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Summary of last class

• Model: 1D and 2D convolution (reverberation, 
blur)

• Problem: Deconvolution for signal / image 
restoration

• Tools: 1D continuous Fourier transform
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Today’s program

• Solutions of Exercises

• Analog to digital conversion: sampling

• Digital to analog conversion: reconstruction

• Summary on Fourier Transforms

• Algorithms:  FFT and fast convolution 
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Solutions of Exercises 
(1D Fourier Transform)
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Continuous FT Properties 
[Solutions]

• Multiplication

• Time-shift

• Frequency-shift

• Dilation

• Time-reversal

• Time-derivative

€ 

x t( ).y t( )

€ 

x t − u( )

€ 

x t( ).e2iπf0t

€ 

x t /a( )

€ 

x −t( )

Fourier

€ 

x(p )(t)

€ 

(2iπf )p X( f )



R. Gribonval, cours “Traitements et Transformations”, module “Acquisition et Représentations de Données”
Parcours “Image et Données”, Master 2 Recherche en Informatique, Université de Rennes 1

Continuous FT Examples (1)  
[Solutions]

• Discrete Dirac

• Constant 

• Shifted Dirac

• Complex exp.€ 

δ(t)

€ 

x(t) =1,∀t

€ 

δ(t − u)

€ 

e2iπf0t

Fourier
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Continuous FT Examples (2) 
[Exercise]

• Real cosine 
• Real sine  
Hint : 

• Rectangle 

€ 

x(t) =1[−T ,T ](t)€ 

cos(u) =
eiu + e−iu

2

Fouriercos(2�f0t + ⇥)
sin(2�f0t + ⇥)
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Continuous FT Examples (2)  
[Solutions]

• Real cosine

• Real sine 

cos(2�f0t + ⇥)

sin(2�f0t + ⇥)
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• Even though x(t) real, X(f) is complex-valued

• Complex notation: introduction of «negative 
frequencies»

• t = time (seconds)      f = frequency (Hertz)

• t = distance (m)         f = spatial frequency (m-1)

Remarks
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Continuous FT Examples (2)  
[Solutions]

• Rectangle function

• Fourier transform = sinus cardinal
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Convolution : properties (1)

• Formal definition 

• Linear transform, commutative

  

€ 

(h ∗ s)(
! 
t ) := h(! τ ).s(

! 
t − ! τ )∫∫ d! τ 

  

€ 

(h ∗ s)[! n ] := h[
! 
k ].s[ ! n −

! 
k ]

! 
k 

∑

€ 

h ∗ s = s∗ h
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Convolution : properties (2)

• Convolution with Dirac impulse = shift 

• In particular 

• Differentiation

€ 

s = δ0 ∗ s = s∗δ0

  

€ 

s(
! 
t − ! τ ) = (δ! τ ∗ s)(

! 
t )

€ 

d
dt
(h ∗ s)(t) =

dh
dt
∗ s

# 

$ 
% 

& 

' 
( (t) = h ∗ ds

dt
# 

$ 
% 

& 

' 
( (t)
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Convolution : properties (3)

• Mirroring 

• Convolution as a correlation measure 

€ 

˜ h (t) := h(−t)

€ 

h ∗ s( )(t) = h(t − τ )
τ

∑ .s(τ) = ˜ h (τ − t)
τ

∑ .s(τ) = ˜ h (.− t),s(.)
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Analog to digital 
conversion: sampling
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Figure 3.3. from "The Scientist and Engineer's Guide to Digital Signal Processing, copyright ©1997-1998 by Steven W. Smith. 
For more information visit the book's website at: www.DSPguide.com"

Sampling issues

http://www.DSPguide.com
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From http://en.wikipedia.org/wiki/File:CriticalFrequencyAliasing.svg

Sampling issues

http://en.wikipedia.org/wiki/File:CriticalFrequencyAliasing.svg


Sampling & the Fourier transform

|X(f)|

Xd(f) = X � IIIF (f)xd(t) = x(t) · IIIT (t)
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• Continuous & infinite

• Discrete & infinite

X(f) =
Z

R
x(t)e�2i�ft

dt, f 2 R
x(t) =

Z

R
X(f)e+2i�ft

df, t 2 R

X(f) =
X

n2Z
x[n]e�2i�fn

, f 2 R
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Continuous vs Discrete FT

-1/2 +1/2

... ...

• Continuous & infinite

... ...

• Continous & periodic

Time domain Frequency domain

x[n] =
Z +1/2

�1/2
X(f)e+2i�ft

df, n 2 Z

(inverse) Fourier 
transform

??
... ...
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• Bandlimited signals: maximum frequency 

• Sampling period T / sampling frequency F = 1/T

• Shannon/Nyquist/Whittaker/Kotelnikov theorem: 
no information loss provided that 

Sampling theorem
F

max

|X(f)|... ...
F

max

�F
max

F > 2F
max
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Digital to analog 
conversion: 

reconstruction



Reconstruction

|X(f)|
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Reconstruction of  
band-limited signals 

x(t) =
X

n2Z
x(nT ) sinc(t� nT )
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Summary on Fourier 
transforms



• Continuous & infinite

• Discrete & infinite

X(f) =
Z

R
x(t)e�2i�ft

dt, f 2 R
x(t) =

Z

R
X(f)e+2i�ft

df, t 2 R

X(f) =
X

n2Z
x[n]e�2i�fn

, f 2 R
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Continuous vs Discrete FT

-1/2 +1/2

... ...

• Continuous & infinite
... ...

• Continuous & periodic

Time domain Frequency domain

x[n] =
Z +1/2

�1/2
X(f)e+2i�ft

df, n 2 Z

(continuous) 
Fourier transform

... ...
Fourier series ... ...



• Discrete & finite

• Discrete & infinite

X(f) =
X

n2Z
x[n]e�2i�fn

, f 2 R

X[k] =
1p
N

NX

n=1

x[n]e�2i�kn/N
, 1  k  N

x[n] =
1p
N

NX

k=1

X[n]e+2i�kn/N
, 1  n  N
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Infinite vs Finite FT

-1/2 +1/2

• Discrete & finite

• Continous & periodic

Time domain Frequency domain

x[n] =
Z +1/2

�1/2
X(f)e+2i�ft

df, n 2 Z

discrete Fourier 
transform & «FFT»

... ...
Fourier series ... ...

n=1 n=N k=1 k=N
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Fourier transforms : comon 
properties

• Linear, invertible, unitary transform 
• Preserves the energy (Parseval equality) 

• Converts convolution into multiplication 

1. Up to normalization factor for other equivalent definitions of 
Fourier transforms (parameter             or other normalization) 
2. With circular convolution for discrete & finite signals

€ 

x 2
2 := x[n]

n
∑

2
= X[k] 2 =: X

k
∑

2

2

€ 

ω = 2πf

€ 

F x ∗ y{ } = F x{ }.F y{ }
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Algorithms: fast Fourier 
transforms & fast convolution

1D
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Online processing 
of a data stream

A/D conversion
... ... ... ...

Discrete infinite signalAnalog signal }

Buffering

Discrete finite signal

n=1.. N

D/A conversion

Streaming

Digital Signal 
Processing

Example: real-time digital 
filtering / digital equalization
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Discrete Fourier Transform

• Digital data  
– discrete &finite ! 
– need computational tools / algorithms 

• Math form 

• Matrix form 

• Algorithm and complexity (number of multiply/add):  
– Pure matrix.vector multiplication :  O(N^2) flop 
– Fast Fourier Transform algorithm:  O(N log N) flop

€ 

X[k] =
1
N

x[n].e−2iπkn /N
n= 0

N−1

∑ , 0 ≤ k < N

€ 

x[n] =
1
N

X[k].e+2iπkn /N

k= 0

N−1

∑ , 0 ≤ n < N

€ 

X = F.x

€ 

x = F*.X

€ 

F.F* = F*F = I

??
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Discrete Fourier Transform

• Software 
– Matlab : X = fft(x);
– C/C++ : Fastest Fourier Transform in the West 

http://www.fftw.org 
• Warning : read the documentation! 
  For length N input vector x, the DFT is a length N vector X,
•     with elements

•                      N

•        X(k) =       sum  x(n)*exp(-j*2*pi*(k-1)*(n-1)/N), 1 <= k <= N.

•                     n=1

•     The inverse DFT (computed by IFFT) is given by

•                      N

•        x(n) = (1/N) sum  X(k)*exp( j*2*pi*(k-1)*(n-1)/N), 1 <= n <= N.

•                     k=1

http://www.fftw.org
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Circular convolution

• Finite signals : 
• Standard convolution ? 
• Periodization 

• Circular convolution 

• DFT 

€ 

x ∗ y ( )[n] = x [l].y [n − l]
l=−∞

+∞

∑

€ 

x [n],y [n], 0 ≤ n < N

€ 

x[n] := x [nmodN]

€ 

x ∗ y ( )[n] := x[l].y[n − l]
l= 0

N−1

∑ = x[n − l].y[l]
l= 0

N−1

∑

€ 

F x ∗ y ( ) = F x ( ).F y ( )
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Fast convolution (1)

• Convolution of signals of finite support 

• Cost per output sample : M multiply-add

0 M-1 0 M-1 0 2M-1* =

€ 

x

€ 

y

€ 

x ∗ y
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Fast convolution (2)

• Convolution of signals of finite support 

= circular convolution of finite signals 
• Fast implementation by DFT 
• Cost per output sample : O(log M) 

0 M-1 0 M-1 0 2M-1* =

€ 

x 

€ 

y 

€ 

x ∗ y 
2M-1 2M-1
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Fast convolution (3) 
Overlap-add method

h

s

M

h

0

2M

s1

s1 0

H S1

Zero padding

FFT

Multiply

FFT-1

Add h*s

2M

H.S1
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Fast convolution (3) 
Overlap-add method
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Fast convolution (3) 
Overlap-add method
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Next time

• Tool: Short Time Fourier Transform

• definition

• role of the window (size and shape)

• reconstruction from the STFT

• Applications: 

• Denoising & Deconvolution

• Compression (~MP3)


