominated strategies.

o The result does not depend on the order of elimination:
If s (strongly) dominatess’, it still does in a game where some
strategies (other than?ﬁ are eliminated.

o In contrast, for iterated elimination of weakly dominatetrategies
the order of elimination may matter
EXERCISE: nd examples, in books

A game isdominance solvabl# the Iterated Elimination of Dominated
Strategies ends in a single strategy pro le.
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Nash Equilibrium
Motivations

o Not every game is dominance solvable, e.g. Battle of Sexes.

Bach Stravinsky
Bach 2,1 0;0
Stravinsky 0;0 1,2

o The central concept is that oNash Equilibrium[Nas50].

S. Pinchinat (IRISA) Elements of Game Theory Master2 Rl 2011-2012 17/ 64



LR BTN
Best Response and Nash Equilibrium

e Informally, a Nash equilibrium is a strategy pro le wherechaplayer's
strategy is abest respons¢o the counter pro le.

o Formally:
=( N;fSgi>n;f%gion), @ strategy s is a best response (te )

if
(s i;5) % (s i;s), forall s°2 S

Player cannot gain by changingnilateralyher strategy, i.e. with the
remained strategies kept xed.
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Nash Equilibrium
[llustration

draw best reponse in boxes
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NashIEQUIibIim
Examples
o Battle of Sexes: two Nash Equilibria.

Bach Stravinsky
Bach 2,1 00
Stravinsky 0;0 1,2

@ Mozart-Mahler: two Nash Equilibria.

Mozart Mahler
Mozart 1,1 0;0
Mahler 00 2,2

@ Prisoner's Dilemma:; EXERCISE

C 2. 2] 0 3
D 3.0 1, 1
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LR BTN
Dominance and Nash Equilibrium (NE)

o A dominated strategy is never a best response
) it cannot be part of a NE.

@ We can eliminate dominated strategy without loosing any NE.

e Elimination does not create new NE (best response remainsnwh
adding a dominated strategy).

Proposition
If a game is dominance solvable, its solution is the only NEhef game. J
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LR BTN
Nash Equilibria May Not Exist

Matching Pennies: astrictly competitive game

Head Talil
Head| 1; 1 1;1
Talil 1111, 1

o Each player chooses either Head or Talil.

o If the choices di er, Player 1 pays Player 2 a dollar;
if they are the same, Player 2 pays Player 1 a dollar.

@ The interests of the players are diametrically opposed.
Those games are often callesbro-sum games

S. Pinchinat (IRISA) Elements of Game Theory Master2 Rl 2011-2012
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\Extended" Strategic Games

@ We have seen that NE need not exist when playeeserministically
choose one of their strategies (e.g. Matching Pennies)

o If we allow players tawon-deterministicallychoose, then
NE always exist (Nash Theorem)

@ By \non-deterministically” we mean that the player randos@s his
own choice.

@ We considemixed strategies instead of onlgure strategies
considered so far.
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Mixed Strategy Nash Equilibrium

Mixed Strategies

A mixed (randomized) strategy; for Playeri is a probability distribution

xi(j) 0, forallj2 S, and
X))+ i+ x(m)=1

Let X; be the set of mixed strategies for Player

X=Xy Xz X; is the set of(mixed) pro les.

o A mixed strategyx; is pureif x;(j) =1 for somej 2 S andx(j9 =0
for all j°6 j. We use i to denote such a pure strategy.

o The supportof the mixed strategyx; is

supporti) == f ijjxi(j) > Og

We use e.gx ; (counter (mixed) prole), X ; (counter pro les), etc.

S. Pinchinat (IRISA) Elements of Game Theory
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Interpretation of Mixed Strategies

@ Assume given a mixed strategy (probability distribution) @ player.

e This player uses a lottery device with the given probala@ktito pick
each pure strategy according to its probability.

@ The other players are not supposed to know the outcome of the
lottery.

@ A player bases his own decision on the resulting distribuiod
payo s, which represents the player's preference.
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Expected Payo s

combinaisons under pro le x is
X(s) = xa(s1) Xa(s2) it Xn(Sn)
o The expected payo of Playeri is the mappingU; : X | R de ned by

X
Ui(x) = x(s) ui(s)
s2S

It coincides with the notion of payo when only pure stratexs are
considered.
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Mixed Strategy Nash Equilibrium

Mixed Extension of Strategic Games and Mixed Stratec
Nash Equilibrium

@ The mixed extensiorof =( N;fSgon;fuigizn) is the strategic
game
(N;fXigi2n; fUigion)
(CONVENTION: we still usey; insteadU;.)

o A mixed strategy Nash Equilibriurof a strategic game
=( N;fSgi2n;fuigi2n) is a Nash equilibrium of its mixed
extension.
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27l ST Saes
Focus on 2-player Games

e Payo s functionsu; and u, are described by m matrices:

2 m@G) w2 o ow@m
o= §UED WED i wEm T,
u(n;1) ug(n;2) ::ioug(n;m)

strategies; that isp; = x1(j) and gk = x2(K).
o Write (U1xz); the j-th component of vectorU;x,.

is the expected payo of Player 1

P,
(Un)j = g (iKY G nen blaying row.

o we shall writex;(U;x,) instead ofx] (Uxp).
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W CORSITEC ANEEZ NG (T 2-player Strategic Games

Given a mixed pro lex = ( X1; X2),

o The expected payo of Player 1s

X0 _
x1(U1x2) = P ui(j; k) ok
j=1 k=1

@ The expected payo of Player 2s
X

(X1U2)%2 = P U2(;K)  dk
j=1 k=1
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W CORSITEC ANEEZ NG (T 2-player Strategic Games

Existence: the Nash Theorem

Theorem (Nash 1950)
Every nite strategic game has a mixed strategy NE. J

We omit the proof in this course and refer to the literature.

Remarks

e The assumption that eacls is nite is essential for the proof.
@ The proof uses Brouwer's Fixed Point Theorem.
Theorem

Let Z be a subset of some spa& that is convex and compact, and
let f be a continuous function fronZ to Z. Thenf has at least one
xed point, that is, a pointz 2 Z so thatf(z) = z.
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27l ST Saes
The Best Response Property

Theorem

1 and Player2 respectively. Then xis a best response tox for all pure
strategies j of Played,

P> 0) (Uwxp)j = maxf(Uixo)kjl k ng

Proof Recall that Uyx2); is the the expected payo of Player 1 when
playing rowj. Let u:= maxf(Uixz)jj1 ] ng. Then

P N .
xUpe = o {r::l P(U)p= Lplu [u (U]
= j=uboou jn:l pilu  (Uxp)jl=u jn:l pilu  (Uxz)j]
Sincepj Oandu (Uixp); O, we havgqulxz u. The expected

payo x;UiX» achieves the maximum i J-”:l pilu  (Uix2)j =0, that
isp; > 0 implies U1x2); = u.
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LTSS B EEICS
Consequences of the Best Response Property

Only pure strategies that get maximum, and hence equal, expe payo
can be played with postive probability in NE.

Proposition
A prop le (x;;X,) is a NE if and only if there exists yw, 2 R such that
o for every j2 support(x,; ), (U1X,)j = wi, and
for every jZ support(x, ), (UiX,);  Wi.

o for every k2 support(x,), (X, U2)k = ws. and
for every k2 support(x,), (x;U2)k  Wa.
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27l ST Saes
Finding Mixed Nash Equilibria (1)

We characterize NE: suppose we know the suppsupport(x;) $; and
suppori(xz)

S, of some NE X1;%X,). We consider the followingystem

1] n,q1;”'; m1W11W2
Write X; = (P1;:::;Pn) @and X, = (qg; 115 0m).
(Uixy)j = forall1 j nwithp 60
% Q(luz)k—wz foralll k mwithqg 60
=1
pi=1hi
E {knl qk—

EXERCISE : what is missing ?

Notice that this system is a Linear Programming system { hewethe
system isno longer linear iin > 2 {. Use e.g. Simplex algorithm

S. Pinchinat (IRISA) Elements of Game Theory
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27l ST Saes
Finding Mixed Nash Equilibria (1)

We characterize NE: suppose we know the suppsupport(x;) $; and
support(x,) S, of some NE X;;X%,). We consider the followingystem

of constraintsover the variablep1;:::;pn; 15 Qm; W1, Wo:
Write X; = (pg;:::;pn) and X, =(qz;:::; dm).
8 . .
(Uixy)j = forall1 j nwithp 60
% gluz)k = W2 foralll k mwith g 60
= 1
pi=t B =
E {knl Ok =

EXERCISE what is missing ?

Notice that this system is a Linear Programming system { hewethe
system isno longer linear iin > 2 {. Use e.g. Simplex algorithm

For each possiblsupport(x;) S; andsupport(x,) S, solve the system
) Worst-case exponential time {2 " possibilities for the supports).
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W CORSITEC ANEEZ NG (T 2-player Strategic Games

Finding Mixed Nash Equilibria (2)

Battle of Sexes

b S
B \3} 0 As seen before, we already have two
0 NE with pure strategies B;b) and
s 0 [1] (S;9).
0

We now determine the mixed strategy probabilities of a pltage as to
make the other player indi erent between his or her pure ségies,
because only then that player will mix between these stréeg This is a
consequence of the Best Response Theorem: only pure siegdbat get

maximum, and hence equal, expected payo can be played wibsifive
probability in equilibrium.
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LTSS B EEICS
Finding Mixed Nash Equilibria (2)

Battle of Sexes

Suppose Player | playB with prob.

1 p andS with prob. p. The best
2] 0
B 0 response for Player Il swhenp ! 0,
5 1 whereas it iss whenp ! 1.
S 0 u ) There is some probability so that
Player Il is indi erent.
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W CORSITEC ANEEZ NG (T 2-player Strategic Games

Finding Mixed Nash Equilibria (2)

Battle of Sexes

b S
2 0
. 2]
0
0 1]
0
Fix p (probability) the mixed strategy of Player I. The expectedyw of
Player Il when she playsis 2(1 p), and it is p when she plays.

S

She is indi erent whenever 2(1 p) = p, thatisp =2=3.

If Player | playsB with prob 1=3 and S with prob 2=3, Player Il has an
expected payo of2=3 for both strategies.
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LTSS B EEICS
Finding Mixed Nash Equilibria (2)

Battle of Sexes

b S
B 2] 0 If Player | plays the mixed strategy
0 (1=3; 2=3), Player Il has an expected
s 0 (1] payo of 2=3 for both strategies.
0
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27l ST Saes
Finding Mixed Nash Equilibria (2)

Battle of Sexes

b S
B \g 0 If Player | plays the mixed strategy
0 (1=3; 2=3), Player Il has an expected
S 0 m payo of 2=3 for both strategies.
0

Then Player Il can mix betweeh ands. A similar calculation shows that
Player | is indi erent betweerC and S if Player Il uses the mixed strategy
(2=3; 1=3), and Player | has an expected payo @3 for both strategies.
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27l ST Saes
Finding Mixed Nash Equilibria (2)

Battle of Sexes

b S
B \A 0 If Player | plays the mixed strategy
0 (1=3;2=3), Player Il has an expected
S 0 m payo of 2=3 for both strategies.
0

Then Player Il can mix betweeh ands. A similar calculation shows that
Player | is indi erent betweerC and S if Player Il uses the mixed strategy
(2=3;1=3), and Player | has an expected payo @f£3 for both strategies.

The pro le of mixed strategies ((£3; 2=3); (2=3; 1=3)) is the mixed NE.
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LTSS B EEICS
Finding Mixed Nash Equilibria (3)

@ The di erence trick method
o The upper envelope method
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W CORSITEC ANEEZ NG (T 2-player Strategic Games

Matching Pennies

Head Talil
Head| 1; 1 11

Tail 1111, 1

AN

X; (Head) = x4 (Tail) = x,(Head) = x,(Tail) = >
is the unique mixed strategy NE.

Here, supportk;) = f 1Head; 17ail @ @and support§,) = f opead; 27ail O-

EXERCISE: apply previous techniques to nd it yourself.
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LTSS B EEICS
Complements

e Particular classes of games, e.g. symmetric games, degésebr
games, ...

o Bayesian games for Games withperfect information

o Solutions forN  3: there are examples where the NE has irrational
values. See Nash 1951 for a Poker game.
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o Extensive Gamegh)
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Extensive Games (with Perfect Information)

By Extensive Games
we implicitly mean

\Extensive Games witlPerfect Informatior.
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o2 IR EIE S ENTEES
Example

(2;0) (0;0) (1) (0;0) 0;2) (0;0)

H=1f:(20)(11);(0;2);((2;0)y);::::9
Each history denotes a unique node in tbeme treg hence we often use
the terminologydecision nodeistead.
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Extensive Games (with Perfect Information) [BINgliifely RN (e NSE T [o][=5

0,15 30, . 0,5 42
EXERCISE: Tune the de nition of an extensive game to take oba nodes
into account.
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Extensive Games (with Perfect Information) De nitions and Examples

Extensive Games (with Perfect Information)

An extensive game (with perfect information$ a tuple
G=(N;A;H;P;f%gi=1::n) Where

o Write A = [ jA;j, whereA, is the set of action of Player.
e H A is a set of (nite) sequences of actions s.t.

I The empty sequence?2 H.

I H is pre x-closed.

The elements oH are histories we identify histories with the decision
nodes they lead to. A decision nodetegminal whenever it is
(reached by a history) of the fornh = ala?:::aX and there is no
ak*l 2 A such thatala?:::afaf*! 2 H. We denote byZ the set of
terminal histories.
e P:HnNnZ! N indicates whose turn it is to play in a given
non-terminal decision node.
o Each% Z Z is apreference relation
We write A(h)  Ap(n for the set of actions available to Playét(h) at
decision nodéd.
Master2 RI 2011-2012 42/ 64



Relnitionsfend|Examples
Strategies and Strategy Pro les

A strategyof a player in an extensive game is a \plan”.

(from now on, we omit the seA of actions).

A strategy of Playeri is (a partial mapping)s :HnZ ! A whose domain
isfth2 HnZzjP(h) = igand such thats (h) 2 A(h).

Write S for the set of strategies of Playar

Note that the de nition of a strategy only depends on the garnree
(N;H;P), and not on the preferences of the players.
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D2 I o Bl
Example

(2,0 (0;0) 1) (0;0) 0:2) (0;0)

@ Player 1 plays at decision node(she starts the game), and this is the
only one; she has 3 strategisg= (2;0);s; = (1;1);s"1 =(0;2).

o Player 2 takes an action after each of the three historiesgd am each
case it has 2 possible actiong br n); we write this asabc
(a;b; c 2 f y;ng), meaning that after history (20) Player 2 chooses
action a, after history (1, 1) Player 2 chooses actiob, and after
history (G, 2) Player 2 chooses actioo.
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D2 I o Bl
Example

(2,0 (V] 1) 0;0) 0:2) 0;0)

o Player 1 plays at decision node(she starts the game), and this is the
only one; she has 3 strategies = (2;0);s; = (1;1);s"1 =(0;2).

o Player 2 takes an action after each of the three historiesg am each
case it has 2 possible actiong 6r n); we write this asabc
(a;b;c 2 f y; ng), meaning that after history (20) Player 2 chooses
action a, after history (1 1) Player 2 chooses actiob, and after
history (G, 2) Player 2 chooses actioo. Possible strategies for Player
2 areyyy, yyn, yny, ynn, ... There are 3 possibilities.
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D2 I o Bl
Example

(2,0 (V] 1) 0;0) 0:2) 0;0)

o Player 1 plays at decision node(she starts the game), and this is the
only one; she has 3 strategies = (2;0);s7 = (1;1);s"1 =(0;2).

o Possible strategies for Player 2 aygy, yyn, yny, ynn, ... There are
23 possibilities.

@ In general the number of strategies of a given Playés in O(jAjj™)
wherem is the number of decision nodes where Playgays.
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ISUCHFIVEREEINEENWIGNEhCadinElh)Il  De nitions and Examples

Remarks on the De nition of Strategies

o Strategies of players are de ned even for histories that ace
reachabldf the strategy is followed.

o In this game, Player 1 has four strategié&; AF; BE; BF: By BE,
we specify a strategy after history e.dC even if it is speci ed that
she chooses actioB at the beginning of the game.
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o2 IR EIE S ENTEES
Reduced Strategies

@ A reduced strategyf a player speci es a move for the decision node
of that player, but unreachable nodes due to an earlier ownicé.

o Itis important to discard a decision node only on the basidiué
earlierown choices of the player only.

@ A reduced pro leis a tuple of reduced strategies.
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ISUEHFIVEREEINESNWIGNETCadInEie)Ill  Relation to Strategic Games

Outcomes

;%) in an extensive game
G=(N;H;P;f%gn), written O(s), is the terminal decision node that
results when each Playeérfollows the precepts:

O(s) is the historyala? 2 Z s.t. for all (relevant)k > 1, we have

Sp(atak y(@ a1y = a
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SV SIENEE RGN e hicipEuld) Bl Relation to Strategic Games

Example of Outcomes

O(AE; C) has payo v,
O(BE; C) has payo v4

O(BF; D) has payo v,

Vi V2
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ISUEHFIVEREEINESNWIGNETCadInEie)Ill  Relation to Strategic Games

Strategic Form of an Extensive Game

The strategic formof an extensive gam& = (N; H; P;f%gjon) is the
strategic game ;f Sigion; f%0i2n) Where%® S S is de ned by

s % s° wheneverO(s) % O(s9

As the number of strategies grows exponentially with the rfnenm of
decision nodes in the game tree { recall it is@(jA;j™) {, strategic forms
of extensive games are in general big objects.
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ReiollepaEecloaes
Extensive Games as Strategic Games

AE
AF
BE
BF

Reduced Strategies:

AE
AF
B

cC D
V1 | V3
Vo | V3
Vg | Vg
V4 | Vg

cC D
V1 | V3
Vo | V3
V4 | Vg

Vi V2
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Nash Equilibrium in Extensive Games

Simply use the de nition of NE for the strategic game form die
extensive game.
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Examples of Nash Equilibria

e Two NE (A;R) and (B;L) with payo s are (2;1) and (1, 2) resp.
e (B;L) is a NE because:

I giventhat Player 2 choosek after history A, it is always optimal for
Player 1 to choos@ at the beginning of the game { if she does not,
then given Player 2's choice, she obtains 0 rather than 1.
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i Bl
Examples of Nash Equilibria

e Two NE (A;R) and (B;L) with payo s are (2;1) and (1, 2) resp.
e (B;L) is a NE because:

I giventhat Player 2 choosek after history A, it is always optimal for
Player 1 to choos@ at the beginning of the game { if she does not,
then given Player 2's choice, she obtains 0 rather than 1.

I givenPlayer 1's choice 0B, it is always optimal for Player 2 to plai.

@ The equilibrium B;L) lacks plausibility.
The good notion is theSubgame Perfect Equilibrium
Master2 RI 2011-2012 52/ 64



Extensive Games (with Perfect Information) FENEE B =06 [V1[{o]d{V]y]

Subgame Perfect Equilibrium

We de ne the subgameof an extensive gam&=(N;H;P;f%g»n) that
follows a historyh as the extensive game
G(h) = (N;h *H; Pjn; % jngian)
where
e h H := fh%hh°2 Hg
o Pjn(h9 := P(hh9 ...
e h%% j,h" wheneverhh®% hh"

G(h) is the extensive game which starts at decision ndde
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GandG(h), forh= A

Vi

V2

\%1 V2
o & = E E 9DaAe
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[SUCHFIVENEEINENWIGNEhCadinnEie )l Nash Equilibrium

Subgame Perfect (Nash) Equilibrium

A subgame perfect equilibrium represents a Nash equilibraf every
subgame of the original game. More formally,

A subgame perfect equilibrium (SPEf G=(N;H;P;f%g.N) is a
strategy pro les s.t. for every Playei 2 N and every non-terminal
historyh 2 H nZ for whichP(h) = i, we have

Oijn(s iin;s in) % jrOjn(s iin;s)

for every strategys of Playeri in the subgameG(h).
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LR BTN
Example

NE were @;R) and (B; L), but the only SPE is A; R).

S. Pinchinat (IRISA) Elements of Game Theory Master2 RI 2011-2012 56 / 64



LR BTN
Another Example

(2:0) (0;0) (€550} (0;0) 0;2) (0;0)

Nash Equilibrium are:

e ((2;0);yyy), ((2;0);yyn), ((2;0);yny), and ((2;0); ynn) for the
division (2 0).

o ((1;1);nyy), ((1;1); nyn), and ((1; 1); nyn) for the division (1 1).
o ...
EXERCISE: What are the SPE?
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Extensive Games (with Perfect Information) Nash Equilibrium

Computing SPE of Finite Extensive Games (with Perfec
Information): Backward Induction

Backward Inductionis a procedure to construct a strategy pro le which is
a SPE.

Start with the decision nodes that are closest to the leavesnsider a
history h in a subgame with the assumption that a strategy pro le has
already been selected in all the subgan@é; a), with a2 A(h). Among
the actions ofA(h), select an actiona that maximiseghe (expected)
payo of Player P(h).

This way, an action is speci ed for each history of the gafBewhich
determines an entire strategy pro le.
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Extensive Games (with Perfect Information) FENEE B =06 [V1[{o]d{V]y]

Backward Induction Example
1

0;0 21
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Backward Induction Example

0;0 21
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[SUCHFIVENEEINENWIGNEhCadinnEie )l Nash Equilibrium

Theorem: Backward Induction de nes an SPE.

We prove inductively (and also consider chance nodes): idensa
non-terminal historyh. Suppose thatA(h) = fa;;ap;:::;ang eachg
leading to the subgam&, and assume, as inductive hypothesis, that the
strategy pro les that have been selected by the procedurdaq(in the

subgames3's) de ne a SPE.
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NashlEquiibrtm
Theorem: Backward Induction de nes an SPE.

We prove inductively (and also consider chance nodes): idensa
non-terminal historyh. Suppose thatA(h) = fa;;ap;:::;ang eachg
leading to the subgam&, and assume, as inductive hypothesis, that the
strategy pro les that have been selected by the procedurdaq(in the
subgames3's) de ne a SPE.

If his a chance nodehen the BI procedure does not select a particular
action fromh. For every player, the expected payo in the subgat@h)
is the expectation of the payo s in each subgan@ (weighted with
probability to move toG). If a player could improve on that payo , she
would have to do so by changing her strategy in one subg&mnenhich
contradicts the induction hypothesis.
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NashIEQUIibIim
Theorem: Backward Induction de nes an SPE.

We prove inductively (and also consider chance nodes): idensa

leading to the subgam&, and assume, as inductive hypothesis, that the
strategy pro les that have been selected by the procedurdasa(in the
subgames3's) de ne a SPE.

Assume now that is a decision nodéP(h) 2 N).

Every Playeli 6 P(h) can improve his payo only by changing his strateg
in a subgame, which contradicts the induction hypothesis.
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NashlEquiibrtm
Theorem: Backward Induction de nes an SPE.

We prove inductively (and also consider chance nodes): idensa

leading to the subgam&, and assume, as inductive hypothesis, that the
strategy pro les that have been selected by the procedurdaaq(in the
subgames3's) de ne a SPE.

Assume now thath is a decision nodéP(h) 2 N).

PlayerP(h) can improve her payo, she has to do it by changing her
strategy: the only way is to change her local choicegotogether with
changes in the subgamg. But the resulting improved payo wouldnly
be the improved payo inG, itself, which contradicts the induction
hypothesis.
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Consequences of the Theorem

Backward Induction de nes an SPE.

(In extensive games with perfect information)

=] & = E E 9DaAe
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Consequences of the Theorem

Backward Induction de nes an SPE.
(In extensive games with perfect information)

Corollary

By the BI procedure, each player's action can be chosen dei@stically,
so that pure strategies su ce. It is not necessary, as in sggic games, to
consider mixed strategies.

v
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NashlEquiibrtm
Consequences of the Theorem

Backward Induction de nes an SPE.
(In extensive games with perfect information)

Corollary

By the BI procedure, each player's action can be chosen dei@stically,
so that pure strategies su ce. It is not necessary, as in sggic games, to
consider mixed strategies.

4

Corollary

Subgame Perfect Equilibrium always exist.
For game trees, we can use \SPE" synonymously with \stratgmy le
obtained by backward induction”.
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An example of an exam (2009)

2,13 024 231 142 35(

©® How many strategy pro les does this game have?

Q@ lIdentify all pairs of strategies where one strategy styctr weakly,
dominates the other.

© Find all Nash equilibria in pure strategies. Which of these a
subgame perfect?
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Nash Equilibrium
What we have not seen

@ Combinatorial game theory
A mathematical theory that studies two-player games whicive a
position in which the players take turns changing in de nedys or
moves to achieve a de ned winning condition.
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NashIEQUIibIim
What we have not seen

@ Combinatorial game theory
A mathematical theory that studies two-player games whicive a
position in which the players take turns changing in de nedys or
moves to achieve a de ned winning condition.

o Game trees with imperfect information
A player does not know exactly what actions other playerskamp to
that point. Technically, there exists at least one inforniah set with
more than one node.
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What we have not seen

@ Combinatorial game theory
A mathematical theory that studies two-player games whicive a
position in which the players take turns changing in de nedys or
moves to achieve a de ned winning condition.

o Game trees with imperfect information
A player does not know exactly what actions other playerskamp to
that point. Technically, there exists at least one inforniah set with
more than one node.

@ Games and logic
Important examples are semantic games used to de ne truth,
back-and-forth games used to compare structures, and djaé
games to express (and perhaps explain) formal proofs.
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NashlEquiibrtm
What we have not seen

@ Combinatorial game theory
A mathematical theory that studies two-player games whicive a
position in which the players take turns changing in de nedys or
moves to achieve a de ned winning condition.

o Game trees with imperfect information
A player does not know exactly what actions other playerskamp to
that point. Technically, there exists at least one inforniah set with
more than one node.

@ Games and logic
Important examples are semantic games used to de ne truth,
back-and-forth games used to compare structures, and djaé
games to express (and perhaps explain) formal proofs.

@ others ...
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