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Notations

function f with inputs and outputs in fixed-point format

e argument z is in the domain [a, b[ and the result f(x) is in the range [a/, [

polynomial approximation of degree d
e input z is a wy-bit number, output f(z) is a wo-bit number

e ()2 denotes the binary representation (3.125 = (11.001)3)

polynomial coefficients in borrow-save representation (—1 = 1)

g guards bits (intermediate computations on wo + ¢ bits)
o P(x) = po+ p1& + par” + psa®
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Introduction
Evaluation of functions for:
e digital signal processing
e multi-media applications
e digital control
Targets:
e hardware implementation (FPGA)
e 8 to 16 bits inputs and outputs
e fast and small operators
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Minimax Polynomial Approximations

Degree-d minimax polynomial approximation to f on [a,b] is P* :

_P*oo: i _Poo
17 = Pl = puin 17 - P

P4 is the set of polynomials with real coefficients and degree at most d
Minimax approximations computed using an algorithm due to Remes

Theoretical approximation error €, :
éth = |If = Pllee = max |f(z) - P(a)]

Example 1 Degree-3 minimazx approximation of the sine function on [0, 7 /4]
(results from Maple and truncated to 10 decimals), €y, = 0.0000474552 (i.e.
14.3 bits of accuracy):

P(z) = —0.000047455241.0017332478 x—0.0095826177 £?—0.1522099691 2>
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Average and Maximum Error

e output(P(x)) effective result (computations on wo + g bits)
o effective total error € = f(z) — output(P(z))

e average total error €.,

e standard deviation o

e maximum €error €,,q.

Values computed of all values of = on [a, b]
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3-bit Quantification of the Coefficients

Goal: replace the large reduction tree of the multipliers by a small number
of additions

Coefficient pg is not quantified (additive term)

Quantification of coefficient p; to NZ non-zero bits (here NZ < 3) and a
relative accuracy of 27% (the span of the NZ bits is at most k-bit wide)

Minimum span : (11.01)s rather than (101.01)s for 3.25

Example 2 Quantification of the value v = 1.0017332478 with 3 non-zero
bits for several spans (the quantified value is denoted vg):

o k=38, v, =2% = (1.0000000)s, (accuracy 9.1 bits)
e k=10, v, =2°+ 279 = (1.000000001)2, (accuracy 12.1 bits)

o k=13, v, =24 279 — 2712 = (1.000000001001)2, (accuracy 15.3 bits)
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The 3-bit Coefficients and Estimations of Powers of =
Method

The proposed method is based on the following steps:

Step 1 determination of the minimax polynomial approximation Py, (done
using Maple)

Step 2 quantification of the coefficients of P, to 3 non-zero bits, this gives
polynomial P,

Step 3 estimation of the powers of x in polynomial P,

Step 4 fine tuning of the coefficients, this gives the polynomial P;
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Quantification example
Quantification error for 10-bit values in [0,1] with NZ =3 and k=8

0.015 4
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g l [l I, g
2 -0.005 | > 8
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0 0.25 0.5 0.75 1
value x

e average error 0.0000534057 (14.1 bits of accuracy)
e standard deviation is 0.0031827562
e maximum error is 0.015625 (4 LSBs)
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Low-Precision Estimations of the Powers of =
After quantification, some multiplications remain: 22 and 23

Goal: replace these “multiplications” by a small number of additions

2

Use estimations of 22 and 23 based on the c first columns of the partial

products

Size and accuracy of the evaluation of py x 22 for several values of ¢ with

Low estimation of 2> on a real example

Complete computation of the sine function on [0,7/4[ with w; = wo =
k=8, g=2and NZ =3

P(x) = —(0.000000001) + (1.0001001)3 x 2 — (0.0011000001 )5 x 2>

p2 = 0.1882871881, w; = k = 8 bits and NZ = 3

L] | o [  emaw |
311062 x 1072 (7.3) | 0.49 x 1072 | 0.23 x 107! (5.4)
4 | 0.44 x 1072 (7.8) | 0.35 x 1072 | 0.15 x 10~* (6.0)
5 || 0.23 x 1072 (8.7) | 0.16 x 1072 | 0.75 x 10~2 (7.0)
6 || 0.22 x 1072 (8.8) | 0.15 x 1072 | 0.75 x 1072 (7.0)
7 021 x 1072 (8.8) | 0.15 x 1072 | 0.75 x 1072 (7.0)
all | 0.21 x 1072 (8.8) | 0.15 x 1072 | 0.75 x 102 (7.0)

’ C H H#op ‘ €avg g €maz
31 6 [0.16x1071(5.9)[0.12 x 1071 | 0.47 x 107! (4.4)
4 || 8 |0.78x1072(6.9) | 0.58 x 1072 | 0.23 x 107! (5.4)
51| 12 [0.59x 1072 (7.4) [ 0.42x 1072 | 0.18 x 10~* (5.8)
6 || 16 [0.28x 1072 (8.4) | 0.19 x 1072 | 0.88 x 1072 (6.8)
7 || 20 [ 0.18 x 1072 (9.0) [ 0.11 x 1072 | 0.52 x 102 (7.5)
all | 36 | 0.13 x 1072 (9.5) | 0.67 x 1073 | 0.32 x 1072 (8.3)
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Fine Tuning of the p;’s

Problem: truncate the partial products = underestimate

Solution: modify (increase) the coefficient p;

Example 3 Sine on [0, /4] with w; = wo =12, NZ =3, g =2, c =4 for
2% and ¢ = 8 for 23

e p1: no modification

o po: —277 =279 4 2713 modified to —277 — 279 (eg : —0.27 x 1073 —
0.26 x 1073)

o p3: —273 — 275 4+ 278 modified to —273 — 275 (e3 : —0.84 x 1073 —
0.56 x 1073)

€avg = 0.91 x 1073(9.9) modified to €upy = 0.72 x 1073(10.4) and two
additions have been suppressed.

Michard, Tisserand, Veyrat-Charvillon — Arénaire LIP 11/21

Michard, Tisserand, Veyrat-Charvillon — Arénaire LIP 10/21

A Complete Example (1/2)
e Sine on [0, 7/4[ with wr = wo =8 and d =2
Py (7) = —0.0023098047 + 1.0540785973 2 — 0.1882871881 22

e Quantification with £k =8, NZ =3 and g =2
P,(z) = —(0.000000001) + (1.0001001)5 2 — (0.0011000001 )5 2

e Estimation of 22 with ¢ =3

e Fine tuning of coefficient po
Py(z) = —(0.000000001)3 + (1.0001001)2 z — (0.01001) >

’ Step H €avg ‘ o ‘ €Emax ‘ Cost
Minimax P, en = 0.23 x 1072 (8.7) 3 mult. + 2 add.
Quantification || 0.16 x 1072 (9.3) | 0.12 x 1072 | 0.53 x 1072 (7.5) | 1 mult. + 2 add.
22 estimation || 0.69 x 1072 (7.1) | 0.52 x 1072 | 0.23 x 107! (5.4) 7 add.

Fine tuning || 0.41 x 1072 (7.5) | 0.41 x 1072 | 0.18 x 107! (5.8) 6 add.
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A Complete Example (2/2)

<t > <t

x o0
[-z7xn b T
ML s
Pt (x)| |
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Some Accuracy Results
| f Jdw] c] o | cmaw ]
Tz [ 2| 8 | 5 | 039x1072(8.0) | 0.31 x 1072 | 0.24 x 107! (5.4)
1,2 [ 3 ]12 19,9 0.10x1072(9.9) | 0.78 x 1072 | 0.36 x 10~2 (8.1)
22 [ 2] 8| 6 | 037x1072(8.0) | 0.27 x 1072 | 0.11 x 10~! (6.5)
0,1 [ 3 [12]6,6] 0.68x1072(7.2) | 0.x 362 0. x 2171 (5.5)
3* | 12| 6,6 | 0.19x1072(9.0) | 0.x 1572 0. x 087! (6.9)
Ve | 2] 8| 5 0.15 x 1072 (9.3) | 0.11 x 1072 | 0.52 x 1072 (7.5)
[1,2[ | 3 | 12| 7,7 0.21x1073(12.2) | 0.16 x 1073 | 0.98 x 10~ (9.9)
/x| 2| 8| 5 0.32 x 1072 (8.3) | 0.22x 1072 | 0.11 x 10~ (6.5)
1,2 | 3|12 |77 | 0.89x 1073 (10.1) | 0.77 x 103 | 0.40 x 10~2 (7.9)
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Some Accuracy Results

c | | o [ o |
3 || 0.57x 1072 (7.4) | 0.41 x1072 | 0.19 x 107!
d=2 4 | 043 x1072(7.8) [ 0.30x 1072 | 0.14 x 107!
5 [ 0.24x1072(8.7) | 0.17x 1072 | 0.09 x 10~*

6 (9 1)

9.3)

(5.7)
(6.1)
(6.7)
0.12 x 1072 | 0.05 x 107! (7.6)
0.11 x 1072 | 0.05 x 1072 (7.6)
(7.6)

(83)

(8.7)

(9-2)

wr=12| 1,7 | 0.87 x 1073 (10.1) | 0.86 x 103 | 0.51 x 102
d=3 | 28 | 0.61x1073(10.6) | 0.57 x 1073 | 0.31 x 1072
3,10 | 0.44 x 1073 (11.1) | 0.38 x 1073 | 0.24 x 102
4,11 || 0.38 x 1073 (11.3) | 0.30 x 1073 | 0.16 x 1072
5,12  0.17 x 1073 (12.5) | 0.13 x 1073 | 0.08 x 1072 (10.
all | 0.08 x 1073 (13.5) | 0.06 x 1073 | 0.03 x 10~2 (11.

2)
7)

Accuracy results for sin(z) on [0,7/4], wy = wo =k, NZ = 3,9 =2
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FPGA Implementations

d 2 3

Version wr = wo 8 [ 1216 [ 8 [ 12 ] 16
Generic | Area [# slices] | 115 | 235 | 411 | 324 | 895 | 1886
Period [ns] || 24.8 | 35.0 | 37.9 | 38.6 | 54.6 | 50.4
Constant | Area [# slices] || 43 | 107 | 192 | 204 | 697 | 1570
Period [ns] 15212791299 | 339|523 | 59.0
Quantified | Area [# slices] | 43 | 85 | 136 | 202 | 651 | 1475
Period [ns] 14.3 1 21.3 | 22.7 | 26.8 | 35.5 | 38.5

FPGA implementation results for generic polynomiers (using multipliers) for
sin(z) on [0, 7/4]
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FPGA Implementations

d 2 3
Version | w; =wo 8 |12 ] 16 [ 8 [12] 16
¢c=6 | Area[f# slices] | 34 | 50 | 61 | 56 | 78 | 99
Period [ns] 15.1 | 18.7 | 19.5 | 21.5 | 23.7 | 22.9
c=4 | Area [# slices] | 28 | 46 | 57 | 38 | 61 | 82
Period [ns] 14.8 | 18.6 | 18.9 | 18.3 | 20.1 | 22.1
¢=3 | Area [# slices] | 27 | 45 | 56 | 28 | 50 | 71
Period [ns] 14.9 |1 18.2 | 18.5 | 18.2 | 20.5 | 23.5

FPGA implementation results

estimations of the powers of x for sin(z) on [0, 7/4].
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Comparison with Previous Work

for polynomiers with 3-bit coefficients and

FPGA Implementations

f sin(z) on [0,7/4 || \/(z) on [1,2]
Degree 2 3 2 3
wr = wo 8 12 8 12
c 5 3.10 5 7.7
Area [# slices] | 27 141 17 86
Period [ns] 16.7 28.5 17.2] 294

FPGA implementation results for other parameters or functions

Multipartite [1] SMSO [2] Our

Area Period Area Period Area Period
wr || [# slices] | [ns] || [# slices] | [ns] | [# slices] | [ns] | d
8 19 16.6 21 8 27 149 |2
12 76 18.0 63 14 50 205 |3
16 280 24.8 123 19 71 235 |3

Comparison with methods for sin(x) on [0, 7/4]
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Second order function approximation using a single
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Future Prospects

ASIC targets

study of the relations between the numerous parameters

automatic generation of circuit descriptions

e improve acuracy (up to 24-bit words)
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This is the end. . .

Questions ?

Contacts:

e firstname.lastname@ens-1lyon.fr
e http://perso.ens-lyon.fr/firstname.lastname/

e LIP, ENS Lyon. 46 allée d'ltalie. F-69364 Lyon cedex 07. France.

Thank you.
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