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ABSTRACT above mentioned methods, we show that (a) taking into account co-
) ) . ) ) efficients dependencies is helpful; and (b) the proposed approach
In this work the image denoising problem is examined. A com-jeads to state-of-the-art performance (for a given transform), while

followed by the inverse transform. This approach is highlighted by

recently-developed methods that model the inter-coefficient depen-
dencies. However, these methods operate on the transform domain 2. THE CONTOURLET TRANSFORM

error rather than on the more relevant image domain one. In thiﬁ ; ; ;
s -t is well known that many signal processing tasks, e.g. compres-
work we propose a novel denoising method, based on the B y sigha p 9 9 b

X o . aSIgjon denoising, feature extraction and enhancement, benefit tremen-
Pursuit Denoising (BPDN) method. Our m_ethod combines thet'm'dously from having a parsimonious representation of the signal at
e g . . Uryand. Do and Vetterli have conceived the Contourlet Transform [7]
resulting in a general objective function, applicable for any wavelet-(CT), which is one of several transforms developed in recent years,

like t.ransform. We focus hefe on the Contourlet Transfqrm (CT), %imed at improving the representation sparsity of images over the
relatively new transform designed to sparsely represent images. Thga,e|et Transform (WT). The main feature of these transforms is
superiority of our method over BPDN is demonstrated, thus provid

; ; . the potential to efficiently handle 2-D singularities, i.e. edges, un-
ing a more advanced tool for image restoration. like wavelets which can deal with point singularities exclusively.
This difference is caused by two main properties that the CT pos-
1. INTRODUCTION sess: 1) thalirectionality property, i.e. having basis functions at
many directions, as opposed to only 3 directions of wavelets 2) the
In this work we focus on the problem of denoising images contamanisotropyproperty, meaning that the basis functions appear at var-
inated by additive white Gaussian noise. Symbolicallyxléte the  ious aspect ratios (depending on the scale), whereas wavelets are
unknown clean imagey, the additive noise anglthe observed noisy separable functions and thus their aspect ratio equdlsTbe main
image, i.ey = = + n. Then denoising is defined as retrieving a re- advantage of the CT over other geometrically-driven representations,
constructed image, such thati ~ x. Many recently developed de- e.g. curvelets [8], is its relatively simple and efficient wavelet-like
noising methods operate by manipulating the transform coefficientenplementation using iterative filter banks. Due to its structural re-
of the given image. The most common way of such manipulatiorsemblance with the wavelet transform, many image processing tasks
is shrinkage, namely performing a look-up-table (LUT) operationapplied on wavelets can be seamlessly adapted to contourlets.
on each coefficient separately [1]. Albeit simple, such approach In our previous work [9], the original CT was employed, as well
ignores the inevitable inter-coefficient dependency. As we turn tas a much more redundant version of it. However, a new version
use the more effective redundant transforms, this overlooked depenf contourlets, called the Contourlet-SD [10], was recently supplied
dency further increases. to us. This representation is only up 183% redundant, but nev-
More advanced methods [2, 3, 4] try to model these dependerertheless produces considerably better results than both transforms
cies, thus improving the performance while also complicating the alpreviously used. Therefore, throughout this work we employ this
gorithm. A drawback shared by these algorithms is their focus on rerew transform, which will still be denoted by CT.
moval of the noise in the transform domain, rather than in the image
domain, which does not guarantee a successful treatment. Counter 3 5AUSSIAN SCALE MIXTURE MODEL FOR
to the above algorithms, there exist several methods [5, 6] that relate CONTOURLETS
the denoising objective directly to the image-domain error, and ob-
tain the denoised image by minimization of a cost function. NeverThe Bayesian Least Squares Gaussian Scale Mixture (BLS-GSM) is
theless, their performance is often surpassed by the above transfor@recently developed method forimage denoising [3], which achieves
domain techniques. state-of-the-art results. It is based on statistical modelling of the co-
In this paper we propose a new denoising method, built as afficients of a multiscale oriented frame, specifically the Steerable
merge of these two distinct approaches. It minimizes an objectivgvavelet Transform, but can be applied to other transforms as well.
function containing the measurement error and a prior penalty. Thigve will first describe briefly the method, then elaborate on its appli-
penalty emerges from an approximate joint probability model forcation to the CT.
adjacent transform-domain coefficients, and thus can describe their
int_er-depend_encies. Itisin facta gen_erali;ation of the Basis-l?ursu'g_l_ Description
prior [5], which was also employed in this work for comparison.
This novel method can be easily extended to colored Gaussian noidéhas been known for some time that images behave in a non Gaus-
as well as to the reconstruction of noisy and blurred images problensian fashion, both at the image and the transform domain. This can
Although we concentrate here on the contourlet transform (see bde easily observed in the log marginal histogram of a bandpass filter
low), this method is valid for any wavelet-like transform. In addition, response for a sample image, as shown in Fig. 1 (left). The histogram
we adapt the Gaussian-Scale-Mixture (GSM) model [3], originallyis typical of akurtotic behavior, i.e. a sharp peak at zero, and tails
developed for steerable wavelets, to contourlets. By comparing thiéhat decay much slower than a Gaussian of the same variance.



domain error. Since minimization of the MSE at the transform do-
main does not translate directly to MMSE at the image domain for
non-orthonormal transforms, a fundamental flaw lies within many
state-of-the-art methods, like the BLS-GSM.

4.1. Formulation

Let us discuss first the Basis-Pursuit De-Noising (BPDN) method,
which was introduced by Chen, Donoho and Saunders [5]. It refers
to the solution of

N |
a=min 5y — @23+ Azl @)

. ) where ® represents theynthesigransform operatorz the coeffi-
Fig. 1. Histograms of one subband from the CTRepperg(leftto  cients vector, and\ an adjustable parameter. The reconstructed
right): log marginal; conditional (each column has been separatelinage is given by = ®z. This is essentially the maximum a-
rescaled to fit the display range). posteriori probability (MAP) solution, where the transform coef-

ficients are modelled as independésiplacian random variables.
More specifically, each coefficient is distributed according(e) «
The bandpass filter responses exhibit also hon-Gaussian joi@kp(fgm), wheres is the standard deviation.
statistical behavior, not only marginal one. Specifically, coefficients  Thijs objective function can be generalized somewhat by allow-

at close spatial positions, scales and orientations, show strong dgry each coefficient; to have its own weighf\;, and thus we get
pendencies that cannot be vanished by decorrelation. Firstly, large

. o1
coefficients in a bandpass response of a natural image are mostly Z = min §Hy — Pzl3 + Z Ailzil. 3)

clustered together, which is particulary evident near edges. Se‘:/Y/ith respect to a multiscale transform, such as the Contourlet trans-

Sgﬂlg,nt;;glsltg: l;tlggw?;: SChO: fgc(lggtte (I::?nditl?in %(tj) by its nelghborform, experiments made on natural images show that coefficients at
P 9. ~ Ngnt). different scales and directions have different average standard devia-

One way of describing both the marginal and the joint Statis'tion. Hences should depend on the scale and direction, and perhaps

tics of coefficients at the transform domain is by the Gaussian Sca ; o . -
Mixture (GSM) model [3]. A local neighborhood is represented by&:i;rﬂefiagz?ﬁg'iggtgg ;\ge;l\’/eWh'Ch Justifies a coefficient dependent

a product of a Gaussian vector and an independent scalar multiplier. A ible d ide of such his the statistical inde-
Formally, denote as a local neighborhood of a reference coefficient, possibie downside ot such an approach Is the statistical inae
J/a as a positive scalar multiplier and as a zero-mean Gaussian pendenqe assumption Qf dnfferent coefficients. As later resu!ts will
vector. Then the basic GSM model assumption is \/au, where ~ S1OW this approach is inferior to the proposed methods, which ex-

! plicitly model inter-coefficient dependencies. In developing these

a is known as théidden multiplier since it cannot be observed. methods, the main challenge arising is how to formulate a global

\/&1/:\1ovts)zs?/\;\r:eecrjenwoIizytr:]eeIgcrj]gict)i:/k:aoggics:znGgise;(ig;e?/Zi?oraBai d all prior model from the local ones described earlier. However, we must
y ' emphasize that these local models serve only as an intuition, since

Ejherre]zte r.?ﬁg?gqurirr']izli%gfrf]ié?een??Shtrg(':%eng{rmeteedqgat:ﬁg aBrae 'Qg?g;gley correspond to the analysis operator response, not necessarily to
: y y e underlying distribution.

Squares (BLS) estimate, gl\o/en by Sendur and Selesnick [4] suggested the use of a new bivariate
E{z|v} = / plalv)E{z|v, a}do. (1) pdf to model the distribution of a coefficient and its parent. They em-

0 ployed this pdf to construct a MAP-basbiVariate shrinkage rule,

After all of the coefficients are modified via Eq. (1), the image isunlike the commonly usedcalar shrinkage rules. We can easily

reconstructed by the inverse transform. extend their model to account for the dependencies in a local neigh-

borhood with arbitrary size. Denote= (z1, 22, . . ., zn ), Wherez;

L is the j-th coefficient in the neighborhood, (is the central coeffi-

3.2. Application to the CT cient). In addition, denote; as the standard deviation of. Then

Once the neighborhood is defined for a certain representation, tHe joint pdfis given by

BLS-GSM method can be employed. To specify a meaningful neigh- N2

borhood, we need to look first at the structure of the new CT [10]. p(z) = Kexp(—a Z<—7> )7 4
Each of the two finest scales contains the same number of coeffi- 73

cients as the image, and thereafter the number of coefficients is digherek is a normalizing factor, and ensures that; is indeed the
vided by four every coarser scale. Independently, the number aizndgard deviation of;.

directions is doubled every other finer scale. Hence, there are four 14 axamine the a]ccuracy of the model of Eq. (4), it can be com-

possible parent-child relationships, depending on the scale and trb%red with an empirical histogram. Figure 2 shows (in white) the log

directional partition. The best results were obtained with neighborg)-m histogram of a reference coefficient and one of its nearest neigh-

hoods thatinclude only a parent and the eight nearest neighbors, aBfs estimated from the finest CT bands of several images. Two
this choice will be referred to hereunder. main deviations from the discussed model can be easily observed in

the empirical histogram: 1) The model suggests non-smooth surface

4. ALTERNATIVE DENOISING METHOD for z = 0, but it is in fact smooth. This can be solved by adding a

small positive constantinto the square root of Eq. (4). 2) The decay
This section describes a novel method for image denoising, which isate diminishes az| increases, while the model suggests a constant
basically minimization of a cost function, incorporating a new globaldecay rate. Rectifying this difference is obtained by decreasing the
image model. As opposed to recently developed methods, this apower inside the exponent froiy2to 1/y (y > 2). Thus, the
proach refers to the image domain error, rather than the transformodified model is given by



o; of the subband’s coefficients.
Next, the contexty;} in each subband are sorted in an in-
Manual fitting between the estimated and the modelled log joint pdEreasing order, and the coefficiedts;} whose context are at most

1
z5\2 El whereZ is aM x p matrix with rows{z; }, andz is aM x 1 vector
p(z) = Kexp(a(2(3> +5) ) (5) {z:}

resulted ire = 2.5 - 1072, v = 6 (see Fig. 2). L values away fromy; are chosen (i.2L + 1 coefficients). The
variance estimate of; is given by
1
&3:max{m;zj2—aiﬂ ,0}, (8)
J(2

whereafm is the noise variance at the i-th coefficient (it is in fact
constant over a subband). As Fig. 1 demonstrates, a coefficients’
standard deviation scales roughly linearly with its neighbor’s abso-
lute value. Hence, the above method can be understood as gathering
of coefficients with the same variance, then estimating this variance.
Similarly to Ref. [11], we choosé& = max {100, 0.02M } to guar-
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The BPDN-VAR method is specified by several unknown parame-
15 ters which must be selected; , A and the neighborhood size. As

1 . ' discussed earlier (Sect. 4.3)ande can be set manually to fit the 2-

D joint histogram (see Fig. 2). However, such a choice might not be
suitable for higher dimensional distributions. Moreover, for- 2

Fig. 2. Log joint histogram of two nearest neighbors: empirical the objective function in Eq. (6) is not convex, necessitating a se-
vs. the proposed model in (5). The axes are xlabelreference), quential minimization for increasing values of Therefore, in this
ylabel=- (neighbor), and zlabelrp(z1, 22). paper we sety = 2, although other values will be examined in a
future work. The value of must be positive to ensure a smooth

The question arising now is how to extend the local prior modepbjective function, and also to allow better fitting of the empirical ‘
into a global one. Sendur and Selesnick [4] assumed independefistogram to the model. On these grounds and based on our experi-
neighborhoods, to simplify mathematical manipulations. In a simi-nents we have chosen= 10—,
lar fashion, we also embrace the independency assumption. Incor- Regarding the neighborhood selection, the choice which led to
porating this supposition into Eg. (2), we get the best performance was of a parent and the four nearest spatial

1 ) 2\ 2 1 neighbors. For comparison, we will also examine the 1 neigh-
min o lly — ®zfl; + A > <Z (;) + E) , (6)  borhood case (i.e. the reference coefficient alone), which will be de-

R TO IR noted by BPDN-VAR-NN (stands for No-Neighbors). In addition, to

where\ is again an adjustable constant. Here we demods the  show the effect of spatial adaptivity, a special case of BPDN-VAR-
global coefficients vector angj () } as the indices of the coefficients NN (denoted by BPDN-BAND), where the parametéss} are only
included in the i-th neighborhood. Note that the outer summation irsubband-dependent, will be tested.
Eg. (6) is not made over the lowpass coefficients, since the discussed Returning briefly to Eq. (3), and remembering that it corresponds
dependency model is not valid for these. This method will be deto the MAP-solution for an independent Laplacian prior model, we

ylabel

xlabel

7

noted hereafter BPDN-VAR. get\; = V202 /o;, whereo? is the noise variance at the image do-
main. Going back to the BPDN-VAR-NN method, the correspond-
4.2. Variance Estimation ing value of\ is A\ = v/2¢2, which turned out to be indeed the op-

timal value performance-wise. However, in the BPDN-VAR method

th ! "\ from the qiven data. O  esti. (€€ Eg. (6)), each coefficient appears either five, six or nine times
e varianceqo; } from the given data. One common way of esti in the summation, depending if it belongs to the finest scale, the

mating tyhe_var_lances is by using cpeﬁluents from the r_ef_erence C%econd-finest scale, or any other scale, respectively. Clearly no value
efficient’s vicinity. Although this estimate makes sense, it is too sen-

sitive to the neighborhood’s size: a small one leads to an unreliabl%f A SXIStS such that the ’effectlye’ \{velght of ?ac'; coeff|C|er12t equals
estimation, while a large one yields slow adaptation to varying charﬁan2/0i‘ One possible solution is to multiply; _by (9/5) or
acteristics. As a result, the reconstructed images in our experiment§/5)" (for the coarsest scales and the second-finest scale, respec-
obtained in this method were blotchy, and therefore this method wad/€ly), and also to sek = Xo/5. We should note that the PSNR
abandoned. values remain virtually unchanged for € [Xo/6, Ao/3], yet better
An alternative estimation method was introduced by Cretrag, ~ Visual quality was obtained witho /3, which was thus chosen.
[11] for the WT, though it remains valid for any multiscale transform  Following the selection and estimation of the unknown param-
like the CT. Consider a subband willf coefficients, and denote eters, the minimization of the cost function in Eg. (6) can begin.
as ap x 1 vector containing thabsolute valuesf p neighbors of;. A work by Elad [1] showed that the BPDN problem (Eq. (2)) can
The contextof z; is defined as a weighted average of its neighborse solved by iteratively performing simple shrinkage on the coef-
absolute valueg; = w'z;. The weights vectow is calculated by ~ ficients. This work can be easily extended to apply on the BPDN-
the least squares (LS) estimate over the whole Subband’ i.e. VAR-NN method by maklng a certain modification to the coefficient-
wis = (2'2)"' 24, @) dependent thresholds. Nevertheless, the BPDN-VAR method cannot

The implementation of the new algorithm requires an estimation o



be expressed as a series of closed-form LUT operations. This dis-
tinction vastly increases the complexity of the discussed techniqu
thus ruling out its use for BPDN-VAR.

After testing many optimization algorithms, we finally decided
to use the Truncated-Newton algorithm with preconditioning [12] for
BPDN-VAR method. More details about the optimization method,
including explicit expressions for the gradient and the hessian’s di*
agonal, can be found in Ref. [13]. In our simulations the PSNRE
increased with every multidimensional iteration, until it settled after
about20 iterations.

For further comparison, we have also tested hard-thresholdin%
(HT), namely zero-forcing; if it is smaller than a threshol& o, ; 9
(see Sect. 4.2 for notations). As in Ref. [7], we #ét= 4 for the
finest scale, and& = 3 otherwise. For all of the discussed methods
we used a directional partition & 8,16 and 16 directions (from
coarse to fine).

5.2. Results

Figure 3 displays a comparison between the BPDN-VAR and BLS-
GSM methods, for 200 x 200 slice of Peppers The corresponding
PSNR values appear in Table 1. Although the PSNR of BLS-GSM

is slightly higher, the visual quality of both methods is similar.

Table 1 summarizes the PSNR results of all of the examined [1]
methods, for,, = 20. This comparison reveals some interesting ob-
servations: 1) Spatial adaptivity improves the performance dramat-
ically, as the comparison between BPDN-BAND and BPDN-VAR- [2]
NN shows. 2) The BPDN-VAR method surpasses BPDN-VAR-NN
uniformly (0.384B on average). Thus, modifying the prior to ac-
count for the dependencies is worthwhile. 3) BPDN-VAR method [3]
attains roughly the same PSNR as BLS-GSM (medelgd B less).

(4]

T

(5]

[6]

(7]

(8]

El

Fig. 3. Denoising results of 200 x 200 slice of Peppergfor o,
20). From left to right and top to bottom: Original; Noisy; BLS- [10]
GSM; BPDN-VAR.

[11]
Table 1. PSNR values for all of the images and methags & 20)
Peppers256| Peppers| Lena | Barbara

HT 28.21 30.87 | 31.46 | 28.36
BPDN-BAND 27.96 30.00 | 30.30| 27.58 [12]
BPDN-VAR-NN 29.21 31.14 | 31.49 29.61
BPDN-VAR 29.43 31.57 | 32.02 29.94 [13]
BLS-GSM 29.27 31.69 | 32.06| 30.19

6. CONCLUSIONS

?Ne have proposed a novel denoising method, by merging the in-
herent transform domain inter-coefficient dependencies into a MAP
framework. The resulting algorithm proved superior to the classic
Basis-Pursuit Denoising (BPDN), which does not account for these
:dependencies. Even though the new prior still does not describe ac
urately the true probability function (because of the neighborhoods
independency assumption), it does provide a step forward in that di-
rection.

As for the future work plan, we mention several topics: 1) test-
various values ofy ande (see Sect. 4.1). 2) Extension to more
general inverse problems such as deblurring. 3) Further modification
of the prior in Eq. (6), in order to better describe the inter-coefficient
"dependencies.
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