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I. SHANNON’S ENTROPY AND MUTUAL INFORMATION

We consider two discrete sets X, )V and we denote by

e (X,Y) € X x Y the pair of random variables,

e (x,y) € X x Y a pair of realizations,

o Px a probability distribution over the set X, i.e. for all x € X, Px(z) = Pr(X = z) € [0, 1]R‘X‘
and . Px(z) =1,

o A(X) the set of probability distributions Qx over X, i.e. the probability simplex,

e suppQx = {z € X, Qx(z) > 0} the support of the distribution Px,

+ Pxy € A(X € Y) ajoint distribution with marginal distributions Px, Py, i.e. Px(z) = >, Pxv (2, y),
and with conditional distributions Px/y € AV, Py|x € A e V(z,y) € suppPx x V,

Pyix(ylr) = Bt

Definition 1 Ler X € X a random variable with probability distribution Px € A(X). The entropy is

defined by
1
H(X)= ) Px(a)log : (M
zrEsupp Px PX (:E)
We define the function f :supp Px — R,z — f(z) = log, %(x) the entropy reformulates
H(X) = E[f(X)|. )

Proposition 1 We have

e 0< H(X) < log, |X

>
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o H(X) =logy|X| <= X is uniformly distributed.

Example 1 We consider that X € {0, 1} is drawn according to the Bernouilli distribution with parameter

p € [0, 1]. We denote the binary entropy by hy(p) = plog, % + (1 — p) log, ﬁ.

Definition 2 The conditional entropy H(X|Y') and the mutual information 1(X;Y") are defined by

1
H(X|Y) = Z Pxy (z,y)logy Pxry@ly) 3)
(z,y)€supp Pxy
7DXY (:Ev y)
I(X;Y)= Y Pxylay)logy 5" )
(z,y)€supp Pxy Px(@)Py ()
Proposition 2
H(X,Y)=H(X)+H(Y|X) = HY) + H(X[Y), (5)
I(X;Y)=HX)-HX|Y)=HY)-HY|X)=H(X)+ HY)—-H(X,Y). (6)

Example 2 We consider that (X,Y) € {0,1}? is drawn according to the distribution [(1—p)/2,p/2;p/2, (1—
p)/2], with parameter p € [0,1]. Then H(X) =H(Y) =1, HX|Y) = HY|X) = hy(p), H(X,Y) =
1+ hy(p), 1(X5Y) =1 — hy(p).

Definition 3 Given a distribution Pxy € A(X x )), we define the information density function

1 :suppPxy — R, 7

The function is well defined since supp Pxy C supp Px X supp Py.

®)

The notation i(X,Y") stands for the image of the random pair (X,Y") by the information density function

i(z,y). Then i(X,Y) is a random variable with expected value and variance.

Definition 4 The mutual information I1(X;Y"), the unconditional information variance U (X,Y) and the

third absolute moment T'(X,Y") are defined by

I(X;Y) =E[i(X,Y)], )
U(X;Y) =E “z’(X, Y) - E[i(X,Y)] (2] - E[z‘(X, Y)2] (XY, (10)
T(X;Y) :E“i(X,Y) —E[i(X,Y)] (3] (11)
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Lemma 1 (Lemma 46, pp. 24 in Polyanskiy et al. [4])
3logye

3
Ty <( (1205 + 1) +logy min (121, 1) ) (12)

e

The proof of Lemma 1 is stated in [4, App. FI.

Example 3 We consider (X,Y) € {0,1}? is drawn according to the distribution [(1—p)/2,p/2;p/2, (1—
p)/2], with parameter p € [0, 1]. We have i(x,y) € {1 +logy(1 — p), 1 + log, p}, therefore

1—
I(XGY) =2 = - (14 logy(1 = p)) +2- 5 - (1 +logy(p)) = 1 — hu(p). (13)

U(X;Y) =p(1 ~p) - (logy

1_p)2. (14)

Definition 5 The Kullback-Liebler (KL) divergence between Px € A(X) and Qx € A(X) is defined

by
>, Px(z)logy Zﬁjﬁﬁ% if  supp Qx C supp Px,
D(Px||Qx) = { wesuppPx (15)
400 otherwise.

The divergence variance is defined by

2 2
Pxllgs) > 7>X<x><1og2 Sﬁiﬁ%) ~ (D(Pxliex))” i suwppQx Csupp Py,
X x ) = { TEsupp Px

~+00 otherwise.
(16)
The conditional information variance is defined by
2
V(X;Y)=E [i(X,Y)ﬂ - Px(x) <D(7>YX(-\x)||7>y)> . (17)

II. CHANNEL CODING PROBLEM

Definition 6 A discrete channel (X Y, Ty x) consists of two discrete sets X, ) and a conditional
probability distribution Ty |x € AN, The channel is memoryless if for all n € N* = N\ {0} and for

all pair of sequences (z",y") € X" x V", we have

Pr(y"|a™) = [ | Tvix (welze). (18)
t=1
me{l,...,M} - Xn @ yn i me{l,...,M}
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Example 4 The binary symmetric channel (BSC) with parameter ¢ € [0, %]

Definition 7 Given n € N* and M € N*, an (M, n)-code is a pair of functions (o, T) defined by

o:{l,.... M} — X", (19)
T: YY" —{1,...,M}. (20)
We suppose that the message m € {1,..., M} is drawn uniformly at random, therefore

1 n
Pr(m, 2", y",m) = M]l(x” = a(m)) <H Tyx(yt]wt)> 1 (m = T(y”)), V(m,z", y", m). (21)
=1

The maximal error probability is defined by

Pmax = _max__Pr(1 # m|m). (22)

me{l,...,.M}
The average error probability is defined by
1 .
Pave = Z Pr(r # m|m). (23)
me{l,...,M}

Definition 8 Given n € N* and € > 0, the maximal code sizes are defined by

M} a(n,e) = _max M, (24)
Pmax<¢e

M3e(n,e) = L Jnax M. (25)
Pvea<e

For all n € N* and £ > 0, we have M}, (n,e) < M%o(n,¢).

Proposition 3 Given n € N* and ¢/ > ¢ > 0,

* * 3
Mmax(n’g/) > Mave(nve) : (1 - g) (26)

Example 5 We remove half of the codewords of M},.(n, ) with higher error probability Pr(m # m|m).

Since the codewords are equiprobable, all the remaining codewords have an error probability less than

2e > 0, otherwise Paye > . Therefore Mpa,(n,2e) > £ Mz (n,€).

Definition 9 The capacity of the discrete channel (X,Y,Ty|x) is defined by

C= max I(X;Y), 27
PxEA(X)
where

log TY|X(Z/|33)
. Px (@) Ty x (ylz')

I(X;Y) =) Px(x)Tyx(ylz) (28)

"E7y
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Example 6 The capacity of the binary symmetric channel (BSC) with parameter p € |0, l] is C =

2
1 — hy(p).
Theorem 1 (Shannon 1948 [1])
logy M}
Achievability result lim lim 1ogy Max(n, €) > C, (29)
e—=+0n—-+oo0 n
logy M2,
Converse result Vn € N*  lim 1085 Mave(n,€) <C. (30)
e—0 n
The proof is provided in [2, Chap.7].
Corollary 1
logy M} logy M3,
lim  Lim logy Mpax(n,€) _ lim lim logy Miye(n,) _ C. (31)
e—=+0n—+o0 n e—=+0n—+o0 n

Remark 1 When we interchange the limits in (31), the problem is called zero-error channel coding

problem. It corresponds to an open problem in Graph Theory, see [3].

i i 082 Mia(e) o logy Mg (n,0) . logy Mae(n,0) _ .
n——+o0 e—0 n n—-+0o00 n n—-+00 n n——+o0o0 e—0 n

(32)

For example, noisy type-writer with 7 elements.

Q(x)

Fig. 1. Plot of the Q-function. Figure available at https://en.wikipedia.org/wiki/Q-function
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III. ACHIEVABILITY RESULT IN THE FINITE BLOCKLENGTH REGIME

Definition 10 The Q-function is defined by

Q:R—[0,1], (33)
+o00 1

x V2T

It is the tail distribution function Q(x) = Pr(X > x) of the standard normal distribution X ~ N (0, 1).

exp ( — t2)dt. (34)

z— Qx) = B

The inverse Q-function is defined by
Q':[0,1] =R, (35)
Y Q_l(y) =z st Q oQ = idg. (36)

Theorem 2 (Theorem 45, pp. 24 in Polyanskiy et al. 2010 [4]) For any Px € A(X), for all pair

(n,e) € N*x]0, +00[ that satisfies

2 In2 15-T(X;Y)>
€-v/n > + 37
vn U(X;Y) <\/27r U(X;Y) &7
We have
logy M%,6(n,€) Uvx;y) 2 < In2  15T(X; Y))
—= I 2 SI(XY) -y ——— €— + . (38
n 21(X;Y) no ¢ n-UX;Y)\V2r UX;Y) e
The proof of Theorem 2 is provided in Sec. IV and relies on the Berry-Esseen’s Theorem.
Theorem 3 (Berry-Esseen) Let Zy, k € {1,...,n} iid with
p=E[Z], o®=E[|Zy —puf’], t=E[Z - pu’] < +oo. (39)
We have
- Zk — U 6t
P >zl — < — 40
i N5t 2o 0| < 2 “

The proof of Theorem 3 is available in [5, Chap. XVIL.5]. The convergence speed of the cumulative

distribution function (CDF) of the sum of i.i.d. random variables is at least on the order of %

Remark 2 The random variable )", _, Zi, has mean and variance

E[anzk]zn.u, (41)
k=1

E[(anzk - )] = (ﬂ-a)Q. (42)
k=1
Z—b

Therefore the random variable _,_, NG has expected value 0 and variance 1.
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Remark 3 We also have for all A € R

< e (43)

sup

AER n-o

Pr[i f’}_“ < —A} — Q)

Moreover, for all A € R and for all § > 0, we have

Pr[)\g Zf/’%—“
g

k=1

12t
Vn-od

Theorem 4 (Theorem 17 in Polyanskiy et al. 2010 [4]; Dependence Testing (DT) Bound) For any dis-

<A+ 5} <QN) —QAN+9) + (44)

tribution Px, for all v > 0, n € N* we define ¢ > 0 by

exp <— <z’(X";Y") - ln7>+>], (45)

with the notation ()T = max(0,x). Then M%,(n,e) > 2v + 1.

e=E

The proof of Theorem 4 is stated in [4, pp. 7].

IV. PROOF OF THEOREM 2

We select a distribution Py € A(X) and we denote Pyy = PxTy|x € A(X x ). For n € N*, the
pair of sequences (X", Y ™) is drawn i.i.d. according to Pxy. We consider the sequence of i.i.d. random

variables Zj, k € {1,...,n} defined by

2= (X5, 10) = ot s KT 6)
We have (X", Y™) = "), Z) and moreover
VEke{l,...,n} E[Zy) =1(X;Y) = p, 47)
E[|Zy — ul’] =U(X;Y) = 0%, (48)
E[|Zk — p") =T(X;Y) = t. (49)

By Lemma 1, ¢ < 400 and we apply Theorem 3 (Berry-Esseen), to the sequence of random variables

—Zk, k€ {1,...,n}. For any A € R, we have

i+ 1 6t

- Q)| L . 50

[Z\/ﬁa_]cx)_ﬁ.ag (50)
By hypothesis € - y/n > = <\/—l + @> We introduce the parameters
2 In2 15t

A =01 _ - 51

“ (E ﬁa<\/ﬂ+az>>’ eb

Iny=n-I(X;Y) - A/n-U(X;Y), (52)
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and (50) reformulates

r n

—Z, + 1 6t
P ——— > <\ —_— 53
(X2 sem+ 53)

(o= Zp — 11 6t
P < =)\ < - 4
— r_k:“/ﬁ'g_ A]_Q(/\)Jr\/ﬁ'a?, (54)
e Pr|i(X",Y") <n I(X;Y) = A\/n- UXY} <Q(\ % (55)

o
[ 2 In2 12t

Prii(X",Y"™) <1 <e-— —+ — . 56
— r_z( , )_n’y]_a \/ﬁ-c;'(\/%+02> (56)

Lemma 2 (Lemma 47 in Polyanskiy et al. 2010 [4]) Forn € N*, let Zy, k € {1,...,n} i.i.d. discrete
random variables with 0> = E[| Xy — p|?] and t = E[| X} — p|3] < 4+oc. Then for all A € R

exp< sz> <§Zk>A> gexp(—A)-\/;ac;l—;ﬂJr%). (57)

The proof of Lemma 2 is in Sec. IV-A. By replacing A = In~ in (57), we have

2 In2 12t
. o n.,yn . . n.,yn < e ).
v-E eXp< W(X"Y )> ]l(z(X,Y)>ln7)] _\/7_1_0(\/%—1-0_2) (58)
Equations (56) and (58) imply
E| exp (— <z'(X";Y") —1Invy )] (59)
:Pr[ (X", Y") < ln’y} Fy E[exp( (X" Y")) ]1( (XY™ > ln’y)] (60)
<o 2 ln2+ﬁ N 2 In2 ﬁ . ©1)
- Vn-o\2r o2 Vn-o\\2r ’
Theorem 4 concludes the proof of Theorem 2.
n n
longy 63)
=I(X;Y) \/ (64)
U(X,Y) 1 2 In2 15t
=I(X;Y) —+— | 65
@ < '0< _2W+U2>> (65)
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A. Proof of Lemma 2

By Lemma 1, t < 400 and we apply Theorem 3 (Berry-Esseen), for all A € R and for all § > 0, we

have

"~ 7y, — Zk — b Zk —
<§ < —p >\ —P E >
Pr[/\_kZI\/ﬁ'U_/\—I—(S} r[kl\/ﬁ‘a_)\] r[ \/7_1.0_)\—1—5] (66)

\/7_10_ Vn-o Vn-o

TL

= k=1
1 12t
<QA\) —Q(A+0) + N (67)
A t2 1 12t
:/A 27Texp(—5>dt+\/ﬁag (68)
) 1 12t
<—+ —=—. 69
S T Jn o8 (69)
For all A € R we have
exp< sz> <sz>A> (70)
k_
+o00
SZeXp(—(A—I—lan [A—I—lln2<ZZk<A+(l—|—1)ln2} (71)
1=0 k=1
+o00
:ZeXp( (A+11n2)) [A—i— In 2 ZZk—u A+l1n2—,u+ In 2 (72)

+
8
—

SZeXp(—(A—I-lan)) .

1=0 Vo \Vor o
1 /2 128\ &
—exp(—A)-m<E+?>-;2 4)
2 (In2 12t
(a2 ()

This concludes the proof of Lemma 2.

V. EXAMPLE: THE BINARY SYMMETRIC CHANNEL

Theorem 5 (Theorem 52, pp. 264 in Polyanskiy et al. 2010 [4]) We consider the Binary Symmetric
Channel (BSC) with parameter p € [0,1] \ {0, 3,1} and uniform input distribution Px. For all € > 0,

there exists i € N*, for all n > n we have

1— 1— 11 1
108y Minax(1:€) o | _ oy = (JPEZP) 00 =P 1y 4 L1ogam +o(-), e
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Fig. 2. [4, Fig. 8]. Rate w and blocklength n tradeoff for the BSC with crossover probability p = 0.11 and error

probability € = 1072,
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