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Abstract— We optimize the random-like ensemble of Irregular
Repeat Accumulate (IRA) codes for binary-input symmetric
channels in the large blocklength limit. Our optimization tech-
nique is based on approximating the Evolution of the Densities
(DE) of the messages exchanged by the Belief-Propagation (BP)
message-passing decoder by a one-dimensional dynamical system.
In this way, the code ensemble optimization can be solved by
linear programming. We propose four such DE approximation
methods, and compare the performance of the obtained code en-
sembles over the binary symmetric channel (BSC) and the binary-
antipodal input additive white Gaussian channel (BIAWGNC).
Our results clearly identify the best among the proposed methods
and show that the IRA codes obtained by these methods are
competitive with respect to the best-known irregular Low-Density
Parity-Check codes (LDPC). In view of this and the very simple
encoding structure of IRA codes, they emerge as attractive design
choices.

Index Terms— Channel capacity, low-density parity-check
(LDPC) codes, turbo codes, belief propagation, density evolution,
stability, threshold.

I. I NTRODUCTION

SINCE the discovery of Turbo codes [1], there have been
several notable inventions in the field of random-like

codes. In particular, the re-discovery of the LDPC codes,
originally proposed in [2], the introduction of irregular LD-
PCs [3], [4] and the introduction of the Repeat-Accumulate
(RA) codes [5].

In [3], [4] irregular LDPCs were shown to asymptotically
achieve the capacity of the binary erasure channel (BEC)
under iterative message-passing decoding. Although the BEC
is the only channel for which such a result currently exists,
irregular LDPC codes have been designed for other binary-
input channels (e.g., the BSC, the BIAWGNC [6], and the
binary-input ISI channel [7], [8], [9]) and have shown to
achieve very good performance.

First attempts to optimize irregular LDPC codes ([10] for
the BEC and other channels [11]) with the DE technique
computes the expected performance for a random-like code
ensemble in the limit of infinite code blocklength. In order
to reduce the computational burden of ensemble optimization
based on the DE, faster techniques have been proposed,
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based on the approximation of the DE by a one-dimensional
dynamical system (recursion). These techniques are exact only
for the BEC (for which DE is one-dimensional). The most
popular techniques proposed so far are based on the Gaussian
approximation (GA) of messages exchanged in the message
passing decoder. GA in addition to the symmetry condition
of message densities implies that the Gaussian density of
messages is expressed by a single parameter. Techniques differ
in the parameter to be tracked and in the mapping functions
defining the dynamic system [12], [13], [14], [15], [16], [17],
[18].

The introduction of irregular LDPCs motivated other
schemes such as Irregular RA (IRA) [19], for which similar
results exist (achievability of the BEC capacity) and Irregular
Turbo codes [20]. IRA codes are in fact special subclasses of
both irregular LDPCs and irregular Turbo codes. In IRA codes,
a fractionfi of information bits is repeatedi times, for i =
2, 3, .... The distribution{fi ≥ 0, i = 2, 3, ... :

∑∞
i=2 fi = 1}

is referred to as therepetition profile, and it is kept as a degree
of freedom in the optimization of the IRA ensemble. After the
repetition stage, the resulting sequence is interleaved and input
to a recursive finite-state machine (called accumulator) which
outputs one bit for everya input symbols, wherea is referred
to asgrouping factorand is also a design parameter.

IRA codes are an appealing choice because the encoder is
extremely simple, their performance is quite competitive with
that of Turbo codes and LDPCs, and they can be decoded with
a very low-complexity iterative decoding scheme.

The only other work that has proposed a method to design
IRA codes is [19], [21] where the design focuses on the
choice of the grouping factor and the repetition profile. The
recursive finite-state machine is the simplest one which gives
full freedom to choose any rational number between0 and1
as the coding rate. We will also restrict our study to IRAs
that use the same simple recursion of [19], although it might
be expected that better codes can be obtained by including
the finite-state machine as a degree of freedom in the overall
ensemble optimization. The method used in [19] to choose
the repetition profile was based on the infinite-blocklength
GA of message passing decoding proposed in [14]. In this
work, we propose and compare four low-complexity ensem-
ble optimization methods. Our approach to design IRAs is
based on several tools that have been noticed recently: the
EXtrinsic mutual Information Transfer (EXIT) function and
its analytical properties [12], [22], [23], reciprocal channel
(duality) approximation [24], [22], and the non-strict convexity
of mutual information.
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The rest of the paper is organized as follows. Section II
presents the systematic IRA encoder and its related decoder:
the BP message-passing algorithm. Existing results on the
analysis of the decoder (i.e. DE technique) are summarized
and applied to the IRA code-ensemble. This leads to a two-
dimensional dynamical system whose state is defined on the
space of symmetric distributions, for which we derive a local
stability condition. In Section III we propose a general frame-
work in order to approximate the DE (defined on the space of
distributions) by a standard dynamical system defined on the
reals. We propose four low-complexity ensemble optimization
methods as special cases of our general framework. These
methods differ by the way the message densities and the BP
transformations are approximated:

1) GA, with reciprocal channel (duality) approximation;
2) BEC approximation, with reciprocal channel approxima-

tion;
3) GA, with EXIT function of the inner decoder;
4) BEC approximation, with EXIT function of the inner

decoder.
All four methods lead to optimization problems solvable by
linear programming. In Section IV we show that the first
proposed method yields a one-dimensional DE approximation
with the same stability condition as the exact DE, whereas
the exact stability condition must be added to the ensemble
optimization as an explicit additional constraint for the second
method. Then, we show that, in general, the GA methods
are optimistic, in the sense that there is no guarantee that
the optimized rate is below capacity. On the contrary, we
show that for the BEC approximation methods rates below
capacity are guaranteed. In Section V we compare our code
optimization methods by evaluating their iterative decoding
threshold (evaluated by the exact DE) over the BIAWGNC
and the BSC.

II. ENCODING, DECODING AND DENSITY EVOLUTION

Fig. 1 shows the block-diagram of a systematic IRA en-
coder. A block of information bitsb = (b1, . . . , bk) ∈ Fk

2 is
encoded by an (irregular) repetition code of ratek/n. Each
bit bj is repeatedrj times, where(r1, . . . , rk) is a sequence
of integers such that2 ≤ rj ≤ d and

∑k
j=1 rj = n (d is the

maximum repetition factor). The block of repeated symbols is
interleaved, and the resulting blockx1 = (x1,1, . . . , x1,n) ∈
Fn

2 is encoded by anaccumulator, defined by the recursion

x2,j+1 = x2,j +
a−1∑

i=0

x1,aj+i, j = 0, . . . , m− 1 (1)

with initial conditionx2,0 = 0, wherex2 = (x2,1, . . . , x2,m) ∈
Fm

2 is the accumulator output block corresponding to the input
x1, a ≥ 1 is a given integer (referred to asgrouping factor),
and we assume thatm = n/a is an integer. Finally, the
codeword corresponding to the information blockb is given
by x = (b,x2).

The transmission channel is memoryless, binary-input and
symmetric-output, i.e., its transition probabilitypY |X(y|x)
satisfies

pY |X(y|0) = pY |X(−y|1) (2)

wherey 7→ −y indicates areflectionof the output alphabet.1
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Fig. 1. IRA encoder.

IRA codes are best represented by their Tanner graph [25]
(see Fig. 2). In general, the Tanner graph of a linear code
is a bipartite graph whose node set is partitioned into two
subsets: thebitnodes, corresponding to the coded symbols, and
the checknodes, corresponding to the parity-check equations
that codewords must satisfy. The graph has an edge between
bitnodeα and checknodeβ if the symbol corresponding toα
participates in the parity-check equation corresponding toβ.

Since the IRA encoder is systematic (see Fig. 1), it is
useful to further classify the bitnodes into two subclasses: the
information bitnodes, corresponding to information bits, and
the parity bitnodes, corresponding to the symbols output by the
accumulator. Those information bits that are repeatedi times
are represented by bitnodes with degreei, as they participate
in i parity-check equations. Each checknode is connected toa
information bit nodes and to two parity bitnodes and represents
one of the equations (for a particularj) (1). The connections
between checknodes and information bitnodes are determined
by the interleaver and are highly randomized. On the contrary,
the connections between checknodes and parity bitnodes are
arranged in a regular zig-zag pattern since, according to (1),
every pair of consecutive parity bits are involved in one parity-
check equation.

A random IRA code ensemble with parameters({λi}, a)
and (information) blocklengthk is formed by all graphs of the
form of Fig. 2 withk information bitnodes, grouping factora
andλin edges connected to information bitnodes of degreei,
for i = 2, . . . , d. The sequence of non-negative coefficients
{λi} such that

∑d
i=2 λi = 1 is referred to as thedegree

distribution of the ensemble. The probability distribution over
the code ensemble is induced by the uniform probability over
all interleavers (permutations) ofn elements.

The information bitnodes average degree is given byd̄
∆=

1/(
∑d

i=2 λi/i). The number of edges connecting information
bitnodes to checknodes isn = k/(

∑d
i=2 λi/i). The number

of parity bitnodes ism = k/(a
∑d

i=2 λi/i). Finally, the code
rate is given by

R =
k

k + m
=

a
∑d

i=2 λi/i

1 + a
∑d

i=2 λi/i
=

a

a + d̄
(3)

Under the constraints0 ≤ λi ≤ 1 and
∑

i≤2 λi = 1, we get
d̄ ≥ 2. Therefore the highest rate with parametera set to 1 is
1/3. This motivates the use ofa ≥ 2 in order to get higher
rates.

1If the output alphabet is the real line, then−y coincides with ordinary
reflection with respect to the origin. Generalizations to other alphabets are
immediate.
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Fig. 2. Tanner graph of an IRA code.

A. Belief propagation decoding of IRA codes

In this work we consider BP message-passing decod-
ing [26], [27], [28]. In message-passing decoding algorithms,
the graph nodes receive messages from their neighbors, com-
pute new messages and forward them to their neighbors. The
algorithm is defined by the code Tanner graph, by the set on
which messages take on values, by the node computation rules
and by the node activation scheduling.

In BP-decoding messages take on values in the extended real
line R ∪ {−∞,∞}. The BP decoder is initialized by setting
all messages output by the checknodes equal to zero. Each
bitnodeα is associated with thechannel observationmessage
(log-likelihood ratio)

uα = log
pY |X(yα|xα = 0)
pY |X(yα|xα = 1)

(4)

whereyα is the channel output corresponding to the transmis-
sion of the code symbolxα.

The BP node computation rules are given as follows. For
a given node we identify an adjacent edge asoutgoing and
all other adjacent edges asincoming. Consider a bitnodeα of
degreei and letm1, . . . , mi−1 denote the messages received
from the i− 1 incoming edges anduα the associated channel
observation message. The messagemo,α passed along the
outgoing edge is given by

mo,α = m1 + · · ·+ mi−1 + uα (5)

Consider a checknodeβ of degreei and let m1, . . . ,mi−1

denote the messages received from thei− 1 incoming edges.
The messagemo,β passed along the outgoing edge is given
by

mo,β = γ−1 (γ(m1) + · · ·+ γ(mi−1)) , (6)

where the mappingγ : R→ F2 ×R+ is defined by [11]

γ(z) =
(

sign(z),− log tanh
|z|
2

)
(7)

and where the sign function is defined as [11]

sign(z) =





0 if z > 0
0 with prob.1/2 if z = 0
1 with prob.1/2 if z = 0
1 if z < 0

Since the code Tanner graph has cycles, different schedulings
yield in general non-equivalent BP algorithms. In this work
we shall consider the following “classical” schedulings:

• LDPC-like scheduling [19]. In this case, all bitnodes
and all checknodes are activated alternately and in par-
allel. Every time a node is activated, it sends outgoing
messages to all its neighbors. A decoding iteration (or
“round” [31]) consists of the activation of all bitnodes
and all checknodes.

• Turbo-like scheduling. Following [29], a good decoding
scheduling consists of isolating large trellis-like sub-
graphs (or, more generally, normal realizations in For-
ney’s terminology) and applying locally the forward-
backward BCJR algorithm [30] (that implements effi-
ciently the BP algorithm on normal cycle-free graphs), as
done for Turbo codes [1]. A decoding iteration consists of
activating all the information bitnodes in parallel (accord-
ing to (5)) and of running the BCJR algorithm over the
entire accumulator trellis. In particular, the checknodes
do not send messages to the information bitnodes until
the BCJR iteration is completed.

Notice that for both of the above schedulings one decoder iter-
ation corresponds to the activation of all information bitnodes
in the graph exactly once.

B. Density evolution and stability

The BER performance of BP decoding averaged over the
IRA code ensemble and over the noise observations can be
analyzed, for any finite number` of iterations and in the limit
of k → ∞, by the DE technique [11]. The usefulness of the
DE method stems from theConcentration Theorem[31], [10]
which guarantees that, with high probability, the BER after`
iterations of the BP decoder applied to a randomly selected
code in the ensemble and to a randomly generated channel
noise sequence is close to the BER computed by DE, for
sufficiently large blocklength.

Next, we formulate the DE for IRA codes and we study
the stability condition of the fixed-point corresponding to zero
BER. As in [11, section III-B], we introduce the space of
distributionswhose elements are non-negative non-decreasing
right-continuous functions with range in[0, 1] and domain the
extended real line.

It can be shown that, for a binary-input symmetric-output
channel, the distributions of messages at any iteration of the
DE satisfy the symmetry condition

∫
h(x)dF (x) =

∫
e−xh(−x)dF (x) (8)

for any function h for which the integral exists. IfF has
densityf , (8) is equivalent to

f(x) = exf(−x) (9)

With some abuse of terminology, distributions satisfying (8)
are said to besymmetric. The space of symmetric distributions
will be denoted byFsym.

The BER operatorPe : Fsym → [0, 1/2] is defined by

Pe(F ) =
1
2
(F−(0) + F (0))

where F−(z) is the left-continuous version ofF (z). We
introduce the “delta at zero” distribution, denoted by∆0, for
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which Pe(∆0) = 1/2, and the “delta at infinity” distribution,
denoted by∆∞, for which Pe(∆∞) = 0.

The symmetry property (8) implies that a sequence of sym-
metric distributions{F (`)}∞`=0 converges to∆∞ if and only
if lim`→∞ Pe(F (`)) = 0, where convergence of distributions
is in the sense given in [11, Sect. III-F].

The DE for IRA code ensembles is given by the following
proposition whose derivation is omitted as it is completely
analogous to the derivation of DE in [11] for irregular LDPC
codes.

Proposition 1. Let P` [resp.,P̃`] denote the average distri-
bution of messages passed from an information bitnode [resp.,
parity bitnode] to a checknode, at iteration`. Let Q` [resp.,
Q̃`] denote the average distribution of messages passed from
a checknode to an information bitnode [resp., parity bitnode],
at iteration`.

Under the cycle-free condition,P`, P̃`, Q`, Q̃` satisfy the
following recursion:

P` = Fu ⊗ λ(Q`) (10)

P̃` = Fu ⊗ Q̃` (11)

Q` = Γ−1
(
Γ(P̃`−1)⊗2 ⊗ Γ(P`−1)⊗(a−1)

)
(12)

Q̃` = Γ−1
(
Γ(P̃`−1)⊗ Γ(P`−1)⊗a

)
(13)

for ` = 1, 2, . . ., with initial condition P0 = P̃0 = ∆0,
whereFu denotes the distribution of the channel observation
messages (4),⊗ denotes convolution of distributions, defined
by

(F ⊗G)(z) =
∫

F (z − t)dG(t) (14)

⊗m denotesm-fold convolution, λ(F ) ∆=
∑d

i=2 λiF
⊗(i−1),

Γ(Fx) is the distribution ofy = γ(x) (defined onF2 × R2),
whenx ∼ Fx, andΓ−1 denotes the inverse mapping ofΓ, i.e.,
Γ−1(Gy) is the distribution ofx = γ−1(y) wheny ∼ Gy. ¤

The DE recursion (10 – 13) is a two-dimensional non-
linear dynamical system with state-spaceF2

sym (i.e., the state
trajectories of (10 – 13) are sequences of pairs of symmetric
distributions(P`, P̃`)). For this system, the BER at iteration`
is given byPe(P`).

It is easy to see that(∆∞,∆∞) is a fixed-point of (10 – 13).
The local stability of this fixed-point is given by the following
result:

Theorem 1. The fixed-point (∆∞, ∆∞) for the DE is
locally stable if and only if

λ2 <
er(er − 1)

a + 1 + er(a− 1)
(15)

wherer = − log(
∫

e−z/2dFu(z)).
Proof. See Appendix I. ¤
Here necessity and sufficiency are used in the sense of [11].

By following steps analogous to [11], it can be shown that if
(15) holds, then there existsξ > 0 such that if for somè ∈ N,
Pe(RP`(P0, P̃0) + (1 − R)P̃`(P0, P̃0)) < ξ then Pe(RP` +
(1 − R)P̃`) converges to zero as̀ tends to infinity. On the
contrary, if λ2 is strictly larger than the RHS of (15), then
there existsξ > 0 such that for all̀ ∈ N Pe(RP`(P0, P̃0) +
(1−R)P̃`(P0, P̃0)) > ξ.

III. IRA ENSEMBLE OPTIMIZATION

In this section we tackle the problem of optimizing the IRA
code ensemble parameters for a broad class of binary-input
symmetric-output channels.

A property of DE given in Proposition 1 is thatPe(P`) for
` = 1, 2, . . . is a non-increasing non-negative sequence. Hence,
the limit lim`→∞ Pe(P`) exists. Consider a family of channels
C(ν) = {pν

Y |X : ν ∈ R+}, where the channel parameterν is,
for example, an indicator of the noise level in the channel.
Following [31], we say thatC(ν) is monotone with respect to
the IRA code ensemble({λi}, a) under BP-decoding if, for
any finite `, ν ≤ ν′ ⇔ Pe(P`) ≤ Pe(P ′`), whereP` and P ′`
are the message distributions at iteration` of DE applied to
channelspν

Y |X andpν′
Y |X , respectively.

Let BER(ν) = lim`→∞ Pe(P`), where{P`} is the trajec-
tory of DE applied to the channelpν

Y |X . The thresholdν? of
the ensemble({λi}, a) over the monotone familyC(ν) is the
worst-case channel parameter for which the limiting BER is
zero, i.e.,

ν? = sup{ν ≥ 0 : BER(ν) = 0} (16)

Thus, for every value ofν, the optimal IRA ensemble parame-
tersa and{λi}maximizeR subject to vanishingBER(ν) = 0,
i.e., are solution of the optimization problem





maximize a
∑d

i=2 λi/i

subject to
∑d

i=2 λi = 1, λi ≥ 0 ∀ i
and to BER(ν) = 0

(17)

the solution of which can be found by some numerical
techniques, as in [11]. However, the constraintBER(ν) = 0 is
given directly in terms of the fixed-point of the DE recursion,
and makes optimization computationally very intensive.

A variety of methods have been developed in order to
simplify the code ensemble optimization [19], [24], [14],
[32]. They consist of replacing the DE with a dynamical
system defined over the reals (rather than over the space of
distributions), whose trajectories and fixed-points are related
in some way to the trajectories and fixed-point of the DE.
Essentially, all proposed approximated DE methods can be
formalized as follows. LetΦ : Fsym → R andΨ : R→ Fsym

be mappings of the set of symmetric distributions to the real
numbers and viceversa. Then, a dynamical system with state-
spaceR2 can be derived from (10 – 13) as

x` = Φ (Fu ⊗ λ (Q`)) (18)

x̃` = Φ
(
Fu ⊗ Q̃`

)
(19)

Q` = Γ−1
(
Γ (Ψ(x̃`−1))

⊗2 ⊗ Γ (Ψ(x`−1))
⊗(a−1)

)
(20)

Q̃` = Γ−1
(
Γ (Ψ(x̃`−1))⊗ Γ (Ψ(x`−1))

⊗a
)

(21)

for ` = 1, 2, . . ., with initial conditionx0 = x̃0 = Φ(∆0), and
where(x`, x̃`) are the system state variables.

By eliminating the intermediate distributionsQ` andQ̃`, we
can put (18 – 21) in the form

x` = φ(x`−1, x̃`−1)
x̃` = φ̃(x`−1, x̃`−1)

(22)
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For all DE approximations considered in this work, the map-
pingsΦ andΨ and the functionsφ andφ̃ satisfy the following
desirable properties:

1) Φ(∆0) = 0, Φ(∆∞) = 1.
2) Ψ(0) = ∆0, Ψ(1) = ∆∞.
3) φ and φ̃ are defined on[0, 1]× [0, 1] and have range in

[0, 1].
4) φ(0, 0) > 0 and φ̃(0, 0) > 0.
5) φ(1, 1) = φ̃(1, 1) = 1, i.e., (1, 1) is a fixed-point of the

recursion (22). Moreover, this fixed-point corresponds to
the zero-BER fixed-point(∆∞, ∆∞) of the exact DE.

6) If Fu 6= ∆0, the function φ̃(x, x̃) − x̃ is strictly
decreasing iñx for all x ∈ [0, 1]. Therefore, the equation

x̃ = φ̃(x, x̃)

has a unique solution in[0, 1] for all x ∈ [0, 1]. This
solution will be denoted bỹx(x).

It follows that all fixed points of (22) must satisfy

x = φ(x, x̃(x)) (23)

and that in order to avoid fixed-points other than(1, 1), (23)
must not have solutions in the interval[0, 1), i.e., it must satisfy

x < φ(x, x̃(x)), ∀ x ∈ [0, 1) (24)

Notice that, in general, (24) is neither a necessary nor a
sufficient condition for the uniqueness of the zero-BER fixed-
point of the exact DE. However, if the quality of the DE
approximation is good, this provides a heuristic for the code
ensemble optimization.

By replacing the constraintBER(ν) = 0 by (24) in (17), we
obtain theapproximatedIRA ensemble optimization method
as 




maximize a
∑d

i=2 λi/i

subject to
∑d

i=2 λi = 1, λi ≥ 0 ∀ i
and to x < φ(x, x̃(x)), ∀ x ∈ [0, 1)

(25)

Approximations of the DE recursion differ essentially in
the choice ofΦ and Ψ, and in the way theintermediate
distributionsQ` and Q̃` and the channel message distribution
Fu are approximated. Next, we illustrate the approximation
methods considered in this work.

A. EXIT functions

Several recent works show that DE can be accurately
described in terms of the evolution of the mutual information
between the variables associated with the bitnodes and their
messages (see [12], [33], [13], [34], [23], [35], [18]).

The key idea in order to approximate DE by mutual in-
formation evolution is to describe each computation node in
BP-decoding by amutual information transfer function. For
historical reasons, this function is usually referred to as the
EXtrinsic mutual Information Transfer (EXIT) function.

EXIT functions are generally defined as follows. Consider
the model of Fig. 3, where the box represents a generalized
computation node of the BP algorithm (i.e., it might contain
a subgraph formed by several nodes and edges, and might
depend on some other random variables such as channel

observations, not shown in Fig. 3). Letm1, . . . , mi−1 denote
the input messages, assumed i.i.d.∼ Fin, and letmo ∼ Fout

denote the output message. LetXj denote the binary code
symbol associated with messagemj , for j = 1, . . . , i−1, and
let X denote the binary code symbol associated with message
mo. Since Fin, Fout ∈ Fsym, we can think ofmj and mo

as the outputs of binary-input symmetric-output channels with
inputsXj andX and transition probabilities

P (mj ≤ z|Xj = 0) = Fin(z) (26)

P (mo ≤ z|X = 0) = Fout(z), (27)

respectively.
Channel (26) models thea priori information that the node

receives about the symbolsXj ’s, and the channel (27) models
the extrinsic information[1] that the node generates about the
symbolX.

We define the binary-input symmetric-output capacity func-
tional I : Fsym → [0, 1], such that

I(F ) = 1−
∫ ∞

−∞
log2

(
1 + e−z

)
dF (z) (28)

Namely, I maps any symmetric distributionF into the ca-
pacity2 of the binary-input symmetric-output channel with
transition probabilitypY |X(y|0) = F (y).

Then, we let

IA = I(Xj ;mj) = I(Fin)
IE = I(X; mo) = I(Fout)

denote the capacities of the channels (26) and (27), respec-
tively. The EXIT function of the node of Fig. 3 is the set
of pairs (IA, IE), for all IA ∈ [0, 1] and for some (arbitrary)
choice of the input distributionFin such thatI(Fin) = IA.
Notice that the EXIT function of a node is not uniquely
defined, since it depends on the choice ofFin. In general,
different choices yield different transfer functions.

��
�

��
�

��� ���
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	 � ���

Fig. 3. EXIT model.

The approximations of the DE considered in this work are
based on EXIT functions, and track the evolution of the mutual
information between the messages output by the bitnodes and
the associated code symbols.

Remark: Two properties of binary-input symmetric-
output channels. Before concluding this section, we take a

2Recall that the capacity of a binary-input symmetric-output memoryless
channel is achieved by uniform i.i.d. inputs.
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brief detour in order to point out two properties of binary-
input symmetric-output channels. Consider a binary-input
symmetric-output channel withpY |X(y|0) = G(y), whereG
is not necessarily symmetric (in the sense of (8)). Its capacity
can be written as

C = 1−
∫ ∞

−∞
log2

(
1− dG(−z)

dG(z)

)
dG(z) (29)

By concatenating the transformationy 7→ u = log pY |X(y|0)
pY |X(y|1) to

the channel output, we obtain a new binary-input symmetric-
output channel withp′U |X(u|0) = F (u) such thatF ∈ Fsym.
Moreover, sinceU is a sufficient statistic forY , the original
channel has the same capacity as the new channel, given by
C = I(F ). Therefore, by defining appropriately the channel
output, the capacity of any binary-input symmetric-output
channel can always be put in the form (28).

Another interesting property is the following:
Proposition 2. The mutual information functional is not

strictly convex on the set of binary-input symmetric-output
channels with transition probabilitypY |X(y|0) ∈ Fsym.

Proof. See Appendix II. ¤

B. Method 1

The first approximation of the DE considered in this work
assumes that the distributions at any iteration are Gaussian. A
Gaussian distribution satisfies the symmetry condition (9) if
and only if its variance is equal to twice the absolute value
of its mean. We introduce the short-hand notationNsym(µ)
to denote the symmetric Gaussian distribution (or density,
depending on the context) with meanµ, i.e., Nsym(µ) ∆=
N(µ, 2|µ|).

For a distributionF ∈ Fsym, we let the mappingΦ be
equal toI defined in (28), and for allx ∈ [0, 1] we define the
mapping

Ψ : x 7→ Nsym(J−1(x)) (30)

where

J(µ) ∆= I(Nsym(µ)) (31)

= 1− 1√
π

∫ +∞

−∞
e−z2

log2

(
1 + e−2

√
µz−µ

)
dz,

Namely, Ψ maps x ∈ [0, 1] into the symmetric Gaussian
distributionNsym(µ) such that the BIAWGNC with transition
probability pY |X(y|0) = Nsym(µ) has capacityx.

The first key approximation in Method 1 is

Q` ≈ Nsym(µ`)

Q̃` ≈ Nsym(µ̃`) (32)

for someµ`, µ̃` ≥ 0.
In order to computeµ` andµ̃` we make use of the reciprocal

channel approximation [24] also calledapproximateduality
property of EXIT functions in [22]. This states that the EXIT
function of a checknode is accurately approximated by the
EXIT function of a bitnode with the same degree after the
change of variablesIA 7→ 1 − IA and IE 7→ 1 − IE (see
Fig. 4). Using approximate duality, we replace the checknode
by a bitnode and change(x`−1, x̃`−1) into (1 − x`−1, 1 −

����� �

����� �

����� �
�

� �

� �

� �

� 	 
 � 
 � 
 � � � � 
 � 
 � � � ��� � �

Fig. 4. Reciprocal channel approximation.

x̃`−1). Since for a bitnode the output message is the sum of
the input messages (see (5)), and since the input distributions
Ψ(1− x`−1) andΨ(1− x̃`−1)) are Gaussian, also the output
distribution is Gaussian, with mean

(a− 1)J−1(1− x`−1) + 2J−1(1− x̃`−1)

for messages sent to information bitnodes and

aJ−1(1− x`−1) + J−1(1− x̃`−1)

for messages sent to parity bitnodes. Finally,µ` and µ̃` are
given by

µ` =J−1
(
1− J

(
(a− 1)J−1(1− x`−1) + 2J−1(1− x̃`−1)

))
µ̃` =J−1

(
1− J

(
aJ−1(1− x`−1) + J−1(1− x̃`−1)

))
(33)

The second key approximation in Method 1 is to replaceFu

with a discrete (symmetric) distribution such that

Fu ≈
D∑

j=1

pj∆vj (34)

for some integerD ≥ 2, vj ∈ R and pj ∈ R+ such that∑D
j=1 pj = 1.
With this assumption, from the definition (28) of the op-

erator I and since [11]: a) the convolution of symmetric
distributions is symmetric, and b) the convex combination
of symmetric distributions is symmetric, it is immediate to
write (18) and (19) as (35). The desired DE approximation
in the form (22) is obtained (implicitly) by combining (33)
and (35). Notice that (35) is linear in the repetition profile
and the optimization problem (25) can be solved as linear
programming.

Example 1: discrete-output channels.In general, when the
channel output is discrete then the approximation (34) holds
exactly. For example, for the BSC with transition probability
p we have

Fu = p∆− log 1−p
p

+ (1− p)∆log 1−p
p

♦
Example 2: The BIAWGNC defined byy = (−1)x + z,

wherez ∼ N(0, σ2), is a channel such that

Fu = Nsym(2/σ2) (36)

In this case, since convolving symmetric Gaussian distribu-
tions yields a symmetric Gaussian distribution whose mean is
the sum of the means, the discretization approximation (34) is
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



x` = 1−
d∑

i=2

D∑

j=1

λipj
1√
π

∫ ∞

−∞
e−z2

log2

(
1 + e−2

√
(i−1)µ`z−(i−1)µ`−vj

)
dz

x̃` = 1−
D∑

j=1

pj
1√
π

∫ ∞

−∞
e−z2

log2

(
1 + e−2

√eµ`z−eµ`−vj

)
dz

(35)

not necessary and we have

Fu ⊗ λ(Q`) =
d∑

i=2

λiNsym(2/σ2 + (i− 1)µ`)

Fu ⊗ Q̃` = Nsym(2/σ2 + µ̃`) (37)

By applying the operatorI and using (31) we obtain the DE
approximation for the BIAWGNC as (38). ♦

C. Method 2

The second approximation of the DE considered in this
work assumes that the distributions of messages at any it-
eration consist of two mass points, one at zero and the other
at +∞. For such distributions, we introduce the short-hand
notationEsym(ε) ∆= ε∆0 + (1− ε)∆∞.

We let the mappingΦ be equal toI defined in (28) and the
mappingΨ be

Ψ : x 7→ Esym(1− x) (39)

for all x ∈ [0, 1].
With these mappings, (20 – 21) can be put in the form

Q` = Esym(1− xa−1
`−1 x̃2

`−1)
Q̃` = Esym(1− xa

`−1x̃`−1)
(40)

where we used the fact that, as it can be easily seen from the
definitions ofΓ andΓ−1 in (46 – 48),

Γ−1 (Γ(Esym(ε1))⊗ Γ(Esym(ε2))) = Esym(1−(1−ε1)(1−ε2))

Notice that, while in Method 1 weassumedQ` and Q̃` to be
symmetric Gaussian (see (32)), here (40) holds exactly.

As a consequence of these mappings, the communication
channel of the parity bits, with distributionFu, is replaced by
a BEC with erasure probabilityε = 1− I(Fu).

Furthermore, for anyF ∈ Fsym we have

I(F ⊗ Esym(ε)) = 1− (1− I(F ))ε

From this result, it is immediate to obtain the approximated
DE recursion as

x` = 1− (1− I(Fu))
∑d

i=2 λi

(
1− xa−1

`−1 x̃2
`−1

)i−1

x̃` = 1− (1− I(Fu))
(
1− xa

`−1x̃`−1

) (41)

Notice that (41) is the standard (exact) DE for the IRA
ensemble({λi}, a) over a BEC (see [19]) with the same
capacity of the actual binary-input symmetric-output channel,
given byI(Fu). We point out here that this method, consisting
of replacing the actual channel with a BEC with equal capacity
and optimizing the code ensemble for the BEC, was proposed
in [24] for the optimization of LDPC ensembles. Interestingly,
this method follows as a special case of our general approach

for DE approximation, for a particular choice of the mappings
Φ andΨ.

In this case, the fixed-point equation corresponding to (23)
is obtained in closed form as

x = 1− (1− I(Fu))
d∑

i=2

λi

(
1− xa−1I(Fu)2

(1− (1− I(Fu))xa)2

)i−1

(42)
(for the details, see [19]).

D. Methods 3 and 4

Methods 1 and 2 yield (almost) closed-form DE approxi-
mations at the price of some approximations of the message
distributions and, above all, of the checknodes output distri-
butionsQ` and Q̃`.

In much of the current literature on randomlike code en-
semble optimization, the EXIT function of a decoding block is
obtained by Monte Carlo simulation, by generating i.i.d. input
messages, estimating the distribution of the output messages
and computing a one-dimensional quantity [12], [13], [14],
[15], [16], [17], [18]. Following this approach, we shall
consider the IRA decoder with Turbo-like scheduling (see
Fig. 5) and obtain the EXIT functions of the inner and outer
decoders.

� ����� �
� � � � � � �

� ��	 � �
� � � � � � �
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Fig. 5. Turbo-like IRA decoder.

The inner (accumulator) and outer (repetition) decoders are
characterized by an EXIT function as defined in Section III-A,
for some guess of the (symmetric) distributionFin. In general,
the EXIT function of the decoders can be obtained as follows:

1) Let the channel observation messages be i.i.d.,∼ Fu.
2) Assume the decoder input messages are i.i.d.,∼ Fin.
3) Obtain either in closed form or by Monte Carlo simula-

tion the corresponding marginal distributionFout of the
decoder output messages.

4) Let IA = I(Fin), IE = I(Fout) be a point on the EXIT
function curve.

Our Methods 3 and 4 consist of applying the above approach
under the assumptionsFin = Nsym(J−1(IA)) and Fin =
Esym(1− IA), respectively.
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x` =
d∑

i=2

λiJ

(
2
σ2

+ (i− 1)J−1
(
1− J

(
(a− 1)J−1(1− x`−1) + 2J−1(1− x̃`−1)

)))

x̃` = J

(
2
σ2

+ J−1
(
1− J

(
aJ−1(1− x`−1) + J−1(1− x̃`−1)

)))
(38)

Let the resulting EXIT functions of the inner and outer
decoders be denoted byIE = g(IA) and by IE = h(IA),
respectively, and letx denote the mutual information between
the messages at the output of the outer decoder (repetition
code) and the corresponding symbols (information bitnodes).

The resulting approximated DE is given by

x` = h(g(x`−1)) (43)

The corresponding fixed-point equation is given byx =
h(g(x)), and the condition for the uniqueness of the fixed-
point at x = 1, corresponding to (24), isx < h(g(x)) for
all x ∈ [0, 1). The resulting IRA optimization methods are
obtained by using this condition in (25).

While for the inner decoder (accumulator) we are forced to
resort to Monte Carlo simulation, it is interesting to notice that,
due to the simplicity of the repetition code, for both Methods
3 and 4 the EXIT function of the outer decoder (IE = h(IA))
can be obtained in closed form.

For Method 3, by discretizing the channel observation
distribution as in (34), we have3 equation (44). For Method 4
we have

h(IA) = 1− (1− I(Fu))
d∑

i=2

λi(1− IA)i−1 (45)

IV. PROPERTIES OF THE APPROXIMATEDDE

In this section we show some properties of the approximated
DE derived in Section III.

A. Stability condition.

Consider the DE approximation of Method 1. As said in
Section III-B, (x, x̃) = (1, 1) is a fixed-point of the system
(33–35). We have the following result:

Theorem 2. The fixed-point at(1, 1) of the system (33 –
35) is stable if and only if the fixed-point(∆∞, ∆∞) of the
exact DE (10 – 13) is stable.

Proof. See Appendix III. ¤
For other DE approximations, stability does not generally

imply stability of the corresponding exact DE. Consider the
DE approximation of Method 2.(1, 1) is a fixed point of the
system (41). We have the following result:

Proposition 3. The local stability condition of the approx-
imated DE with Method 2 is less stringent than that of the
exact DE.

Proof. See Appendix IV ¤
If an approximated DE has a less stringent stability con-

dition, then the exact stability condition must be added to

3Just prior to the submission of the final revised version of this work we
became aware of [36] which proposes essentially the same method as method
3.

the ensemble optimization as an explicit additional constraint.
It should be noticed that the DE approximations used in
[24], [14], [19] require the additional stability constraint. For
example, the codes presented in [19] for the BIAWGNC and
for which λ2 > 0 are not stable. Therefore, the BER for an
arbitrary large number of iterations is not vanishing.

B. Fixed-points, coding rate and channel capacity.

An interesting property of optimization Methods 2 and 4 is
that the optimized ensemble for a given channel with channel
observation distributionFu and capacityC = I(Fu) has
coding rate not larger thanC. In fact, as a corollary of a
general result of [23] (see Appendix V), we have that

Theorem 3. The DE approximations of Methods 2 and 4
have unique fixed-point(1, 1) only if the IRA ensemble coding
rateR satisfiesR < C = I(Fu).

Proof. See Appendix V ¤
We show in Section V-A through some examples that this

property does not hold in general for other code ensemble
optimization methods, for which the ensemble rateR might
result to be larger than the (nominal) capacityI(Fu). This
means that the thresholdν?, evaluated by exact DE, is worse
than the channel parameterν used for the ensemble design.

V. NUMERICAL RESULTS

A. Design example for rate1/2 codes

In this subsection we present the result of optimization for
codes of rate1/2 and give examples for the BSC with cross-
over probabilityp and the BIAWGNC with

SNR
∆=

Es

N0
=

1
2σ2

In Fig. 6 the curve is the fixed-point equation used for the
optimization in method 1 i.e. the functionφ(x, x̃(x)). The
fixed-point equation curves for the other three methods are
very similar.

In Fig. 6 the curve (solid line) showsφ(x, x̃(x)) as a
function ofx ∈ [0, 1] for method 1. The solutions of the fixed-
point equation (23) correspond to the intersection of this curve
with the main diagonal (dotted line). Tables I and II give the
degree sequences, the grouping factors and the information
bitnode average degrees for the four methods, for codes of
rate 1/2 over the BIAWGNC and the BSC, respectively. We
compute the true iterative decoding thresholds (by using the
exact DE) for all the ensembles (denoted by SNR(DE) orp
(DE) in the Tables) and report also the gap of these thresholds
with respect to the Shannon limit (denoted by SNRgap(DE) or
pgap(DE) in the Tables). Then, we compare it to the threshold
of the approximated DE (SNRgap(approx.) andpgap(approx.)).



JOURNAL OF LATEX CLASS FILES, VOL. 1, NO. 11, NOVEMBER 2002 9

h(IA) = 1−
d∑

i=2

D∑

j=1

λipj
1√
π

∫ ∞

−∞
e−z2

log2

(
1 + e−2

√
(i−1)J−1(IA)z−(i−1)J−1(IA)−vj

)
dz (44)
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Fig. 6. Mutual information EXIT functions for BIAWGNC and Method 1.

We observe that the codes designed by using methods 2 or 4
have rate below capacity, which is consistent with Theorem
3. On the contrary the codes designed by using methods 1 or
3 have rate possibly larger than the capacity corresponding to
the channel parameter used for design. It can easily be checked
that all the designed codes are stable.

B. Thresholds of IRA ensembles

In this section we present results for codes designed ac-
cording to the four methods, for rates from 0.1 to 0.9, and
we compare the methods on the basis of the true thresholds
obtained by DE. We present the code rate, the grouping factor,
the average repetition factor and the gap to Shannon limit, for
both BSC and BIAWGNC.

Tables III and IV show the performance of IRA codes on
the BIAWGNC. Tables V and VI show the performance of
IRA codes on the BSC.

For all rates, and for both channels, IRA codes designed
assuming GA (Methods 1 and 3) perform much better than
those designed assuming BEC a priori (Methods 2 and 4).
Nevertheless, Method 4 yields better codes than Method 2,
especially at low rates. This is due to the fact that, in Method
2, the communication channel is replaced with a BEC with the
same capacity, while this is not the case in Method 4. This
difference in performance decreases as the rate increases.

Fig. 7 compares the performance of IRA ensembles with
the best known LDPC ensembles [6] on the BIAWGNC. As
expected, the performance of IRA ensembles is inferior to
that of LDPC ensembles. However, in view of the simplicity

of their encoding and decoding, IRA codes, optimized using
Methods 1 or 3, emerge as a very attractive design alternative.

Fig. 8 compares the performance of IRA ensembles obtained
via the proposed methods for the BSC. The best codes are
those designed with Method 3.

Method 1 Method 3

Rate a d SNRgap Rate a d SNRgap

0.10109 2 17.78 0.151 0.10133 2 17.74 0.163
0.20191 3 11.86 0.096 0.20199 3 11.85 0.126
0.30153 4 9.27 0.081 0.30175 4 9.26 0.111
0.40196 6 8.93 0.057 0.40201 6 8.93 0.067
0.50184 8 7.94 0.059 0.50154 8 7.95 0.075
0.60188 11 7.28 0.065 0.60147 11 7.29 0.065
0.70154 16 6.81 0.067 0.70093 16 6.83 0.068
0.79904 29 7.29 0.066 0.79912 29 7.29 0.062
0.89677 61 7.02 0.088 0.89712 61 7.00 0.083

TABLE III

IRA CODES, DESIGNED WITH METHODS1 AND 3, EVALUATED WITH DE,

FOR BIAWGNC

Method 2 Method 4

Rate a d SNRgap Rate a d SNRgap

0.09407 2 19.26 0.906 0.09752 2 18.51 0.316
0.19842 3 12.12 0.573 0.19725 3 12.21 0.293
0.29767 4 9.44 0.529 0.29671 4 9.48 0.336
0.39703 6 9.11 0.466 0.39445 6 9.21 0.343
0.49697 8 8.10 0.406 0.49465 8 8.17 0.306
0.59689 11 7.43 0.362 0.59577 11 7.46 0.338
0.69580 16 7.00 0.323 0.69584 16 6.99 0.296
0.79737 26 6.61 0.272 0.79678 26 6.63 0.271
0.89827 56 6.34 0.212 0.89826 56 6.34 0.214

TABLE IV

IRA CODES, DESIGNED WITH METHODS2 AND 4, EVALUATED WITH DE,

FOR BIAWGNC

VI. CONCLUSION

This paper has tackled the optimization of IRA codes in
the limit for large code blocklength. This assumption allows to
consider a cycle-free graph and enables to evaluate the thresh-
old of the code by iteratively calculating message densities
(DE). For the sake of tractable analysis, we proposed four
methods to approximate those densities as a one-dimensional
parameter. These approximations were motivated by recent
results in the field of code design (EXIT functions, reciprocal
channel approximation, and the non-strict convexity of mutual
information) and have led to four optimization methods that
can all be solved as a linear program.

We found a general stability condition for IRA codes under
exact DE. We showed formally that one of the proposed
methods (Gaussian approximation, with reciprocal channel
approximation) yields a one-dimensional DE approximation
with the same stability condition, whereas the exact stability
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Method 1 Method 2 Method 3 Method 4
i λi i λi i λi i λi

2 0.04227 2 0.05554 2 0.05266 2 0.05554
3 0.16242 3 0.16330 3 0.11786 3 0.14480
7 0.06529 8 0.06133 5 0.05906 7 0.18991
8 0.06489 9 0.19357 6 0.06517 8 0.00996
9 0.06207 25 0.14460 8 0.03615 19 0.03721
10 0.01273 26 0.08842 9 0.11288 20 0.25894
11 0.13072 100 0.29323 13 0.06068 100 0.30366
14 0.04027 14 0.04650
25 0.00013 22 0.08606
26 0.05410 23 0.01610
36 0.13031 34 0.11019
37 0.13071 35 0.11919
100 0.10402 100 0.11751

Rate 0.50183 0.49697 0.50154 0.49465
a 8 8 8 8
d̄ 7.94153 8.09755 7.95087 8.17305

SNR(DE) -2.739 -2.457 -2.727 -2.588
SNRgap(DE) 0.059 0.406 0.075 0.306

SNRgap(approx.) -0.025 0.040 -0.021 0.071

TABLE I

OPTIMIZATION FOR THE BIAWGNC

Method 1 Method 2 Method 3 Method 4
i λi i λi i λi i λi

2 0.03545 2 0.04732 2 0.03115 2 0.04657
3 0.14375 3 0.17984 3 0.14991 3 0.14932
6 0.03057 9 0.19715 6 0.04630 7 0.07693
7 0.10963 10 0.06259 7 0.06217 8 0.16249
9 0.10654 26 0.16429 8 0.08666 20 0.07001
10 0.02388 27 0.05676 10 0.12644 21 0.20550
11 0.04856 100 0.29205 17 0.03430 100 0.28919
12 0.00461 18 0.01506
21 0.03035 26 0.00228
28 0.22576 27 0.02258
29 0.09453 28 0.21774
100 0.14635 29 0.08021

100 0.12521

Rate 0.48908 0.49620 0.49226 0.49091
a 8 8 8 8
d̄ 8.35724 8.12253 8.25157 8.29627

p(DE) 0.1091 0.0938 0.1091 0.1009
pgap(DE) 0.0046 0.0175 0.0035 0.0122

pgap(approx.) 0.0037 0.0013 0.0026 0.0018

TABLE II

OPTIMIZATION FOR THE BSC

condition must be added to the ensemble optimization as
an explicit additional constraint for another method (BEC a
priori, with reciprocal channel approximation). We derived
also results related to the rates of the codes: in general the
Gaussian a priori methods are optimistic, in the sense that
there is no guarantee that the optimized rate is below capacity.
On the contrary, the BEC a priori methods have always rates
below capacity.

Our numerical results show that, for the BIAWGNC and
BSC, the Gaussian a priori approximation is more attractive
since the codes designed under this assumption have the
smallest gap to Shannon limit. Depending on the desired rate,
the EXIT function of the inner decoder has to be computed
either with Monte-Carlo simulation (Method 3) or with the
reciprocal channel approximation (Method 1). At least in the
BIAWGNC there is some evidence that the best LDPC codes

[6] designed with DE slightly outperform our designed codes.
In view of this and the very simple encoding structure of IRA
codes, they emerge as attractive design choices.

APPENDIX I
PROOF OFTHEOREM 1

We follow in the footsteps of [11] and analyze the local
stability of the zero-BER fixed-point by using a small pertur-
bation approach. In order to do this, we need more details on
the mappingΓ and its inverse.

Given a random variablex with distribution Fx(z), the
distribution ofγ(x) is given by:

Γ(Fx)(s, z) = χ{s=0}Γ0(Fx)(z) + χ{s=1}Γ1(Fx)(z) (46)

where
Γ0(Fx)(z) = 1− F−x (− log tanh

z

2
),
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Method 1 Method 3

Rate a d pgap Rate a d pgap

0.10042 2 17.92 0.0032 0.10137 2 17.73 0.0036
0.19910 3 12.07 0.0037 0.20086 3 11.94 0.0041
0.29573 4 9.53 0.0044 0.29897 4 9.38 0.0031
0.39298 6 9.27 0.0044 0.39621 6 9.14 0.0032
0.48908 8 8.36 0.0046 0.49226 8 8.25 0.0035
0.58590 12 8.48 0.0044 0.58815 11 7.70 0.0040
0.68271 17 7.90 0.0044 0.68409 16 7.39 0.0039
0.78155 28 7.83 0.0038 0.78235 28 7.79 0.0035
0.88437 59 7.71 0.0026 0.88457 63 8.22 0.0025

TABLE V

IRA CODES, DESIGNED WITH METHODS1 AND 3, EVALUATED WITH DE,

FOR BSC.

Method 2 Method 4

Rate a d pgap Rate a d pgap

0.09406 2 19.26 0.0194 0.09952 2 18.10 0.0121
0.19833 3 12.13 0.0175 0.19842 3 12.12 0.0101
0.29743 4 9.45 0.0190 0.28836 4 9.87 0.0114
0.39650 6 9.13 0.0187 0.38865 6 9.44 0.0149
0.49620 8 8.12 0.0175 0.49091 8 8.30 0.0122
0.59580 11 7.46 0.0155 0.59349 11 7.53 0.0124
0.69559 16 7.00 0.0126 0.69107 16 7.15 0.0116
0.79583 26 6.67 0.0091 0.79283 26 6.79 0.0090
0.89692 56 6.44 0.0049 0.89337 57 6.80 0.0051

TABLE VI

IRA CODES, DESIGNED WITH METHODS2 AND 4, EVALUATED WITH DE,

FOR BSC.

Γ1(Fx)(z) = Fx(log tanh
z

2
),

and whereχA denotes the indicator function of the eventA.
In particular, the mappingΓ applied to∆0 and∆∞ yields

Γ(∆0)(s, z) =
1
2
χ{s=0}∆∞(z) +

1
2
χ{s=1}∆∞(z)

Γ(∆∞)(s, z) = χ{s=0}∆0(z).
(47)

Given G(s, z) = χ{s=0}G0(z) + χ{s=1}G1(z), applyingΓ−1

yields

Γ−1(G)(z) = χ{z>0}(1−G0(− log tanh z
2 ))

+ χ{z<0}G1(− log tanh −z
2 ) (48)

For the sake of brevity, we introduce the short-hand notation

G(s, z) = χ{s=0}G0(z) + χ{s=1}G1(z) = χ0G0 + χ1G1

The m-fold convolution ofG(s, z) by itself is given by

(χ0G0(z) + χ1G1(z))⊗m =

χ0



bm

2 c∑

j=0

(m
2j)G

⊗(m−2j)
0 ⊗G⊗2j

1




+χ1



bm−1

2 c∑

j=0

(m
2j+1)G

⊗(m−2j−1)
0 ⊗G⊗2j+1

1




(49)

whereb.c stands for the integer part.
In order to study the local stability of the fixed-point

(∆∞,∆∞), we initialize the DE recursion at the point
{

P0 = (1− 2ε)∆∞ + 2ε∆0

P̃0 = (1− 2δ)∆∞ + 2δ∆0
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Fig. 7. Gap to Shannon limit (obtained by DE) vs. rate for BIAWGNC.
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for some smallε, δ > 0, and we apply one iteration of the DE
recursion (10 – 13). The step-by-step derivation is as follows.
From (47) we have

{
Γ(P0) = χ0 ((1− 2ε)∆0 + ε∆∞) + χ1 (ε∆∞)

Γ(P̃0) = χ0 ((1− 2δ)∆0 + δ∆∞) + χ1 (δ∆∞)

By applying (49) we obtain

Γ(P0)⊗n = χ0 ((1− 2nε)∆0+nε∆∞)+χ1 (nε∆∞)+O(ε2)

Γ(P̃0)⊗2 = χ0 ((1− 4δ)∆0 + 2δ∆∞) +χ1 (2δ∆∞)+O(δ2)

By applyingΓ−1 we get




Q1 = Γ−1
(
Γ(P0)⊗(a−1) ⊗ Γ(P̃0)⊗2

)

Q̃1 = Γ−1
(
Γ(P0)⊗a ⊗ Γ(P̃0)

)

and

Q1 =(1− 2(a−1)ε− 4δ)∆∞+(2(a−1)ε+4δ)∆0+O(ε2, δ2)

Q̃1 =(1− 2aε− 2δ)∆∞ + (2aε + 2δ)∆0 + O(ε2, δ2)

Hence, by noticing (50) we have

λ(Q1) = (1− 2(a− 1)λ2ε− 4λ2δ)∆∞
+(2(a− 1)λ2ε + 4λ2δ)∆0 + O(ε2, δ2).
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Q⊗n
1 =

n∑

j=0

(n
j )(1− 2(a− 1)ε− 4δ)n−j(2(a− 1)ε + 4δ)j∆⊗n−j

∞ ⊗∆⊗j
0 + O(ε2, δ2)

=

{
∆∞ + O(ε2, δ2), for n ≥ 2
(1− 2(a− 1)ε− 4δ)∆∞ + (2(a− 1)ε + 4δ)∆0 + O(ε2, δ2), for n = 1

(50)

Finally, by using the fact thatP1 = Fu ⊗ λ(Q1) and that
P̃1 = Fu⊗Q̃1, the message distributions after one DE iteration
are given by
[

P1

P̃1

]
= A

[
2ε
2δ

]
Fu +

([
1
1

]
−A

[
2ε
2δ

])
∆∞ +

[
O(ε2)
O(δ2)

]

where

A =
[

(a− 1)λ2 2λ2

a 1

]
(51)

After ` iterations we obtain
[

P`

P̃`

]
= A`

[
2ε
2δ

]
F⊗`

u +
([

1
1

]
−A`

[
2ε
2δ

])
∆∞+

[
O(ε2)
O(δ2)

]

(52)
From the large deviation theory we get that [11]

r = − lim
`→∞

1
`

log Pe(F⊗`
u )

= − log
(

inf
s>0

∫
e−szdFu(z)

)

= − log
(∫

e−z/2dFu(z)
)

(53)

where the last equality follows from the fact thatFu(z) ∈
Fsym.

Then, by applyingPe(·) to P` in (52) we obtain that
lim`→∞ Pe(P`) = 0 (implying that lim`→∞ P` = ∆∞) if
the eigenvalues of the matrixAe−r are inside the unit circle.

The stability condition is obtained by computing explicitly
the largest (in magnitude) eigenvalue. We obtain

1
2

(
1 + λ2(a− 1) +

√
1 + (2 + 6a)λ2 + (a− 1)2λ2

2

)
< er.

(54)
Since the LHS of (54) is increasing, condition (54) is indeed
an upperbound onλ2, given explicitly by (15).

APPENDIX II
PROOF OFPROPOSITION2

Proposition 2 is a particular case of a more general result
that we state below.

Proposition 4. Let X be binary withP [X = 0] = p and
P [X = 1] = 1 − p. Let S be independent ofX and takeM
(finite) values withP [S = i] = qi. Conditioned onS = j,
Y is a continuous random variable with conditional density
function

f
(j)
Y |X=1(y) = e−yf

(j)
Y |X=0(y)

Then
I(X; Y |S) = I(X; Y )

Proof of Proposition 4. First, notice that

fY |X=0(y) =
M∑

i

qif
(i)
Y |X=0(y) =

M∑

i

qie
yf

(i)
Y |X=1(y)

= eyfY |X=1(y).

Hence, we have (55). ¤
Proof of Proposition 2. The assertion of Proposition 2

follows from Proposition 4 since for a collection of binary-
input symmetric-output channels with symmetric transition
probability we have that∀i,∀y,

pY |X,S(y|X = 1, S = i) = pY |X,S(−y|X = 0, S = i)
= e−ypY |X,S(y|X = 0, S = i)

¤

APPENDIX III
PROOF OFTHEOREM 2

The local stability condition for the system ((33) and (35))
is given by the eigenvalues of the Jacobian matrix for the
functions(φ, φ̃) in the fixed point(x, x̃) = (1, 1). The partial
derivatives ofφ and φ̃ are

∂φ

∂x
(1, 1) =

d∑

i=2

D∑

j=1

λipj(i−1)(a−1) lim
µ→+∞

J ′vj ((i−1)µ)
J ′(µ)

∂φ

∂x̃
(1, 1) =

d∑

i=2

D∑

j=1

λipj(i−1)2 lim
µ→+∞

J ′vj ((i− 1)µ)
J ′(µ)

∂φ̃

∂x
(1, 1) =

D∑

j=1

pja lim
µ→+∞

J ′vj (µ)
J ′(µ)

∂φ̃

∂x̃
(1, 1) =

D∑

j=1

pj lim
µ→+∞

J ′vj (µ)
J ′(µ)

where

Jvj (µ) ∆= 1− 1√
π

∫ +∞

−∞
e−z2

log2

(
1 + e−2

√
µz−µ−vj

)
dz.

(56)
Note thatJ0(µ) = J(µ). Since both limits tend to0, we derive
an asymptotic expansion forJ ′vj (µ) andJ ′(µ).

The derivative ofJvj is given by

J ′vj
(µ) =

log2(e)√
µ

1√
π

∫ +∞

−∞
(z+

√
µ)e−vj

e−(z+
√

µ)2

1 + e−2
√

µz−µ−vj
dz

SinceFu is symmetric, the sum overj can be rewritten as:

D∑

j=1

pjJ
′
vj (µ) = p0J

′
0(µ)+

D′∑

j=1

pj

(
J ′vj (µ) + e−vj J ′−vj (µ)

)
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I(X; Y ) = p

∫
fY |X=0(y) log2

fY |X=0(y)
pfY |X=0(y) + (1− p)fY |X=1(y)

dy

+ (1− p)
∫

fY |X=1(y) log2

fY |X=1(y)
pfY |X=0(y) + (1− p)fY |X=1(y)

dy

= p

∫
fY |X=0(y) log2

1
p + (1− p)e−y

dy + (1− p)
∫

fY |X=1(y) log2

1
pey + (1− p)

dy

= p

∫ M∑

i

qif
(i)
Y |X=0(y) log2

1
p + (1− p)e−y

dy + (1− p)
∫ M∑

i

qif
(i)
Y |X=1(y) log2

1
pey + (1− p)

dy

=
M∑

i

qi

(
p

∫
f

(i)
Y |X=0(y) log2

1
p + (1− p)e−y

dy + (1− p)
∫

f
(i)
Y |X=1(y) log2

1
pey + (1− p)

dy

)

=
M∑

i

qi


p

∫
f

(i)
Y |X=0(y) log2

f
(i)
Y |X=0(y)

pf
(i)
Y |X=0(y) + (1− p)f (i)

Y |X=1(y)
dy

+(1− p)
∫

f
(i)
Y |X=1(y) log2

f
(i)
Y |X=1(y)

pf
(i)
Y |X=0(y) + (1− p)f (i)

Y |X=1(y)
dy




= I(X; Y |S) (55)

Let us define

f0(µ) =
1

log2(e)
J ′0(µ)

fvj (µ) =
1

log2(e)
(
J ′vj (µ) + e−vj J ′−vj (µ)

)
(57)

Following [38], (57) can be rewritten as (58). The second
equality in (58) is obtained by the change of variablez′ =
z +

√
µ/2. The fourth equality is due to the fact that the first

and second integrands in the third line of (58) are odd and
even functions ofz, respectively. Then we use the changes of
variablez′ =

√
µz + vj

2 andz′ =
√

µz − vj

2 .
Lebesgue’s dominated convergence theorem completes the

proof. Since the sequence of measurable functions verifies:

∀z ∈ R,
e−

z2
µ

cosh(z)
−−−−−−→
µ→+∞

1
cosh(z)

and since these functions are bounded by an integrable func-
tion independent ofµ:

∀µ > 0,∀z ∈ R,

∣∣∣∣∣
e−

z2
µ

cosh(z)

∣∣∣∣∣ ≤
1

cosh(z)
∈ L1(R).

Thus Lebesgue’s dominated convergence theorem [37] applies
and
∫ +∞

−∞

e−
z2
µ

cosh(z)
dz −−−−−−→

µ→+∞

∫ +∞

−∞

1
cosh(z)

dz = [2 arctan(ez)]+∞−∞
= π

Therefore for largeµ

fvj (µ) ∼
√

π

2
e−

µ
4 e−

vj
2

√
µ

Similarly we get

f0(µ) ∼
√

π

4
e−

µ
4

√
µ

And thus, forn ≥ 1

lim
µ→+∞

fvj (nµ)
f0(µ)

=
{

2e−
vj
2 if n = 1

0 if n > 1

and

lim
µ→+∞

f0 (nµ)
f0(µ)

=
{

1 if n = 1
0 if n > 1

The partial derivatives ofφ and φ̃ are

∂φ

∂x
(1, 1) = λ2(a− 1)(p0 +

D′∑

j=1

2pje
− vj

2 )

= λ2(a− 1)
D∑

j=1

pje
− vj

2

= λ2(a− 1)e−r (59)

wherer is defined in (53). Similarly,

∂φ

∂x̃
(1, 1) = λ22e−r (60)

∂φ̃

∂x
(1, 1) = ae−r (61)

∂φ̃

∂x̃
(1, 1) = e−r (62)

We get the Jacobian matrix as:

J =
[

(a− 1)λ2 2λ2

a 1

]
e−r

In order to be stable the eigenvalues ofJ should be inside
the unit circle. Therefore the stability condition reduces to:

1
2

(
1 + λ2(a− 1) +

√
1 + (2 + 6a)λ2 + (a− 1)2λ2

2

)
< er.

(63)
Notice from (54) and (63) that the stability conditions under

DE and approximated DE are the same.
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fvj (µ) =
1√
π

∫ +∞

−∞
(1 +

z√
µ

)e−(z+
√

µ)2
(

e−vj

1 + e−2
√

µz−µ−vj
+

1
1 + e−2

√
µz−µ+vj

)
dz.

=
1√
π

∫ +∞

−∞

1√
µ

(
z +

√
µ

2

)
e
−
�

z+
√

µ

2

�2 (
e−vj

1 + e−2
√

µz−vj
+

1
1 + e−2

√
µz+vj

)
dz

=
1√
π

∫ +∞

−∞

z√
µ

e−z2−µ
4−

vj
2

(
1

e
√

µz+
vj
2 + e−

√
µz− vj

2

+
1

e
√

µz− vj
2 + e−

√
µz+

vj
2

)
dz

+
1√
π

∫ +∞

−∞

1
2
e−z2−µ

4−
vj
2

(
1

e
√

µz+
vj
2 + e−

√
µz− vj

2

+
1

e
√

µz− vj
2 + e−

√
µz+

vj
2

)
dz

=
e−

µ
4−

vj
2

4
√

π

∫ +∞

−∞
e−z2

(
1

cosh(
√

µz + vj

2 )
+

1
cosh(

√
µz − vj

2 )

)
dz

=
e−

µ
4−

vj
2

4
√

πµ

∫ +∞

−∞

e−
(z− vj

2 )2

µ + e−
(z+

vj
2 )2

µ

cosh(z)
dz (58)

APPENDIX IV
PROOF OF PROPOSITION3

The Jacobian matrix of the approximated DE (41) about
the fixed point (x, x̃) = (1, 1), for a given input channel
distributionFu, is

J =
[

(a− 1)λ′(0) 2λ′(0)
a 1

]
(1− I(Fu)) = A(1− I(Fu))

whereA was already defined in (51). The stability of the exact
DE is given by the eigenvalues ofAe−r (wherer is defined
in (53)) while it is given by those ofA(1 − I(Fu)) for the
approximated DE, (whereI(F ) is given in (28)).

Under the assumption thatFu is symmetric, we get
∫ 0

−∞
e−z/2dFu(z) =

∫ +∞

0

e−z/2dFu(z)
∫ 0

−∞
log2 (1+e−z)dFu(z) =

∫ +∞

0

e−z log2 (1 + ez)dFu(z)

It follows that

er =
∫ +∞

0

2e−z/2dFu(z)

and that

1−I(Fu) =
∫ +∞

0

(
(1+e−z) log2 (1+e−z) +

z

log 2
e−z

)
dFu(z)

From the inequality

∀z ≥ 0, (1 + e−z) log (1 + e−z) + ze−z ≤ 2(log 2)e−z/2,
(64)

we get
∀Fu ∈ Fsym 1− I(Fu) ≤ e−r

and the conclusion follows. ¤
In the following, we show inequality (64). Lettingx = e−z,

(64) becomes equivalent to

∀x ∈ [0, 1] f(x) ≤ 0

where

f(x) ∆= (1 + x) log (1 + x)− x log x− 2 log 2
√

x (65)

It can be shown thatf(x) has a single minimum in the open
interval (0, 1). Hence by noticing that

lim
x→0

f(x) = 0 and f(1) = 0,

we get inequality (64).

APPENDIX V
PROOF OFTHEOREM 3

Theorem 3 follows as a corollary of a result of [23] that we
state here for the sake of completeness as Lemma 2 below. In
order to introduce this result, we consider the model of Fig. 9,
whereb, x1 andx are binary sequences and where Channel
1 is the communication channel with outputy and Channel 2
is a BEC channel with outputz. Let the decoder be a MAP
symbol-by-symbol decoder, producing for alli = 1, . . . , n,
output messages of the form

mo,i = log
P (x1,i = 0|y, z[i])
P (x1,i = 1|y, z[i])

(66)

wherez[i]
∆= (z1, . . . , zi−1, zi+1, . . . , zn). Following [23], we

� � � � � � � �
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Fig. 9. General decoding model.

generalize the definition ofIA andIE given in Section (III-A)
to the case of sequences as

IA =
1
n

n∑

i=1

I(x1,i; zi)

IE =
1
n

n∑

i=1

I(x1,i; mo,i)

a=
1
n

n∑

i=1

I(x1,i;y, z[i]) (67)
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where (a) follows from the fact that the decoder is MAP.
Again, the decoder EXIT function is the set of points(IA, IE)
for all IA ∈ [0, 1].

For the setup of Fig. 9 with the above assumptions, the
following result applies:

Lemma 2 [23] Let b be uniformly distributed and i.i.d.. If
Encoder 2 is linear with generator matrix having no all-zero
columns, then the area under the EXIT characteristic satisfies

A
∆=

∫ 1

0

IE(z)dz = 1− 1
n

H(x1|y) (68)

¤
We start by proving Theorem 3 for the approximated DE

of Method 4. Consider the IRA encoder of Fig. 1 and the
Turbo-like decoder of Fig. 5.

The inner MAP decoder receives channel observationsup

for the parity bits and input messages for the symbols ofx1,
and produces output messages for the symbols ofx1. The
general decoding model of Fig. 9, applied to the inner decoder,
yields the model of Fig. 10 (a).

The outer MAP decoder receives channel observationsus

for the information bits and input messages for the symbols
of x1, and produces output messages for the symbols ofx1.
The general decoding model of Fig. 9, applied to the outer
decoder, yields the model of Fig. 10 (b).
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Fig. 10. Model of inner and outer decoders Method 4

The upper channel is the communication channel with
capacityI(Fu). Since we consider approximation Method 4,
we let lower channel to be a BEC in both Figs. 10 (a) and
(b). Let k, n and m denote the number of information bits
(length ofb and ofus), the number of repeated information
bits (length ofx1) and the number of parity bits (length ofx2

and ofup), respectively. The inner and outer coding rates are
Rin = n/m andRout = k/n, and the overall IRA coding rate

(3) is given by

R =
k

k + m
=

RinRout

1 + RinRout

By applying Lemma 2 to the inner code model (Fig. 10 (a)),
we obtain

Ain = 1− 1
n

H(x1|up)

= 1− 1
n

(H(x1)− I(x1;up))

a=
1
n

I(x1;up)

b=
m

n
I(x2,i;up,i) = I(Fu)/Rin (69)

where (a) follows from the fact that, by the model assumption,
x1 is an i.i.d. uniformly distributed binary sequence, and
(b) follows from the fact that the accumulator (inner code)
generatesx2 with uniform probability (and uniform marginals)
if driven by the i.i.d. uniform input sequencex1.

By applying Lemma 2 to the outer code model ((Fig. 10
(b)), we obtain

Aout = 1− 1
n

H(x1|us)

= 1− 1
n

(H(x1)− I(x1;us))

a= 1− k

n
+

1
n

I(x1;us)

b= 1− k

n
+

k

n
I(bi; us,i) = 1−Rout + RoutI(Fu)(70)

where both (a) and (b) follow from the fact that the repetition
code is an invertible mapping, so the entropyH(x1) is equal
to the entropy of the information sequenceb (equal tok bits)
andI(x1;us) = I(b;us) = kI(bi; us,i) = kI(Fu).

As seen in Section III-D, the approximated DE has no fixed-
points other than(1, 1) if and only if g(x) > h−1(x) for all
x ∈ [0, 1), whereg(x) and h(x) denote the inner and outer
decoder EXIT functions. This implies that

Ain =
∫ 1

0

g(x)dx >

∫ 1

0

h−1(x)dx = 1−Aout

By using (69) and (70), we obtain

I(Fu)/Rin > Rout −RoutI(Fu)
⇓

I(Fu) >
RinRout

1 + RinRout
= R (71)

For Method 2, the above derivation still holds, since the
communication channel in Fig.9 is replaced by a BEC with
erasure probablityε = 1− I(Fu). In fact, the inner and outer
decoder EXIT functions can be rewritten as

h(x) = 1− (1− I(Fu))
d∑

i=2

λi (1− x)i−1

g(x) =
xa−1I(Fu)2

(1− (1− I(Fu))xa)2



JOURNAL OF LATEX CLASS FILES, VOL. 1, NO. 11, NOVEMBER 2002 16

and the area under these functions are again

Aout =
∫ 1

0

h(x)dx = 1− (1− I(Fu))
d∑

i=2

λi/i

= 1−Rout + RoutI(Fu)

Ain =
∫ 1

0

g(x)dx = I(Fu)/a = I(Fu)/Rin

Therefore, the final result (71) holds also for Method 2.
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Sergio Verdú is a Professor of Electrical Engineering at Princeton University.
He obtained a Telecommunications Engineering degree from the Polytechnic
University of Catalonia, Barcelona, Spain in 1980 and the Ph. D. degree in
Electrical Engineering from the University of Illinois at Urbana-Champaign
in 1984.

Prof. Verd́u is a recipient of the NSF Presidential Young Investigator
Award, the IEEE Donald Fink Paper Award, a Golden Jubilee Paper Award
from the Information Theory Society, the 1998 Information Theory Society
Paper Award, the 2000 Paper Award from the Telecommunications Advance-
ment Foundation of Japan, and the 2002 Leonard G. Abraham Prize Award
from the IEEE Communications Society. He also received a Millennium Medal
from the IEEE and the 2000 Frederick E. Terman Award from the American
Society for Engineering Education.

Prof. Verd́u served on the Board of Governors of the Information Theory
Society in 1989-1999, and was President of the Society in 1997. He was Guest
Editor of the 1998 Special Commemorative Issue of the IEEE Transactions
on Information Theory, reprinted as the IEEE Press volume “Information
Theory: Fifty years of discovery.” His textbook “Multiuser Detection” was
published by Cambridge University Press in 1998. Prof. Verdú served as
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