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Summary of last class

® Solutions of Exercises

¢ Analog to digital conversion: sampling

¢ Digital to analog conversion: reconstruction
® Summary on Fourier Transforms

e Algorithms: FFT and fast convolution
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Today’s program

® Problem: represent the time-varying frequency
content of time series
® Tool:Short Time Fourier Transform (STFT)
® definition
® role of the analysis window (size & shape)
® perfect reconstruction with synthesis window
o Applications: time-frequency processing
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| D Time-frequency
representations




How to represent a sound

® Waveform = samples

Amplitude

Time (seconds)




Amplitude

® Frequencies / spectrum

Time (seconds)

Power (dB)

How to represent a sound
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How to represent a sound

® Time-varying content = spectrogram
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Short-Time Fourier Transform

® Windowing = short time spectra
« Color code
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Short-Time Fourier Transform

® Continuous time STFT

X(t, f) = /_J:D 2(P)w(r — t)e 27 Tqr

® Discrete time STFT “——Window function
N-1
X[k = Y 2l + nlwinle 27N

n=0
® Subsampling X[rT, K]
® Spectrogram  |X[rT,k]|?

® Decibel scale 10log10 | X [T, k]|
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Short-Time Fourier Transform

® Matlab Signal Processing Toolbox

N-1
X[rT, k| = Z z[rT + n|wln]e”2mkn/N
n=0

X = specgram(x,nfft, £fs,window, numoverlap)

1

® Computation : O(log N) per computed value
® Windowed FFT

® Modulated Filterbank
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Window size

juisition, et Représentations de Données”




Window size
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Window size

93 ms Gaussian window
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Window size




Window size
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“Optimal” window size!
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STFT & Time-frequency atoms

® STFT = correlation / inner product

X(t, f) = / o(rYwe g (T = (2, wep)

® Time-frequency atom

we £(7) == w(T —t)e




Time-frequency atoms

® Energy localization
|

° Helsenberg uncertalnty prlnC|pIe Atx Af>

47

® tradeoff in time/frequency resolution

® Reached for the Gaussian window
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STFT :size of the window

® STFT of two signals with large window
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STFT :size of the window

® STFT of two signals with medium window
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1

Sine os

05

STFT :size of the window

® STFT of two signals with small window
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Window size : summary

® Time-frequency tradeoff (choice of the
observed scale)

® |ssue = if different scales are superimposed

(transients + harmonics)




STFT : window shape

Window spectra
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® Decay

Window shape

2.5

7.5

~10—

® Width of main lobe Main lobe

® | obe attenuation

Secondary lobes
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Typical window shapes

® Hann / « Hanning » window = hann (n)
w(t) = (1 4+ cos2nt)/2

® Hamming window = hamming (n)
w(t) = 0.54 + 0.46 cos 2nt

® (aussian window = gausswin (n)
w(t) = exp(—18t2)

® Blackman window = blackman (n)
w(t) = 0.42 4+ 0.5cos2nt + 0.08 cos 4t

® Bartlett, Kaiser, Nuttal, Parzen,... help window
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' (t)

Time-Frequency

Processing
Signal Representation Visualization
Analysis/Decomposition Detection
z(t) X =] c|sssification
Processing Segmentation
Transformation
Denoising
Coding

<= | X/

Synthesis/Reconstruction
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® Reminder :STFT computation

FFT

STFT Inversion
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STFT Inversion

® Reminder :STFT computation

FFT |t.

FFTinv




Overlap-Add

® |Inverse FFT
® Multiplication by synthesis window

® Overlap and add

o(r) o< [w'(r = 1) [ X(t, £)e?mI7df d
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Perfect reconstruction
condition

® Sum of time-frequency atoms

2(1) o / / X (t, f)wy ((r)dtdf
wy (1) = w'(r — t)e™7

® Discrete version
N—1 o
zln] =3 3 X[rT, klw'[n — rT]e2 N
T k=0
® Reconstruction condition

Zw’[n—rT]w[n—rT] =1 |




Example : Hann window

® Analysis window, synthesis window

1
w[n]:§(1—c052w%),0§n<l\f w’[n]zl

® Half-overlapping window, hop size = T' = N/2

o | Exercice |:check the reconstruction condition
e Hint: (1 —cost)/2 =sin"t/2

o Exercice 2:idem with sine window

wln] = w'[n] = sinw%, 0<n<N
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Time-frequency processing

® Principle :
® Analysis z[n] — X|[L, k]
® Processing X[l k] — X'[I, k]

N—1  &n
® Synthesis z'[n] =) > X'[+T, kKlw'[n — rT]e2™ N
r k=0




Examples :

® Compression : quantize X|I, k] _r'J

® Denoising : threshold XTI, k] />

® Filtering : multiply X'l k] = H[k] - X1, k]
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VVarning :
STFT=redundant

® STFT=redundant representation
r[n] =P X[ k] =P z'[n] = z[n]
X' k) o o/ [n] = X[ k] = X'[I, K]
® Synthesis[Analysis(x)] = ldentity
® Analysis[Synthesis(X)] != Identity

® Orthogonal Time-Frequency transform =
MDCT (used in MP3 coding)
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Summary

® Problem: represent the time-varying
frequency content of time series
® Tool: Short Time Fourier Transform (STFT)
® definition
® role of the analysis window (size & shape)
® perfect reconstruction with synthesis window
e Applications: time-frequency processing

® Effect of redundancy of STFT
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From signals to images




2D Fourier transform

® Definition X(f // (p)e2im/ipL=2imf2p2 gy iy,

® Same properties as |D Fourier transform

* Rotation ro= (ol )
r(R_gp) X(R_of)

® Separable images / tensor products

r1(p1) - T2(p2) X1(f1) - Xa2(/f2)




Example [exercice]

(T.T)
® Square
(Tx, Ty)

® Rectangle

® Rotated elongated rectangle
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