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Structure of the course

® Session 1.
+ role of sparsity for compression and inverse problems
+ Introduction to compressed (random) sensing

® Session 2.
+ Review of main algorithms & complexities
+ Success guarantees for L1 minimization to solve under-
determined inverse linear problems

® Session 3.
+ Comparison of guarantees for different algorithms
+ Robust guarantees & Restricted Isometry Property
+ EXxplicit guarantees for various inverse problems
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Summary

Notion of sparsity ~ :
(Fourier, wavelets, ...) benoisint

Compression

Representation Sparsit
Description P y

Classibcation

Natural / traditional role

Sparsity = low cost (bits, computations, ...

Direct objective
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Blina sourc
Separatio
Compresse
Sensin

Novel indirect role

Sparisty = prior knowledge, regularization
Tool for inverse problems
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Overview of Session 2

® Convex & nonconvex optimization
principles
e Convex & nonconvex optimization algorithms
e Greedy algorithms
e Comparison of complexities

® Exact recovery conditions for Lp minimization
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Overall compromise

e Approximation quality
Ax" bl
e |deal sparsity measure : 1Y OnormO
xlo = 8#{n, zn =0} = | 2 [°

e ORelaxedO sparsity measures y
0<p< !, "x"p:= (D IxalP)™




Two geometric viewpoints

e Signhal domain e CoefPcient domain

g

{x s.t.b = Ax}

Find closest subspace FInd sparsest representation
through correlationsA ' b through convex optimization




Algorithnms for L1:
Linear Programming

e |1 minimization problem of siza x N

LASSO

Basis Pursuit (BP) mln ! X! 1, S_t_ AX — b
b

e Equivalent linear program of sigex 2N

minc’z, s.t. [A,! Alz=D




L1 regularization:
Quadratic Programmins

e |1 minimization problem of siza x N

1
Basis Pursuit Denoising min 1 b ' A X! % -+ ! ! X! 1
X

(BPDN)

2
e Equivalent quadratic program of sizex 2N

1
min ='b" [A," Alz!5+ c'z
z! 0 2




Generic approaches Vv
specibc algorithms

e Many algorithms for linear / quadratic programmil

e Matlab Optimization ToolboxXinprog /gp
e But ...

+ The problem size is OdoubledO

+ Specibc structures of the matrik can help solve BP a
BPDN more efpbciently

+ More efbcient toolboxes have been developed

e CVX package (Michael Grant & Stephen Boyd):
+ http://www.stanford.edu/~boyd/cvx/



http://www.stanford.edu/~boyd/cvx/
http://www.stanford.edu/~boyd/cvx/

Overview

e Convex & nonconvex optimization principles

® Convex & nonconvex optimizatior
algorithms

e Greedy algorithms
e Comparison of complexities
® Exact recovery conditions for Lp minimization
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Example: orthonormah\

e Assumption m=N andA Isorthonormal
A'TA=AA"T =1dy
2 _ T 2
b —AXx]lz = [|A b —x||3
e Expression of BPDN criterion to be minimized

S (ATt xa) 4 1 [xalP

n




Hard-thresholding (p=0

H, (c) , /

2l

2\

. SolutiOn/of

1 2 2 1,10
“(c — |
min 2((: X)c+ ! aKk|




Soft-thresholding (p=1
Sx(e)

— A

® Solut&m/of

1 5 ,
“(c — |
min 2((: X)c+ 1 ak|




lterative thresholding

® Proximity operator

OF (¢) = argmin 5(:{; — )t + !z
' X

e Goal = compute
min =! Ax" I2+II | P
arg XI u X bl 2 | ] | ] Xl p

2
e Approach = iterative alternation between
+ gradient descent on pdelity term

X(i—|—1/2) "= X(Z) + | (Z)AT(bI AX(Z))

+ thresholding
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lterative Thresholding

® TheOrem [Daubechies, de Mol, Defrise 2004, Combettes & Pesquet 2008]

+ consider the iterates:!' Y = f(2("))  debned by
the thresholding function, witip ! 1

f(x)=! 5 (x+!TAT(b! AX))

+ assume that X, "AX"5 # c'x"5 and < 2/c
+ then, the iterates converge strongly to a linxit

xS, # e O

+ the limitx' is a global minimum 0§!Ax" p1Z+ 11x1P

+ if p>1, or if A is invertible X’ is thainiqguaninimum
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Sparse
representation




Path of the solution

e Lemma :let X' be a local minimum of BPDN
1

argmin 5! Az b! 5+ 11l

e |et | be Its support

e Then A/ (Ax'! b)+ ! &sign(x;)=0
Al (AX' " b)l, <

® |n particular

z = (AA)) *(Ab -1 asign(z))
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Homotopy method

e Principle: track the solutiony:’ (! ) of BPDN
along the Pareto curve

e Property:
+ solution is characterized by its sign pattern throuc

v =(A A1) * (A b —! asign(z))

+ for given sign pattern, dependence bn is afPne
+ sign patterns are piecewise constant function$ of
+ overall, the solution is piecewise afbne

e Method = iteratively Pnd breakpoints

"l N RIA ggtﬁdzgctegr:ETAGNE ATLANTIQUE
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Overview

e Convex & nonconvex optimization principles
e Convex & nonconvex optimization algorithms
® Greedy algorithms

e Comparison of complexities

e Exact recovery conditions for Lp minimization
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20

Matching Pursuit with Time-
Freqguency Atoms

e Audio = superimposition of structures

e Example : glockenspiel

+ transients = short, small scale
+ harmonic part = long, large scale
e Gabor atoms
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Matching Pursuit (MP)

e Matching PursuitakaProjection Pursuit, CLEAN)
+ Initialization o =D =1
+ Atom selection: (assuming normed atoms;!, =1 )
ni =argmax |A i 1]
+ Residual update "
ri=riia! (Ap i D)A,

® Energy preservation (Pythagoras theorem)
2 T 2 2
rir !5 = [Ap i o+t s

"] N RIA cl::;aglr\elal\dlzgcr:egr:ETAGNE ATLANTIQUE



Main properties

e Global energy preservation
| k

|b|§:|r0|2— AL z|1\2+'fk'2
i=1

e Global reconstruction
| K

b 'o = (An|r||1)a\ni+
1=1
o Strong convergence (assuming full-rank diction

mardi 4 mai 2010



Vik =span(A,,n! 1)
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Orthonormal MP (OMP

e Observation: after k iterations kAR
e Approximant belongs to
Vik =span(A,,n! ! )
Ak:{ni,ll | | k}

e Best approximation fron, = orthoprojection
Py, b = AAkAj\k b
e OMP residual update rule




OMP

e Same as MP, except residual update rule
+ Atom selection:

ni =argmax |Ari 1]
N

+ Index update I e I il 1 U{nz}
+ Residual update

Vi =span(An,n! )
r, — b! Pvi b
® Property : strong convergence lim [rif2 =0
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Caveats (1)

e MP can pick up the same atom more than onc

A 1

e OMP will never select twice the same atom

"l N RIA (:gt;\?laeEréctegr:ETAGNE ATLANTIQUE
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Caveats (1)

e MP can pick up the same atom more than onc

A 1

e OMP will never select twice the same atom
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Caveats (2)

e OlmprovedO atom selection does not necess:
Improve convergence

® There exists two dictionaried andB
+ Best atom fromB at step I:

ni =argmax |Bri: 1
N

+ Better atom fromA
T T
+ Residual update
. T
ri = ri_1! (Agiri—l)Aéi
® Divergence! 1¢>0."i#it# $ c
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Stagewise greedy algorithm

® Principle = selecmultipleatoms at a time to
accelerate the process

e Example of such algorithms
Morphological Component AnalySMcA, Bobin et al]
Stagewise OMPonoho & al]
COoSAMPNeedell & Tropp]
ROMP[Needell & Vershynin]
lterative Hard Thresholdinglumensath & Davies 2008]

erche
RENNES - BRETAGNE ATLANTIQUE
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Main greedy algorithm:

b= AX; +r, A:[Al,AN}

Matching Pursuil OMP Stagewise

— T
Selection L -—argmr?-X|AnI'i!1| Lic={n | |A]rii 1| > 1}

Xi = Xg 1+ A7 T = Al b

ri=ra1! AL A rag = b! AyX

1

-
MP & OMPMallat & Zhang 1993
StOMP:Donoho & al 2006similar to MCABobin & al 2006

"] N RIA cl::;aglr\elal\dlzgcr:egr:ETAGNE ATLANTIQUE
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Summary

[ Global optimization J [ Iterative greedy algorithms J

1 iterative decomposition I'j = b — AX;
Principle | min = |[[Ax — b||§ + 1 ||m|]B ¥select new components
X 2 ¥update residual

stopping criterion

Tuning (nb of iterations, error level, ...)

L |
quality/sparsity regularization parameter!

I Xilo" k Il " €

¥ choice of sparsity measure p
variants  [¥ optimization algorithm
¥ initialization

¥selection criterion (weak, stagewise ...)
Mipdate strategy (orthogonal ...)
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Overview

e Convex & nonconvex optimization principles
e Convex & nonconvex optimization algorithms
e Greedy algorithms

® Comparison of complexities

e Exact recovery conditions for Lp minimization
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Complexity of IST

e Notation:O(A) cost of applyiné\ DAT

e |terative Thresholding f(x)=!L (x+1AT(b! AX))
+ cost per iteration =O(A)

+ whenA Invertible, linear convergence at rate
n 2

X —x*|[, 1 Cl[x*]; |1 min
max

+ number of iterations guaranteed to approach limit
within relative precision

O(log 1/ 1)

e Limit depends on choice of penalty factor |
added complexity to adjust it

"l N RIA ggtﬁdzgctegr:ETAGNE ATLANTIQUE



Complexity of MP

e Number of iterations depends on stopping criteric
ril, " LIXilg# K
e Cost of brst iteration = atom selection (computati
of all inner products) O(A)
e Naive cost of subsequent iterationsG{A )

e |f OlocalO structure of dictionakytiovic & al, MPTK]
+ subsequent iterations only costO(log N )

GenericA LocalA
k iterations OkA)! O(km) | OA +klogN)
kocm O(m?) O(mlogN)

"l N RIA gglr\?lgeErécr:egr:ETAGNE ATLANTIQUE
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Complexity of OMP

e Number of iterations depends on stopping criteric
ril," LIXilg# K

e Nailve cost of iteration
+ atom selectionO(A) + orthoprojectionO(i °)

e \\Vith Iterative matrix inversion lemma
+ atom selectiorO(A) + coefbcient Upda@(iz)

e |f OlocalO structure of dictionamyinz & al, LocomP]

+ subsequent approximate iterations only cdstlog N)
GenericA LocalA

k iterations O(kA + k3) O(A +klogN)
ko< m O(mlogN)

centre de recherche
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LOCOMP

e A variant of OMP for shift invariant dictionaries
(Ph.D. thesis of Boris MailhZ, ICASSP09)

Fig. 1. SNR depending on the number of iterations

N = 5.10¢ samplesk= 20 000 iterations

] Table 3. CPU time per iteration (s)

- Iteration MP LocOMP GP OMP

e ] First ( = 0) 3.4 3.4 3.4 3.5
] Begin (! 1) | 0.028 0033 3.4 3.4

End(i! I) | 0028 0050 40.5 41
Total time 571 854 | 450410° 4.52410°

0.5 1 1.5 2
Number of iterations % 10"

e |mplementation in MPTK In progress for larger sc
experiments

INSTITUT NATIONAL
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Software ?

e Matlab (simple to adapt, medium scale problems):

<+ Thousands of unknowns, few seconds of computations

<+ L1 minimization with an available toolbox
= hitp://www.l1-magic.org/ (Candes et al.), Cvx, ...

<+ Iterative thresholding
= hitp://www.morphologicaldiversity.org/ (Starck et al.), FISTA, NESTA, ...

< Matching Pursuits

) sparsify (Blumensath), GPSR, ...

e SMALLDbox (to be released soon) umbed API for
several Matlab toolboxes

ofl ;. sCale cata

e MPTK : C++, large scale problems

<+ Millions of unknowns, few minutes of computation
<+ specialized for local + shift-invariant dictionaries

< built-in multichannel
= http://mptk.irisa.fr

centre de recherche
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Overview

e Convex & nonconvex optimization principles
e Convex & nonconvex optimization algorithms
e Greedy algorithms

e Comparison of complexities

® Exact recovery conditions for Lp
minimization
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Usual sparsity measure

® Lo_norm I Xy = | |Xk|O = Kk, xx = 0}

k [
support(X)

® | p-norms IXIp == Ix«|P,0<p<1

Kk

e Constrained minimization

X, € argmin |x ||, subject to b= AX




General sparsity measur

® Lp-norms  !x!B:=  |xP,0" p" 1

K

e f-norms! Ix|lf == f(xk])

K

e Constrained minimization
r; = x5 (b,A) ! arg min " " subjectto b = AX

When do we havex; (AXg,A) = Xgo ?




Empirical observation
Lp versus L1

€T = X = arg min !x!
0 > Db AXO > X, gAx:Axo p

reference direct model Inverse problem

Typical observatiog.g. chartrand 2007) +e€Xtrapolation
P(X" = Xop)

Ki(A) Kia(A) Ko(A)
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Proved Equivalence
between LO and L1

e OEmptyO theorem :assume thay = A X
+ift ' Xolo" k()(A) then Xg :Xb

vit [Xollo < ki(A) Xo = X

e Content = estimation of ko(A) andi(A)

+ Donoho & Huo 2001 : pair of bases, coherence

+ Donoho & Elad 2003, Gribonval & Nielsen 2003 : dictionary, coherence

+ Candes, Romberg,Tao 2004 : random dictionaries, restricted isometry cons
+ Tropp 2004 :idem for Orthonormal Matching Pursuit, cumulative coherence

e What about X,,0! p! 1 2

centre de recherche
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Null space

e Null space = kernel

z! N(A)" Az=0

e Particular solutiorvsgeneral solution
+ particular solution

AX =D

+ general solution

X" x# N(A)

"l N RIA gglr\?l\dlzgcr:egr:ETAGNE ATLANTIQUE
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EXact recovery. necesse
condition

e Notations
+ Index set/
+ vector z
+ restriction £ — (Zi )i! I
e Assume there existZ | N (A) with
lzils > 1zl
e DePne b = Az, = A(! z)

® The vector£| Is supported ihbut isnotthe
minimum norm representation of |




EXxact recovery:
sufbcient condition

e Assume guasi-triangle inequality

!X’yIIX—I—y"f #ll XII_I: —I— y f
e Considerx with support setl andx@ith Ax' = Ax

e Denotez := X' — X € N(A) and observe

XNy = IIx+ zllp = (X + 2)zllp + [I(X+ 2) 12l
—lx+ 2zl +1zc!5

!Il X".I: #Il ZI ".I: + "ZIC"f

e Conclude:
f 'zc!¢ > 1z !+ whenz! N (A) thenl is recoverable




Recoverable supports :
the ONull Space PropertyO

e Theorem 1 [Donoho & Huo 2001 for L1, G. & Nielsen 2003 for Lp 8] n
+ Assumption 1: sub-additivity (for quasi-triangle inequal

f(a+ b ! f(a)+ f(b),"a,t

+ Assumption 2:

+ Conclusion:Xi: recovers everg  supporteddn
+ The result i1s sharp: if NSP falls on suppldatiere isat
least one failing vector X supported inl




From OrecoverableO supports
OsparseO vectors

{1 2}/

2T
,//JZ}

Trellis of supports "
o 11, N

{N} /

P
> IRISA




From OrecoverableO supports
OsparseO vectors

Recoverable supports
are nested NS P)

P
— IRISA




From OrecoverableO supports
OsparseO vectors

Recoverable supports
are nested NS P)




From OrecoverableO supports
OsparseO vectors

SUpports

11
11, N
Recoverable supports
are nested NS /
k(A) !|:!x!0)
Sufbciently sparse,; "
guaranteea recove ' At lessi achiiling suppoport

B
= TRISA
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Recoverable sparsity levels
the ONull Space PropertyO

® Corollary 1 [Donoho & Huo 2001 for L1, G. Nielsen 2003 ]or Lp
+ Debnition :

| « = index ofk largest componentsf z
+ Assumption :

~

!Z|k!f < !Z|g!f whenz! N(A),z=0

+ Conclusion:X; recovers everx  withX!o " K

+ The result is sharp: if NSP falls thereaideast
one failing vector  x with! X!o = K
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Interpretation of NSP

e Geometry In coefpcient space:
+ consider an elemerz of the Null Space of A
+ order Its entries In decreasing order

#
T~

i —>

k

+ the mass of the largest k-terms should not excee
that of the taill ) 1§ < !z|g!f

All elements of the null space must be rather ORatO

centre de recherche
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Summary

e Review of main algorithms & complexities

® Success guarantees for L1 minimization to so
under-determined inverse linear problems

e Next time:
+ success guarantees for greedy algorithms
+ robust guarantees
+ practical conditions to check guarantees
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