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Abstract—We optimize the random-like ensemble of Irregular  based on the approximation of the DE by a one-dimensional
Repeat Accumulate (IRA) codes for binary-input symmetric dynamical system (recursion). These techniques are exact only
channels in the large blocklength limit. Our optimization tech- for the BEC (for which DE is one-dimensional). The most

nigue is based on approximating the Evolution of the Densities lar techni d f based the G .
(DE) of the messages exchanged by the Belief-Propagation (BP)pOpu ar techniques proposed so far are based on the Gaussian

message-passing decoder by a one-dimensional dynamical system@Pproximation (GA) of messages exchanged in the message
In this way, the code ensemble optimization can be solved by passing decoder. GA in addition to the symmetry condition

linear programming. We propose four such DE approximation of message densities implies that the Gaussian density of
methods, and compare the performance of the obtained code en- messages is expressed by a single parameter. Techniques differ

sembles over the binary symmetric channel (BSC) and the binary- . . . .
antipodal input additive white Gaussian channel (BIAWGNC). N the parameter to be tracked and in the mapping functions

Our results clearly identify the best among the proposed methods defining the dynamic system [12], [13], [14], [15], [16], [17],
and show that the IRA codes obtained by these methods are [18].
corr_]petitive with respect to the be_st-known_irregular Low-De_nsity The introduction of irregular LDPCs motivated other
Parity-Check codes (LDPC). In view of this and the very simple gehemes such as Irregular RA (IRA) [19], for which similar
encoding structure of IRA codes, they emerge as attractive design . - T .
choices. results exist (achievability of the BEC capacity) and Irregular
_ . . Turbo codes [20]. IRA codes are in fact special subclasses of
Index Terms—Channel capacity, low-density parity-check o, jreqular LDPCs and irregular Turbo codes. In IRA codes,
(LDPC) codes, turbo codes, belief propagation, density evolution, . . . el o .
stability, threshold. a fraction f; of information bits is repeated times, fori =
2,3,.... The distribution{ f; > 0,i =2,3,... : Y72, fi =1}
is referred to as theepetition profile and it is kept as a degree
. INTRODUCTION of freedom in the optimization of the IRA ensemble. After the
INCE the discovery of Turbo codes [1], there have begepetition stage, the resulting sequence is interleaved and input
several notable inventions in the field of random-likéo a recursive finite-state machine (called accumulator) which
codes. In particular, the re-discovery of the LDPC codesytputs one bit for every input symbols, where is referred
originally proposed in [2], the introduction of irregular LD-to asgrouping factorand is also a design parameter.
PCs [3], [4] and the introduction of the Repeat-Accumulate IRA codes are an appealing choice because the encoder is
(RA) codes [5]. extremely simple, their performance is quite competitive with
In [3], [4] irregular LDPCs were shown to asymptoticallythat of Turbo codes and LDPCs, and they can be decoded with
achieve the capacity of the binary erasure channel (BE&)very low-complexity iterative decoding scheme.
under iterative message-passing decoding. Although the BECThe only other work that has proposed a method to design
is the only channel for which such a result currently exist§RA codes is [19], [21] where the design focuses on the
irregular LDPC codes have been designed for other binaghoice of the grouping factor and the repetition profile. The
input channels (e.g., the BSC, the BIAWGNC [6], and thegcursive finite-state machine is the simplest one which gives
binary-input ISI channel [7], [8], [9]) and have shown tdull freedom to choose any rational number betwéeand 1
achieve very good performance. as the coding rate. We will also restrict our study to IRAs
First attempts to optimize irregular LDPC codes ([10] fothat use the same simple recursion of [19], although it might
the BEC and other channels [11]) with the DE techniquee expected that better codes can be obtained by including
computes the expected performance for a random-like cotie finite-state machine as a degree of freedom in the overall
ensemble in the limit of infinite code blocklength. In ordegnsemble optimization. The method used in [19] to choose
to reduce the computational burden of ensemble optimizatithre repetition profile was based on the infinite-blocklength
based on the DE, faster techniques have been propoded, of message passing decoding proposed in [14]. In this
work, we propose and compare four low-complexity ensem-
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The rest of the paper is organized as follows. Section Wherey — —y indicates areflectionof the output alphabet.
presents the systematic IRA encoder and its related decoder:
the BP message-passing algorithm. Existing results on the
analysis of the decoder (i.e. DE technique) are summarize channel
and applied to the IRA code-ensemble. This leads to a two-
dimensional dynamical system whose state is defined on {he[ repetition x
space of symmetric distributions, for which we derive a loc code
stability condition. In Section Ill we propose a general frame- —_ .~ ‘ inner code
work in order to approximate the DE (defined on the space of
distributions) by a standard dynamical system defined on thig 1. IRA encoder.
reals. We propose four low-complexity ensemble optimization
methods as special cases of our general framework. ThestRA codes are best represented by their Tanner graph [25]

methods differ by the way the message densities and the £©€ Fig. 2). In general, the Tanner graph of a linear code
transformations are approximated: is a bipartite graph whose node set is partitioned into two

subsets: theitnodes corresponding to the coded symbols, and
6{_he checknodescorresponding to the parity-check equations
that codewords must satisfy. The graph has an edge between

u,

—1
Lo g1 = Loj+ Y ig Liej4i | X2 _|channel | U

1) GA, with reciprocal channel (duality) approximation;
2) BEC approximation, with reciprocal channel approxim

tion; ) . ;

3) GA, with EXIT function of the inner decoder; bitnodea and checknod@ if the symbol corresponding ta

4) BEC approximation, with EXIT function of the inner participates in the parity-check equation corresponding.to
decoder Since the IRA encoder is systematic (see Fig. 1), it is

Al four methods lead to optimization oroblems solvable buseful to further classify the bitnodes into two subclasses: the
P P thformation bitnodes, corresponding to information bits, and

linear programming. In Sect|on_ v we show that th? f'rstﬂe parity bitnodes, corresponding to the symbols output by the
proposed method yields a one-dimensional DE approximation . . . o
: . . accumulator. Those information bits that are repeatdohes
with the same stability condition as the exact DE, whereas : . ) -
re represented by bitnodes with degieas they participate

the exact stability condition must be added to the ensemtﬂe

T L . . in ¢ parity-check equations. Each checknode is connected to
optimization as an explicit additional constraint for the seconlda ¢ partty q

method. Then, we show that, in general, the GA metho Sformanon bit no_des and to two .pan’ty bitnodes and rep.resents
LT . one of the equations (for a particul@y (1). The connections
are optimistic, in the sense that there is no guarantee t%

_ . . %ttween checknodes and information bitnodes are determined
the optimized rate is below capacity. On the contrary, we

show that for the BEC approximation methods rates bel ﬁ/the interleaver and are highly randomized. On the contrary,

: : e connections between checknodes and parity bithodes are
capacity are guaranteed. In Section V we compare our code

arfanged in a regular zig-zag pattern since, according to (1),

optimization methods by evaluating their iterative decodin erv pair of consecutive barity bits are involved in one parity-
threshold (evaluated by the exact DE) over the BlAWGN(é/ec):(pequation partty partty

and the BSC. A random IRA code ensemble with parameté{s\;},a)
and (information) blocklengtk is formed by all graphs of the

. _ . form of Fig. 2 with k information bitnodes, grouping factar
Fig. 1 shows the block-diagram of a systematic IRA ermynd \,» edges connected to information bitnodes of degree

Il. ENCODING, DECODING AND DENSITY EVOLUTION

coder. A block of information bitd = (by,...,bx) € F5 is for j — 2,... d. The sequence of non-negative coefficients
encoded by an (irregular) repetition code of rate:. Each ()} such that}? , A, = 1 is referred to as thalegree
bit b; is repeated-; times, where(ry, ..., 7)) is a sequence gistribution of the ensemble. The probability distribution over

of integers such that < r; < d and>_}_, r; = n (d is the the code ensemble is induced by the uniform probability over
maximum repetition factor). The block of repeated symbols i interleavers (permutations) of elements.

interleaved, and the resulting blosk = (z1,1,...,71,) € The information bitnodes average degree is givendb$

F5 is encoded by amccumulator defined by the recursion 1/(2?:2 )\;/7). The number of edges connecting information
a1 bitnodes to checknodes is = k:/(Zfl:2 Ai/i). The number

Toj+1 = T2 + Z$1,aj+i7 j=0,....,m=1 (1) of parity bitnodes isn = k/(a >, \;/i). Finally, the code

=0 rate is given by

with initial conditionzz o = 0, wherexy = (22,1, ...,%2.m) € i az‘.i /i a

F5" is the accumulator output block corresponding to the input R= = =274 = - (3)

x1, a > 1 is a given integer (referred to @gouping facto}, ktm  14adi,N/fi atd

and we assume thatv = n/a is an integer. Finally, the Under the constraints < \; <1 and) ,., \; = 1, we get

codeword corresponding to the information bldekis given ¢ > 2. Therefore the highest rate with parameteset to 1 is

by x = (b, x3). 1/3. This motivates the use af > 2 in order to get higher
The transmission channel is memoryless, binary-input apgtes.

symmetric-output, i.e., its transition probabilityy | x (y|z)

.. 1if the output alphabet is the real line, th coincides with ordinar
satisfies put ap ol y

reflection with respect to the origin. Generalizations to other alphabets are
py|x (¥]0) = py|x(—y|1) (2) immediate.
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T T T Th_ T information « LDPC-like scheduling [19]. In this case, all bitnodes
1 2 3 k-1 k bitnodes . .
- and all checknodes are activated alternately and in par-
a _ allel. Every time a node is activated, it sends outgoing
checknodes messages to all its neighbors. A decoding iteration (or
- “round” [31]) consists of the activation of all bithodes
| parity and all checknodes.
bitnodes

. o Turbo-like scheduling. Following [29], a good decoding
scheduling consists of isolating large trellis-like sub-
graphs (or, more generally, normal realizations in For-
ney's terminology) and applying locally the forward-
backward BCJR algorithm [30] (that implements effi-
ciently the BP algorithm on normal cycle-free graphs), as
In this work we consider BP message-passing decod- gone for Turbo codes [1]. A decoding iteration consists of
ing [26], [27], [28]. In message-passing decoding algorithms,  activating all the information bitnodes in parallel (accord-
the graph nodes receive messages from their neighbors, com- ing to (5)) and of running the BCJR algorithm over the
pute new messages and forward them to their neighbors. The entire accumulator trellis. In particular, the checknodes

algorithm is defined by the code Tanner graph, by the set on go not send messages to the information bitnodes until
which messages take on values, by the node computation rules the BCJR iteration is completed.

and by the node activation scheduling. Notice that for both of the above schedulings one decoder iter-

_ InBP-decoding messages take on values in the extended tgaf, orresponds to the activation of all information bitnodes
line R U {—oc,c0}. The BP decoder is initialized by settingi,, {he graph exactly once
! .

all messages output by the checknodes equal to zero. Eac
bitnode« is associated with thehannel observatiomessage
(log-likelihood ratio)

Fig. 2. Tanner graph of an IRA code.

A. Belief propagation decoding of IRA codes

B. Density evolution and stability

The BER performance of BP decoding averaged over the
Py |x (YalTa = 0) ( IRA code ensemble and over the noise observations can be
Py |x (YalTa = 1) analyzed, for any finite numbérof iterations and in the limit
. . of k& — oo, by the DE technique [11]. The usefulness of the
wherey,, is the channel output corresponding to the transmis:, .
. E method stems from th€@oncentration Theoreri81], [10]
sion of the code symbat,.

The BP node computation rules are given as follows FﬁvrhiCh guarantees that, with high probability, the BER after
a given node we identify an adjacent edge oing and erations of the BP decoder applied to a randomly selected

) . : i . code in the ensemble and to a randomly generated channel
all other adjacent edges asoming Consider a bithode: of y 9

. _noise sequence is close to the BER computed by DE, for
degreei and letm.,...,m;_; denote the messages recelverg] q P y

from thei — 1 incoming edges and,, the associated channel ufficiently large blocklength.

b . Th d al th Next, we formulate the DE for IRA codes and we study
observalion message. The messag. passed along ey, stability condition of the fixed-point corresponding to zero
outgoing edge is given by

BER. As in [11, section IlI-B], we introduce the space of
(5) distributionswhose elements are non-negative hon-decreasing
right-continuous functions with range [0, 1] and domain the
Consider a checknodg of degreei and letm,...,m;_; extended real line.
denote the messages received fromithel incoming edges. It can be shown that, for a binary-input symmetric-output
The messagen, s passed along the outgoing edge is giveohannel, the distributions of messages at any iteration of the

U = log

mo,a:m1+"'+mi71+ua

by DE satisfy the symmetry condition
-1
0,8 = +oeeet i—1)) 6
mog =7 (v(m1) y(mi-1)) (6) /h(x)dF(x) _ /e*“’h(—z)dF(z) ®)
where the mapping : R — Fy x R, is defined by [11] ) ] ) .
for any function for which the integral exists. Iff' has
2(z) = (Sign(z), — log tanh ;|> @ density f, (8) is equivalent to
re th f f f(x) =€ f(-x) 9)
. oo ' 11
and where the sign function s defined as [11] With some abuse of terminology, distributions satisfying (8)
0 ifz>0 are said to beymmetric The space of symmetric distributions
. ) 0 with prob.1/2if z=0 will be denoted byFgyr,.
sign(z) = 1 with prob.1/2if z=0 The BER operatoPe : Fyyn, — [0,1/2] is defined by
1 ifz<0

1
. . _ Pe(F) = S (F(0) + F(0))
Since the code Tanner graph has cycles, different schedulings 2

yield in general non-equivalent BP algorithms. In this worlwhere F~(z) is the left-continuous version of'(z). We
we shall consider the following “classical” schedulings: introduce the “delta at zero” distribution, denoted Ay, for
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which Pe(Ay) = 1/2, and the “delta at infinity” distribution, [1l. IRA ENSEMBLE OPTIMIZATION

denoted byA., for which Pe(Ao) = 0. In this section we tackle the problem of optimizing the IRA

A ()00 X '¥5de ensemble parameters for a broad class of binary-input
_me.trlc dlstnbutlzg]s{F +22, converges taA, if a_nd_ onl_y symmetric-output channels.
if lim—.c Pe(F'") = 0, where convergence of distributions ~ property of DE given in Proposition 1 is th&e(P,) for

is in the sense given in [11, Sect. IlI-F]. ¢ =1,2,...is anon-increasing non-negative sequence. Hence,

The .D.E for IRA COd? ensembles IS given t.’y .the followingy, ¢ g limg_, o, Pe(P;) exists. Consider a family of channels
proposition whose derivation is omitted as it is completel@(y) — {p . : v € R}, where the channel parameteiis
- YlX : 1 )

analogous to the derivation of DE in [11] for irregular I‘Dp(%or example, an indicator of the noise level in the channel
codes. ! ; : . '
. ~ .. Following [31], we say tha€(r) is monotone with respect to
Proposition 1. Let P, [resp., ;] denote the average dlstrl-the IRA code ensemblé{),},a) under BP-decoding if, for
bution of messages passed from an information bitnode [res‘,i)r.ly finite 0. v < v/ < Pe(é)’ < Pe(P)), where P, and,P’

. . . . ] = = L) YA
parity bitnode] to a checKner, at iteratiénLet ¢, [resp., are the message distributions at iterationf DE applied to
Q] denote the average distribution of messages passed fr nnelsp” andp’/ respectively
a checknode to an information bitnode [resp., parity bitnode‘c])r,;%et BEfg(lz)j) _ hn‘;'X’ Pe(Py) whére{P;} is the trajec-

at iteration®. .
i o =~ ~ . tory of DE applied to the chann@r;‘x. The thresholdv* of
Under the cycle-free condition, P, Qr, Qe satisty the o ensemblé{);},a) over the monotone familg(v) is the

following recursion: worst-case channel parameter for which the limiting BER is

P, = F,®AQy) (10) zero, i.e.,
Py = Fu® QKN o) 11) v* =sup{r >0 : BER(v) =0} (16)
= I T(P)®?@T(Pq)®e ! 12
@ ( (Pi-1) (Pe-1) ) (12) Thus, for every value aof, the optimal IRA ensemble parame-

Q = Tt (F(ﬁg_l) ® F(Pg_1)®“> (13) tersa and{)\;} maximizeR subject to vanishinBER(v) = 0,
_ i.e., are solution of the optimization problem
for ¢ = 1,2,..., with initial condition Py, = Py, = Ao,

.. d .

where I, denotes the distribution of the channel observation maximize azd:i=2 Aifi .
messages (4% denotes convolution of distributions, defined subjectto > , A =1, A\ >0Vi 7
by andto BER(v)=0

(F®G)(2) :/F(z—t)dG(t) (14) the solution of which can be found by some numerical
techniques, as in [11]. However, the constr@®R (v) = 0 is
@m denotesm-fold convolution, A(F) EN 221:2 )\ F®G=1)  given directly in terms of the fixed-point of the DE recursion,
I'(F,) is the distribution ofy = v(z) (defined onlF, x Ry), and makes optimization computationally very intensive.
whenz ~ F,, andI'~! denotes the inverse mappingIofi.e., A variety of methods have been developed in order to
r-1(G,) is the distribution ofz = y~!(y) wheny ~ G,. O simplify the code ensemble optimization [19], [24], [14],
The DE recursion (10 — 13) is a two-dimensional nor32]. They consist of replacing the DE with a dynamical
linear dynamical system with state-spaf%m (i.e., the state system defined over the reals (rather than over the space of
trajectories of (10 — 13) are sequences of pairs of symmetglistributions), whose trajectories and fixed-points are related
distributions( P, P,)). For this system, the BER at iteratién in some way to the trajectories and fixed-point of the DE.
is given byPe(FP,). Essentially, all proposed approximated DE methods can be
It is easy to see thdi\ ., A, ) is a fixed-point of (10 — 13). formalized as follows. Le® : Fy,, — R and ¥ : R — Fyyy
The local stability of this fixed-point is given by the followingbe mappings of the set of symmetric distributions to the real

result: numbers and viceversa. Then, a dynamical system with state-
Theorem 1. The fixed-point (A, A.) for the DE is spaceR” can be derived from (10 — 13) as
locally stable if and only if
’ ey o= @(R©AQ) (18)
e (e — ~
1 T, =
A2 < a+1l+e(a—1) (15) e ® (F“ © Qe) (19)
wherer = — log( [ e~*/2dF, (). Q= T (T (@(@E-1)™ @ (W(re-1))*")(20)
Proof. See Appendix . O ~ ~ ®a
Here necessity and sufficiency are used in the sense of [11]. Q =T (F (¥(@e-1)) @ T (¥(2e-1)) ) (21)

By following steps analogous to [11], it can be shown that ﬂ)r /=19
(15) holds, then there exisgs> 0 such that if for somé € N, "
Pe(RPg(NP(),PQ) + (1 - R)Pg(Po,Po)) < & then Pe(RPg +

(1 — R)P;) converges to zero a&tends to infinity. On the
contrary, if X, is strictly larger than the RHS of (15), then
there exists > 0 such that for alll € N Pe(RP,(Py, Py) + xe = ¢(Tp1,Te-1)
(1 — R)PE(PO,P())) > f 5@ = ¢(Z‘g_1,fg_1)

..., with initial conditionzg = Zg = ®(A¢), and
where (xy, Zy) are the system state variables. N

By eliminating the intermediate distributio@y andQ,, we
can put (18 — 21) in the form

(22)



JOURNAL OF BTEX CLASS FILES, VOL. 1, NO. 11, NOVEMBER 2002 5

For all DE approximations considered in this work, the mamwbservations, not shown in Fig. 3). Let;,...,m;_; denote
pings® and ¥ and the functiong and¢ satisfy the following the input messages, assumed i.kdF,, and letm, ~ Foys
desirable properties: denote the output message. LE; denote the binary code
1) ®(Ag) =0, P(A) = 1. symbol associated with messagg, for j =1,...,7—1, and
2) T(0) = Ag, ¥(1) = A.. let X denote the binary code symbol associated with message
3) ¢ and¢ are defined on0, 1] x [0,1] and have range in 7. SINCe Fiy, Foue € Fsym, We can think ofm; and m,
[0,1]. as the outputs of binary-input symmetric-output channels with
4) $(0,0) > 0 and¢(0,0) > 0. inputs X; and X and transition probabilities
5) ¢(1,1) = ¢(1,1) =1, i.e., (1,1) is a fixed-point of the
recursion (22). Moreover, this fixed-point corresponds to P(m; <2|X; =0) = Fu(2) (26)

the zero-BER fixed-poinfA., A ) of the exact DE.

6) If F, # Ay, the function ¢(x,z) — Z is strictly
decreasing irx for all « € [0, 1]. Therefore, the equation respectively.
- Channel (26) models the priori information that the node

P(m, <2|X =0) = Fou(2), (27)

T =¢(,7) receives about the symbals;’s, and the channel (27) models
has a unique solution iff, 1] for all z € [0,1]. This theextrinsic information[1] that the node generates about the
solution will be denoted by (). symbol X

It follows that all fixed points of (22) must satisfy We define the binary-input symmetric-output capacity func-
_ tional J : Fyr, — [0, 1], such that
z = ¢(x, T(x)) (23) N
and that in order to avoid fixed-points other than1), (23) IF)=1- / log, (1+ %) dF(2) (28)

must not have solutions in the interf@J 1), i.e., it must satisfy S
Namely, J maps any symmetric distributiof’ into the ca-

r < ¢z, 2(z)), ¥V xe€l0,1) (24) pacity? of the binary-input symmetric-output channel with

Notice that, in general, (24) is neither a necessary norl@nsition probabilitypyx (y|0) = F'(y).

sufficient condition for the uniqueness of the zero-BER fixed- 1n€N: we let
point of the exact DE. However, if the quality of the DE In = I(Xj;;mj)=9(Fn)
approximation is good, this provides a heuristic for the code Ip = I(X:my) =9(Fou)
ensemble optimization. E e out
By replacing the constraiER(v) = 0 by (24) in (17), we denote the capacities of the channels (26) and (27), respec-
obtain theapproximatedlRA ensemble optimization methodtively. The EXIT function of the node of Fig. 3 is the set
as of pairs (14, Ig), for all I, € [0,1] and for some (arbitrary)
choice of the input distributior¥;, such thatl(F;,) = Ia.
subject to 2?22 N1, A>O0Vi (25) l(;loft_ice tha}t the_ EXIT function of a n_ode is not uniquely
andto z < ¢(z,z(x)), Vzel0,1) efined, since it depends on the choice fof. In general,
different choices vyield different transfer functions.
Approximations of the DE recursion differ essentially in
the choice of® and ¥, and in the way theintermediate X
distributionsQ, and Q, and the channel message distribution
F,, are approximated. Next, we illustrate the approximation
methods considered in this work.

maximize a ZLQ Aifi

A. EXIT functions

Several recent works show that DE can be accurately
described in terms of the evolution of the mutual informatiory, |
between the variables associated with the bithodes and their
messages (see [12], [33], [13], [34], [23], [35], [18]).

The key idea in order to approximate DE by mutual in
formation evolution is to describe each computation node in
BP-decoding by anutual information transfer functiorFor
historical reasons, this function is usually referred to as t
EXtrinsic mutual Information Transfer (EXIT) function. .

EXIT functions are generally defined as follows. Considér1e aSSOCI-ated code sym_bols. . . .
the model of Fig. 3, where the box represents a generalizecﬁemark' Two properties of plnaryfmput _symmetrlc-
computation node of the BP algorithm (i.e., it might contaifutPut channels. Before concluding this section, we take a

a subgraph formed by several nOde$ and edges, and migh&ecall that the capacity of a binary-input symmetric-output memoryless
depend on some other random variables such as charumehnel is achieved by uniform i.i.d. inputs.

Fig. 3. EXIT model.

The approximations of the DE considered in this work are
sed on EXIT functions, and track the evolution of the mutual
information between the messages output by the bithodes and
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brief detour in order to point out two properties of binary—[A Ir =14 ) 1—1Tg
input symmetric-output channels. Consider a binary-input + &
symmetric-output channel withy | x (y0) = G(y), whereG /U
is not necessarily symmetric (in the sense of (8)). Its capaciItX 1—1I4
can be written as o )
00 dC(— original equivalent flow
Cc=1 —/ log, (1 _ 46l Z>> dG(z) (29)
—o0 dG(Z) Fig. 4. Reciprocal channel approximation.
By concatenating the transformatign— u = log i;:igl?; to

the channel output, we obtain a new binary-input symmetrie- ) gince for a bitnode the output message is the sum of
output channel withpy;  (u|0) = F(u) such thatF' € Foym.

X : ) > 5y the input messages (see (5)), and since the input distributions
Moreover, sincdJ is a sufficient statistic fo”, the original

. o W(l—mp_q) and¥(1 —7,_1)) are Gaussian, also the output
channel has the same capaglt_y as the new channel, glven(1 ribution is Gaussian, with mean
C = J(F). Therefore, by defining appropriately the channe
output, the capacity of any binary-input symmetric-output
channel can always be put in the form (28).

Another interesting property is the following:

Proposition 2. The mutual information functional is not
strictly convex on the set of binary-input symmetric-output
channels with transition probabilityy | x (y|0) € Fsym.

Proof. See Appendix II.

(a—1)J M1 —2p_1) +2J (1 —Tpq)
for messages sent to information bitnodes and
aJ_l(l — S(Jg,l) + J_1(1 - ngl)

for messages sent to parity bithodes. Finally,and i, are
given by

B. Method 1 pe= "1 (1= T ((a— DT (1 —2p_1) +27 (1 — T 1))
The first approximation of the DE considered in this workite=J"" (1 = J (aJ ' (1 = z¢—1) + J 7' (1 = Z4-1)))

assumes that the distributions at any iteration are Gaussian. A o _ (33)
Gaussian distribution satisfies the symmetry condition (9) I€ second key approximation in Method 1 is to replate

and only if its variance is equal to twice the absolute valyiith @ discrete (symmetric) distribution such that
of its mean. We introduce the short-hand notathég, (1)

D
to denote the symmetric Gaussian distribution (or density, F o~ ZP'A , (34)
. . . A u )=
depending on the context) with mean i.e., Ngym (1) = j=1
N(p, 2| )

for some integerD > 2, v; € R andp; € Ry such that

ZjD=1 pJ = 1'
With this assumption, from the definition (28) of the op-

For a distributionF € JF.ym, we let the mappingd be
equal toJ defined in (28), and for alt: € [0, 1] we define the

mappin
PRIng Uz Nogm (J7H2)) (30) eratorJ and since [11]: a) the convolution of symmetric
distributions is symmetric, and b) the convex combination
where of symmetric distributions is symmetric, it is immediate to
J(n) 2 INym()) (31) write (18) and (19) as (35). The desired DE approximation
1 e in the form (22) is obtained (implicitly) by combining (33)
= 1- ﬁ/ e % log, (1 +e‘2ﬁz‘“) dz,  and (35). Notice that (35) is linear in the repetition profile

and the optimization problem (25) can be solved as linear
Namely, ¥ mapsz € [0,1] into the symmetric Gaussianprogramming.
distributionNgym () such that the BIAWGNC with transition ~ Example 1: discrete-output channelsin general, when the

probability py-| x (y|0) = Neym (1) has capacitye.
The first key approximation in Method 1 is

QE Nsym (/LZ )
Qé Nsym(ﬁé)
for somepy, fig > 0.

~
~

(32)

~
~

In order to compute, andz, we make use of the reciprocal
channel approximation [24] also callepproximateduality wherez ~ N

channel output is discrete then the approximation (34) holds
exactly. For example, for the BSC with transition probability
p we have

F, :pAi 1-p + (1 *p)A

log =52 log 1%1’

O
Example 2: The BIAWGNC defined byy = (-1)* + z,
(0,0?), is a channel such that

property of EXIT functions in [22]. This states that the EXIT

function of a checknode is accurately approximated by the
EXIT function of a bithode with the same degree after the
change of variabledy — 1 — 14 andIg — 1 — Ig (see In this case, since convolving symmetric Gaussian distribu-
Fig. 4). Using approximate duality, we replace the checknotiens yields a symmetric Gaussian distribution whose mean is
by a bithode and changéry_1,7,—1) into (1 — xy_1,1 — the sum of the means, the discretization approximation (34) is

F, = Ngym(2/0?) (36)
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d D
1 o0 - )
g = 1-— E E Aibj 777_ /_oo e log, (1 +e72V (1_1)”“_(1_1)“2_”]') dz
152 j=1 (35)

~ 1 e 2 —
e = 1- ij* / e " logy (1 +e? ’”Z_”"]_”j) dz
j=1 \/E — 00

not necessary and we have for DE approximation, for a particular choice of the mappings
d ® and .
F,oMQ) = Z ANy (2/0% + (i — 1)pg) . In th!s case, the fixed-point equation corresponding to (23)
= ‘ is obtained in closed form as
F,2Q = Nem(2/0?+7 37 d a—1 2 i1
Q= Nom@lom ) DR RS N) S (R L Cey
By applying the operatof and using (31) we obtain the DE i=2 (1= (1 =I(Fu))z?)
approximation for the BIAWGNC as (38). % (42)

(for the details, see [19]).

C. Method 2 D. Methods 3 and 4

The second approxmat.lon. Of. the DE considered in th'? Methods 1 and 2 yield (almost) closed-form DE approxi-
work assumes that the distributions of messages at any it- .. ) S
mations at the price of some approximations of the message

ration consist of two m int ne at zero and the other, .. . s
eration consist ot two mass points, one at zero a d the o djstrlbutlons and, above all, of the checknodes output distri-
at +oo. For such distributions, we introduce the short—hanb

NOtation &gy (€) 2 eAg + (1 — €)Ane. utionsQ and Q.

. . . In much of the current literature on randomlike code en-
m:g;ilr?ééhgemappm@ be equal td) defined in (28) and the semble optimization, the EXIT function of a decoding block is

) e 39 obtained by Monte Carlo simulation, by generating i.i.d. input
Uiz Eqym(l ) (39) messages, estimating the distribution of the output messages
for all z € [0, 1]. and computing a one-dimensional quantity [12], [13], [14],

With these mappings, (20 — 21) can be put in the form [15]. [16], [17], [18]. Following this approach, we shall
consider the IRA decoder with Turbo-like scheduling (see

Q = &ym(l- Ti Ty ) (40) Fig. 5) and obtain the EXIT functions of the inner and outer
Qe = Eqym(l —xF_1T4—1) decoders.
where we used the fact that, as it can be easily seen from the
definitions of ' andT'~! in (46 — 48), F,
D (D(Eayn(€1)) @ D(Enym(e2))) = Eaym(1-(1-e1)(1-e2))  fo t
~ — i E — F1in
Notice that, while in Method 1 wassumedd, andQ, to be dé%gﬁﬂr out Ll 83(2321«
symmetric Gaussian (see (32)), here (40) holds exactly.
As a consequence pf thgse mappings, the communication F, m Fou
channel of the parity bits, with distributioR,,, is replaced by L
a BEC with erasure probability=1 — J(F,).
Furthermore, for any’ € Fg,r, We have Fig. 5. Turbo-like IRA decoder.
JE @ Esym(e)) =1 (1 =I(F))e The inner (accumulator) and outer (repetition) decoders are
From this result, it is immediate to obtain the approximateqparacterized by an EXIT function as defined in Section IlI-A,
DE recursion as for some guess of the (symmetric) distributifyy. In general,

p oiay Niel the EXIT function of the decoders can be obtained as follows:

T =1- (1 =I(Fu)) X i A (1~_ Ty %) (41) 1) Let the channel observation messages be i4dE,.

T =1-(1-I(F.)) (1 - 2§ ,T1) 2) Assume the decoder input messages are id.df},.
Notice that (41) is the standard (exact) DE for the IRA 3) Obtain either in closed form or by Monte Carlo simula-
ensemble({)\;},a) over a BEC (see [19]) with the same tion the corresponding marginal distributidf,,; of the
capacity of the actual binary-input symmetric-output channel,  decoder output messages.
given byJ(F,). We point out here that this method, consisting 4) Let Ix =I(Fin), Ip = I(Fout) be a point on the EXIT
of replacing the actual channel with a BEC with equal capacity ~ function curve.
and optimizing the code ensemble for the BEC, was propos@dr Methods 3 and 4 consist of applying the above approach
in [24] for the optimization of LDPC ensembles. Interestinglyinder the assumptions;, = Sym(J*l(IA)) and I, =
this method follows as a special case of our general approath., (1 — I4), respectively.
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d 2
zeo= Y NJ (2 +(@—-1)J ' (1=J((a—1DJ (1 —meq) +2J (1= @g)))

+J7! (1—J(aJ‘1(1—xg1)+J_1(1—§:'51)))> (38)

Let the resulting EXIT functions of the inner and outethe ensemble optimization as an explicit additional constraint.
decoders be denoted b, = ¢g(I4) and by Ip = h(I4), It should be noticed that the DE approximations used in
respectively, and let denote the mutual information betweerj24], [14], [19] require the additional stability constraint. For
the messages at the output of the outer decoder (repetitoample, the codes presented in [19] for the BIAWGNC and
code) and the corresponding symbols (information bitnodespr which Ay > 0 are not stable. Therefore, the BER for an

The resulting approximated DE is given by arbitrary large number of iterations is not vanishing.

xp = h(g(xe-1)) (43)

The corresponding fixed-point equation is given by = . i o .
h(g(x)), and the condition for the uniqueness of the fixed- An interesting property of optimization Methods 2 and 4 is
point atz = 1, corresponding to (24), is < h(g(z)) for that the optimized ensemble for a given channel with channel

all z € [0,1). The resulting IRA optimization methods arePPservation distributiont’, and capacityC' = J(£%,) has
obtained by using this condition in (25). coding rate not larger tha. In fact, as a corollary of a

While for the inner decoder (accumulator) we are forced #£neral result of [23] (see Appendix V), we have that
resort to Monte Carlo simulation, it is interesting to notice that, Theorem 3. The DE approximations of Methods 2 and 4
due to the simplicity of the repetition code, for both Methodd@ve unique fixed-poirtl, 1) only if the IRA ensemble coding
3 and 4 the EXIT function of the outer decodép(= h(I)) 'ate R satisfiesk < C = I(F,).
can be obtained in closed form. Proof. See Appendix V o
For Method 3, by discretizing the channel observation W show in Section V-A through some examples that this

distribution as in (34), we hadesquation (44). For Method 4 Property does not hold in general for other code ensemble
we have optimization methods, for which the ensemble r&temight

e result to be larger than the (nominal) capaciyF,). This
h(Ia)=1— (1—9(F,)) Z A1 — 1)1 (45) Mmeans that the threshold, evaluated by exact DE, is worse
than the channel parameterused for the ensemble design.

B. Fixed-points, coding rate and channel capacity.

=2

IV. PROPERTIES OF THE APPROXIMATEIDE V. NUMERICAL RESULTS

In this section we show some properties of the approximatgd

; . i Design example for raté/2 codes
DE derived in Section Il

In this subsection we present the result of optimization for
codes of ratel /2 and give examples for the BSC with cross-

A Stab.lhty condition. o ~over probabilityp and the BIAWGNC with
Consider the DE approximation of Method 1. As said in g )

Section lI-B, (z,z) = (1,1) is a fixed-point of the system SNR2 =5 _ &
(33-35). We have the following result: No 207

Theorem 2. The fixed-point at(1, 1) of the system (33 — In Fig. 6 the curve is the fixed-point equation used for the
35) is stable if and only if the fixed-poiniA.., A.) of the optimization in method 1 i.e. the function(x,z(x)). The
exact DE (10 — 13) is stable. fixed-point equation curves for the other three methods are

Proof. See Appendix Il O very similar.

For other DE approximations, stability does not generally In Fig. 6 the curve (solid line) shows(z,Z(z)) as a
imply stability of the corresponding exact DE. Consider thginction ofx € [0, 1] for method 1. The solutions of the fixed-
DE approximation of Method 2(1, 1) is a fixed point of the point equation (23) correspond to the intersection of this curve
system (41). We have the following result: with the main diagonal (dotted line). Tables | and Il give the

Proposition 3. The local stability condition of the approx-degree sequences, the grouping factors and the information
imated DE with Method 2 is less stringent than that of theitnode average degrees for the four methods, for codes of
exact DE. rate 1/2 over the BIAWGNC and the BSC, respectively. We

Proof. See Appendix IV O compute the true iterative decoding thresholds (by using the

If an approximated DE has a less stringent stability corxact DE) for all the ensembles (denoted by SNR(DEY or
dition, then the exact stability condition must be added {®E) in the Tables) and report also the gap of these thresholds
3Just prior to the submission of the final revised version of this work W\(,eVith respect to the Shannon limit (denoted by S‘]NIRDE) or

(DE) in the Tables). Then, we compare it to the threshold

became aware of [36] which proposes essentially the same method as mefhoeb )
3. of the approximated DE (SNR,(approx.) ang,.,(approx.)).
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d D
1 RO _ 7= 1y -1 o
WIa)=1-33 \p,—= / ¢ logy (14 ¢ 2VImDTT T (oI I =0 ) g (44)
— VT
=2 j=1
. Code 5 Method 1 of their encoding and decoding, IRA codes, optimized using
Methods 1 or 3, emerge as a very attractive design alternative.
oo} : : : : 7 Fig. 8 compares the performance of IRA ensembles obtained
via the proposed methods for the BSC. The best codes are
o8y ' ' S ] those designed with Method 3.
0.7 : : Lo e Ce R
[ Method 1 I Method 3 |
~—~ 06} . . . . /- R . 4 Rate a a SNRgap Rate a E SNRgap
8 0.10109| 2 | 17.78| 0.151 || 0.10133| 2 | 17.74| 0.163
= g5 Tl , o 020191 3 | 11.86| 0.096 || 0.20199] 3 | 11.85| 0.126
S 0.30153] 4 | 9.27 | 0.081 || 0.30175| 4 | 9.26 | 0.111
T ol L - o ] 0.40196| 6 | 8.93 | 0.057 || 0.40201| 6 | 8.93 | 0.067
. 050184 8 | 7.94 | 0.059 || 0.50154| 8 | 7.95 | 0.075
sk , - , ] 0.60188| 11 | 7.28 | 0.065 || 0.60147| 11 | 7.29 | 0.065
' . : : : 0.70154| 16 | 6.81 | 0.067 || 0.70093| 16 | 6.83 | 0.068
sl L 7 7 , ] 0.79904 | 29 | 7.29 | 0.066 || 0.79912| 29 | 7.29 | 0.062
' 0.89677| 61 | 7.02 | 0.088 || 0.89712| 61 | 7.00 | 0.083
Oaf S R TABLE Il
) - IRA CODES DESIGNED WITHMETHODS1 AND 3, EVALUATED WITH DE,
% 0.2 0.4 0.6 08 1 FORBIAWGNC

xr

Fig. 6. Mutual information EXIT functions for BIAWGNC and Method 1.

[ Method 2 I Method 4 |
Rate | a d SNRyzap || Rate | a d SNRgap
We observe that the codes designed by using methods 2 qr09407| 2 | 19.26 | 0.906 || 0.09752] 2 | 18.51 ] 0.316
have rate below capacity, which is consistent with Theorefpacoaz| 3 | 12121 0573 || 0.19725] 3 | 12.21] 0.293
pacity, ) . 7029767 | 4 | 9.44 | 0529 || 0.29671| 4 | 9.48 | 0.336
3. On the contrary the codes designed by using methods 1 @r39703 6 | 9.11 | 0466 || 0.39445| 6 | 9.21 | 0.343
3 have rate possibly larger than the capacity corresponding t©49697| 8 | 810 | 0.406 || 0.49465| 8 | 8.17 | 0.306

: ; Q59689 11 | 7.43 | 0.362 || 0.59577| 11 | 7.46 | 0.338
the channel parameter used for design. It can easily be chec S s T 5o D aoee e 6555358

that all the designed codes are stable. 0.79737| 26 | 6.61 | 0.272 || 0.79678| 26 | 6.63 | 0.271

0.89827| 56 | 6.34 | 0.212 || 0.89826| 56 | 6.34 | 0.214
TABLE IV
B. Thresholds of IRA ensembles IRA CODES DESIGNED WITHMETHODS 2 AND 4, EVALUATED WITH DE,
In this section we present results for codes designed ac- FORBIAWGNC

cording to the four methods, for rates from 0.1 to 0.9, and

we compare the methods on the basis of the true thresholds

obtained by DE. We present the code rate, the grouping factor,

the average repetition factor and the gap to Shannon limit, for VI. CONCLUSION

both BSC and BIAWGNC. This paper has tackled the optimization of IRA codes in

Tables Il and IV show the performance of IRA codes okhe limit for large code blocklength. This assumption allows to
the BIAWGNC. Tables V and VI show the performance ofonsider a cycle-free graph and enables to evaluate the thresh-
IRA codes on the BSC. old of the code by iteratively calculating message densities

For all rates, and for both channels, IRA codes design¢dE). For the sake of tractable analysis, we proposed four
assuming GA (Methods 1 and 3) perform much better thanethods to approximate those densities as a one-dimensional
those designed assuming BEC a priori (Methods 2 and fgrameter. These approximations were motivated by recent
Nevertheless, Method 4 yields better codes than Method r@sults in the field of code design (EXIT functions, reciprocal
especially at low rates. This is due to the fact that, in Methaghannel approximation, and the non-strict convexity of mutual
2, the communication channel is replaced with a BEC with thaformation) and have led to four optimization methods that
same capacity, while this is not the case in Method 4. Thian all be solved as a linear program.
difference in performance decreases as the rate increases. We found a general stability condition for IRA codes under

Fig. 7 compares the performance of IRA ensembles witxact DE. We showed formally that one of the proposed
the best known LDPC ensembles [6] on the BIAWGNC. Amethods (Gaussian approximation, with reciprocal channel
expected, the performance of IRA ensembles is inferior &pproximation) yields a one-dimensional DE approximation
that of LDPC ensembles. However, in view of the simplicitwith the same stability condition, whereas the exact stability
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Method 1 Method 2 Method 3 Method 4
R Y R R
2 0.04227] 2 0.05554] 2 0.05266 ] 2 0.05554
3 0.16242 3 0.16330 3 0.11786 3 0.14480
7 0.06529| 8 0.06133| 5 0.05906 | 7 0.18991
8 0.06489| 9 0.19357| 6 0.06517| 8 0.00996
9 0.06207 | 25 0.14460 8 0.03615| 19 0.03721
10 | 0.01273| 26 | 0.08842| 9 0.11288| 20 | 0.25894
11 0.13072| 100 | 0.29323| 13 0.06068 | 100 | 0.30366
14 0.04027 14 0.04650
25 | 0.00013 22 | 0.08606
26 0.05410 23 0.01610
36 | 0.13031 34 | 0.11019
37 | 0.13071 35 | 0.11919
100 | 0.10402 100 | 0.11751
Rate 0.50183 0.49697 0.50154 0.49465
a 8 8 8 8
d 7.94153 8.09755 7.95087 8.17305
SNR(DE) -2.739 -2.457 2727 -2.588
SNRyap(DE) 0.059 0.406 0.075 0.306
SNRy ., (approx.) -0.025 0.040 -0.021 0.071

TABLE |
OPTIMIZATION FOR THE BIAWGNC

Method 1 Method 2 Method 3 Method 4
i N R R R
2 0.03545 2 0.04732 2 0.03115 2 0.04657
3 0.14375| 3 0.17984| 3 0.14991| 3 0.14932
6 0.03057| 9 0.19715| 6 0.04630| 7 0.07693
7 0.10963| 10 0.06259 7 0.06217 8 0.16249

9 0.10654 | 26 | 0.16429| 8 0.08666| 20 | 0.07001
10 | 0.02388| 27 | 0.05676| 10 | 0.12644| 21 | 0.20550
11 | 0.04856 | 100 | 0.29205| 17 | 0.03430| 100 | 0.28919

12 | 0.00461 18 | 0.01506

21 | 0.03035 26 | 0.00228

28 | 0.22576 27 | 0.02258

29 | 0.09453 28 | 0.21774

100 | 0.14635 29 | 0.08021

100 | 0.12521
Rate 0.48908 0.49620 0.49226 0.49091

a 8 8 8 8
d 8.35724 8.12253 8.25157 8.29627
p(DE) 0.1091 0.0938 0.1091 0.1009
Poap(DE) 0.0046 0.0175 0.0035 0.0122
Paap(PPIOX.) 0.0037 0.0013 0.0026 0.0018
TABLE I

OPTIMIZATION FOR THEBSC

condition must be added to the ensemble optimization B designed with DE slightly outperform our designed codes.
an explicit additional constraint for another method (BEC I view of this and the very simple encoding structure of IRA
priori, with reciprocal channel approximation). We derivedodes, they emerge as attractive design choices.

also results related to the rates of the codes: in general the

Gaussian a priori methods are optimistic, in the sense that APPENDIX|

there is no guarantee that the optimized rate is below capacity. PROOF OFTHEOREM 1

On the contrary, the BEC a priori methods have always rateswe follow in the footsteps of [11] and analyze the local
below capacity. stability of the zero-BER fixed-point by using a small pertur-

Our numerical results show that, for the BIAWGNC andation approach. In order to do this, we need more details on
BSC, the Gaussian a priori approximation is more attractifg® mappingl’ and its inverse.
since the codes designed under this assumption have th&iven a random variable: with distribution F.(z), the
smallest gap to Shannon limit. Depending on the desired radéstribution of(z) is given by:
the EXIT function of the inner decoder has to be computedp(r ) (s, 2) = v .01 To(Fu)(2) + x1eeni D1 (FL)(2) (46
either with Monte-Carlo simulation (Method 3) or with the (Fa)(s:2) = Xty To(Fa)(2) T x 11 (F)(=) - (46)
reciprocal channel approximation (Method 1). At least in thwhere B 5
BIAWGNC there is some evidence that the best LDPC codes Po(Fz)(2) =1 — Fy (~ log tanh o),
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[ Method 1 I Method 3 | ) ‘ ‘ ‘ _BIAWGN channel ‘ ‘
Rate a d Pgap Rate a d Pgap T ethed 3
0.10042| 2 17.92 | 0.0032 || 0.10137| 2 17.73 | 0.0036 09F * & Method 3 |
0.19910| 3 12.07 | 0.0037 || 0.20086| 3 11.94 | 0.0041 0sh ——LDPC__ ||
0.29573| 4 9.53 | 0.0044 || 0.29897| 4 9.38 | 0.0031 }
0.39298 | 6 9.27 | 0.0044 || 0.39621| 6 9.14 | 0.0032 07k 1
0.48908 | 8 8.36 | 0.0046 || 0.49226| 8 8.25 | 0.0035

o
o
T
I

0.58590| 12 | 8.48 | 0.0044 || 0.58815| 11 | 7.70 | 0.0040
0.68271| 17 | 7.90 | 0.0044 || 0.68409| 16 | 7.39 | 0.0039
0.78155| 28 | 7.83 | 0.0038 || 0.78235| 28 | 7.79 | 0.0035
0.88437| 59 | 7.71 | 0.0026 || 0.88457| 63 | 8.22 | 0.0025

TABLE V
IRA CODES DESIGNED WITHMETHODS1 AND 3, EVALUATED WITH DE,

FORBSC. &

14
IS
T
¥

I

Distance to Shannon limit [dB]
)
«
T
I

o o
N w
T T

Q
I

o
s

0.008 - —

l Method 2 “ Method 4 ] % o1 02 03 0 05 06 07 08 09 1
— — Rate
Rate a d Pgap Rate a d Dgap
0.09406 | 2 | 19.26 | 0.0194 ] 0.09952] 2 | 18.10 | 0.0121 Fig. 7. Gap to Shannon limit (obtained by DE) vs. rate for BIAWGNC.
0.19833| 3 12.13 | 0.0175| 0.19842| 3 12.12 | 0.0101
0.29743| 4 | 9.45 | 0.0190|] 0.28836] 4 | 9.87 | 0.0114 65C chamel
0.39650| 6 9.13 | 0.0187 || 0.38865| 6 9.44 | 0.0149 0.02 N T T T T T e
0.49620| 8 8.12 | 0.0175 | 0.49091| 8 8.30 | 0.0122 + + o Method 2
0.59580 | 11 7.46 | 0.0155]|| 0.59349| 11 7.53 | 0.0124 0018~ 0 Ty O Method 4 | |
0.69559[ 16 | 7.00 | 0.0126 || 0.69107| 16 | 7.15 | 0.0116 wowsl |
0.79583] 26 | 6.67 | 0.0091[] 0.79283] 26 | 6.79 | 0.0090 o *
0.89692 | 56 | 6.44 | 0.0049[] 0.89337| 57 | 6.80 | 0.0051 ol |
TABLE VI £ o .
50012 o o 5 B
IRA CODES DESIGNED WITHMETHODS2 AND 4, EVALUATED WITH DE, £ °
FORBSC. e oof ? 1
§

0.006 [~ b

1 (F,)(2) = F,(log tanh g),

G
and wherey 4 denotes the indicator function of the eveft

0.002 I I I I I I I I
0

In particular, the mapping’ applied toA, and A, yields oo e e e e
1 1 . . .
- = i Fig. 8. Gap to Sh limit (obtained by DE) vs. rate for BSC.
D(Ag)(s,2) = QX{S:O}AOO(Z) 4 2X{s:1}AOO(Z) @7) ig ap to Shannon limit (obtained by DE) vs. rate for

[(Ax)(s,2) = X{S:O}AO(2)~
Given G(s, z) = x{s=0yGo(2) + x{s=13G1(2), applyingl —!  for some smalk,§ > 0, and we apply one iteration of the DE

yields recursion (10 — 13). The step-by-step derivation is as follows.
T(G)(2) = xss0p(1 — Go(—logtanh 2)) 8) From (47) we have
+  X{z<0yG1(—logtanh %) L) = xo((1—26)A0+€eAx) +x1 (€As)
For the sake of brevity, we introduce the short-hand notation | T(Py) = xo((1—26)A¢ + 6Ax) + x1 (0A)
G(s,2) = X{s=0yGo(2) + X{s=13G1(2) = xoGo + x1G1 By applying (49) we obtain
The m-fold convolution of G(s, z) by itself is given by T(Py)®™ = xo (1 — 2n€) Ag+neA o) +x1 (neA o) +O0(€2)
(X0Go(2) + x1G1(2))*™ = [(Po)®? = xo ((1 = 40)A¢ + 20Ac0) +x1 (20A00) +0(68?)
L%) _ A By applyingI'~* we get
X0 Z@;)G?(m_%) ® G 1 ®(a—1) B \®2
=0 (49) Q1 = I'(T(R) @ I'(Fy) )
e ‘ 4 Q1 = I (D(P)®* @ (R)
o [ X g s g )
j=0 and
where .| stands for the integer part. Q1=(1—2(a—1)e — 40)Asc+(2(a—1)e+46) Ao +O(€?, 6%)

In order to study the local stability of the fixed-pointQ; =(1 — 2ae — 20)As + (2ae + 26)Ag + O(2, 62)

(Ax, Ax), We initialize the DE recursion at the point Hence, by noticing (50) we have

130 = (1—-2¢)Ax + 2 MQ1) = (1—=2(a—1)hse—4X28)An
Py = (1 — 26)Aoo + 25A¢ +(2(a - 1)/\26 + 4/\2(5)A0 + 0(62, (52)
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®n  _
an —

-

<
Il
=)

Ay + O(e2,6%), forn > 2

(1—2(a—1)e —40)Ax + (2(a — 1)e + 46)Ag + O(€2,6%), forn =1

Finally, by using the fact thaP, = F, ® A(Q;) and that

12

(M)(1 —2(a — 1)e — 46)" 7 (2(a — 1)e + 46)’ AL T @ AT + O(e2, %)

P, = F,,®Q1, the message distributions after one DE iteration

are given by

=l (B L))o

where
A — |: (a—l)/\2 2/\2 :|
a 1

After ¢ iterations we obtain

Rt L (R ) B

From the large deviation theory we get that [11]

r

.1
—[lirgozlogPe(Fgﬂ)
—log (;r;f(;/e dF“(z))
—log (/ eZ/QdFu(z)>

(53)

where the last equality follows from the fact thay,(z) €

Foym-

Then, by applyingPe(-) to P, in (52) we obtain that

limy_, oo Pe(Py) = 0 (implying that limy_,.o P» = Ay) if

the eigenvalues of the matrixe~" are inside the unit circle.
The stability condition is obtained by computing explicitly
the largest (in magnitude) eigenvalue. We obtain

1
2

Since the LHS of (54) is increasing, condition (54) is indeed = 1 1) ij lim

an upperbound o, given explicitly by (15).

APPENDIXII
PROOF OFPROPOSITION2

Proposition 2 is a particular case of a more general result

that we state below.
Proposition 4. Let X be binary with P[X

=0 =pan

= (1 + Xo(a—1) + \/1 + (24 6a) s + (a — 1)%\3) <e.

(54)

P[X =1]=1-p. Let S be independent oX and takeM

(finite) values withP[S = i] = ¢;. Conditioned onS = j,
Y is a continuous random variable with conditional densﬂsh =
function _
f Y(X= (y)=e? )(/J|)X:0(y)
Then

I(X;Y]S) = I(X;Y)

(50)
Proof of Proposition 4. First, notice that
fY|X:O(y) = Z(Iz Y|X= 0 queu Y|X= 1
= 6ny|X:1(y)
Hence, we have (55). a

Proof of Proposition 2. The assertion of Proposition 2
follows from Proposition 4 since for a collection of binary-
input symmetric-output channels with symmetric transition
probability we have that/i, Vy,

pyix,s(yX =1,8 =1) pyix,s(—y|X =0, =1)
= e Ypyix.s(ylX =0,5=1)

O

APPENDIXIII
PROOF OFTHEOREM 2
The local stability condition for the system ((33) and (35))
is given by the eigenvalues of the Jacobian matrix for the
functions (¢, ¢) in the fixed point(z,Z) = (1,1). The partial
derivatives ofp and ¢ are

d D ‘ . J/vj((iil)'u)
= 2.2 Awy(i= (a1 im == e

i=2 j=1

: = ! .
=Y > Aw(i-1)2 lim S, (= D)

i= 2j 1 pree T (1)

Z I, (1)
pja lim

w1 ()

o (1)

p—-+oo J’ (1)
where

—+o0
ij(u)él——/ e log, <1+e_2fz B )dz

(56)

Note thatJy(p) = J(p). Since both limits tend t6, we derive

g @an asymptotic expansion fof, (1) and.J’(p).

The derivative ofJ,, is given by

1 1 [t ., e etV
OgZ(e)i (Z—f—\/ﬁ)@_“j 672 — 7v_d2
VI VT s L e 2Viempmys

Since F,, is symmetric, the sum over can be rewritten as:

D/
)+ pi (I
j=1

=rot'o(n eI, (1))

D
Z pj J/’Uj (l’l/)
Jj=1
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fY|X:0(y)
pfyix=0(¥) + (1 = p)fyix=1()

fY\X:l(y)
pfyix=0(y) + (1 = p)fy|x=1(y)

= p/fY|X:0(y) logzﬁdy—i— (1 —P)/fY\le(y) log,

I(X;Y) = p/fY|X:O(y)10g2 dy

+ u—m/nmﬂ@b& dy

1
7(1
vy (1—p)

1
= /qulexo Jogs e WP /qu vixm Wlogs oy dy

1 i 1
_ qu( / ¥ix= 0 1og2+(1_p)eydy+(1—p)/f;(f|)x=1(y)loggzw_i_(l_mdy>

M (4)
: fyix—oW)
= g |p [ £ x_o)log | dy
5; (/YXO o)+ (=) )
i fy|X=1(y)
+(1=p) [ fxoi () log i dy
T o) + (L D) T ()
= I(X;Y]9) (55)
Let us define And thus, forn > 1
1 vj .
folp) = To(p) oy Jo () _{ 2¢~% if n=1
0 g € ’ TG L 0 i ns1
f’Uj (lu) = T J/Uj (l’(‘) + e J/_vj (M) (57)
foza(e) ¢ ) and o o) {10 m=1
Following [38], (57) can be rewritten as (58). The second oo fow) ~ L0 if n>1

equality in (58) is obtained by the change of variable=
2+ /11/2. The fourth equality is due to the fact that the first The partial derivatives op and¢ are

and second integrands in the third line of (58) are odd and D’
even functions ok, respectively. Then we use the changes of —¢(1, 1) = Xala—1)(po+ Z 2pj6*¥)
variablez’ = \/nz + 4 andz’ = \/uz — % Ox =
Lebesgue’s domlnated convergence theorem completes the D B
proof. Since the sequence of measurable functions verifies: = X(a—1) ije*%
6_272' 1 jfl
VzeR = Xa—1)e™" (59)

"cosh(z) H1%° cosh(z)
and since these functions are bounded by an integrable fulierer is defined in (53). Similarly,

tion ind dent of::
ion independent of: 2 g%(l 1) = Ag2e (60)
e n 1
v, R < L'(R). 0
n>0vze R, cosh(z) | ~ cosh(z) € L(R) af(l 1) = ae™” (61)
Thus Lebesgue’s dominated convergence theorem [37] applies ¢ _
and —=(1,1) = e (62)
0%

+o0 6— 2 oo +oo We get the Jacobian matrix as:

/ / dz = [2arctan(e”)] 0
cosh(z) p—too [ cosh(z) [ (a— 1Ay 2Xy ] —r
— J= e
a 1
Therefore for largg: In order to be stable the eigenvaluesJoshould be inside
NG b3 the unit circle. Therefore the stability condition reduces to:
fuj (M) ~ 7 T 1

o H 2<1+)\2(a—1)+\/1+(2+6a))\2+(a—1)2)\§><e7".

Similarly we get ) (63)
Folu) ~ ﬁ e" 1 Notice from (54) and (63) that the stability conditions under
ot# 4 /n DE and approximated DE are the same.
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) = o [ e

7)o VR

\/;7)2
2 - +
1+ 6—2\/ﬁz—v,

e Vi 1 d
1 +6—2\/ﬁz—p—v_,» + 1+ e~ 2VHz—ptu; <z

- ()

e Vi 1 d
1 + e—Zﬁz-&-?)j <
1 1

1 /+00 o _wly < N >d
= —e o o o o Z
T J -0 \//j eVizt= +e_\//7z_7] eViz—= +e_\//7z+7]

1 1

v v
eViE+E | o=z

+ - — ) dz
e\/ﬁZ*TJ +67\/ﬁz+77

+ ! d
= z
cosh(y/f1z — )

dz (58)

+ 1 Foo 1 _ 27%7%
— —e
VT ) 2
67%7% Hoo 22< 1
= e .
N cosh(\/pz + %)
2— 242 2402
R +°°e*( .2 +ef(+2)
4y ) cosh(z)
APPENDIX IV

PROOF OF PROPOSITIONB

The Jacobian matrix of the approximated DE (41) about
the fixed point(z,z) = (1,1), for a given input channel

distribution F,, is

(a—1)N(0) 2X(0)

J= a 1

(1 =I9(F)) = A(1 = I(Fy))

It can be shown thaf(x) has a single minimum in the open
interval (0, 1). Hence by noticing that

lim £(z) = 0

we get inequality (64).

and

APPENDIXV
PROOF OFTHEOREM 3

whereA was already defined in (51). The stability of the exact Theorem 3 follows as a corollary of a result of [23] that we
DE is given by the eigenvalues #e~" (wherer is defined state here for the sake of completeness as Lemma 2 below. In

in (53)) while it is given by those oA (1 — J(F,)) for the
approximated DE, (wher&(F') is given in (28)).
Under the assumption thdt, is symmetric, we get

0 “+o00
/ e *2dF,(2) = / e *2dF,(2)
—0o0 0

0 “+o0
/ logy (14+€7%)dFy(z) = / e *log, (14 €*)dF,(2)
oo 0
It follows that

+o0
e’ = / 2e~*/2dF,(2)
0

and that

1) = +m((1+e—2> gy (Le7%) +1= 5™ ) aF(2)

From the inequality

Vz>0,(1+e ?)log (14 e %)+ ze * < 2(log2)e /2,
(64)
we get

VE, € Foym  1—J(F,) <e"

and the conclusion follows. O
In the following, we show inequality (64). Letting= e~*,
(64) becomes equivalent to

Yz € [0,1] flz) <0

where

f(x)

2 (65)

1+ x)log(1+ ) —xlogx — 2log2y/x

order to introduce this result, we consider the model of Fig. 9,
whereb, x; andx are binary sequences and where Channel
1 is the communication channel with outputand Channel 2

is a BEC channel with output. Let the decoder be a MAP
symbol-by-symbol decoder, producing for all= 1,...,n,
output messages of the form

P(z1, = 0ly, zp)
P(%,i = 1|yaz[i])

Mo,i = log (66)

)

wherez; 2 (z1,.-

-y Zie1, Zit1,- - -, 2n). FOllOwing [23], we
b x y
Encoder 1 Channel 1
e
Decoder ————=
Encoder 2 Channel 2
X z

Fig. 9. General decoding model.

generalize the definition af4 and g given in Section (l11-A)
to the case of sequences as

1 n

Iy = =) N1

A n; (1,15 21)
1 n

Ig = E;I(zl,i;mo,i)

o

1 n
n ZI($1,i;y,Zm) (67)
i=1
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where (a) follows from the fact that the decoder is MAR3) is given by
Again, the decoder EXIT function is the set of poilfs, Ir)

forall I4 € [07 1] R= k _ Rin Rout
For the setup of Fig. 9 with the above assumptions, the k+m 14 RinRous
following result applies: By applying Lemma 2 to the inner code model (Fig. 10 (a)),

Lemma 2 [23] Let b be uniformly distributed and i.i.d.. If we obtain
Encoder 2 is linear with generator matrix having no all-zero

1
columns, then the area under the EXIT characteristic satisfies Am = 1- ﬁH(X1|up)
1
1 1 = 1— —(H(x1) — I(x1;
A 2 / IE(Z)dZ =1- 7H(x1|y) (68) n( (Xl) (Xl up))
0 n a 1
= —I(x1;u,)
D n
b m
We start by proving Theorem 3 for the approximated DE = gf(xzi;up,i) =IJ(Fyu)/Rin (69)

of Method 4. Consider the IRA encoder of Fig. 1 and the )
Turbo-like decoder of Fig. 5. whe_re €) fqllows f.rom the fgct Fhat, by t.he model assumption,
The inner MAP decoder receives channel observations x; is an i.i.d. uniformly distributed binary sequence, and
for the parity bits and input messages for the symbolsQf (b) follows frqm th_e fact that th_e accumul_ator (mner_ code)
and produces output messages for the symbols;ofThe generates, with uniform probability (and uniform marginals)

general decoding model of Fig. 9, applied to the inner decodt't.trfjr'ven by.the i.i.d. uniform input sequenoe,. .

yields the model of Fig. 10 (a). By applymg Lemma 2 to the outer code model ((Fig. 10
The outer MAP decoder receives channel observations (b)), we obtain

for the information bits and input messages for the symbols

of x;, and produces output messages for the symbols, of out

The general decoding model of Fig. 9, applied to the outer

decoder, yields the model of Fig. 10 (b).

1
= 1- HH(xl\us)

= 1— %(H(Xl) —I(Xl;us))

a k1
= 1——+4 —I(x1;uy)
n o n
X1 Inner | X2 p b E ok
channel = 1—-——-+ *I(bi,; Us,i) =1— Rout + Routj(ch)
encoder n o n

Inner | Ext(xq)

where both (a) and (b) follow from the fact that the repetition
—

code is an invertible mapping, so the entraffyx;) is equal
to the entropy of the information sequerisdequal tok bits)
Tdentity BEC andI(xi;us) = I(byus) = kI(bs;us;) = kI(F,).

As seen in Section I11-D, the approximated DE has no fixed-
points other thar(1, 1) if and only if g(z) > h=1(z) for all

decoder

b (@) x € [0,1), whereg(z) and h(x) denote the inner and outer
ug decoder EXIT functions. This implies that
Identity channel N N
Ext(x1) Ain = / g(x)dx > / RN 2)dr =1 — Agut
Outer 0 0
—
decoder By using (69) and (70), we obtain
Outer | ™1 ) _
BEC I(Fu)/Rin > Rout — RoutI(Fy)
encoder !
(b) I(F, Mo _ 71
(Fu) 1T R R (71)

Fig. 10. Model of inner and outer decoders Method 4
For Method 2, the above derivation still holds, since the

The upper channel is the communication channel wiffpmmunication channel in Fig.9 is replaced by a BEC with
capacityJ(F,). Since we consider approximation Method 4€rasure probablity =1 —J(£,). In fact, the inner and outer
we let lower channel to be a BEC in both Figs. 10 (a) arf¢fcoder EXIT functions can be rewritten as
(b). Let k, n and m denote the number of information bits d _

(length of b and of u,), the number of repeated information h(x) 1—-(1-9(F.) Z (1 —a2) !
bits (length ofx;) and the number of parity bits (length &f i=2

and ofu,), respectively. The inner and outer coding rates are 2o 1I(F,)?

Rin = n/m and R,y = k/n, and the overall IRA coding rate 9(x) = (1= (1= 3(Fyp))za)?
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and the area under these functions are again [20] J. Boutros, G. Caire, E. Viterbo, H. Sawaya, S. Vialle, “Turbo code at
0.03 dB from capacity limit,” inProc. IEEE Int. Symposium Information
1 d Theory (ISIT 2002)Lausanne, Switzerland, July 2002, p. 56.
Aot = / h(z)dx =1— (1 —I(Fy)) Z Ai/i [21] H. Jin, Analysis and design of Turbo-like cogéhD thesis, California
0 i—2 Institute of Technology, May 2001.
— 1— Ryy + Routj(Fu) [22] A. Ashikhmin, G. Kramer, S. ten Brink, "Extrinsic information transfer

functions: A model and two properties”, Proc. 36th Annual Conference

1 on Information Sciences and Systems (CISS 2002)ceton, New Jersey,
Am = g(x)dr =I(F,)/a =I(Fy,)/Rin March 2002.
0 [23] A. Ashikhmin, G. Kramer, S. ten Brink, “Code rate and the area under
Therefore, the final result (71) holds also for Method 2. extrinsic_ information transfer curves”, iRroc. _IEEE Int. Symposium
Information Theory (ISIT 2002)Lausanne, Switzerland, July 2002, p.
115.
ACKNOWLEDGMENT [24] S.Y. Chung,On the construction of some capacity-approaching coding
: : : schemesPhD thesis, MIT, Sept. 2000.
The a,Uthors_ wish to thgnk Dr. Alex A,Shlkhmm for the[25] R. M. Tanner, “A recursive approach to low complexity codes, IEEE
helpful discussion concerning the results in [23]. Trans. Inform. Theory, vol. IT-27, pp. 533547, Sept. 1981.
[26] J. Pearl,Probabilistic Reasoning in Intelligent Systems: Networks of
REFERENCES Plausible InferenceMorgan Kaufmann, San Mateo, CA, 1988.

[27] R.J. McEliece, D.J.C. MacKay, J-F. Cheng, “Turbo decoding as an
[1] C. Berrou, A. Glavieux, P. Thitimajshima, “Near Shannon limit error- instance of Pearl's "belief propagation” algorithm”, IEEE Journal on

correcting and decoding: Turbo codesProc. ICC Geneva, pp. 1064- Selected Areas in Communications, vol. 16, pp. 140-152, Feb. 1998.
1070, May 1993. [28] F.R. Kschischang, B.J. Frey, “Iterative decoding of compound codes by

[2] R.G. GallagerL.ow-Density Parity-Check CodeBIIT Press, Cambridge, probability propagation in graphical models”, IEEE Journal on Selected
MA, 1963. Areas in Communications, vol. 16, pp. 219-230, Feb. 1998.

[3] M. Luby, M. Mitzenmacher, A. Shokrollahi, D. Spielman, and V. Ste{29] D. Forney, “Codes on graphs: normal realizationEEE Trans. on Inf.
mann, “Practical Loss-Resilient Codes,”moceedings of the 29th ACM Theory vol. 47, no. 2, pp. 520 -548, Feb. 2001.

Symposium on Theory of Computing (STOT)97, pp. 150-159. [30] L.R. Bahl, J. Cocke, F. Jelinek, J. Raviv, “Optimal decoding of linear
[4] M. Luby, M. Mitzenmacher, A. Shokrollahi, and D. Spielman, “Efficient  codes for minimizing symbol error ratefEEE Trans. Inf. Th.pp. 284-

Erasure Correcting CodesEEE Trans. on Inf. Theorwol. 47, no. 2, 287, March 1974.

pp. 569-584, Feb. 2001. [31] T.J. Richardson, R.L. Urbanke, “The capacity of low-density parity-

[5] D. Divsalar, H. Jin, and R. McEliece, “Coding theorems for ‘Turbo- check codes under message-passing decodiftFE Trans. on Inf.
like’ codes,” Proceedings ofhe 36th Annual Allerton Conference on Theory vol. 47, no. 2, pp. 599-618, Feb. 2001.
Communication, Control, and Computin§ept 1998. [32] S.Y.Chung, G.D. Jr Forney, T.J. Richardson, R. Urbanke, “On the design
[6] R. Urbanke etal., “Web page,” http://lthcwww.epfl.ch/research/ldpcopt/,2002f low-density parity-check codes within 0.0045 dB of the Shannon
[7] N. Varnica, A. Kavcic, “Optimized LDPC codes for partial response limit’, IEEE Communications Letters, Vol. 5, pp. 58-60, Feb. 2001.
channels,” inProc. IEEE Int. Symposium Information Theory (ISIT 2002)[33] S. ten Brink, “Exploiting the chain rule of mutual information for the
Lausanne, Switzerland, July 2002, p. 197. design of iterative decdoing schemes,” Proceedingthef39th Annual
[8] Xiao Ma, N. Varnica, A. Kavcic, “Matched information rate codes for  Allerton Conference on Communication, Control, and Computidgt
binary ISI channels,” irProc. IEEE Int. Symposium Information Theory 2001.

(ISIT 2002) Lausanne, Switzerland, July 2002, p. 269. [34] M. Tuchler, S. ten Brink, and J. Hagenauer, “Measures for Tracing Con-
[9] B.M. Kurkoski, P.H. Siegel, J.K. Wolf, “Joint message-passing decoding vergence of Iterative Decoding Algorithms”, iroc. 4th International

of LDPC codes and partial-response channelEEE Trans. on Inf. ITG Conference on Source and Channel CodiBgrlin, Germany, pp.

Theory vol. 48, no. 6, pp. 1410-1422, June 2002. 53-60, Jan 2002.

[10] M. Luby, M. Mitzenmacher, A. Shokrollahi, and D. Spielman, “Analysig35] S. Huettinger, J. Huber, “Extrinsic and intrinsic information in system-
of low-density codes and improved designs using irregular graphs,” in atic coding”, in Proc. IEEE Int. Symposium Information Theory (ISIT
Proceedings of the 30th ACM Symposium on Theory of Compuia$, 2002) Lausanne, Switzerland, July 2002, p. 116.
pp. 249-258. [36] S. ten Brink, G. Kramer, “Turbo processing for scalar and vector

[11] T.J. Richardson, M.A. Shokrollahi, R.L. Urbanke, “Design of capacity- channels,” in3rd International Symposium on Turbo codes and Related
approaching irregular low-density parity-check coddEEE Trans. on Topics Brest, France), pp. 23-30, Sept. 1-5, 2003.

Inf. Theory vol. 47, no. 2, pp. 619-637, Feb. 2001. [37] A. Browder, Mathematical Analysis: An IntroductiopnNew York,

[12] S. ten Brink, “Designing iterative decoding schemes with the extrinsic  Springer-Verlag, 1996.
information transfer chart AEU Int. J. Electronic. Communvol. 54, no. [38] T. F. Wong, “Numerical Calculation of Symmetric Capacity of Rayleigh
6, pp. 389-398, Dec. 2000. Fading Channel with BPSK/QPSKIEEE Communications Lettersol.

[13] S. ten Brink, “Convergence behavior of iteratively decoded parallel 5, no. 8, pp. 328-330, Aug. 2001.
concatenated codesEEE Transactions on Communication®l. 49, pp.

1727-1737, Oct. 2001.

[14] S.-Y. Chung, T. J. Richardson, and R. Urbanke, “Analysis of sum-
product decoding of low-density parity-check codes using a Gaussian
Approximation,”IEEE Trans. on Inf. Thvol. 47, no. 2, February 2001,
pp. 657-670. Aline Roumy received the Engineering degree from Ecole Nationale

[15] H. El Gamal, A.R. Jr. Hammons, “Analyzing the turbo decoder usingugerieure de I'Electronique et de ses Applications (ENSEA), Cergy, France
the Gaussian approximatioEEE Trans. on Inf. Theorwol. 47, no. 2, in 1996, the Master degree in June 1997 and the Ph.D. degree in September
pp. 671-686, Feb. 2001. 2000 from the University of Cergy-Pontoise, France. During 2000-2001,

[16] J. Boutros, G. Caire, “Iterative multiuser joint decoding: unified frameshe was a Postdoctoral Visitor with Princeton University, Princeton, NJ. On
work and asymptotic analysislEEE Trans. on Inf. Theoryvol. 48, no. November 2001, she joined INRIA, Rennes, France. Her current research and
7, pp. 1772 -1793, July 2002. study interests include the area of statistical signal processing, coding theory

[17] F. Lehmann, G.M. Maggio, “An approximate analytical model of theand information theory.
message passing decoder of LDPC codesRrc. IEEE Int. Symposium
Information Theory (ISIT 2002).ausanne, Switzerland, July 2002, p. 31.

[18] M. Ardakani, F.R. Kschischang, “Designing irregular LPDC codes using
EXIT charts based on message error rate’Riac. IEEE Int. Symposium
Information Theory (ISIT 2002)Lausanne, Switzerland, July 2002, p.

454, Souad Guemgharwas born in Algiers, Algeria, in 1975. She received the B.S.

[19] H. Jin, A. Khandekar, and R. McEliece, “Irregular Repeat-Accumulatdegree in electrical engineering from INELEC institute, Bourgsrdilgeria,
Codes,” in Proceeding&nd International Symposium on Turbo codes anih 1997 and the M.S. degree in signal processing from the University Paris
Related TopicsBrest, France, Sept. 4, 2000, pp. 1-8 . Xl, Paris, France, in 2000.



JOURNAL OF BTEX CLASS FILES, VOL. 1, NO. 11, NOVEMBER 2002

She has received her PhD degree in Communication and Electronics from
ENST (Telecom Paris) in 2004. She has conducted her PhD research work
at Euecom Institute, Sophia Antipolis, France. Her research interests include
channel coding and multiuser detection.

Giuseppe Caire (S '92 — M '94 — SM ’'03) was born in Torino, Italy, in
1965. He received the B.Sc. in Electrical Engineering from Politecnico di
Torino (ltaly), in 1990, the M.Sc. in Electrical Engineering from Princeton
University in 1992 and the Ph.D. from Politecnico di Torino in 1994. He
was a recipient of the AEI G.Someda Scholarship in 1991, has been with the
European Space Agency (ESTEC, Noordwijk, The Netherlands) from May
1994 to February 1995, was a recipient of the COTRAO Scholarship in 1996
and a CNR Scholarship in 1997. He has been visiting Princeton University
in summer 1997 and Sydney University in summer 2000.

He has been Assistant Professor in Telecommunications at the Politecnico
di Torino and presently he is Professor with the Department of Mobile
Communications of the Institute Eurecom, Sophia-Antipolis, France.

He served as Associate Editor for the IEEE Transactions on Communi-
cations in 1998-2001 and as Associate Editor for the IEEE Transactions on
Information Theory in 2001-2003. In 2003 he got the Jack Neubauer Best
System Paper Award from the IEEE Vehicular Technology Society.

His current interests are in the field of communications theory, information
theory and coding theory with particular focus on wireless applications.

Sergio Verdl is a Professor of Electrical Engineering at Princeton University.
He obtained a Telecommunications Engineering degree from the Polytechnic
University of Catalonia, Barcelona, Spain in 1980 and the Ph. D. degree in
Electrical Engineering from the University of lllinois at Urbana-Champaign
in 1984.

Prof. Verdl is a recipient of the NSF Presidential Young Investigator
Award, the IEEE Donald Fink Paper Award, a Golden Jubilee Paper Award
from the Information Theory Society, the 1998 Information Theory Society
Paper Award, the 2000 Paper Award from the Telecommunications Advance-
ment Foundation of Japan, and the 2002 Leonard G. Abraham Prize Award
from the IEEE Communications Society. He also received a Millennium Medal
from the |IEEE and the 2000 Frederick E. Terman Award from the American
Society for Engineering Education.

Prof. Verdi served on the Board of Governors of the Information Theory
Society in 1989-1999, and was President of the Society in 1997. He was Guest
Editor of the 1998 Special Commemorative Issue of the IEEE Transactions
on Information Theory, reprinted as the IEEE Press volume “Information
Theory: Fifty years of discovery.” His textbook “Multiuser Detection” was
published by Cambridge University Press in 1998. Prof. Wesérved as
Associate Editor for Shannon Theory of the IEEE Transactions on Information
Theory. He currently serves as Editor-in-Chief of Foundations and Trends
in Communications and Information Theory, and Associate Editor for Book
Reviews of the IEEE Transactions on Information Theory.

Prof. Verdi has held visiting appointments at the Australian National
University, the Technion-Israel Institute of Technology, the University of
Tokyo, the University of California, Berkeley, and the Mathematical Sciences
Research Institute, Berkeley.

17



