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Structure of the course

® Part |: Overview

® Part ll: Algorithms, complexity & convergence
+ Lp minimization
+ Greedy Algorithms

® Part lll: Recovery, stability, robustness
+ Null Space Properties and Lp minimization
+ Exact Recovery Condition and greedy algorithms
+ Restricted Isometry Constants, stability and
robustness

® Part IV: Compressed Sensing and Random
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Overview

® Sparsity and compression of large-scale data

® Sparsity for source separation and inverse problems

® Sparse decomposition algorithms
+ LI minimisation
+ Matching Pursuits

® Sparsity and compressed sensing
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Sparsity & data
compression
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Large-scale data

® Fact : digital data = large volumes

+ | second stereo audio, CD quality =

= 1,4 Mbits
+ | uncompressed |10 Mpixels picture = 240 Mbits

® Need : «concise» data representations

+ storage & transmission (volume / bandwidth) ...
+ manipulation & processing (algorithmic complexity)
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Sparse representations

® Audio : time-frequency representations (MP3)
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Mathematical expression

® Signal / image = high dimensional vector
y € RY

® Model = linear combination of basis vectors

(ex: time-frequency atoms, wavelets)
atoms

y= Z Tetpr = P dictionary
k

® Sparsity = small LO (quasi)-norm

lzllo = ) |2x|° = card{k, zy # 0}
k

eeeeee de recherche

RENNES - BRETAGNE ATLANTIQUE




Sparsity & compression

® Full vector ® Sparse vector

A
k < N nonzero entries

N entries =k floats
=N floats
N ~ P-
. L + k positions among N
N N
B =log, ( > ~ klog, — bits
! k k

Key practical issues: choose dictionary
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Sparsity & inverse
problems
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Example: image inpainting

Courtesy of: G. Peyré, Ceremade, Université Paris 9 Dauphine

Inpainting

F

Result
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Example : audio source
separation

® « Softly as in a morning sunrise »
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Inverse problems

¢ Inverse problem : exploit indirect or
incomplete obervation to recontruct some
data

(o]
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Reconstruct

Observations

z =My

fewer equations than unknowns

® Sparsity : represent / approximate high-

C
dimensional & complex data using few 2
parameters » g
y =~ gt Reduce the &D’-

7\ dimension

few nonzero components
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Blind Source Separation

® Mixing model : linear instantaneous mixture

Yright (1) e 0
right So (t)
Yieft (1) —_ A— WM s3(t)

o

® Source model :if disjoint time-supports ...

A

Yleft (t) .
... then clustering to :

1- identify (columns of) the mixing matrix

> 2- recover sources
/ yright (t)
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Blind Source Separation

® Mixing model : linear instantaneous mixture

SRS ous AE— s1(t)
Yright (t) mmm" ,m um" ” " 59 (t)
Yies (t) M — A [ } s3(t)

o

® |n practice ...

Yleft (t) t

y;ight (1)
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Time-Frequency Masking

® Mixing model in the time-frequency domain

Yvright (7_7 f)
Yieft (7-7 f)

= A S(7, f)

® And “miraculously” ...

lfleft (7-7 f)A

... time-frequency representations of audio
signals are (often) almost disjoint.
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Mathematical foundations

® Bottleneck 1990-2000 : fewer equations than unknowns

Axyg = Ax,q 7é> o= I
® Novelty 2001-2006 :

+ Uniqueness of sparse solution:

<+ if T, xqare“sufficiently sparse”,
< then A.Qj() — AQE]_ — ZCO — X1

+ Recovery of Zg with practical algorithms
“* Thresholding, Matching Pursuits, Minimisation of Lp norms p<=1,...
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Algorithmic principles for
sparse approximation




Vocabulary

Unknown
representation, sources, ...

Known linear system:
dictionary, mixing matrix, sensing system...

Forward
linear model

Decomposition
Reconstruction
Separation

Observed data:

signal, image, mixture of sources,...
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|deal sparse approximation

® |nput:
m x N matrix A, with m < N, m-dimensional vector b

® Possible objectives:
find the sparsest approximation within tolerance

arg min ||x||g, s.t.||b — Ax| < e
X
find best approximation with given sparsity
argmin |b — Ax||, s.t.|[|x]|o <k
Xr

find a solution x to
b —Azx| <€, and ||z]o < k
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Geometric interpretation of
sparse approximation

e Coefficient domain R”™ ® Set AX .= (]Dsubspaces
+ set X of sparse vectors in signal domain
lzllo < &

® |deal sparse approximation
= find nearest subspace

among (2’)

Combinatorial search!

N Actual complexity ?
. | subspaces NP-complete!
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Practical approaches:
Optimization principles




Overall compromise

® Approximation quality
|Ax — b2
® |deal sparsity measure : 50 “norm”

|zllo := 8{n, xn # 0} = ZIMO

® “Relaxed” sparsity measures

0 < p< oo, |z, := (ZW)W




Lp norms / quasi-norms

® Norms when 1<p< > = convex
|2l =0z =0
[Az|lp = [Alllzllp, VA, 2

Triangle inequality ||513 + y”p < ||513||p + ||y||p,Vx,y

e Quasi-norms when 0<p<1 = nonconvex
|z + y”p < 21/p(H37||p + Hpr)?vxa Y

Quasi-triangle inequality

lz+ylp < =l + vz, Vo, y

® “Pseudo’-norm for p=0
|z +yllo < [lzllo + [|yllo, Vo, ¥y
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Optimization problems

® Approximation

min |b — Az||2 s.t. |||, < T
Xr

® Sparsification

min ||z, s.t. [|[b— Azx|l2 < e
X

® Regularization

1
min _[[b — Azll> + A,




Lp “norms” level sets

() Stﬂctly convex ® ConveX P=| ® Nonconvex P< I
when p>|

- 3 3

Observation: the minimizer is sparse
{z s.t.b = Az}

}?/
/

ﬁ
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Global Optimization : from
Principles to Algorithms

® Optimization principle . %HACE — b2 + A|z||2

+ Sparse representation -0 Ax =Db

+ Sparse approximation >0 Az =~ Db

NP-hard
combinatorial FOCUSS / IRLS Iterative thresholding / proximal algo. Linear

local minima convex : global minimum >

p=0 p=1 p

4 . . . R

Lasso [Tibshirani 1996], Basis Pursuit (Denoising) [Chen, Donoho & Saunders, 1999]
Linear/Quadratic programming (interior point, etc.)

Homotopy method [Osborne 2000] / Least Angle Regression [Efron &al 2002]
Iterative / proximal algorithms [Daubechies, de Frise, de Mol 2004, Combettes & Pesquet 2008, ...]

| ¥

2
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Greedy Algorithms
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Greedy algorithms

® Observation: when A is orthormal,
+ the problem

min |b — Azl||3 s.t. ||z]|o <k
xr

+ is equivalent to

min Z(Agb —x,)? st ||zllo < Kk

® | et A;ipdex the k largest inner products
min |A.b| > max |AlDb]
nGAk n%Ak
+ an optimum solution is

n, =Alb,n € Ay z, =0,n ¢ Ay
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Greedy algorithms

® |terative algorithm (= Matching Pursuit)
+ Initialize a residualto 1o =Db i=1
+ Compute all inner products

T _ T N
A Ii—1 = (Anr’i—l)nzl
+ Select the largest in magnitude
n; = argmax |Alr; ]|
n
+ Compute an updated residual

r, =r;,_1 — (AT r,_1 )Anz

+ If 2+ > k then stop, otherwise increment i and iterate
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Matching Pursuit (MP)

® Matching Pursuit (aka Projection Pursuit, CLEAN)
+ Initialization ro=b =1
+ Atom selection:
nj = argmax [Aly;
+ Residual update

riy—=1~I;,-1— (AT I 1)An

)

® Energy preservation (Pythagoras theorem)

Iricallz = [Ag rica]” + [ril;
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Summary

Global optimization Iterative greedy algorithms

iterative decomposition T'; = b— Az,

1
Principle min —||Ax — b||% + )\Hxﬂg * select new components
z 2 e update residual
stopping criterion
Tuning (nb of iterations, error level, ...)

quality/sparsity

regularization parameter A\

|zillo >k [|ri]| <€

Variants

choice of sparsity measure p
optimization algorithm
initialization

eselection criterion (weak, stagewise ...)
eupdate strategy (orthogonal ...)
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Equivalence between
LO, L1, OMP

® Theorem :assume that b = A xg

+ if Tollo < ]{TQ(A) then Lo = (,CS

+ if Tollo < kl (A) then T = QZ‘{

* .
where , = arg min X
;= arg min |z,
® Donoho & Huo 01 :pair of bases, coherence
® Donoho & Elad, Gribonval & Nielsen 2003 : dictionary, coherence
® Tropp 2004 : Orthonormal Matching Pursuit, cumulative coherence
® (Candes, Romberg,Tao 2004 : random dictionaries, restricted isometry constants

o
32 o
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State of the art tools to

estimate k£,(A) " ;§I<k
A AN

N unit columns |:I I [|

[Anll2 =1 I]AI

max over N(N- I) entries maxover LN —k)! subsets |
5=  sup Arcllls
po=p(A) = max |[(Ax, A e el
~ LO-recovery (identifiability) 52k0 <1
E(A)=(1+1/u)/2 LI-recovery (identification) 52k1 < \/5 —1
(Cumulative) coherence Isometry constants
Low cost Common beliefs Hard to compute
“Coarse / pessimistic” “Almost sharp” ?

e
N — IRISA




Compressed sensing
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Example: tomography

® MRI| from incomplete data

[Candes, Romberg & Tao] :
Tomo:graphy

Model / knowledge Datatobe  =incamplete
The (unknown) wavelet captured pro;eéectlon

transform is sparse

N
{ %

Analog domain Digital domain
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Classical Shannon Sampling

® « Sample first, think and compress afterwards »

A/D conversion

ngh re$o|ution K = sampling operator

Analog domain = Digital domain
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Classical Shannon Sampling

® « Sample first, think and compress afterwards »

Sparse model A/D comglersion

| ] High refsolution

Analog domain = Digital domain

eeeeee de recherche
RENNES - BRETAGNE ATLANTIQUE




Classical Shannon Sampling

® « Sample first, think and compress afterwards »
JPEG / MP3
Sparse model A/D conversion Compression
(~costly)
| ] High regsolutlon Decoding
(~cheap)
Analog domain | Digital domain
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Compressed Sensing

® First model the data, then sample & compress

Sparse model

€T ﬂ Yy

Analog domain Digital domain
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Compressed Sensing

® First model the data, then sample & compress

A/D conversion
Sparse model and compression
(~cheap)

Analog domain Digital domain
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Compressed Sensing

® First model the data, then sample & compress

A/D corgwersion Sparse recovery
Sparse model and compression (~costly)
(~cheap)

S T c=Ky P —

. min ||z||1, subject to z = K®x

Analog domain Digital domain
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Conditions of success

® Knowledge: transform domain where data is sparse

® «Incoherencey between measurement domain and
sparse domain domaine de (uncertainty principle a la

Heisenberg), for example:
+ time domain / frequency domain
+ spatial domain / frequency domain

+ random measurements!

® Sufficiently many measures m > Cklog, %

+ necessary
+ sufficient (with random Gaussian measures)
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Why the log factor !

® Full vector ® Sparse vector

A
k < N nonzero entries

N entries =k floats
=N floats
N ~ P-
. L + k positions among N
N N
B =log, ( > ~ klog, — bits
! k k

Key practical issues: choose dictionary
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Example : single-pixel
camera, Rice University

single photon detector

Low-cost, fast, sensitive

optical detection )>
PD Y
A/D

Compressed, encoded
image data sent via RF
for reconstruction

> (y_

Rcvr

Random pattern on DMD array Image reconstruction

Image encoded by PMM
and random basis
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Summary

Notion of sparsity

. (Fourier, wavelets, ...) Denoising
Compression source
Representation Sparsit eparation
Description Parstty ompressed
Classification sensing
Natural / traditional role Novel indirect role
Sparsity = low cost (bits, computations, ...) Sparisty = prior knowledge, regularization

Direct objective Tool for inverse problems
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