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Overview

e Context: inverse problems & sparsity

e Data-driven dictionaries

® | earning as a nonconvex optimization problem
e Fast dictionaries

e Statistical guarantees

e Conclusion
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Inverse problems
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Inverse Problems in Image Processing

denoising

inpainting

+ Compression,
Source Localization, Separation,
Compressed Sensing ...

6évész



Inverse Problems in Acoustics

® Possible goals

v localize emitting sources
v reconstruct emitted signals
v extrapolate acoustic field

: ® Linear inverse problem

/y:MX\

- time-series (discretized)
recorded ¢ R spatio-temporal
at sensors acoustic field € IR

® Need a model

lrria 7


file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx
file://localhost/Users/remi/Exposes/2012/ICASSP%202012/hexagon/measurement.divx

Inverse Problems & Signal Models

Signal Domain

Observatlon Domain

Measurement System

Need for a model = prior knowledge
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Sparse signal models
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Typical Sparse Models

e Audio : time-frequency representations (MP3)

s

White
= Zero




Mathematical Expression

e Signal / image = high dimensional vector
x € RY

e Model = linear combination of basis vectors
(ex: time-frequency atoms, wavelets)

~ _ Dictionary of atoms
X~ Z 2kdy, = Dz (Mallat & Zhang 93)
k

e Sparsity = small LO (quasi)-norm

2o = 3 |24]° = card{k, 2. # 0}

k



Sparse Models and Inverse Problems

Signal Domain

Observation Domain

Measuremen t System . y
y=Mx
X

" g
”
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Sparse Models and Inverse Problems

Coefficient Domain

Signal Domain

Observation Domain

Measurement System . y
y=Mx

Synthesis
Dictionary
x=Dz

Sparse coefficient
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Algorithmic Principles

® Sparse regularization = penalized regression
x =Dz with Z=argminl|y — MDz|3+ \|z||?
Z



Algorithmic Principles

® Sparse regularization = penalized regression
x =Dz with Z=argminl|y — MDz|3+ \|z||?
Z

® In practice: iterative thresholding
v gradient descent to improve data fidelity

g2 2 DTMT (y — MD3Y)
v thresholding to promote (structured) sparsity

21 « Threshold, (37712, \)



Algorithmic Principles

® Sparse regularization = penalized regression
x =Dz with Z=argminl|y — MDz|3+ \|z||?
Z

® In practice: iterative thresholding
v gradient descent to improve data fidelity

g2 2 DTMT (y — MD3Y)
v thresholding to promote (structured) sparsity

21 « Threshold, (37712, \)

® See also: greedy algorithms (Matching Pursuit)



Example: «Audio Inpainting»

Holes (Packet Loss) Clipping

—

(]
©
=
£ o WUV
S
<

-1t , . .

0 0.01 0.02 0.03
Time (s)

Limited bandwidth Clicks

8000 pr—

L1 I l‘ |
i M‘"L' Ll

E 6000

3 g 1

S 4000 2

S S 0

5 2000 E -17

LI_ 1 1 )

0 0.01 0.02 0.03
Time (s)

0
01 0.2 03 04
Time (s)

A. Adler, V. Emiya, M. Jafari, M. Elad, R.Gribonval and M. Plumbley, Audio Inpainting, IEEE Trans ASLP, 2012

~
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http://hal.inria.fr/inria-00577079/en
http://hal.inria.fr/inria-00577079/en

Example: «Audio Inpainting»

Clipping

' 0.03

0 001 002
Time (s)

—

Amplitude
o

|
—_

http://people.rennes.inria.fr/Srdan.Kitic/?page id=40

A. Adler, V. Emiya, M. Jafari, M. Elad, R.Gribonval and M. Plumbley, Audio Inpainting, IEEE Trans ASLP, 2012
September 21st 2014
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Dictionary learning for sparse modeling
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Sparse Signal Model

X ~ Dz

(Overcomplete)

Signal

image (wavelets ...)

Sparse
dictionary of atoms Representation

Coefficients



From Analytic to Learned Dictionaries

Analytic dictionaries (Fourier, wavelets ...)

| Sighalé o
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From Analytic to Learned Dictionaries

Analytic dictionaries (Fourier, wavelets ...)

~

D p—

Images

Hyperspectral
Satellite imaging

Spherical geometry

Cosmology, HRTF (3D audio)

Graph data
Social networks

Brain connectivity i

o
L
- en'
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L
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" a an
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Vector valued
Diffusion tensor



From Analytic to Learned Dictionaries

Analytic dictionaries (Fourier, wavelets ...)

>

Graph data
Social networks

Signals Brain connectivity | ‘
Images i,
ST e
: Hypgrspectrgl % '
Satellite imaging : ™
Spherical geometry B

Cosmology, HRTF (3D audio)

Vector valued
Diffusion tensor

Data-driven (learned) dictionaries




A Quest for the Perfect Sparse Model

Training database

~
e
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A Quest for the Perfect Sparse Model

Training patches

X, 1<n<N

Training database

~
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A Quest for the Perfect Sparse Model

Training database

‘ &’zﬂ/a/— |

patch extraction

Training patches

] =Dz), 1<n<N

Unknown
dictionary

Unknown
sparse coefficients




A Quest for the Perfect Sparse Model

Training patches

patch extraction Xnl :@7 1 S T S N

| ‘ Unknown Unknown
Training database dictionary | |sparse coefficients
N — . =HINZIEn
sparse learning D - edge'hke atOmS |77; = §§ .fo"‘h'f A
[Olshausen & Field 96, Aharon et al 06, Mairal et al 09,..] i\ S S N P
= shifts of edge-like motifs EELLENEE
Al ] L] [

[Blumensath 05, Jost et al 05, ...]
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Dictionary learning
as sparse matrix factorization

”~
”~
&zm—- R. GRIBONVAL - MLSP 2014 September 21st 2014 -




Dictionary Learning
= Sparse Matrix Factorization

* Training collection = point cloud

:&’10/&/—
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Dictionary Learning
= Sparse Matrix Factorization

¢ Training collection = point cloud
o

A x, ~ Dz € R?
. s-sparse

21 = at most s
nonzero entries

20



Dictionary Learning
= Sparse Matrix Factorization

* Training collection = point cloud




Dictionary Learning
= Sparse Matrix Factorization

* Training collection = point cloud




Dictionary Learning
= Sparse Matrix Factorization

X ~D7z

dx N dx K K XxN

with s-sparse columns

21



Dictionary Learning
= Sparse Matrix Factorization

X ~D7z

dx N dx K K XxN

with s-sparse columns

sounds familiar? similar to ICA! X=AS

21



Many Approaches

® |ndependent component analysis
+ [see e.g. book by Comon & Jutten 2011]

e Convex
+ [Bach et al., 2008; Bradley and Bagnell, 2009]

e Submodular
+ [Krause and Cevher, 2010]

e Bayesian
+ [Zhou et al., 2009]

® Non-convex optimization

+ [Olshausen and Field, 1997; Pearlmutter & Zibulevsky 2001, Aharon et al.
2006; Lee et al., 2007; Mairal et al., 2010 (... and many other authors)]

] &}o/a,.l
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Nonconvex optimization
for dictionary learning
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Sparse Coding Objective Function

® Given one training sample, known D:
v sparse regression 1

fx, (D) = min §Hxn — DZnH% + ¢(2n)

Zn

® Examples:
+ LASSO/Basis Pursuit:

O(z) = A|z[x
+ Ideal s-sparse approximation:

- [0, [z]lo < s;
O(2) = xs(2) = { +00, otherwise

24



Sparse Coding Objective Function

® Given one training sample, known D:
v sparse regression 1

fx, (D) = min §Hxn — DZnH% + ¢(zn)

Zn

® Given N training samples, D:
N
1
Fx(D) = 5 3 fx. (D)

1
X mZin §||X ~DZ||% + ®(Z)

25



Learning = Constrained Minimization

N\

D = arg min Fx (D)

DeD T
< min X DZ@

e Without constraint set D : degenerate solution

D—o00,Z—0
e Typical constraint = unit-norm columns

D= {D=d,...dgl Vk |di]> =1}



Algorithms
for dictionary learning
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Principle: Alternate Optimization

e Global objective Irr)liél X —DZ||7 + ®(2)

® Alternate two steps

v Update coefficients given current dictionary D
min slxi — Dzl % + ¢(2)

7

v Update dictionary given current coefficients Z

min 41X - DZ}



Coefficient Update = Sparse Coding

® Objective  min Lx; — Dzi|| % + ¢(2:)

1

® Two strategies
v Batch: for all training samples / at each iteration

v Online: for one (randomly selected) training sample /

® Implementation: sparse coding algorithm

v L1 minimization , (Orthonormal) Matching Pursuit, ...

lrrzia 29



Dictionary Update

® Objective  min SIX —DZ||%

® Main approaches

v Method of Optimal Directions (MOD) jEngan et al., 1999]
D = X - pinv(Z) = arg mDin IX —DZ||%
v K-SVD: with PCA [anaron et al. 2006]

+ coefficients are jointly updated

v Online L1: stoch. gradient [Engan & al 2007, Mairal et al., 2010]

| reia|

30



. but also

® Related «learning» matrix factorizations

v Non-negativity (NMF):
+ Multiplicative update [Lee & Seung 1999]

v Known rows up to gains (blind calibration) D = diag(g)Dy
+ Convex formulation [G & al 2012, Bilen & al 2013]

v Know-rows up to permutation (cable Chaos) D = 11Dy
+ Branch & bound [Emiya & al, 2014] P S o

e (Approximate) Message Passing |xizakala & al, 2013]

:&’1"/&/—| 3



Statistical guarantees
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Theoretical Guarantees ?

e Given N training samples in X: Dy € argmin Fx (D)

D

33



Theoretical Guarantees ?

e Given N training samples in X: Dy € arg min Fx (D)

v Compression, denoising, calibration, . :
. Source localization, neural coding ...
Inverse problems ...

denoising M S Zi=E1\N =
—> ZENIEE
\' ' TS A |7
=l =] Y
inpainting Ol = <3| [77 = [§

|

&'«"”Ia/— 33



Theoretical Guarantees ?

e Given N training samples in X: Dy € argmin Fx (D)

D
v Compression, denoising, calibration, N :
. Source localization, neural coding ...
Inverse problems ...
v No «ground truth dictionary»
v Goal = performance generalization
4:F’)((]:)N) < min 4:}7)((]:)) + NN
D
NI IEINE
® «How many training samples ?» 7 = A A =
V=S [T
| P 0 | S
\ | | ]!




e Given N training samples in X:

Theoretical Guarantees ?

D

Dy € argmin Fx (D)

f

v

Compression, denoising, calibration,
Inverse problems ...

J

4

4

No «ground truth dictionary»

Goal = performance generalization

iFx (Dy) < minEFx (D) + ny

D

® «How many training samples ?»

e Excess risk analysis
(~Machine Learning)

+ [Maurer and Pontil, 2010, Vainsencher & al.,
2010; Mehta and Gray, 2012; G. & al 2013]

[ Source localization, neural coding ...

=N IZIENE
1= S =
VI IRE
= I DR L] S
L=l e |

34



Theoretical Guarantees ?

e Given N training samples in X:

Dy € arg mDin Fx (D)

f

v Compression, denoising, calibration,
Inverse problems ...

J

v No «ground truth dictionary»

v Goal = performance generalization

LFx (Dy) < min EFx (D) + 1y

® «How many training samples ?»

e Excess risk analysis
(~Machine Learning)

+ [Maurer and Pontil, 2010, Vainsencher & al.,
2010; Mehta and Gray, 2012; G. & al 2013]

[ Source localization, neural coding ... ]

X:D()Z—|—€

v Goal = dictionary estimation

IDy — Dol

v Ground truth

® What recovery conditions ?

35



Theoretical Guarantees ?

e Given N training samples in X:

Dy € arg min Fx (D)

f

D
v Compression, denoising, calibration, . :
. Source localization, neural coding ...
Inverse problems ...
v No «ground truth dictionary» v Groundtruth X = DOZ + €
v Goal = performance generalization v Goal = dictionary estimation
i Fx (Dy) < min EFx (D) + ny |IDy — Dollr

D

® «How many training samples ?»

e Excess risk analysis
(~Machine Learning)

+ [Maurer and Pontil, 2010, Vainsencher & al.,
2010; Mehta and Gray, 2012; G. & al 2013]

® What recovery conditions ?

e |dentifiability analysis
(~Signal Processing)

+ [Independent Component Analysis, e.g. book
Comon & Jutten 2011]

35



Theorem: Excess Risk Control

® Assume:
v X obtained from N draws, i.i.d., bounded P(||x|2 <1) =1

v Penalty function ¢(z)

+ non-negative and minimum at zero
+ lower semi-continuous
4+ coercive

v Constraint setD: (upper box-counting) dimension h
+ typically: h =dK d = signal dimension, K = number of atoms

[G. & al, Sample Complexity of Dictionary Learning and Other Matrix Factorizations, 2013, arXiv/HAL]

(o)
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Theorem: Excess Risk Control

® Assume:
v X obtained from N draws, i.i.d., bounded P(||x|2 <1) =1

v Penalty function ¢(z)

+ non-negative and minimum at zero
+ lower semi-continuous
4+ coercive

v Constraint setD: (upper box-counting) dimension h
+ typically: h =dK d = signal dimension, K = number of atoms

® Then: with probabillity at least 1 — 2¢7 " on X

. h log N
LFx (Dy) < mDin LFx (D) + nn NN < C\/( il 3;\)7 05

[G. & al, Sample Complexity of Dictionary Learning and Other Matrix Factorizations, 2013, arXiv/HAL]

] &}o/a,.l
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Sample Complexity of Matrix Factorizations

® General penalty functions

+ 11 norm / mixed norms / Ip quasi-norms

+ ... but also non-coercive penalties (with additional RIP on constraint set):
® s-sparse constraint, non-negativity

® General constraint sets

+ unit norm / sparse / shift-invariant / tensor product / tight frame ...
+ «complexity» captured by box-counting dimension

® «Distribution free»

+ bounded samples P(||x]s <1) =1
+ ... but also sub-Gaussian P(||x|ls > At) <exp(—t), t>1

® Selected covered examples:
+ PCA/NMF / K-Means / sparse PCA

&/"a/—‘
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Analytic vs Learned Dictionaries

Learning Fast Transforms
Ph.D. of Luc Le Magoarou
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Analytic vs Learned Dictionaries

Dictionar Adaptation to
y Training Data
Analytic
(Fourier, wavelets, ...) No
Learned




Analytic vs Learned Dictionaries

Dictionar Adaptation to | Computational
y Training Data Complexity
Analytic
(Fourier, wavelets, ...) No
Learned High

39



Analytic vs Learned Dictionaries

Dictionar Adaptation to | Computational
y Training Data Complexity
Analytic
(Fourier, wavelets, ...) No Low

Learned

Best of both worlds ?

Yes

High

I&z'u’a,—l



Sparse-KSVD

® Principle: constrained dictionary learning

v choose reference (fast) dictionary Dy
v learn with the constraint: D = DgS where S is sparse

® Resulting double-sparse factorization problem

X & DOSZ

e [R. Rubinstein, M. Zibulevsky & M. Elad, “Double Sparsity: Learning Sparse Dictionaries for
Sparse Signal Approximation,” IEEE TSP, vol. 58, no. 3, pp. 1553-1564.

40



Sparse-KSVD

® Principle: constrained dictionary learning

v_choose reference (fast) dictionary Dy
v learn with the constraint: D = DgS where S is sparse

® Resulting double-sparse factorization problem

X & DOSZ

e [R. Rubinstein, M. Zibulevsky & M. Elad, “Double Sparsity: Learning Sparse Dictionaries for
Sparse Signal Approximation,” IEEE TSP, vol. 58, no. 3, pp. 1553-1564.
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Speed = Factorizable Structure

e Fourier: FFT with butterfly algorithm
e Wavelets: FWT tree of filter banks
e Hadamard: Fast Hadamard Transform

D

0(1024)

A\

A\

\

A\

S1

S2

S3

S4

L

O(320)

41



Learning Fast Transforms

M
e Class D of dictionaries of the form D =][S;

=1
v covers standard fast transforms :
v more flexible, better adaptation to training data

v reduced costs

+ storage cost: compression
+ sample complexity: denoising
+ computational complexity: inverse problems and more

® Learning:

v Nonconvex optimization algorithm: PALM
+ guaranteed convergence to stationary point

v Hierarchical strategy

] &}o/a,.l
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Example 1: Reverse-Engineering
the Fast Hadamard Transform

® Hadamard Dictionary: Reference Factorization

L RN

1

RSN RN “N Rw 2nlogy n

® Learned Factorization: different, but as sparse

n2 ..<

tested up to n=1024
lrzia—

Step 1:

Step 2:
™

o

>

>

2n log, n

43



Example 2: Image Denoising
with Learned Fast Transform

® Patch-based dictionary learning (n = 8x8 pixels)
® Com parison usin g SM/AL small-project.eu

KSVD denoised
PSNR = 25.93dB

EDL denoised
- PSNR=29.27dB

Original Noisy image
PSNR =20.17dB




Example 2: Image Denoising
with Learned Fast Transform

® Patch-based dictionary learning (n = 8x8 pixels)
® Comparison using SV A LL small-project.eu
® Learned dictionaries
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Comparison with Sparse KSVD (KSVDS)

Original Noisy image EDL denoised KSVDS denoised
image PSNR =22.1dB PSNR =32.94dB PSNR = 28.03dB

4 l&’z%’a/-|
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Comparison with Sparse KSVD (KSVDS)

EDL chtlonary KSVDS Dictionary
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Identifiability analysis ?
Empirical findings
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Numerical Example (2D)

X = D4y

N = 1000 Bernoulli-Gaussian training samples
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Numerical Example (2D)

X = D4y

N = 1000 Bernoulli-Gaussian training samples

~
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Numerical

X = D4y

N = 1000 Bernoulli-Gaussian training samples

of + T =i i |
- T, NG+ +
f penia Tu AN
g z- A i T #+
i i | TR Y i
y A ek T g )
++4H’+ 41- ¥ o #?F
2t +* PR |
v+
N +
: R
-3t + ! |
4 ; ' I | I
-3 -2 -1 0 1 : i

beeia—|

Example (2D

L1 crlterlon F X (D)

|Dg, 6, X1
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Numerical Example (2D)

X = D4y

N = 1000 Bernoulli-Gaussian training samples
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L1 crlterlon F X (D)

Lo, Xl

0o

|D

Symmetry =
permutation ambiguity
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Numerical Example (2D)

Fx (D)

X =DyZ g

N = 1000 Bernoulli-Gaussian training samples
3 T =+ T
Do, 0. 09t — |
+ ﬁ —
° 90 ;a*l O [« e v e
P Y. S 0.5
+ + g + .
1 * + + +++:|-:|-+ﬁ 4;'-'
N ot (Y G S
o T S N T T T =
SRR T 45 Ty i * | A
Z NG e
* A T * 1.5
1 + Rt WL, S *
b R T e T g
+ I+ 4+ T+ + + + o+
+ -+ + ++ + H —
_|:ﬁ' 'l]: T ++ $ —
2 + S S -2 .
+ + + n + 4
+ oo+
_3_ + +
3 -2 -1 0 1 2 3

-4

Empirical observations

a) Global minima match angles of the original basis
b) There is no other local minimum.
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Sparsity vs Coherence (2D

(%]
|-
m N = 1000 Bernoulli-Gaussian training samples N = 1000 Bernoulli-Gaussian training samples
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Sparsity vs Coherence (2D

Empirical probability of success

o # ground truth=local min ground truth=global min
; N = 1000 Bernoulli-Gaussian training samples N = 1000 Bernoulli-Gaussian training samples 1
a ) ‘ T ) ‘ | |
L2 +
3 + 3
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Sparsity vs Coherence (2D)

Empirical probability of success

& 1 # ground truth=local min ground truth=global min
(8_ \ N= 1900 Bernoulli—Gaussiar‘l training samples \ 1 1
[75]
> 8r 3r 0.8 0.9 0.8 0.8
i~ 2 . 2 -
§ 1 a0 | 0.6 B 0.8 0.6
1+ A Q a
7 fﬁ 7 0.4 0.7 0.4
i . 1. 02 0.6. 0.2
Bl ) S ] 0.5
I B IR RN S o , 0.2 04 06 0.8 0.2 04 06 0.8
N = 1000 Bernoulli-Gaussian training samples u “
p e 2 no spurious local min
1:7 jJr%ﬁ | T 1
Lo, A 0.8
'0; + + T 06
-l A 0.4
150 +M )
Q %5 2‘&* R 05 0 05 1 15 2 % 2 = 0 1 2 3 0 2
e
(4]
% 0.2 04 06 0.8
> H
p = |cos(61 — b)] Rule of thumb: perfect recovery if:
incoherent coherent

a) Incoherence <1 —p
b) Enough training samples (N large enough)

~
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Empirical Findings

e Stable & robust dictionary identification

v Global minima often match ground truth
v Often, there is no spurious local minimum

® Role of parameters ?

sparsity level ?

iIncoherence of D 7?

noise level ?

presence / nature of outliers ”?

sample complexity (number of training samples) ?

R SR RN

lrzia—
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ldentifiability Analysis: Overview

[G. & Schnass 2010] [Geng & al 2011]
signal model /%
overcomplete (d<K) no yes
outliers yes no
noise no
cost function minp z HZ||1 s.t. D/ =X




ldentifiability Analysis: Overview

[G. & Schnass 2010]

[Geng & al 2011]

[Jenatton, Bach & G.]

;

signal model /% /
overcomplete (d<K) no yes yes
outliers yes no yes
noise no yes
cost function minp z HZ||1 s.t. D/ =X min FX(D)

#(z) = Allz]lx
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ldentifiability Analysis: Overview

[G. & Schnass 2010] [Geng & al 2011] [Jenatton, Bach & G.]
;
signal model J// /
overcomplete (d<K) no yes yes
outliers yes no yes
noise no yes
cost function minp z HZ||1 s.t. D/ =X min FX(D)

i

¢(z) = Allz]lx

See also: [Spielman&al 2012, Agarwal & al 2013/2014, Arora & al 2013/2014, Schnass 2013, Schnass 2014]
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Theoretical Guarantees ?

e Given N training samples in X:

Dy € arg min Fx (D)

f

D
v Compression, denoising, calibration, . :
. Source localization, neural coding ...
Inverse problems ...
v No «ground truth dictionary» v Groundtruth X = DOZ + €
v Goal = performance generalization v Goal = dictionary estimation
4:F’)((]:A)N) §m1n HDN _DOHF

LI (D) + nn

D

® «How many training samples ?»

e Excess risk analysis
(~Machine Learning)

+ [Maurer and Pontil, 2010, Vainsencher & al.,
2010; Mehta and Gray, 2012; G. & al 2013]

® What recovery conditions ?

e |dentifiability analysis
(~Signal Processing)

+ [Independent Component Analysis, e.g. book
Comon & Jutten 2011]

53



Theoretical Guarantees ?

e Given N training samples in X:

Dy € argmin Fx (D)

f

D
v Compression, denoising, calibration, . :
. Source localization, neural coding ...
Inverse problems ...
v No «ground truth dictionary» v Groundtruth X = DOZ + €
v Goal = performance generalization v Goal = dictionary estimation
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+ [Independent Component Analysis, e.g. book
Comon & Jutten 2011]
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«Ground Truth» = Sparse Signal Model

® Random support J C [1, K|, §J = s

® Bounded coefficient vector + bounded from below

P([|zs]l2 > M.) =0 P(min [z;] < z) =0
J
® Bounded white noise

P(llellz > Me) =0
v (+ second moment assumptions)

X:ZZidi—l—é':DJZJ—I—Ef
1eJ
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«Ground Truth» = Sparse Signal Model

® Random support J C [1, K|, §J = s

® Bounded coefficient vector + bounded from below
P(HZJHQ >Mz) = () P(IIlEI?‘ZZ‘ <§) — ()
J
® Bounded white noise
P(|lell2 > Mc) =0
v (+ second moment assumptions)

X = E Zidi—I—gzDJZJ—I—E:
reJ
NB: z not required to have i.i.d. entries
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Theorem: Robust Local |dentifiability

® ASSUME [Jenatton, Bach & G. 2012]
+ dictionary with small coherence (1(Dg) = m;?x (d;,d;)| € [0, 1]
i#]

+ s-sparse coefficient model (no outlier, no noise) S 5 ,u(Do)|1||DO ]2

”~
-
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Theorem: Robust Local |dentifiability

® ASSUME [Jenatton, Bach & G. 2012]
+ dictionary with small coherence ,LL(DO) — m;éxx |<d7;, dj>‘ c [O, 1]
VF]

+ s-sparse coefficient model (no outlier, no noise) S ,S ,u,(Do)\lHDo 2

. 1
® Then: consider Fx(D) = min - ||X — DZ||% + \|Z

v for any small enough A, with high probability on X,
there is a local minimum D of Fx (D) such that

ID — Dolr < O(Asp||Dolf2)

1,1

‘ &’zﬂ/’a/— ‘
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Theorem: Robust Local |dentifiability

® ASSUME [Jenatton, Bach & G. 2012]
+ dictionary with small coherence ,LL(DO) — m;éxx |<di, dj>‘ c [O, 1]
t7=J

+ s-sparse coefficient model (no outlier, no noise) S S M(Do)\l\lDo 2

. 1
® Then: consider Fx(D) = min - ||X — DZ||% + \|Z

v for any small enough A, with high probability on X,
there is a local minimum D of Fx (D) such that

ID — Dolr < O(Asp||Dolf2)

1,1

e + stability to noise
e + finite sample results
e + robustness to outliers

] &}o/a,.l



Example 1: Orthonormal Dictionary

® Coherence pu(Dg) =0

_ : 1
® No sparsity constraint s < (D) Doll

] &}o/a,.l
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Example 1: Orthonormal Dictionary

® Coherence u(Dg) =0
® No sparsity constraint s < 515073
e Asymptotic guarantee:

v for M, < X < z/4, with high probability on X, there is a
local minimum such that

|D — Dol < O(Asu||Doll2)
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Example 1: Orthonormal Dictionary

® Coherence u(Dg) =0
® No sparsity constraint s < 515073
e Asymptotic guarantee:

v for M, < X < z/4, with high probability on X, there is a
local minimum such that

D — Dol < O(Aspl|Doll2) =0
v exact recovery

e Noiseless: finite sample results with N = Q(d*)
D < RdXd
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Example 1: Orthonormal Dictionary

® Coherence u(Dg) =0
® No sparsity constraint s < 515073
e Asymptotic guarantee:

v for M, < X < z/4, with high probability on X, there is a
local minimum such that

D — Dol < O(Aspl|Doll2) =0
v exact recovery

e Noiseless: finite sample results with N = Q(d*)
® +Robustness to outliers D e R9*4

(rrzia— 56



Example 2: Guarantees vs Observations

® Robustness to noise ® Sample complexity

Predicted slope

d x d Orthonormal dictionary in dimension d

dx2d Hadamard-Dirac dictionary in dimension d

1
10 Joas | | | > 10° FrTTT ARG | | 3
E_d=8 E EHI”H”H”””HAr//////////////l, JH//7//// ]
i d=16
|| m— =16
ni d=32 (random init.)
10° || ===d=32 (oracle init.) g
. o {HHHHHI\I\I\MHI\IHHHHHI\I\IHH\;
.
o 10 -
S S
o o
(0] -1 |
2 10 | .qu
3 ©
i 3
_2 \\
10 X \\\\\\\\7
_2 [
10 ] [ d=8
| m— =8
Hiid=16
| m— =16
(111 d=32 (random init.) 7
=== (=32 (oracle init.)
10_3 R - 2 Hm‘s o “““4 s
10 10 10 o _ 10 10
Noise level number N of training signals
~



Flavor of the proof
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Characterizing Local Minima (1)

® Noiseless setting
v Minimum exactly at ground truth

Fx (D) — Fx (Do)
A

= > D
ground truth — Do
v one-sided directional derivatives

2ot
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Characterizing Local Minima (1)

® Noiseless setting ® Noisy setting
v Minimum exactly at ground truth v Minimum close to ground truth
Fx (D) — Fx (Do) Fx (D) — Fx (Do)
A A

—— > D > D
ground truth — DO
v one-sided directional derivatives
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Characterizing Local Minima (1)

® Noiseless setting
v Minimum exactly at ground truth

Fx (D) — Fx (Do)
A

= > D
ground truth — Do
v one-sided directional derivatives

lrzia—

® Noisy setting

v Minimum close to ground truth

Fx (D) — Fx (Do)
A

D

v Zero at ground truth
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Characterizing Local Minima (1)

® Noiseless setting ® Noisy setting
v Minimum exactly at ground truth v Minimum close to ground truth
Fx (D) — Fx (Do) Fx (D) — Fx (Do)
A A ,,
< : >

4
1

—— > :
ground truth — _ DO L v Zero at ground truth
v one-sided directional derivatives

v Lower bound at radius r

~
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Leveraging Sparse Recovery Results

e Problem 1: implicit definition

)

11
fx, (D) =min 2 ||x, — Dz, |5+ Allzn|l1
"

e Approach: explicit expression & sparse recovery

stable to dictionary perturbations and noise
+ adaptation from [Fuchs, 2005; Zhao and Yu, 2006; Wainwright, 2009]

fX(D) — ¢x(D|Sigﬂ(Z'0)) X = Dgzo + €

+ uses «guess» of minimizer
s T T T —1 -
z=D7x—AND;D,;) “sign(zp)
brzia
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® Goal: control expectation

Step 1: Asymptotic Regime

ﬂfX(D) o

4:fx (DO)

expectation

6l



Step 1: Asymptotic Regime

® Goal: control expectation

ﬂfX(D) _ 4:f:’c(DO)

® Using incoherence
v more explicit form

Lox (Dsign(zo)) —

Lo (Dolsign(zo))

expectation

[ O

6l



Step 1: Asymptotic Regime

® Goal: control expectation

ﬂfX(D) o

4:f:’c (DO)

® Using incoherence
v more explicit form

Lo (D|sign(zg)) — Edx (Dglsign(zo))

v lower bound
al|D — Dol|r(]|D — Dol|r — 10)

+ where 70 —

:&’10/&/—

O(Asp[|[Dolll2)

expectation

D

> D
asymptotic
bound
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Step 1: Asymptotic Regime

® Goal: control expectation

ﬂfX(D) o

4:f:’c (DO)

® Using incoherence
v more explicit form

Lo (D|sign(zg)) — Edx (Dglsign(zo))

v lower bound
al|D — Dol|r(]|D — Dol|r — 10)

+ where 70 —

O(Asp[|[Dolll2)

e Asymptotically:
v there Is a local minimum within radius r0

&ﬂf'a,-}
i

expectation

g > D
Egsym ptotic

D bound

“r

6l



Step 2: Finite Sample Analysis

Fx (D) — Fx (Do)

® Sample complexity result 4 |
S%P ‘Fx(D) B ‘ﬂfx(D)| < Ny expectation
® Naive version: whp
_ O(\/lo]gVN) D
v local min with |D — Dg||r < r if > D

N = Q(dK3?) D e R¥XK

‘ bound on
', empirical average

)\
)} P
~ e S
Y,



Step 2: Finite Sample Analysis

. Fx (D) — Fx (Do)
® Sample complexity result |
S%p Fx (D) —Ef(D)] < nn expectation

)

® Naive version: whp

:O(\/logN)

N
v local min with||D — Dg||lr < r if

N = Q(dK?~?) D ¢ R4~
O Refined VerSion: [Rademacher averages & Slepian’s lemmal] bound on
2 ..
= O(r§/VN) empirical average

v local minimum if N = Q(dK?)
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Outliers ?

e Inliers: sparse signal model x=> zd;+e=D,z; +¢
e J

e Qutliers: anything else, even adversarial

no noise / no outliers no outliers many small outliers few large outliers

X
X
%
P
%

X
X
&’(x x
Hx s R
e e K
%

S %
xxx)@xx %
X X
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Step 3: Robustness to Outliers

Fx (D) — Fx(Dyg)
® |Inliers sample complexity 1

* D !
. "
‘
3 &
. -4 ’ >
¢ 4
~~.I S ®

bound on inliers’
empirical average



Step 3: Robustness to Outliers

Fx (D) — Fx(Dyg)
® |Inliers sample complexity 1

® «Room left» for outliers

bound on inliers’
empirical average



Step 3: Robustness to Outliers

Fx (D) — Fx(Dyg)
® |Inliers sample complexity 1

® «Room left» for outliers

O |f Z HXnHQ S C(T)Ninlier

ncoutlier

(admissible «energy» of outliers) — > D

v then whp there is a local min D st

ID — Dyl|r < 7

&7"/&/-’ 64



From Local to Global Guarantees ?

N\

D = arg ]Ijnéi% Fx (D)

ground truth=local min . ground truth=global min no spurious local min
1 1
- I | 1 0.8 0.8
0.9
0.6 0.8
0.4 0.7
0.6.
0.2 05
| 0
02 04 06 0.8 0.2 04 06 038 02 04 06 0.8
H I« H

~
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From Local to Global Guarantees ?

N\

D = arg ]Ijnéi% Fx (D)

ground truth=local min . ground truth=global min no spurious local min
1 1
- I 1 0.8 0.8
0.9
0.6 0.8
0.4 0.7
0.6.
0.2 05
0
02 04 06 0.8 0.2 04 06 038 02 04 06 0.8
H I« H

See also: [Spielman&al 2012, Agarwal & al 2013/2014, Arora & al 2013/2014]

~
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E —
= g — >, g
SIE] 2 2 7 & 3 &
ER Y R 3 Z < <5
3 ~ | 8 Q, 29 = S
5 —_ & 8 o S &
resuits |= =Rkl e : 2 =5
5 2| EFEEE 3 25 g5
DcR™XP g2/ 22]:% 2 i S 5
s | 2| = |2 =] 20 = g 0 Sl
> o = — [e) X oo © T = o E
Reference C|Z|OC |0 A\ < N < = OGS
Georgiev et al. [2005] k=m—1,
Combinatorial approach XX e Y4 N 5 (D°) <1 Combinatorial
Aharon et al. [2006] Al el N AW} 2R A -l
Combinatorial approach A PARS ARSNN (k+1) (i) d,,.(D°) <1 Combinatorial
Gribonval and Schnass [2010] € ), VA < Bernoulli(k/p)
¢ criterion X | X |V 1—[D'D —1I|j2,00 || -Gaussian
Geng et al. [2011] k-sparse
0 criterion X | X |V O(1/u1 (D)) -Gaussian
Spielman et al. [2012] Bernoulli(k/p)
(0 criterion v mlogm O(m) -Gaussian or
ER-SpUD (randomized) v m?log® m O(y/m) -Rademacher
Schnass [2013] ID—D?||2,00 “Symmetric
K-SVD criterion = O(1/u1 (D)) decaying”:
(NB: tight frames only) O(pn~ /%) Qj = €5a,(j)
Arora et al. [2013] |ID—D?||2,00 O(min(m, k-sparse
Graphs & clustering <r p1/2_€) 1 <oy <C
Agarwal et al. [2013D] O(min(1//p1(D°), || k-sparse
Clustering & £ v plog mp m1/5,p1/6)) -Rademacher
Agarwal et al. [2013a) O(min(1/y/p1(D°),|| k-sparse
0Y optim with AltMinDict v m!/9 p'/#)) - iid.,
a;| < M
Schnass [2014)] ' |ID—D?||2,00 “Symmetric
Response mazxim. criterion v | X <r O(1/u1 (D)) decaying”
This contribution { |ID — D°||r k-sparse,
Regularized £' criterion with e 4 <r = 0(A) pe(D°) < 1/4 a < aj,
penalty factor A | vfor A — 0 |||z < Ma

' R 4 ///!




To conclude ...
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Summary

® Dictionary learning
v widely used in image processing and machine learning

e [Rubinstein, Bruckstein & Elad, Dictionaries for Sparse Representation Modeling,Proc. IEEE, vol.

98, no. 6, pp. 1045-1057, 2010.]
e [Tosic & Frossard, Dictionary Learning, IEEE Sig Proc. Magazine, vol. 28, no. 2, pp. 27-38.]

e Empirically successful heuristics ...
v batch / online algorithms (K-SVD & al)

e ... together with recent statistical guarantees
v sample complexity (also NMF, PCA, sparse PCA ...)

o [G. & al, Sample Complexity of Dictionary Learning and other Matrix Factorizations, arXiv:
1312.3790, December 2013]

v local stability and robustness guarantees

o [G. & al, Sparse and spurious: dictionary learning with noise and outliers, arxiv 1407.2490, July
2014]
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What's next ?

e Towards scalable dictionary learning

e [Le Magoarou & G., Learning computationally efficient dictionaries and their implementation as
fast transforms, http://hal.inria.fr/hal-01010577, June 2014]

e Sharp sample complexity ?

e [Jung & al, Performance Limits of Dictionary Learning for Sparse Coding,arXiv:1402.4078, 2014]

e Global identifiability guarantees “?
v Empirically yes ... on simple synthetic data

v Guarantees from cost functions to algorithms ?
e hitp.//arxiv.org/abs/1206.5882

e hitp.//arxiv.org/abs/1308.6273,
e hitp.//arxiv.org/abs/1309.1952v1

e Beyond dictionaries and sparse approximation
v analysis sparsity, classification, clustering ...
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projection, learning and sparsity for efficient data processing
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