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Summary

Notion of sparsity

. (Fourier, wavelets, ...) Denoising
Compression

Representation

:

Description
Classification

Natural / traditional role Novel indirect role

Sparsity = low cost (bits, computations, ...) Sparisty = prior knowledge, regularization

Direct objective Tool for inverse problems
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Overview

® Convex optimization algorithms
® Greedy algorithms
® Comparison of complexities

® Exact recovery conditions for Lp minimization
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Overall compromise

® Approximation quality

FAX " bl

® |deal sparsity measure : | 0 “norm”

Lzl : = Hn, xqn =0} :Z\xn\o
N

® “Relaxed” sparsity measures
O<p< !, "X := 1Xn

|p1"“1/p




Two geometric viewpoints

¥ Signal domain ¥ Coefbcient domain

B

{x s.th= Az}

Find closest subspace Find sparsest representation
through correlationsA'b  through convex optimization




Algorithms for L1:
Linear Programming

® || minimization problem of size mx N

LASSO

Basis Pursuit (BP) min ! X! 1, S.t. AX p— b
X

® Equivalent linear program of size m x 2N

minclz, st. [A,l Alz=Db
z>0

C:(Ci), ¢ =1,!I




L1 regularization:
Quadratic Programmin

® || minimization problem of size mx N

1
Basis Fz;rsgilt\lg)enoising min _! b " AX! % -+ )\! X! 1
x 2
® Equivalent quadratic program of size m x 2N
.1
minZ!b" [A," AJz!5+ c'z
z1 0 2

C:(Ci), ¢ =1,!I




Generic approaches Vv
specibc algorithms

® Many algorithms for linear / quadratic programming
® Matlab Optimization Toolbox: linprog  /gp

® But ...
! The problem size is “doubled”
I Specific structures of the matrix A can help solve BP and
BPDN more efficiently
! More efficient toolboxes have been developed

® CVX package (Michael Grant & Stephen Boyd):
' http://www.stanford.edu/~boyd/cvx/




Overview

¥ Convex optimization algorithms
® Greedy algorithms
® Comparison of complexities

® Exact recovery conditions for Lp minimization
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Example: orthonormah\

® Assumption : =N and A is orthonormal
ATA =AAT =1Idy
b —AXx|z =[A"b —x|3

® Expression of BPDN criterion to be minimized

% (A'b), ! ><Tjqrz R

n

® Minimization can be done coordinate-wise

1
min§(cn | Xn)2 + 1 xn|P




Hard-thresholding (p=0

H, (¢) , /

® Solutioé

C

A

1
min >(c! x)%+ | 4k|°




Soft-thresholding (p=1

Si (c). /
| SOIUtiA.

1
min Z(c! x)%+ ! - |x]|
x 2




lterative thresholding

® Proximity operator
1 P(c) = arg min E(x — )%+ ! |x]P
) X

® Goal = compute

aromin =1 Ax" bl2+ IxIP
g X 2 2 p

® Approach = iterative alternation between
! gradient descent on fidelity term

x(+172) . — x() L1 DAT (p1 AxD)
! thresholding
X(i+1) =0 F(i)(x(i+1/2))




Iterative Thresholding

® Theorem [Daubechles de Mol, D:T-frlse 2004, Combettes & Pesquet 2008]
| consider the iterates z\!*Y) = f(x( ))  defined by
the thresholding function, with p! 1

f(x)= L (x+!1AT(b! AX))

| assume that !X, "AX"5# C'X"Sand ! < 2/C
| then, the iterates converge strongly to a limit X’

IxW i, # 0

e . 1 n
! the limit X" is a global minimum of §!Ax b!3+11x!5

' if p>1,orif A is invertible, X* is the uniquaminimum
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1 Pareto curve

Sparse
representation




Path of the solution

e Lemma :let X’ be a local minimum of BPDN

1
argmin ! Ax " b!2+ 11x!,
X

® |let | be its support

® Then A/ (AX' —b)+! -sign(x;) =0
IAT(AX* =Db)[; <!

® |n particular

xi = (A A P(Ab! X-sign(x))




Homotopy method

® Principle: track the solution 7’ (l )of BPDN
along the Pareto curve

® Property:
! solution is characterized by its sign pattern through

X| :(AII-A|)! 1(A;rb| )\-Sign(x|))

! for given sign pattern, dependence on | is affine
! sign patterns are piecewise constant functions of |
! overall, the solution is piecewise affine

® Method = iteratively find breakpoints
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Overview

® Convex optimization algorithms
¥ Greedy algorithms
® Comparison of complexities

® Exact recovery conditions for Lp minimization
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Matching Pursuit (MP)

® Matching Pursuit (akaPro]ectlon Pursuit, CLEAN)
I |nitialization ro="0 1 =1
I Atom selection:

| = arg max AT 4]
! Residual update

;= I 1 _(A I 1)Ani

® Energy preservation (Pythagoras theorem)

i 15 = AL T o+ !5
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Main properties

® Global energy preservation
| k

b!s=1rols= |Al i1+ Tr!s
=1
® Global reconstruction
| K
- T
b = o = (Anil'i!])Ani'F
i=1
® Strong convergence
im !'r;15=0
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Vk =span(An,n! 1)
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Orthonormal MP (OMP

! k
® Observation: after k iterations rk = b — akAn,

® Approximant belongs to =

Vik =span(A,,n! 1)
v ={n;,1! 1! Kk}

® Best approximation from V/c = orthoprojection
— +
Pyb=AjA,D
e OMP residual update rule r,=b! Pyb




OMP

® Same as MP, except residual update rule
! Atom selection:

n; =argmax |A'ri 1]
N

| Indexupdate ! =1, 1! {ni}
' Residual update

Vi =span(An,n! ;)
i = b —Pvib

® Property :strong convergence Z||Im lr;1o=0
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Caveats (1)

® MP can pick up the same atom more than once

® OMP will never select twice the same atom
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Caveats (2)

® “Improved” atom selection does not necessarily
improve convergence

® There exists two dictionaries A and B
! Best atom from B at step i:

nj =argmax B ri 1
n

! Better atom from A
T T
! Residual update
ri=rira! (Al i )AY
® Divergence! lc>0,"i,#ri#h $ C
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Stagewise greedy algorithm

® Principle = select multipleatoms at a time to
accelerate the process

® Example of such algorithms
! Morphological Component Analysis [MCA, Bobin et al]
I Stagewise OMP [Donoho & al]
' CoSAMP [Needell & Tropp]
' ROMP [Needell & Vershynin]
! lterative Hard Thresholding [Blumensath & Davies 2008]
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Main greedy algorithm:

b = AX; + r; A:[Al,...AN]

Matching Pursuil OMP Stagewise
Selection i = arg max AL Li={n||Alry > 1)

bi=taal ™y bi=ta!t ",
Update X; = X1+ Ai':irz'! 1 Xj = A+i b

ri =rir 1! A!iAririll i =b —AxX

MP & OMPMallat & Zhang 1993
{ StOMP:Donoho & al 2006imilar to MCABobin & al 2006 }
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Summary

[ Global optimization ] { Iterative greedy algorithms J
1 iterative decomposition i = D1 Ax;
Principle | min —! AX" D! % + 17 ¥select new components
z 2 ¥update residual

stopping criterion
(nb of iterations, error level, ...)

Ixillo >k lryl ™|

Tuning

L |
quality/sparsity regularization parameter!

¥ choice of sparsity measure p
variants  |¥ optimization algorithm
¥ initialization

¥election criterion (weak, stagewise ...)
Mipdate strategy (orthogonal ...)
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Overview

® Convex optimization algorithms
® Greedy algorithms
¥ Comparison of complexities

® Exact recovery conditions for Lp minimization
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Complexity of IST

e Notation: O(A) cost of applying A or A T

e |terative Thresholding f(x)= ) (x+!AT(b! AX))
! cost per iteration =O(A)

! when A invertible, linear convergence at rate
n 2

IxMm 1,1 Clitx*l, 1 <1 o
max

! number of iterations guaranteed to approach limit
within relative precision *

O(log1/!)

® | imit depends on choice of penalty factor! |
added complexity to adjust it
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Complexity of MP

® Number of iterations depends on stopping criterion
rilo " IXilo# K
® Cost of first iteration = atom selection (computation
of all inner products) O(A)
® Naive cost of subsequent iterations = O(A)

® |f“local” structure of dictionary [krstulovic & al, MPTK]
| subsequent iterations only cost O(log N)

Generic A Local A

k iterations O(kA) > O(km) O(A + klogN)

K1 m O(m?) O(mlogN)
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Complexity of OMP

® Number of iterations depends on stopping criterion
rilo " IIXlog# K

® Naive cost of iteration |
' atom selection O(A) + orthoprojection O(ig)

® With iterative matrix inversion lemma
| atom selection O(A) + coefficient update O(i)

® |f“local” structure of dictionary [MailhZ & al, LocOMP]

I subsequent approximate iterations only cost O(logN)
Generic A Local A

k iterations O(kA + k2) O(A + klogN)
K!I m O(m?) O(mlogN)
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LOCOMP

® A variant of OMP for shift invariant dictionaries
(Ph.D. thesis of Boris MailhZ, ICASSP09)

Fig. 1. SNR depending on the number of iterations

. | | | N = 5.1 samplesk= 20 000 iterations
ol ] Table 3. CPU time per iteration (s)
g we Iteration MP  LocOMP GP OMP
z —er ] First (1 = 0) 3.4 3.4 3.4 35
af ] Begin(z! 1) | 0.028 0033 3.4 3.4
End (2! 1) 0.028 0050 40.5 41
il Total time 571 854 4504100 4.52410°
® |mplementation in MPTK in progress for larger scale
experiments
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Software ?

® Matlab (simple to adapt, medium scale problems):

! Thousands of unknowns, few seconds of computations

I LI minimization with an available toolbox
= hitp://www.l1-magic.org/ (Candes et al.), CvX, ...

! Iterative thresholding
= http://www.morphologicaldiversity.org/ (Starck et al.), FISTA, NESTA, ...

! Matching Pursuits
= sparsify (Blumensath), GPSR, ...

® SMALLbox (to be released soon): unified API for
several Matlab toolboxes | cpmmnnin e SIVAL

® MPTK : C++, large scale problems

! Millions of unknowns, few minutes of computation
! specialized for local + shift-invariant dictionaries

' built-in multichannel
= http://mptk.irisa.fr
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Overview

® Convex optimization algorithms
® Greedy algorithms
® Comparison of complexities

¥ Exact recovery conditions for Lp
minimization
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Usual sparsity measure

® LO-norm Ll = z:|33k|O = !{kaﬁk = 0}
k
support(X)
® | p-norms Ix|h = IxIP,0<p<i

k

® Constrained minimization

X, € arg min |||, subjectto b = AX




Empirical observation
Lp versus L1

X = AX >»X*= arg min !Xx!
0 > b 0 P gAx:Axo P

reference direct model inverse problem

Typical observation (e.g. Chartrand 2007) +extrapolation
P(X' = Xg)

A

1Xo]lo
.

k1€A) ky2(A) ko(A)




Proved Equivalence
between LO and L1

® “Empty” theorem :assume that P = A g
i !Xolo" Ko(A) then Xo = Xj
i !Xolo " Ki(A) Lo = 1

® Content = estimation of ko(A) and ki(A)

+ Donoho & Huo 2001 : pair of bases, coherence

+ Donoho & Elad 2003, Gribonval & Nielsen 2003 : dictionary, coherence

+ Candes, Romberg,Tao 2004 : random dictionaries, restricted isometry cons
+ Tropp 2004 :idem for Orthonormal Matching Pursuit, cumulative coherence

® What about X,,0! p! 1 ?
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Exact recovery:.
Lp minimization




Null space

® Null space = kernel
z! N(A)" Az=0

® Particular solution vSgeneral solution
! particular solution

AX=Db

! general solution

AX =b & Xx —xeN(A)
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Lp OnormsO level sets

¥ Strictly convex ¥ Convexp=1 ¥ Nonconvexp<1l
whenp>1

N

Z

(7

Observation :the minimizer is spa
{r stb=Ax}




EXxact recovery: necesse
condition

® Notations
' index set |
' vector Z

| restriction £ — (Zi)i! 1
® Assume there exists Z | N(A )with
Lz Vs > 17 0¢

® Define b = Az = A(! z)
® The vector £7] is supported in | but is notthe
minimum norm representation of D




Exact recovery:
sufpbcient condition

® Assume quasi-triangle inequality
IX, V"X + Y s # X +"Y g
® Consider X with support set | and X@vithAXx’ = A X
® DenoteZ :=X'! X" N (A) andobserve
XM = Ix+ 2zl =1 (X+2) s + 1 (X+ 2)c!s

= Ix+ z!ls + 175

! 11 X".I: #II ZI ".I: + "ZIC"f

® Conclude:
If [|z1i<]ls > [lz1 r whenZ € N (A) then | is recoverable




Recoverable supports :
the ONull Space PropertyO

e Theorem 1 [Donoho & Huo 2001 for L1, G. & Nielsen 2003 _?pr Lp
! Assumption |:sub-additivity (for quasi-triangle inequality)

fla+ b) ! fla)+ f(D),"a,b

I Assumption 2:

! Conclusion: X]!c recovers every X supported in 1
! The result is sharp: if NSP fails on support | there is at
least one failing vector  x supported in |




From OrecoverableO supports
OsparseO vectors

( D4 |
19&!(@

supports:

1L, N"

Recoverable supports
are nested NSP(1) /

Ki (A) | gl = Ixlo

>

Sufficiently sparse. | -
| | At least one failing support

guaranteed recovery

= — e TRISA




Recoverable sparsity level
the ONull Space PropertyO

® Corollary | [Donoho & Huo 2001 for L1, G. Nielsen 2003 ]or Lp

' Definition :
| « = index of K largest components of z
! Assumption :
" NSP |
!Z|k!f < !Z|£!f when 2! N(A),z=0

| 11
' Conclusion: Xt recovers every X with lxlo " K

! The result is sharp: if NSP fails there is at least
one failing vector ~ x with! X!o = K




Interpretation of NSP

® Geometry in coefficient space:
! consider an element z of the Null Space of A

! order its entries in decreasing order
A

|=< >
! the mass of the largest k-terms should not exceed
that of the tail 1 z 1§ < !Z||§:!f

All elements of the null space must be rather “flat”
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Geometric picture
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Summary

® Review of main algorithms & complexities

® Success guarantees for LI minimization to solve
under-determined inverse linear problems

® Next time:
! success guarantees for greedy algorithms
! robust guarantees
! practical conditions to check guarantees
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