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ABSTRACT

The topic of this thesis is the relationship between program analyses formulated
as type systems and analyses formulated as abstract interpretations. As one of
the main results we show the correspondence between abstract interpretation for
higher order functional languages and a type system with conjunctive types. We
use this correspondence as a starting point for developing new analyses such that
each analysis has both a type system and an abstract interpretation formulation.
On one side this gives a characterisation of the abstract interpretation in terms
of a logical system; on the other side the abstract interpretation gives an effective
technique for implementing the logic.

Non-standard type systems are program logics defined over a preorder of properties
where the ordering is logical entailment. By grouping the properties into sets of
properties closed under entailment, we obtain a partial order over which we can
then define a denotational semantics such that the denotation of a program is the
set of properties provable of the program in the logic. Similarly we show how a
partial order gives rise to a set of properties by taking certain subsets of the partial
order to represent the properties. In this way a program satisfies a property if its
denotation belongs to the set of elements representing the property. This provides
a means of passing between the partial orders used in abstract interpretation and
the formal systems of properties underlying the type systems.

As a first application of this correspondence we give an abstract interpretation strict-
ness analysis for higher order functional languages and prove it equivalent to a
program logic with conjunctive properties. It has been observed that abstract inter-
pretation can prove more properties than type systems that lack conjunctions; this
result provides a precise characterisation of the relationship. We then consider the
issue of increasing the power of the analysis by adding disjunctions to the program
logic and find an equivalent abstract interpretation based on lower-closed subsets
of partial orders. This extends earlier work on capturing disjunctive properties by
using tensor products of lattices.

Finally we construct a program logic for reasoning about uniform properties of
recursive data structures. We axiomatise uniform properties in a way similar to
the axiomatic description of the Plotkin powerdomain. This means that the partial
order modelling the properties can be obtained as a partial order of convex subsets
as in the Plotkin powerdomain. The corresponding abstract interpretation defined
over these partial orders embodies the standard strictness analysis for lists and offers
a rational reconstruction of the elements in Wadler’s four point domain.
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Chapter 1

Program analysis

Analysing a program is an experience familiar to anyone who has ever been involved
in the development of any substantial computer application. Any sort of behaviour
that does not conform with our expectations calls for closer scrutiny of the program
to identify what caused this discrepancy. Any kind of changes we might want to
make to the program requires that we convince ourselves that the changes will not
cause any unexpected results.

The methods employed in the analysis process vary in the degree of automation.
At one end of the spectrum we find informal reasoning based on common sense and
perhaps supported by some calculations by hand. Next to that is the use of au-
tomated tools like debuggers and proof-checkers to verify automatically hypotheses
we might form about the program’s behaviour. At the other end of the spectrum
are the fully automated program analysers which can analyse programs without
having to rely on human intervention to direct the analysis process. One attractive
aspect of the latter kind of analyser is that it does not require the person using it
to have a deep understanding of how the analysis method works. The drawback is
that for computability reasons a fully automated analyser can only give approxi-
mate information about the programs it analyses. Thus in some cases the analyser
might answer “don’t know” to a question even though there is a precise answer to
the question. Fully automated program analysis, or static program analysis as it is
also called, is the topic of this thesis.

One reason for the interest in static program analysis is its use in programming lan-
guage processors, i.e., programs that manipulate other programs. Here we think in
particular of optimising compilers and program transformation systems. Common
to these programs is that they aim at improving their input program with respect
to some parameter. To make these improvements some information about the be-

11



12 CHAPTER 1. PROGRAM ANALYSIS

haviour of the input program is usually required, necessitating an analysis of the
program. If we want our compilers and program transformers to be fully automatic
we therefore need fully automated analyses. We shall here list some examples of
information that is of interest:

e The input-output behaviour of a program. Given a specific piece of input,
what will the output of the program be? In a more detailed analysis we might
also ask what values the variables of a program obtain either at a particular
point in the execution or during the whole execution. In particular we might
want to know whether a variable always has the same value throughout a
computation. A number of optimisations can be done by a compiler based on
this information [ASUS6.

e The termination properties of a program. Will it always terminate? Is there
input for which the program does not terminate? This is considered by Mycroft
and Abramsky [Myc81, Abr90].

e The use of storage and the run-time of a program. When is a piece of data not
used any more? The use of storage in a program can be improved significantly
if we are able to tell when it is safe to reuse a particular part of storage. A good
strategy for reusing storage can lead to less garbage collection thus improving
the overall run-time of a program. These problems have been investigated in
a large number of publications [Sch78, Myc81, Hud87, JM89, JM90, San90,
Wad91].

e Does a program use its input during a computation? Can we perform some
of the computation without knowledge of the input? Information of this kind
is of importance in partial evaluation, especially in its application to compiler
generation [JSS89, Lau89].

e In which order will a program evaluate its expressions. How are the variables
of a program accessed? Information of this kind can for example be used to
infer whether a local variable can be allocated globally or has to be allocated
on the stack for each new invocation of the procedure to which it is local.
For recent treatments of these issues see the theses by Sestoft and Gomard
[Ses91, Gom91].

Analyses can be classified according to what information they are meant to obtain
and according to the technique with which this information is obtained. We shall
now look at two techniques that can be used to find this information about programs:
Non-standard type inference and abstract interpretation.



1.1. TYPE SYSTEMS FOR PROGRAM ANALYSIS 13

1.1 Type systems for program analysis

We now briefly review some uses of type systems for strictness analysis and binding
time analysis. The question that strictness analysis tries to answer is “if an argument
to a function is undefined, 1s the result of applying the function to that argument
also undefined”. Such a function is called strict. An example of a strict function
is the identity function and an example of a non-strict function is the constant
function that always returns 17. Strictness information is very useful in optimising
lazy languages because if a function is strict in some argument we know that we can
evaluate that argument in advance knowing that if evaluation of the argument does
not terminate evaluation of the function call would not have terminated. Thus we
can replace the expensive call-by-name parameter mechanism with the less costly
call-by-value parameter passing without changing the termination properties of the
program. Strictness analysis has other application as well and has generated a
proliferation of papers on analysis of and optimisation based on strictness properties.
These ideas appeared in Mycroft’s thesis [Myc81], a recent survey of the area can
be found in Burn’s monograph [Bur91].

Kuo and Mishra [KM87, KM89] advocated the use of type systems for strictness
analysis of typed and untyped functional languages. The conjunctive strictness
logic presented in Chapter 3 is essentially an extension of their “typed” analysis to
include product types as well. The untyped analysis operates with a set of strictness
types defined by the grammar

T=¢|0|n — 7.

The intention is that ¢ is the type of all non-terminating expressions, [J represents all
expressions terminating or not, ¢.e., this is the don’t know information, and 7 — 7
denotes those expressions that, when given an argument satisfying 7y, return an
answer satisfying 7.

Kuo and Mishra presents a type system for deducing strictness types of programs.
The system is similar to type systems with coercions [Mit91]. With this type system
we can do simple strictness proofs such as showing that the function Twice, defined
by

Twice = Af A zx.f(f(x)),

returns a strict function when applied to a strict function. In the strictness type
system this is expressed by the type judgement

Twice : (p — ¢) = ¢ — ¢
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and the following type inference is a proof of this typing judgement.

fio—=>d,x:0Ff:0p— ¢ fiop—=>d,x:0F f(x): ¢
fro—=0,x:0F f(f(z)): ¢
fro—= b f(f(z)): (¢ — ¢)
A2z f(f(z)): (9= 0) = ¢ —¢

Binding time analysis is another area where type systems have been applied suc-
cessfully. Binding time analyses are used in partial evaluators to determine which
part of a program can be evaluated given only partial knowledge about the input. A
recent account of binding time analysis by type inference can be found in Gomard’s
thesis [Gom91]. In loc. cit. a series of analyses of untyped functional languages is
presented, all based on type systems and implemented by what the author calls
partial type inference. The input to the binding time analysis is a program and a
description of which part of the input to the program will be known. The output is
an annotated program where the annotations indicate whether an expression can be
reduced based on the partial input available or has to be left as residual code in the
program. The type systems for binding time analysis, like Gomard’s type system
and others, can thus be viewed as a program logic for deducing when it is possible
to evaluate a given part of a program given a specific amount of input.

1.2 Abstract interpretation

It is of paramount importance that an analysis gives safe information about the
behaviour of programs. As already argued we cannot expect to get exact information
but we must demand that the approximations found by the analysis never lead us
to draw conclusions about a program’s behaviour that are incorrect. For a program
that always returns a positive number as result, an input-output analysis can give the
(useless) information “don’t know” or the (more useful) information “not negative”
about the answer but it must never claim that the answer is negative. The term
semantics-based program analysis is frequently used for analyses that have been
proved correct with respect to a semantics of the programming language. The
desire to develop a generic framework for proving correctness of program analyses
lead Cousot and Cousot to the definition of abstract interpretation [CC77, CCT9,
CC92]. An abstract interpretation interprets a program as a function over a partially
ordered set of abstract properties. The partial order C on abstract properties is the
approximation ordering on properties such that if property P entails property @) then
P C Q. We shall here present how this has been applied to functional languages.
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1.2.1 Abstract interpretation of functional languages

The technique of abstract interpretation was carried over to first order functional
languages based on recursion equations by Mycroft [Myc81]. One of the results
obtained by this was a strictness analysis formulated as an abstract interpretation.
For each type of value we consider two abstract properties:

1 representing all values

0 meaning the undefined value

To handle the recursive definitions the standard semantics is now defined over do-
mains rather than sets and Mycroft uses powerdomains as sets of properties over the
standard semantics. The abstract interpretation of an n-ary function is a monotone
function f# : 2" — 2. Similarly to Cousot and Cousot, Mycroft shows how the
abstract interpretation of a program can be defined compositionally, using the oper-
ations on the lattice of abstract properties to combine the abstract interpretations
of the sub-expressions in a program. For example, an accumulative version of the
factorial function might include a function like

afac mn = if m =0 then n else afac (n — 1) (n*m)

The abstraction of the afac function is calculated as follows

afac® mn = (if m = 0 then n else afac (n — 1) (n*m))*
= (m=0)#nN(n" U (afac (n — 1) (nxm)))#*
= m M (nUafac® (n — 1D)# (nxm)#)

= mn (nUafac” n (n11m))

Another way of reading this recursive definition of afac” is that afac” must be a
fixed point of the functional

F=AF . dm . n.mn(nUafac® n (nMm))

Again the smaller an abstract value is the more information it carries so the least
fixed point is to be preferred. It can be computed by a fixed point iteration starting
with approximating afac” by the function mapping everything to the smallest value
0, i.e.,

afac? = D F*(Az.\y.0)

n=0
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That this is possible relies on the fact that we interpret functions as monotone
functions over the two-point lattice. This gives rise to a lattice of functions where
the ordering is the pointwise ordering on functions:

fEg = Vd. f(d)E g(d).

This, on the other hand, made it possible to extend abstract interpretation to higher
order (typed) languages [BHA86]. A functional object is abstracted to an element
in the corresponding lattice of functions between the lattices of abstract properties.
This abstract interpretation is the basis of the abstract interpretation presented in
Chapter 3.

Abstract interpretation has also been extended to programs using more complex data
structures. The interpretation of product types is usually defined by the cartesian
product of the interpretation of each type. Assuming that properties of integers are
just the two—point domain 2 = {0 C 1} where 0 represents the property “undefined”
and 1 represents “no information” the interpretation of IntxlInt is then the lattice
2 %X 2

(1)
/N

(0,1) (1,0)

NS
00)

Here the point (0,1) represents the property that the first component of a pair is
undefined and (1,0) represents the property that the first component of a pair is
undefined. But (1,1) represents the “no information” of pairs which means that
there is a disjunctive property ( “either the first or the second component is unde-
fined”) that is not represented in the abstraction 2 x 2 of IntxInt. This lead Nielson
to suggest that the tensor product, rather than the cartesian product, be used to
build lattices for product types [Nie85]. We shall later show how an analysis defined
using tensor products correspond to a program logic with disjunctions.

The extension of strictness analysis to list structures was considered by Wadler
[Wad87|. The difficulty here is that we have to represent to pieces of information:
the strictness properties of the elements in list and the degree of definedness of the
Isit itself. Since lists can be infinite we cannot list a property for each element in the
list. Instead we can use a collection of properties that describes the set of elements
as a whole. Wadler suggested the following four point lattice of properties:
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le all lists

0e lists containing an undefined element and partial or infinite lists

00 all partial or infinite lists

1 the undefined list

The abstract interpretation of the list operations are defined over this lattice such
that e.g., we have cons* 0 1€ = 0 € and length¥ co = 0 representing the
facts that adding an undefined element to an arbitrary list results in a list with an
undefined element and taking the length of a list whose ending is undefined gives an
undefined result. In Chapter 6 we shall use Wadler’s ideas to develop a framework
for analysing a class of recursive data structures based on properties describing the
content of data structures.

1.3 Overview of the thesis

The topic of this thesis is the relationship between analyses formulated as type
systems and analyses formulated as abstract interpretations. As one of the main
results we show the correspondence between abstract interpretation for higher order
functional languages and a type system with conjunctive types. We use this corre-
spondence as a starting point for developing new analyses such that each analysis
has both a type system and an abstract interpretation formulation. On one side
this gives a characterisation of the abstract interpretation in terms of a logical sys-
tem; on the other side the abstract interpretation gives an effective technique for
implementing the logic.

In Chapter 2 we set up a framework for relating the partial orders used in abstract
interpretation to the formal system of types used in type systems. We argue that the
relationship can be viewed as that between a logic and a model: a type is modelled
by a set of elements viz., the set of elements satisfying the property and an element
corresponds to a set of types wviz., the the types (properties) the element satisfies.
This intuition is formalised by the notions of ideals and filters in semi-lattices and
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we show that for finite lattices this correspondence is a duality of categories

IdI
JSL; < MSL?.
Fil

This duality is a special case of Stone Duality. The implication of this duality is
that the partial orders and logical systems are in one-to-one correspondence. Given
an object in JSL; we can derive a corresponding logical system in MSL(}” and vice

VErsa.

In Chapter 3 we use this duality to relate the partial orders in an abstract inter-
pretation of the typed lambda calculus to a set of conjunctive types. We then show
that the abstract interpretation is a sound and complete model of a type system with
conjunctive types in the sense that the set of properties provable of a program using
the type system corresponds via duality to the abstract interpretation of that term.
In Chapter 4 we extend the logic to include disjunctions of properties. This added
power is particularly useful for analysing data structures and is a prerequisite for
the developments in the subsequent chapters. Disjunctive properties are modelled
by lower sets of partial orders. We construct an abstract interpretation equivalent to
the disjunctive program logic and show that for properties of product type our inter-
pretation corresponds to earlier analyses based on tensor products. This provides an
explicit characterisation of the extra logical power the use of tensor products adds
to an abstract interpretation and extends earlier work by Nielson from first order to
higher order functions.

In Chapter 5 we develop a formal system intended for analysing the content of
data structures. We operate with two kind of properties: “all elements satisfy a
property P” and “there exists an element satisfying property P”. The rules used in
the axiomatisation are taken from an axiomatisation of the Plotkin powerdomain.
We construct a model of these uniform properties based on convex sets. This model
is then used in Chapter 6 where we extend Wadler’s strictness analysis for lists to
uniform strictness properties of a simple class of recursively defined algebraic data
structures. The extension is based on a refined system of sum type properties and
is given in terms of logical rules for the fold and unfold operations associated with
recursive data structures. Apart from the extension of the analysis to a greater
variety of types this also provides a clear logical characterisation of the elements in
the abstract lattices used in Wadler’s original analysis. The work presented hence
reconstructs Wadler’s list properties in terms of uniform properties but the resulting
lattice of properties contains distinct points representing the same properties of lists,
a problem avoided in Wadler’s original work. Finally Chapter 7 summarises the
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thesis, gives an assessment of the results obtained and discusses related and future
work.

Notes to the reader

The thesis is about semantics-based program analysis and to fully appreciate the
work reported some prior knowledge about semantics of programming languages
would be beneficial. We recommend the books by Schmidt and Tennent [Sch86,
Ten91] as introductions. To get an overview of the field of program analysis we
recommend the collection by Abramsky and Hankin [AH87|. Although much has
happened since, this is still a useful source. In the thesis we employ a certain
amount of theory of partially ordered sets, which can all be found in the excellent
introduction by Davey and Priestley [DP90]. The amount of category theory present
in this thesis is limited and serves only organisational purposes. It can all be found
in standard textbooks [Mac71, BW90].



Chapter 2

Logics and lattices

The purpose of any program analysis activity is to establish that a program satisfies
certain properties. A clear understanding of the properties we want to detect is
therefore a prerequisite for obtaining reliable program analyses. If these analyses
were to be automated it would furthermore require that we could give a presenta-
tion of these properties together with rules for how they relate to each other that
could be represented in a machine. This chapter introduces conjunctive systems as a
syntactic description of the properties underlying the program analyses considered
in the chapters to follow. The logic we consider is a particularly simple kind of
propositional logic; the only logical connective being conjunction. The presentation
of the logic consists of a collection of (syntactic) formulae together with a preorder
(the entailment relation) on formulae. In this syntactic presentation we have for-
mulae that entail each other i.e., are logically equivalent but still are syntactically
different. Equivalent formulae represent the same property, so by grouping logically
equivalent formulae together in equivalence classes we obtain a structure where each
element represents one of the properties formalised by the logic. This structure is
known as the Lindenbaum algebra [MenT9] of the logic.

To create the link with the domains used in abstract interpretation we show how the
Lindenbaum algebra of a conjunctive system determines a partial order where each
element corresponds to a set of properties viz., the properties which the element
satisfies. These partial orders will serve as domains in an abstract interpretation.
Furthermore, there is a natural definition of what the properties of such a domain
are. The central result of the chapter is that if a domain is obtained from a Lin-
denbaum algebra then the system of properties over this domain is the same logical
system as that described by the Lindenbaum algebra. The construction used to show
this correspondence is a special case of a general concept known as Stone Duality
[Joh82]. We shall give the construction and show how the main result follows.

20
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2.1 Conjunctive systems

A formal logical system involves a set of formulae and a set of logical connectives
that enables us to build complex formulae from simpler ones. The set of formulae
must be closed under formation of new formulae. It furthermore involves a preorder
(the entailment relation <) that conveys the logical relationship between formulae.
The entailment relation can be specified either by listing the entire relation or by
providing a set of rules for deducing when a formula entails another. We shall do
the latter here. We define the notion of a conjunctive system that models the logical
structure on the properties from our program analyses, together with approrimable
mappings that are used to relate two conjunctive systems. This is inspired by in-
formation systems [Sco82, LW84] and extensions thereof [Abr91b|. By quotienting
the preorder of formulae by provable equality we obtain a partial order (in fact, a
meet-semilattice) called the Lindenbaum algebra of the system. The Lindenbaum
algebra can be given the structure of a conjunctive system and is as such isomorphic
to the conjunctive system it is derived from. The stronger algebraic properties of
the Lindenbaum algebra makes it in some respects easier to reason with.

Definition 2.1.1 A conjunctive system is a structure
A= (A7 1A7 /\A7 SA) :A)

where A is a set (the carrier of the structure), 14 is an element of A, N4 is a binary
operation on A and <4, =4 are relations on A, satisfying the azxioms:

<, <x
e o<y °- — =
0 <x
W§¢1a¢§¢2
o pAY< e VAY<Y
@ < 1 ANy
<P, <o p=1
°e — ®e — o <1y
p=1 <P,y <o

Examples The one-point conjunctive system 1 freely generated over the one-point
set {o} where @ = 17. The carrier of 1 is the set {o,0No, 0 ANoA®, ...} All formulae
are equal.

The conjunctive system 2 freely generated over the set {0,1}. The carrier consists
of formulae 0,1,0A1,1A1,.... The relation < is defined to be the smallest relation
on formulae satisfying the axioms.
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2.1.1 Approximable mappings

We used a relation, <, to describe how formulae within one conjunctive system
entailed each other. Similarly, we can use a relation to describe how properties
in one conjunctive system entail properties in another. We use relations since we
want to relate a formula to all the formulae it entails and this relation need not be
representable by a function from formulae to formulae. Such a relation is called an
approxrimable mapping. Approximable mappings must respect the logical structure
in the conjunctive systems in the sense that if a property @ in one system entails
both property b; and by in another system then it must also entail the property
b1 A by. Furthermore, assume a, < a; in one system A and b; < by in another
system B; if a; entails property b; then we would also expect the stronger property
as to entail the weaker property b,. We define:

Definition 2.1.2 Let A = (A,14,A4,<a,=4) and B = (B,1p,Ap,<p,=p) be
conjunctive systems. An approximable mapping f from A to B is a relation f C
A X B satisfying

i) a fb and a f by implies a f by A by

i) ag <ay f by <by implies ay f by

Approximable mappings are composed by the usual relational composition. It is
easy to verify that relational composition of two approximable mappings yields an
approximable mapping. The identity approximable mapping on A, id4, is defined
by:

atdgb=a<b.

We thus get a category CONJ of conjunctive systems and approximable mappings.
In particular we can talk about when two conjunctive systems are isomorphic. In-
formally, we would say that two conjunctive systems, A and B, represent the same
logical structure if there is a map f from the carrier of one system onto the carrier
of the other system such that

a1 <4 a2 & flar) <p f(az).

That this indeed implies isomorphism is proved in the following lemma.

Lemma 2.1.3 Let A and B be conjunctive system and let f be a map from the
carrier A of A to the carrier B of B such that f is surjective and for all ai,ay in
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A:
a1 <4q a2 & flar) <gp flaz).

Then f induces an isomorphism Ry between A and B defined by

aRsb = f(a) <pb.

Proof. It is straightforward to see that this defines an approximable mapping. We
now define an approximable mapping R;l from B to A and show that this is indeed
the inverse in the category CONJ. Define

bR;'a=3d' € f7(b) . d' < a.

We show R;l o Ry = id in CONJ. The other equation required for isomorphism,
Rjo RJTI = 1d follows by a similar argument.

C. If a4 (R;l o Ry) ay then there exists a b € B such that
fla) <b  and Ja’ € f7Hb) . d' < ay.
Then f(a;) < b= f(a') < f(az) which implies that a; < as.

D. If a; < ay then with b = f(a;) we have a; Ry b and b R;l ap which means that
aq (R;l e} Rf) 9. |

We shall later use this lemma when showing two conjunctive systems isomorphic.

2.1.2 The Lindenbaum algebra

The entailment relation on a conjunctive system is only required to be a preorder
on the carrier set. This is done in order to accommodate those systems where we
have syntactically different, but logically equivalent, formulae. Logically equivalent
formulae denote the same property so by grouping the formulae into equivalence
classes we obtain a structure that represents the properties axiomatised by the con-
junctive system. This structure is called the Lindenbaum algebra of the conjunctive
system and is a well known construction from logic.

Definition 2.1.4 Let A = (A,14,A4,<a,=4) be a conjunctive system. The Lin-
denbaum algebra of A is the partial order

LA(A) = (A [=4,Z4/=24).
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For an element a € A we write [a] for the equivalence class in A /=4 that contains

a. The partial order has a top element [14]. Similarly, the binary operation A4 /=4
on LA(A) defined by [a1] Aa /=4 [az] = [a1 A ag] is well defined.

Theorem 2.1.5 Let A = (A, 1,A,<,=) be a conjunctive system. Then LA(A) is
a meet-semilattice with top element [1] and meet operation N\ /=.

Proof. That [a; A ay] is a lower bound for [a;] and [as] is clear. Assume now that
[a] </= |a1] and [a] </= [az]. Then a < a; and a < ay hence a < a; A ay so
[a] </=[a1 A ag] i.e., A /=1is a greatest lower bound operator. |

Since any meet-semilattice satisfies the axioms of a conjunctive system, the Lin-
denbaum algebra of a conjunctive system is itself a conjunctive system. What is
more, a system and its Lindenbaum algebra are isomorphic in CONJ. To see this,
observe that the quotient map from a conjunctive system to its Lindenbaum algebra
is surjective and that

a<b & [a] </=[0]

i.e., it satisfies the conditions in Lemma 2.1.3 for the existence of an isomorphism
between A and LA(A).

Since meet-semilattices can be viewed as conjunctive systems we have that all the
objects of a category of meet-semilattices will be objects in CONJ. Denote by MSL
the category of meet-semilattices with morphisms the A-homomorphisms. Since
every A-homomorphism between meet-semilattices M, N induces an approximable
between M and N, viewed as objects in CONJ, we get that the category MSL can
be embedded in the category CONJ.

2.2 From properties to denotations

So far we have been working on the logical side. We have introduced conjunctive
systems and their Lindenbaum algebras and we argued that the Lindenbaum algebra
could be identified with the properties axiomatised by a conjunctive system. We
shall now see how we can construct a partial order which has exactly as many
elements as can be distinguished with the properties in the conjunctive system.

The key idea is to take as elements those sets of properties that can be viewed as
describing an element and then see what structure this collection of sets has. Only
sets satisfying certain consistency requirements can be considered as describing an
element. The sets must be closed under implication and conjunction because, if
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property P; holds of an element p and P, implies P,, then P, will hold of p as well.
Similarly, if properties P, and P, hold of an element p then so does P; A P,. These
closure conditions are formalised by the notion of a point of a conjunctive system.

Definition 2.2.1 A point of a conjunctive system A = (A, 14,A4,<a,=4) 1S @
non-empty subset P C A closed under Ny and closed upwards with respect to <.
The set of points of a conjunctive system A is denoted by | A |.

For example, in the conjunctive system 2 there are two points: the whole carrier
of 2 forms a point and so does the set of formulae equivalent to 1,. In fact, these
two points, the whole carrier and the equivalence class [1] occur in every conjunctive
system. The former is obviously a superset of any other point; the latter a subset
of any point.

We shall be using points as denotations of programs. The denotational semantics
(the abstract interpretation) will be designed in such a way that the denotation of
a program is the set of properties that are guaranteed to hold of this program. The
partial orders used in analyses like strictness analysis and binding time analysis are
such that the smaller an element is, the more information it carries. Especially, it
is common to have a top element with no information content at all. For points
we have that the more formulae a point contains the more information it contains.
This suggests that points should be ordered by reverse inclusion where points with
more properties are smaller in the ordering.

A common problem in abstract interpretation is to deal with conditional expressions
where the execution path is determined at run-time depending on the current state.
In an expression like

if b then e; else e,

it is the value of the boolean expression b that determines whether e; or ey will
be evaluated. Since abstract interpretation in general only provides approximate
information about an expression we are in general unable to predict which of the
branches will be taken. For the abstract interpretation this means that we are
given the denotations of two branches but we do not know which one of them will
be chosen. The denotation of the whole choice construct should therefore be those
properties that are common to both branches. With the denotation of a branch being
the set of properties that hold of that branch, the choice operation can therefore be
modelled by intersection of points.

This kind of choice operation is usually modelled by the least upper bound operator.
With the ordering being reverse inclusion, the points of a conjunctive system do
indeed form a join-semilattice with intersection as least upper bound. We recall
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that a join-semilattice is a partial order (M, C) with a least element, usually written
1, and a binary operator, LI, so that m U n is the least upper bound of m and n
with respect to C.

Theorem 2.2.2 The points of a conjunctive system (A, 14, Aa, <a,=a) ordered by
reverse inclusion, O, form a join-semilattice with A as least element and intersection
as the join operation.

Proof. The set A is upwards closed and closed under A and it is clearly least with
respect to the ordering O. Let P, () be two points and assume that a;,a; € PNQ
Then aq,ay belong to both P and ) and as both sets are closed under A we have
that a1 Aay € P as well as a; Aag € Q) i.e., a1 ANas € PNQ. Similarly, if a € PNQ and
a < bthen b € Pand b € Q as both P and () are upwards closed, hence b € PNQ.
So PNQ is a point and is therefore clearly the least upper bound with respect to
D. [ |

The join-semilattice arising from the set of points of a conjunctive system satis-
fies the additional property of having a greatest element wviz., the equivalence class
[1] corresponding to the trivial property that is always true. Thus not all join-
semilattices can be constructed, or represented, as the set of points of a conjunctive
system. However, finite join-semilattices always have a greatest element so we can
hope that such a representation is possible in the finite case. We shall prove in a
later section that this is indeed the case.

Since meet-semilattices are conjunctive systems the notion of point makes sense for
them as well. A point of a meet-semilattice is called a filter.

Definition 2.2.3 A filter in a meet-semilattice M is a non-empty subset F C A
such that A is upwards closed and closed under N\. The set of filters of M is denoted
by Fil(M). A filter F is principal if it is the upwards closure of a single element,
ie., if F =1(m) for somem € M.

Theorem 2.2.2 gives that the set Fil(M), ordered by reverse inclusion, is a join-
semilattice.

2.3 From denotations to properties

We saw how, given a conjunctive system, we can construct a join-semilattice where
the elements consist of properties of the conjunctive system. This allows us to define
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that an element satisfies a property precisely when that property is contained in the
element. The lattice so obtained can be regarded as the optimal choice of domain
of denotations for a semantics where we only use the properties in the underlying
conjunctive system to distinguish between objects. The question we set out to
answer in this section is: given a domain of denotations, can we find a conjunctive
system such that the given domain is the optimal domain corresponding to the
conjunctive system in the above sense.

Our assumption on the domains is that they are join-semilattices where the ordering
is so that smaller elements satisfy more properties and that the join of two elements
a, b is an element that satisfies those properties satisfied by both ¢ and b. A property
over a domain is identified with the subset of elements for which the property is true.
We can characterise the subsets representing properties as follows. If an element «
satisfies a property P then so will any element smaller than a, so the set of elements
satisfying a particular property is downwards closed. Similarly, if two elements
satisfy a property P then so does a LI b so the set should be closed under the join
operation. Subsets satisfying these conditions are called ideals.

Definition 2.3.1 An ideal of a join-semilattice (S,U, L, C) is a non-empty subset
I C S that is downwards closed with respect to T and closed under L. The set of
ideals of a join-semilattice S is written |dI(S). An ideal I is principal if it is the
down-closure of a single element a, i.e., [ = |{a} for some a € S.

Theorem 2.3.2 Let (S,C,U) be a join-semilattice. Then the structure
(1dI(S), S, N, Q)

forms a meet-semilattice and hence a conjunctive system.

Proof. S is clearly greatest in the ordering C. We verify that intersection of two
ideals yields another ideal. Given ideals I, Is and a,b € I[Ny, we get that a,b € [;
and a,b € I hence a Wb € I and a LU b € [, s0o a U be [1NIy i.e., [1NI5 is closed
under L. By a similar argument [;NI, is downwards closed, so intersection does
map from ideals to ideals. The set I;NI; is obviously the greatest lower bound of I;
and I, with respect to the ordering C. [ |

2.4 An equivalence

We have seen how a join-semilattice of denotations gives rise to a meet-semilattice
of properties and wice versa via the maps Fil and Idl. We now extend the maps Fil
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and Ildl such that they become functors between a category of join-semilattices and a
category of meet-semilattices. Using the categorical framework we prove that, under
the assumption of finiteness, two objects in one category are isomorphic if and only
if their images in the other category are isomorphic. It should be noted that the
result presented in this section is well-known [Joh82, p. 251] where it comes out as
a corollary of a general theory. The following is a direct proof of this corollary.

Let JSL; denote the category of finite join-semilattices with morphisms the V-
homomorphisms and let MISL; denote the category of finite meet-semilattices with
morphisms the A-homomorphisms. The opposite category MSL?’ has the same
objects as MSL; but a MSL%’-morphism from M to N is a A-homomorphism from
N to M.

We extend Fil and Idl so that they become functors

Fil : MSLY — JSL;
ldl : JSL; — MSLY.

Let f: M — N be a morphism in MSL?, i.e., f is a A-homomorphism from N to
M. We define Fil(f) : Fil(M) — Fil(N) by
Fil(f)(F) = f~H(F)

for arbitrary F'in Fil(M). To ensure that this does indeed define a filter observe that
if ny, ny € N such that f(ny) € Fand f(ng) € F then f(niAng) = f(ni)Af(ng) € F
since F' itself is a filter. Upwards closure follows by a similar argument. Toe see
that Fil(f) is a V-homomorphism observe that

Fil(f)(FNG) = fH(FNG)=f(F)Nf(G) =Fil(f)(F) NFil(f)(G).

Let then m : J — K be a V-homomorphism between join-semilattices J and K.
To define a morphism IdIi(m) : IdI(J) — IdI(K) in MSL? amounts to defining a
A-homomorphism from IdI(K) to IdI(J). So for given ideal I C K we define

ldI(m)(I) = m~(I).
Since m preserves joins this does define a mapping from ideals to ideals.

Lemma 2.4.1 Fil and Idl are functors.

Proof. That Fil and Idl preserve identities is straightforward. If f : M — N
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and g : N — O are MSLY morphisms, i.e., A-homomorphisms f: N — M and
g : O — N, their composite is defined to be the A-homomorphism f 0g:0 — M,
so Fil(go f)=(fo§) =g 'ofL=Fil(g)oFil(f) which shows that Fil preserves
composition. A similar argument shows that ldl preserves composition. [ |

Given a join-semilattice J we can construct the meet-semilattice of ideals of J, which
we consider to be the properties that are definable over .J. From this meet-semilattice
of properties we can go on to build the join-semilattice of filters of IdI(.J). Informally,
we can say that Fil(ldI(.J)) is what J “ought to be” if J is to model the properties
IdI(.J). An important question is therefore how J and Fil(ldl(.)) are related. We
prove that J and Fil(ldI(.J)) are isomorphic in JSL; hence the construction of taking
the filter space of the set of ideals of J yields a lattice with the same order-structure
as J. In a similar way we get that a meet-semilattice and the set of ideals of its
filter space are isomorphic meet-semilattices.

In order to prove these isomorphisms we set up two families of maps 7, and ey,
indexed by the objects of MSL?” and JSL; respectively, as follows:

ey : J — Fil(IdI(.)))
e+ M = IdI(Fil(M))

defined by

es(7) ={L €ldi(J) | j € I}
m(m) = {F € Fil(M) | m € F}

In terms of properties and denotations, €; and 7,, are formalisations of the idea
that “an element should be identified with the set of properties it satisfies” and “a
property should be identified with the set of elements that satisfies that property”.
In our construction an element j satisfies the property represented by I if j € [ and
a property m is satisfied by an element represented by the filter F' if m € F.

The following technical result is of use in the proofs of the lemmas that follows.

Lemma 2.4.2 Let M, N be meet-semilattices (join-semilattices) and let f be a
function from M to N. Then f is an order-isomorphism if and only if f is a
A-homomorphism (V-homomorphism).

Proof. The only difficult part is to see that order-isomorphism implies preservation
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of A. By monotonicity f(mi A mg) < f(mi) A f(my), so, by applying f! to both
sides of the inequality we get

mi Amy < fHf(mi) A f(ma)) < f7HFma) A FH(F(me)) = ma Amg
h my Amg = f7H(f(m1) A f(ma)

)
and by applying f to both sides we get f(mq A mg) = f(mq) A f(ms). A similar
proof shows the result about join-semilattices. [ |

Lemma 2.4.3 For every J an object in JSLy, €; is an V-isomorphism.

Proof. We prove that ¢; is an order-isomorphism. First we observe that

e,() ={l€ldi(J) [jel}={Ieldl(])|]l{j} €I} =T({5})

To show €; surjective, we notice that since .J is finite so is the set of ideals IdI(.J),
hence any filter in IdI(.J) is also finite. A finite filter contains the (finite!) meet of
all its elements which is obviously the smallest element, so for any filter F' of ideals
there exists an ideal I such that F' = 1([). Since I C J is also finite we get by
a similar argument that I has a greatest element j, i.e., I = | {j}. We have thus
shown that

F=1({j}) =es(j)  forsome j € J.

To show that €; is an order-embedding assume j; C js. If j5 € I for some ideal 1
then j7; € I since [ is downwards closed so

es(i) = {Ield(J) | j1 € I} DI eldl(J) | jo € I} = es(ja)

i.e., €;(j1) C €s(j1) when C is D. If, on the other hand, €;(j;) C €s(j;) then in
particular | {jo} € {I € IdI(J) | j1 € [} i.e.,j1 € 1 {j2} and j; C j». By Lemma 2.4.2
we then conclude that €; is a V-homomorphism. |

Lemma 2.4.4 For every meet-semilattice M, ny is a A-isomorphism (and hence
defines an MISLY isomorphism from IdI(Fil(M)) to M ).

Proof. By an argument similar to the one above we show that

me(m) = {1 (m)}

and that 7y, is an order-isomorphism. Therefore, by Lemma 2.4.2, n,, is also a
A-homomorphism. [ |
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The two lemmas assure us that we do not change anything in the structure of the
objects in JSLy and MSL? by applying Fil and Idl to them. It also means that
any isomorphism class of objects in JSL will contain an object of the form Fil(M)
where M is a meet-semilattice and any isomorphism class in MSL? will have an
object of form IdI(.]).

Furthermore, since Fil and Idl are functors they map isomorphic objects to isomorphic
objects. To prove that Fil and Idl will not map non-isomorphic objects to isomorphic
objects we prove the following lemma:

Lemma 2.4.5 ny; and €5 are natural isomorphisms.

Proof. There only remains to prove naturality of €; and 7, i.e., to prove that the
following two diagrams commute:

J 7 “ Fil(1dI(J))
f f Fil(1d1(f))
K K K Fil(1dI(K))
and
M M it \dI(Fil (M)
f f IdI(Fil(f))
N N il IdI(Fil (V)

We verify that the first diagram commutes. For F' C IdI(.J) a filter we have:
Fil(IdI(f))(F) = {I € IdI(K) [ \dI(f)(I) € F} = {I € \I(K) | f*(I) € F}.
One way round in the diagram is
Fil(ldI(f)) o €5(7)
= Fil(ldI()(T({5})

= {Ield(K)|fI)etl{ih}
= {Ieldi(K)|l{j}C f)}
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so we have to prove
{I €ldi(K) | 1{j} C fH (D} =ex o f(7) =TULFG)D.

It 1{j} € f7'(1) then j € f7'(I) so f(j) € I i.e, L{f(j)} C I implying I €
T(H{f(G)})- Conversely, if L{f(j)} C I then f(}{j}) C I, qua monotonicity of f,
which means that | {j} C f~*(f({{s})) € f~1(I) so the two sets are equal.

Naturality of 7 is proved in a similar manner. [ |

The three lemmas put together constitute a proof of the following theorem:

Theorem 2.4.6 (Fil,Idl, 7, €) defines an equivalence between the categories MSL'J’cp
and JSL; (and hence a duality between MSL; and JSLy).

The import of having an equivalence is that the categories MSL and JSL; have the
same isomorphism classes and that the functors Fil and Idl respect these isomorphism
classes in the sense that two objects are isomorphic in JSL; (MSLY’) if and only
if their images under Idl (Fil) are isomorphic [BW90][p. 69-70]. So two domains of
denotations are isomorphic as ordered sets if and only if their corresponding set of
properties are isomorphic as conjunctive systems. We shall apply the equivalence
in the following way: to every type ¢ in a language we associate a conjunctive
system, L(o), of formulae and a join-semilattice % and we interpret the formulae
as properties over ¢# by the function

[1o: £(c) = IdI(c7).

We prove that [ ], is surjective and an order-embedding. This implies that the
quotient map

[1s /=: LA(0) — |d|(0#)

is an order-isomorphism. Applying the functor Fil to the isomorphism and using
naturality of ¢ we obtain

Fil(LA(0)) 2 Fil(ldI(o%)) & o#

thus the set of filters of the logic associated with ¢ is isomorphic to the domain of
abstract values used in the abstract interpretation.
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2.5 Filter models and domain logic

The notion of conjunctive systems defined in this chapter is a variation of the notion
of information system as introduced by Scott [Sco82] and later refined by Winskel
and Larsen [LW84]. An information system (in the sense of the latter paper) is
a triple (T, Con,F) where T is a set of tokens (basic pieces of information), Con
is a predicate on finite sets of tokens that defines which pieces of information are
consistent with each other and I is the entailment relation on tokens. The purpose
of information systems is to provide a presentation of Domain Theory in which
domains consist of elements that are sets of tokens of information: the pieces of
information that the element represent. Such an element is a set where all finite
subsets of tokens are consistent and the set itself is closed under entailment (cf.
the notion of a point in Definition 2.2.1). The papers by Scott,Larsen and Winskel
[Sco82] and [LW84] show how the usual domain constructors such as product, sum
and function space together with the solution of recursive domain equations all can
be given a presentation in terms of information systems.

The technique of constructing domains of denotations from a formal system of prop-
erties by taking filters as denotations has been used to construct a model of the
untyped lambda calculus [BCDS83]. The formal system of properties used in that
paper is a system of intersection types, which in addition to type variables has a
type constant w (the universal type) and two type constructors, — and N. The
intersection types are preorderd by an ordering similar to the < from our conjunc-
tive system and the filter space is shown to form a lambda model [Bar84] such that
the interpretation of a lambda term (a filter) contains a type o if and only if o is
a derivable type for that term in the intersection type discipline. The filter model
was applied to prove the completeness of the Curry type system [Bar92| for untyped
lambda calculus (i.e., a type system without w and N) with respect to the standard
lambda model. We shall return to the intersection types in the next chapter.

An extensive study of the logical view of Domain Theory is the Domain Logic
presented by Abramsky [Abr91b] in which the information system idea is extended to
give a presentation of SFP domains [GS90] as logical theories. This work is based on
a theory from topology known as Stone Duality which (for a certain kind of spaces)
provides a means of reconstructing a topological space from its set of compact-
open sets. Abramsky argues that the compact-open sets in the Scott topology on
a domain can be identified with observable properties. The axiomatisation of the
observable properties of a given type is then shown to give a presentation of the
domain modelling that type. As here, the technique of passing from properties
to denotations is to take denotations to be a certain kind of filters of properties.
The main difference between the Domain Logic and our work is that the Domain
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Logic works with open sets whereas we are axiomatising ideals which are closed in
the Scott topology. We shall nevertheless base our axiomatisation on the one from
Abramsky’s domain logic [Abr91b] making changes where necessary.

2.6 Summary

In this chapter we have introduced the notion of a conjunctive system, a syntactic
description of a given collection of properties plus their logical relationships. We
showed how we can derive a domain of denotations from a logical system by taking
filters of properties as elements of the domains thus identifying an element with
the set of properties it satisfies. It was furthermore shown that the ideals of these
domains could be considered as properties and that the set of ideals of a domain
could be given the structure of a conjunctive system. This provides a way of passing
back and forth between logic and denotation and it was shown that equivalent logics
are taken to equivalent domains and wvice versa. With this strong correspondence
we now go on to relate a program logic built over these conjunctive systems with an
abstract interpretation defined over the corresponding domains.



Chapter 3
Conjunctive program logics

In this chapter we study the relationship between an abstract interpretation and a
program logic for the typed lambda calculus enriched with a fixed point operator
and a conditional construct. The relationship is based on the duality between join-
and meet-semilattices set up in the previous chapter. The abstract interpretation
interprets expressions as elements in a join-semilattice. These elements can, via
duality, be regarded as filters of properties from the dual meet-semilattice. We
define a logic for reasoning about programs using these properties and prove that
the denotation of an expression is exactly the filter of properties provable of the
expression in the program logic. In other words, the abstract interpretation of an
expression and the set of properties provable of this expression in the logic determine
each other. Thus, with respect to finding properties of programs, the two analyses
are equally powerful.

We shall establish the analogy for a higher order strictness analysis. The framework
is, however, sufficiently general to carry over to other analyses. As an example we
show how a minor modification to the analysis allows us to obtain a similar result
for binding time analysis. We conclude the chapter by drawing some parallels to
work on the use of intersection types in typing programs.

3.1 The typed lambda calculus

As programming language we shall be using the typed lambda calculus with various
operators added. The typed lambda calculus is chosen because it is simple and yet
allows us to study most of the problems associated with procedures and functions in
“real” programming languages. We shall be using the simply typed lambda calculus

35
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Var 2% :0 Const c: o,
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Figure 3.1: Simply typed lambda calculus

with the two base types Bool for Boolean values and Int the type of integer values.
There will be constants corresponding to the Boolean values true and false and a
constant for each integer value. Furthermore there will be a collection of operators
including a conditional and a fixpoint operator.

The set of types, T', is generated by the grammar
T=Bool|Int|TxT|T—T.

We shall use the letters ¢ and 7 to range over types in 7. In addition to the base
type of Booleans and integers the types in 7" include the product types ¢ x 7 and
the function type ¢ — 7.

We shall follow Barendregt [Bar92] in the presentation of typed lambda calculus
and first define a set of raw A-terms. They are given by the grammar below. It is
assumed that for every type o there is an infinite supply of variables 7,7, ... of
type 0. We usually omit the type superscript on variables when we think it is clear
from context.

e = 27| c|(e1,ea) | fst(e) | snd(e) |

Az7.e | ereq | fix (e) | if e then ey else e;.

In Figure 3.1 we present a type system in natural deduction style for proving typing
judgements of the form e : ¢ where e is a raw term and ¢ is a type. It is assumed
that every constant ¢ comes with a predefined type o.. The rule Const is used to
express this fact in the type system.
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From the set of raw terms we define the set of well typed terms, Ay, as the least set
of closed terms that can be assigned a type. This set can be indexed by the types
in T such that Ar(co) denotes the set of well typed terms of type o.

3.2 Axiomatisation of conjunctive properties

In this section we use the theory developed in the previous chapter to describe
an equivalence between an axiomatisation defining an entailment relation between
strictness properties and the ideals of the domains used in higher order strictness
analysis [BHA86]. We prove that these two structures, viewed as conjunctive sys-
tems, are isomorphic. This can then be translated to an isomorphism between the
strictness domains and filters of strictness properties.

The strictness analysis by Burn, Hankin and Abramsky [BHAS86| is formulated for
the typed lambda calculus without product types. Types are interpreted as finite
join-semilattices. Each base type is interpreted as the two-point lattice 2 and the
function type as the lattice of monotone functions. We extend the interpretation of
types as follows:

Definition 3.2.1 For every o belonging to T, the set of types, we define a join-
semilattice 0¥ inductively by:

Bool = 2
Int# = 2
(o1 —0)#* = o —n0f
(oy x 0)# = oF xof.

where af’& X 0# 1s the Cartesian product of af and 0#, ordered componentwise.

We next provide an axiomatic system of strictness formulae and prove that this
axiomatic system, viewed as a conjunctive system, is isomorphic to the conjunctive
system defined by the ideals of the o#. For every type o we define a logical theory

L(o) = (L(0), s, Nos <o, =0)

where L(c) is a set of formulae (denoting properties), the binary operator A, is
conjunction, <, corresponds to entailment and =, is logical equivalence between
formulae of that type.
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The basic formulae for describing a property of an expression of type ¢ x 7 are of
the form ¢ x 7 with ¢ € L(o) and ¢ € L(7). Here ¢ describes the first component
and 1 the second component. The basic formulae for describing a function have
form ¢ — 1 with the intention that a function satisfies this property if it maps
arguments satisfying ¢ to results satisfying 1. In the axiomatisation we introduce
for each type a formula f, for denoting the strongest property, i.e., the property
that is the conjunction of all properties of type o. The price we have to pay for
introducing this redundant formula is that we have to add as extra axioms all facts
provable about this formulae in the original system.

The sets of formulae are defined inductively as follows:

@, 1 € L(o)

L] t,fEL(O') WQL(O‘)
¢ € L(0),9 € L(7) . PELO)YeELr)
ex1 € LloxT) o =1 € Lo — )

Among the formulae of the L(c)’s there are formulae that are constructed with only
restricted use of conjunction. We call these formulae simple formulae. The only place
where we allow conjunctions to appear in simple formulae is in formulae for function
spaces and then only in the sub-formula describing the argument. Simple formulae
are useful because every strictness property can be expressed as a conjunction of
simple formulae as proved in the Normal Form Theorem below. The set of simple
formulae is characterised by the predicate Smpl defined by:

e Smpl(t,) e Smpl(f,)
Smpl(), Smpl(v)) . Smpl(7))
Smpl(yp x ) Smpl(¢ — ¥)

The axioms and rules defining the logical structure of each L(o) are given in Fig-
ure 3.2. With this axiomatisation each L(o) is a conjunctive system.

In the previous chapter we argued that the Lindenbaum algebra could be regarded
as the set of properties axiomatised by a conjunctive system. This algebra consists
of equivalence classes where each class contains all formulae that are provably equal
to each other. By introducing a normal form for the formulae of the system and
showing that every formula is provably equal to a formula in normal form, we can
always choose representatives in normal form.
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o <, <x
e <y ® —
<X
0 <Y1, < Py
@ <Y1 Ay
e VAUV e VAV
<Y, < . =1
=1 <<y
o p<t o f<yp
® Toxr=1Ts XTr o f, =1, x1%;
o t, 5, =1t,—t, L4 t0'_>f7' = fa-)*r

o (o1 xU1) A (P2 X ) = (01 Apa) X (V1 Ahy)
o VUL AY =Py = — (V1 A1)

01 < 2,1 <y . o < <Y
01 X Y1 < g X Py =Y <=

Figure 3.2: Axiomatisation of conjunctive properties

Theorem 3.2.2 (Normal Form) Forallp € L(0) there exists a finite set {@; }icr C
L(o), where Smpl(y;), such that

<P=/\§0i-

el

Proof. By induction over the formation of ¢. The formulae t and f are in normal
form and if ¢ and ¢ are in normal form so is ¢ A ¢). We only have to verify that
the formulae ¢ x 1 and ¢ — 9 can be converted into normal form. We can assume

© = Nier i and ¢ = Ay 1; with Smpl(;) and Smpl(¢;). Then

extv=Noix Nvj=Nwix Nv))= AN\ o xv;

el j€J el j€J i€l jeJ

and

pov=p—= Nvj=Nle—1)

JjeJ JjeJ

demonstrate the relevant equivalences. [ |
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3.2.1 Semantics of formulae

The connection between the logical system defining £(o) and the collection of ideals
of 0¥ is established by means of semantic functions [_], : £(c)—IdI(c7):

[t], = o*

[£]o = {0,#}

[Nier ¥ils = Nier[¥ils

[e=vlo—r = {f € (c=7)* | f(l¥lo) C [¥]:}
[o %X ¢loxr = {(a;b) | a € [¢], and b € [Y],}

where 0,4 denotes the least element in o#.

We now set out to give a characterisation of the connection between the ideals
in the domains and the formal system defined above. The Definability Theorem
states that all ideals of a domain are indeed definable in the logical system in the
sense that for all ideals there is a formula whose semantics is that ideal. In other
words, [-] is surjective. The Soundness and Completeness Theorems assert that the
axiomatisation is sound and complete with respect to the interpretation, i.e., that
all inclusions that hold between ideals in the domains can be proved in the logic
(completeness) and no inclusions but those that hold can be proved (soundness).

In order to prove the theorems we need some results about how functions on lattices
can be approximated by simpler objects. For these results it is important that for
finite join-semilattices it is possible to define a greatest lower bound operator, i.e.,
they are in effect complete lattices'. It is well known from Domain Theory [Plo81,
Abr91b] that all continuous functions between two Scott-domains can be expressed
using some simple functions called step-functions. These step functions are used
to approximate functions from below. We shall be concerned with approximating
functions from above, hence we study the dual to a step function:

Definition 3.2.3 Let A, B be lattices with 1g the top element in B and assume that
(a,b) € A x B. The co-step function | (a,b)|: A—B is defined by

ab)| ) =1 " B

1z otherwise

LThe greatest lower bound operator M is defined by a M b = U{c | ¢ C a and ¢ C b}.
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We shall also use this notation for the greatest lower bound of a set of co-step
functions. Let u = {(a;,b;) | i € I} be a set of pairs drawn from A x B. The
function |u|: A —B induced by u is defined by

lul(a) = 1{b; | a € a;}.

Any function is the greatest lower bound of the co-step functions greater than the
function itself, so this gives a way of using co-step functions to build other functions.
In fact we can be a bit more economical with the set of approximations due to the
following lemma:

Lemma 3.2.4 Let f: A—B. Then

f=Ula f(a) [ a € A}].

The usefulness of co-step functions is due to the fact that the principal ideal gener-
ated by the co-step function |(a,b)] is the set of functions that map ideal | {a} into
the ideal | {b}. We generalise this fact in the following lemma:

Lemma 3.2.5 Let u = {(a;,b;) |7 € [}. Then

Hlul} =g : A=B [ g(l{a:}) € L{bi}}-

i€l

Proof.

FC L)
Ya€A. f(a)Cn{b|aC a)
VielIVae A.aC a=f(a) T
Viel. fC|(a,b)]
f € Mierd {[(ai, bi)]}
feier{g: A=B [ g(l{ai}) € 1{b:}}

t ¢ ¢ O

|
Thus, with ;, ¢; and a;, b; such that [¢;] = | {a;} and [¢;] = L {b;} we have that

[Nei = ol =Wg: A=B | g(I{ai}) € I{bi}} = L{[{ (@, 0)} ]}



42 CHAPTER 3. CONJUNCTIVE PROGRAM LOGICS

The following theorem states that all ideals can be denoted by a formula from our
formal system. In the formulation of the theorem we use the fact that all ideals are
principal i.e., downwards closures of a single element.

Theorem 3.2.6 (Definability) For all elements a € o* there exist a formula
©a € L(0) such that

Ha} = [¢als-

Proof. The proof works by structural induction over the type o. For the base
type 2 it is straightforward to see that the two elements 0 and 1 correspond to the
formulae f and t, respectively. Now, let f € (A—DB). Since functions are ordered
pointwise we have:

Hrit= N{g: A=B | g({a}) CL{f(@)}} =[N\ va=¢sw)]

acA acA

where ¢, and @y, are the formula corresponding to | {a} and [{f(a)}, given by
the induction hypothesis. For the product type we have that an ideal in (A x B) is
of the form | {(ag,bo)}. With ¢, such that [¢] = | {ao} and [¢] = | {by} we have

H(a,0)} = {(a,0) | a € } {ao} and b € {{bo}} = [ x ¢].

Theorem 3.2.7 (Soundness) For all elements o, € L(0):

p<v = ¢l C[¥]o

Proof. The proof amounts to checking that each axiom and rule is sound. The
theorem then follows by induction over the derivation of ¢ < 1. Most of the rules
are proved sound by simple set-theoretic reasoning. For example, p Ay < ¢ is sound
since for all sets A, B we have ANB C A. We verify a few here:

o [£omsr] = {0,5,} = PAa0,} = {1 | F(0%) € {0.}} = [to—£,].

[
[o—= (W A )] = {f | f(le]) € [wnlwel} = {f | f(le]) € [d3n{f |
f(e]) € [} = [o—=i] A [o—a].

o [(p1 Ap2) X (Y1 Ahe)] = {(a,0) | a € [pr1]N]e2] and b € [v1 Ao]} = {(a,b) |
a € [¢1] and b € [¢1]}N{(a,b) | a € [ps] and b € [i2]} = [(¢1XV)A (2 x1)].
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Theorem 3.2.8 (Completeness) For all formulae v, € L(o):

[ele €Wl = » <.

Proof. Induction over the structure of o. For the base case 2 we can easily prove
the only non-trivial inclusion [£] C [t] using either the rule ¢ < t or £ < ¢. For the
inductive step we can assume that all formulae are in normal form. Let A;c;(@i—;)
and Ajc;(@;—1;) be two formulae in L(oc—7) and let ay,, b, for n € IU.J be such that
Han} = [pa] and 1{b} =[] TF all 5 = £, then Ajes(95—15) = Ajes tomsr =
t,—s, and so is trivially entailed by A;c;(pi—;). In fact, we can assume without
loss of generality that all 1; # t, since ¢;—t, = t,—, and so can always be added
to a conjunction by the rule ¢ At = ¢. For the b; this means that b; # 1,4 for all
j € J. Then

[A (ei=s)] C TN (9i—=15)]

i€l jeJ
= Vi . Nicrleimi] € [o;—15]
= Vi Nier (@i 0:)]} € ${1(a;,0)]}
= V5 H{{(aibe) [i € T3]} € 4{[(a,55)]}
= Vj. [{(ai i) | i € I}] E [(a,b5)]
We want to show that A;c;(¢i—;) entails Ajc;(¢;—1;). We do this by showing

that A;cr(¢i—;) entails ¢;—); for all j € J. Fix a j. From the definition of
co-step function it follows that

IJE{GZ‘UJ‘]ECLZ}#Q and ﬂbng]

iEIj
which means that

Viel . [e] Cled  and  [Awi]= ()b} = T bk € 1 b} =[]

el el
Applying the induction hypothesis we get that

Viel;.p;<¢; and N Ui < b

1€l
This verifies the following entailments

A=) < A (0i=) < N (=) = o= N\ ¥ < 0=

i€l 1€l 1€l 1€l
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Since j is arbitrary this holds for all 7 € J and we can deduce that

A(pi=i) < N (0=1;)

iel jeg

which proves completeness for the function space. For product types we have

[ACei x )] € [A(w; x 9;)]
c

Nl x ¢] € Nlws x 5]
Vj i, ia - [ei] C ;] and [4;,] € [4]
Vi iy, i . @i < @ and ¥y, < by induction hypothesis

Vj ElilaiZ . ((pil X ¢z1) A (991'2 X ¢zz) S 7 X djj
A(ws x ;) < A(pj X ¥5)

I

As already noticed, the Definability Theorem shows that [] is surjective on IdI(c™).
From the Soundness and Completeness Theorems for the axiomatisation we get that
[] is an order-embedding of the pre-order £(o) into Idl(c#). By Lemma 2.1.3 we
then conclude that

ldI(c#) =2 L(0)

as conjunctive systems. By the isomorphism proved in Theorem 2.4.6 we can con-
clude that for every type o the map ¢, defined by

eo(d) = {lg] | d € [l}

defines an isomorphism of join-semilattices

o 2 Fil(ldI(o™)) 2 Fil(LA(0)).

This gives a precise connection between the elements of the domains in strictness
analysis and the formulae underlying the strictness logic. The domains used in the
abstract interpretation and the filter space of the conjunctive system defining the
strictness properties are isomorphic join-semilattices. An abstract interpretation
that assigns elements of the domains as denotations of programs can via this iso-
morphism be seen as assigning filters of properties to programs. We shall now prove
that the properties in the filter assigned to a program are exactly the properties
provable of the program in the logic.
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3.3 Strictness analysis

In the previous section we laid the foundations for proving the equivalence of two
strictness analyses (an abstract interpretation and a program logic), by providing a
correspondence between elements of strictness domains and sets of strictness prop-
erties. This section completes the proof of the equivalence by showing that every
deduction has its counterpart in the denotational semantics defining the abstract
interpretation and that any property exhibited by the abstract interpretation of a
program can be deduced in the logic. We first review strictness analysis for higher
order languages by abstract interpretation and define a program logic for strictness
analysis for the same language. We then prove this logic sound and complete with
respect to the abstract interpretation.

3.3.1 Abstract interpretation

Strictness analysis for the typed lambda calculus by abstract interpretation works
by interpreting the terms of Ay over non-standard domains built up from the two-
point domain 2 interpreting the type constructors x as cartesian product of lattices
and — as constructing the lattice of continuous functions between two lattices. The
abstract interpretation of a term e of type Int — Int would then be a function
[e] : 2 — 2. The function [] takes as arguments a term in A and an environment
mapping variables to values and returns as result the abstract value of the term. It
is defined in Figure 3.3. Built-in operations like + must be defined specifically. For
example [+] : Int# x Int¥ —Int* can be defined by [+](a,b) = a M b.

3.3.2 Strictness logic

We now define a program logic for the simply typed A-calculus based on the formal
system of strictness properties. It is shown that the program logic is equivalent to
the abstract interpretation presented above in the sense that all strictness properties
that hold of an abstract interpretation of a function can be proved in the strictness
logic.

The strictness logic operates on judgements of the form

'Fe:gp

where I" is an environment that associates variables z7* of type o; with formulae
from L(o;), e is a well typed term (of type o, say) and ¢ is a formula from L(o).
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[z]p = p(z)

[c]p =1

[(e1, e2)]p = ([ealp, [e2]p)
[fst(e)]p = m([elp)
[snd(e)]p = m([e]lp)
[Az.€e]p = \v.[e]plz — ]
[erea]p = [ed]o([e2]p)
[

0 if [b]p = Ogoo
[if b then e; else es]p = [6] Bool
[ei]p U ea]p otherwise

Figure 3.3: Abstract interpretation for strictness analysis

The logic is presented in a natural deduction style reminiscent of the type system
in Figure 3.1. Note that while a variable has a unique type it can be associated
with different formulae. Hence we need to introduce an environment to keep track
of what assumptions we have made about the variables. The logic is defined by the
rules in Figure 3.4.

Other constants (including built-in functions) can be treated by adding more rules.

The curried version of the addition function, which is strict in both arguments, is
defined by the rule

F4:f—=t—=f At—of—1f.

The following proof demonstrates the use of the proof system. The function we anal-
yse is taken from Kuo and Mishra’s paper [KM89], where it was used to demonstrate
the limitations of a type system without conjunctive types. It is defined as:

frxyz=if(z=0) thenx+y else fyz (z—1)

Written in our language it looks like fix\f.E where E is defined by

E=Xe ) y)zif z=0thenz+yelse fyxz(z—1).
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F'Fe:Yy T'HE: s Weak <A AkFe:¢p ¢ <
TFe: oAty ca The:o

Conj

Taut I'e:t Var T[z—¢|Fax:¢

Fst HFfst:(pxo¢)—p Snd Fsnd: (o X @) — ¢
F|_€11d)1 F|_62:¢)2

Pair
['F (e1,e2) : ¢1 X g
Flz—¢le:y ke :(p—Y) They: o
A A
bs C'FXx.e:(¢p— ) PP C'keeg:1
Fix 'Fe:¢p— ¢
I'Ffix(e) : ¢
'Fob:f I'Fe:¢p T'hey: o
If-1 If-2
I' - if b then e else ey : ['Fif b then e else e5 : ¢

Figure 3.4: Conjunctive strictness logic for simply typed lambda calculus

We want to show that this function is strict in x and y separately, which in our logic
is expressed by the formula

fot—=2t—=f At f2t—f

For notational convenience denote this formula by 1 and let similarly ; and -
denote f—-t—t—f and t—f—t—£, respectively. Furthermore, let I' be the envi-
ronment [f : ¢,z :t,y: £,z :t]. We then get the proof tree in Figure 3.5.

3.3.3 Soundness and Completeness Theorems

Before stating the main theorem that relates the program logic to the abstract
interpretation we introduce some notation for semantic validity. Let ¢ be a type
and e a term of type 0. Assume that d € 0%, ¢ € L(o) and let p and T be
environments mapping variables to values and formulae respectively.

We write:
dE @ = dey]

pET = Va:p(z)ET(2)
F'Ee:p = VpED:[e]pF o
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L'k f:9
F'rFz:t T'Fy:f THf:yy Thy:fTFx:t TH(z-1):t
F'Fax+y: £ Fl—fya:(z—l):flf 0
: FFifz=0thenz+yelse fyz(z—1)):f
: Abs
[f Ul F E iy [f 2l E By )
Conj
[f Y] F Az Ay Azif z=0thenz+yelse fyaz(z—1):¢ Ab
s
FAf Az Ay zif z=0thenz +yelse fyz(z—1): =1 -
ix

Ffix(Af Az Ay Az.if z=0then x +yelse fyx(z—1)): 7

Figure 3.5: An example derivation in the conjunctive logic

i.e., we overload the symbol F to mean ) a value satisfies a formula, i) an environ-
ment of values satisfies an environment of formulae and ¢ii) the denotation of a term
e satisfies formula ¢ when e is evaluated in an environment satisfying environment

I.

This is the standard notion of semantic validity. Following Abramsky [Abr91b] we
refine this notion in order to simplify the Completeness proof of the logic. Since [¢]
always denotes a principal ideal of the form |{a} we get a relation, «~, between
formulae and elements defined by

a «~ o= l{a} =[] (3.1)

For every environment I' of formulae there exists an environment of values, pr,
defined by pr(z) e~ I'(x). So d F ¢ if and only if d C a, where a is the unique a
such that @ «~ ¢, and p F I' if and only if p C pr. The import of this is that we only
have to consider one environment when proving semantic validity of a judgement in
the logic.

Lemma 3.3.1 TFe: ¢ & [e]pr € [¢].

Proof. = is clear since pr F I'. To prove < we notice that monotonicity of [e] in
the environment means that if [e]or € [¢] and p C pr then [e]p € [¢]. |

The main theorem linking the abstract interpretation with the strictness logic can
be stated as follows:
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Theorem 3.3.2 (Soundness & Completeness of the program logic) Let e be
a term of type o and assume that I' 1is an environment mapping the free variables of
e to propositions. For ¢ a formula belonging to L(o) we have:

'Fe:p&eTFe:p

Proof. The soundness (the “=” in the bi-implication) is proved by induction on the
length of the proof. The completeness (the “<") of the logic is proved by structural
induction on the term e.

Soundness. For the soundness it suffices to prove that if the premises of a given
rule are valid in the semantics then the conclusion is valid too. Induction then gives
us that all provable facts are indeed semantically valid. We treat a few of the rules

here:

Abstraction. Tz :¢] Fe:
= VpET .VdE ¢.[e]plz — d] € [{]
= VpET .Vde [¢] . [M-e|p(d) = [e]plz — d] € [¢]
= TFA\z.e: o

Fixed points. ' EFe: ¢—1
= VpET.Vi€w.le]'p(L) €[] since L € [¢]
= VpET .[fix(e)]p € [¢] since [¢] is closed under L
= TEfix(e) : ¢

If-1. T'kEe : f
= VpED .[ea]p=1
= VpET .[if e; then ey else e3]p = L

= I['Fife; then ey else e : £

Completeness Completeness amounts to showing (by structural induction over the
terms) that all facts that hold in the semantics can be proved in the logic.
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Application. T'F ejeq : 1
& lees]or = [er]pr([ed]or) € [¢] by Lemma 3.3.1
& de o} = [edor(d) € [v]
With ¢ such that [es]pr «~ ¢ we then have
[e2lor € [¢] and  [ei]pr € [p—¢]
= ke o=y and I'Fes: ¢ by induction hypothesis
= ['Feep: 7

Abstraction. I'F Az.e : p—
< [Ax.e]pr € [p—Y]
& [Paepr(fe]) € [¥]
With d «~ ¢ this implies that
[elprle — d] € [¥]
= Tz:¢]Fe: v
= I'[z:¢]Fe:9 by induction hypothesis
= I'FAze:p—y
Fixed points. T'E fix(e) : ¢ = [fix(e)]pr € [¢]

Let ¢ be such that [¢] = L{[fix(e)]p}. As [¢] C [¢/] we have from Theo-
rem 3.2.8 that ¢ < 1), so we can deduce as follows:

le]or ([fix(e)]or) = [fix(e)] or
'Ee:p—p

['Fe:ep—p by induction hypothesis
['Ffix(e) :

['Ffix(e) : ¢ by the rule Weak

L du

Conditional I' Eif b then e; else e5 :
& [if b then e else es]pr € [¢]
There are now two possibilities: Either
[]or = Ogoal
= ['Fb:f by induction hypothesis

= I'Fifbthenejelseey: f <
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or
= [edpr U [eo]pr € [¥]

= [edpor € [¥] and  [eo]pr € [¥]

= I['Fe :9v and TI'Fey:1 by induction hypothesis
= D'k if b then e; else ey : 9

By combining this theorem with the isomorphism between semantic domains and
filters of formulae ¢, : 0% —Fil(LA(c)) we can give a precise characterisation of the
correspondence between the abstract interpretation and the strictness logic. We
have that for an expression e of type ¢ and environment of formulae I'.

eo(lelor) = {[#] | [elor € [el} = {l#] [T e o}

i.e., that, via the isomorphism ¢,, the denotation of an expression given by the
abstract interpretation is determined by and determines the set of formulae provable
of e in the strictness logic.

3.4 Binding time analysis

So far the comparison between abstract interpretation and program logic has been
done in the setting of strictness analysis. It should however be clear that strictness
did not play a prominent role in the developments. With this section we want to
demonstrate that the technique for relating the two kinds of analyses is not tied to
strictness analysis but can, with minor changes, be adapted to other analyses. We
shall do so by showing how the program logic for strictness analysis can be modified
to give a binding time analysis corresponding to the abstract interpretation for
binding time analysis presented by Hunt and Sands [HS91].

Binding time analysis aims at determining which part of a program can be evaluated
given only partial knowledge about the input to the program. This information is
essential for a partial evaluator in order to determine which part of the program
can be evaluated during partial evaluation. The two basic properties that can be
assigned to an expression are static, meaning that the value of the expression can
be determined, and dynamic, meaning that there might not be enough information
to compute the value of the expression. The abstract interpretation by Hunt and
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Sands [HS91] uses as abstract domain the two element domain

D Dynamic

S Static

to model base types Int and Bool, i.e., the same domain as in strictness analysis but
with different interpretation of the elements. The type constructors x and — are
interpreted exactly as in strictness analysis (i.e., cartesian product and monotone
function space) so the abstract domains are all order-isomorphic. The analysis by
Hunt and Sands also includes list types but we shall disregard this for the moment.
Lists are treated in Chapter 6.

The binding time interpretation of terms is equal to the strictness interpretation
except for the if-expression (called cond in loc. cit.) and for constants. The inter-
pretation of if in binding time analysis is

D it [5]p = Deoo
[if b then ey else e]p = 816 = Deoa (3.2)

[ex]p U [e2]p if [b]p = Spool

which should be understood as follows. In order to determine the value of a con-
ditional the branching condition b must be known (S). In that case we see how
much we can determine of the values of the branches and combine these results by
taking the least upper bound. The interpretation of constants is .S, i.e., the small-
est element in the domain 2 as opposed to strictness analysis where constants are
interpreted by the top element. Apart from this the abstract interpretations are
identical.

The similarity in the abstract interpretations is reflected in the program logics. The
only amendment that has to be made to the strictness logic in Figure 3.4 is to replace
the rules If-1 and If-2 with the following rule

F'Fb:f The:p T'hey:op
' Fif b then e else e5 :

(I£BTA)

and introduce a rule
(Const-BTA) Fc:f

The Soundness and Completeness Theorem for the strictness logic can then be mod-
ified to cover the binding time analysis. The relationship between formulae and
domains is unchanged; only now the semantics of the formula f is the ideal | {S},
i.e., £ represents “static” in binding time analysis. In the Soundness part we reason
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as follows:
I'Eb:f and T'Fe:p and ['Fey:op

implies that
[blor =5 and [ei]pr € [¢] and [ex]por € [¢]
and since [¢] is an ideal and hence closed under LI we get that
[if b then e; else es]pr = [ei]pr U [e2]pr € [¢]

1.6,
I' Eif b then e else e5 : .

For the Completeness part we assume that
[if b then e; else es]pr C [¢]-

If o =t we can prove I' I if b then e; else es : t by the rule Taut. So assume ¢ # t.
Then [if b then e; else es] pr must have been calculated by the second clause in the
definition in (3.2) above, implying that

[tlor =5 and  [er]pr U [ez]or € []
which entails that
[tlor =S and [e]pr € [¢] and  [e]pr € [¢]
and the induction hypothesis now applies to give
I'b6:f and T'Fe;:p and T'hFeg:op

and rule If-BTA yields
[' Fif b then e else e5 : .

A similar argument shows that the rule for constants is in correspondence with the
abstract interpretation.
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3.5 Intersection types

In this section we look at some other uses of type systems with conjunctions. The
program logic presented here relies on all terms being typed in advance. Logics
with conjunctions for untyped lambda calculus have been considered in a number
of papers [CDV80, BCDS83, vB92, Pie91] under the name of intersection types. We
start by considering the system by Barendregt et. al. [BCDS83] since this is closest
to the one presented here. There, the set of intersection types is defined by

Ti=gi|lw|ToT|TNT

where @1, @9,... is a set of type variables and w is the “empty” type valid for all
lambda terms. In loc. cit. a preorder on types is defined. This preorder can be
regarded as an untyped equivalent to our < (although products are not considered
there). It is defined by

o <Y< x

° < °
r= p <X

01 < 1,02 <y
©1 N g < P Ny

e pNY<yp e onNy <4

o 7<w w<w—=w

o V=Y NY =1y = —= (Y1 NYy)

¢ < <Y
o= <@ =Y

Barendregt et. al. write w and N where we write t and A but otherwise these rules
correspond to rules in Figure 3.2. The type inference rules are

[z : 0]
M:7 M:0—-7 N:o
® _— ®
AM:o—T MN : 1
M:0 M:T M:o0 o<
s — e (<) i °

M:oNT M:T M:w

If B is a set of assumptions on term variables we write B - M : o if M : o
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is deducible using the assumptions in B. The main result about the intersection
type discipline is that it can characterise the terms having a normal form and a
head normal form under B-reduction [Bar84]. More precisely, it is shown that for a
lambda term M

e dBdr#w.BF M : 74 M has a head normal form.

e 1B dr. BF M : 7 and w not in B,7 < M has a normal form.

The type system is so powerful that the following is a valid rule

M:o M =5 N
N:o

i.e., f-equivalent terms have the same types. Since [-equality is not a decidable
property for pure, un-typed lambda calculus, it follows that there can be no au-
tomatic procedure for inferring a principal type for a lambda term in the inter-
section type system. This suggests that it is not immediately possible to apply the
framework presented here to existing abstract interpretation for the untyped lambda
calculus [HY86].

The above system is an extension of a system considered by Coppo et. al. [CDV80]
where intersections can occur on the left hand side of an arrow but not on the right
hand side and the <-rule has been removed from the system. More recently, Bakel
has suggested a system of strict types intermediate between the system by Coppo
et. al. and the system above. The inference rules of the strict system are

[z : 0]
M:r z:o1N...No,
[ ] _— [ ]
XM :0o—T T 0o;

M:(o1N...Nop) =7 N:oy...N:o,
MN : 1

where only the ¢ in the assumption in the rule form lambda abstraction can be an
intersection of more than one type.

Note that the <-rule is not part of the strict type system either. However, Bakel
[vB92| shows that it is indeed valid. Bakel also shows that typing is invariant under
(-conversion so the strict type system has the same computability problems as the
original intersection type system.
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3.6 Summary

We have presented an abstract interpretation and a conjunctive program logic and
proved that these two program analyses can establish the same set of properties of
a given program. We have thus solved the problem of finding a logic equivalent in
power to abstract interpretation and, as a by-product, obtained a characterisation
of the kind of properties the abstract interpretation can determine of a program.
The equivalence was first obtained for higher order strictness analysis and then for
binding time analysis.

We have not made any attempt to prove the strictness logic correct with respect to
a standard semantics for the language. This is because, once we have established
the equivalence to the abstract interpretation we can rely on previous correctness
results for the abstract interpretation. A proof for the logic would interpret the
strictness properties in the standard semantics and prove the logical rules correct
with respect to the standard semantics. This has been done by Benton [Ben92a)
where (independently of our work reported in this chapter and in an earlier paper
[Jen91]) Benton arrives at the same strictness logic as ours and proves it sound with
respect to the standard denotational semantics.



Chapter 4

Disjunctive properties

4.1 Introduction

So far we have considered logics where properties could be combined by a conjunction
and we have seen that such a logic corresponds to the usual abstract interpretation
of higher order functions [BHAS86|. This chapter considers the relationship between
abstract interpretations and program logics for reasoning about disjunctions of prop-
erties. To see that such properties are of interest in program analysis consider the
following functions:

fx = if B then (x,17) else (17,x)

gx = plus(f(x))

where plus is addition of integers. Given that the value of the Boolean expression
B cannot be determined at analysis time the most precise description of the result
of applying f to an undefined argument is that it is a pair where either the first or
the second component is undefined. Applying plus to such a pair gives an undefined
result so g is a strict function. However in the formal system of conjunctive properties
defined in Figure 3.2 the disjunction describing the pair cannot be expressed. The
only safe description is to say that f returns a pair where both components may be
defined. Applying plus to such a pair may give a well defined result and so the logic
has failed to detect that g is strict.

The programme of this chapter is to extend the logic developed in the previous
chapter to take disjunctions into account and to develop an abstract interpretation
that is a sound and complete model of the logic. In Section 4.2 we give a formal

57
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system that for each type o extends the set of formulae L(o) to include disjunctions
of formulae and axiomatises the set of disjunctive strictness properties of type o.
We prove a disjunctive normal form theorem for this system which states that all
formulae can be written as a disjunction of a certain type of irreducible formulae.
Section 4.3 defines a semantics for the formal system where a disjunctive property
is modelled by a union of ideals just as a conjunctive property was modelled by
a single ideal. It is shown that this is a sound and complete model of the formal
system. In Section 4.4 we define a program logic for strictness analysis of a typed
lambda calculus using the disjunctive properties and in Section 4.5 we present an
abstract interpretation where the abstract domains are the same lattices as those
that model the disjunctive properties. The main result, proved in Section 4.6 is that
this abstract interpretation is a sound and complete model of the disjunctive strict-
ness logic, thus, it is a disjunctive abstract interpretation. Section 4.7 relates the
work presented here to earlier work by Nielson [Nie84, Nie85] and Burn [Bur92] on
abstract interpretations for analysing disjunctive properties using the tensor product
of lattices. The close connection between disjunctive program logic and an abstract
interpretation using tensor products substantiates the claim that tensor products
capture disjunctive properties.

4.2 Axiomatisation

This section describes an extension of the formal system for reasoning about con-
junctive properties defined in Figure 3.2. The extension amounts to introducing a
new logical connective: the disjunction. In the same way as with the conjunctive
formulae we define for each type

oc=Int|Bool|oxT|0oc—T

in our language a set of formulae L(c), denoting the properties of that type, and
axiomatise the logical structure on these sets of formulae.

The sets of formulae are defined inductively over the type structure as shown in Fig-
ure 4.1. The formulae also appearing in the formal system of conjunctive properties
have the same interpretation in the extended system so the formula f represents
the strongest property that implies all other properties, t is the trivial property
satisfied by all expressions, the formula ¢ X ¢ describes a pair where the first (resp.
the second) component satisfies the property ¢ (resp. ¥) and ¢ — 1 means that the
function maps arguments satisfying ¢ to results satisfying ). The introduction of
the disjunction as a new logical connective requires new axioms and rules for defining
the entailment relation on formulae containing disjunctions. This means that the
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Formulae
L L
. fte L) @, € L(o) ., pYel()
oV e L(o) eNY e L(o)
p € L(0),¢ € L(r) , PE€Llo).¥eLln)
exp e LloxT) o =€ Llc—rT)
Logical rules
o<, < x
e <y s ————
Y
0 < 1,0 <y
e VAU o o VAP <Y
prvS e o< U1 Az
o1 <, <
° <YV ° ° <YV
UV o1V <9 vsvve
. <P, < . =1
=1 <<y
e <t ® to—r =ttt ® Tour =t X t;
o f S 2 ® ta_>f7' = fa—)T ° fa X f’T = fO'XT

o oAU V)= (0At)V (pAr)
Type-specific rules

o (L1 XY)V(pax1h) = (p1Vpa) X1 o (pxU)V(pxiy) =@ x (11 Vi)

01 < 2,1 < o
w1 X 1 < g X Py

o (1 x1) A(p2 X Pg) = (01 Apa) X (1 A1)

o (¢ =YV )N@ =) =@ = (Vi1Ay) o (o1 = V)N (2 =) = (p1Va) = 1

w2 < 1,1 < o
01— U1 < g = Yo

Figure 4.1: Axiomatisation of disjunctive properties
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Normal Form Theorem for the formal system changes significantly. Similar systems
have been considered by Abramsky [Abr91b] and Barbaneri and Dezani-Ciancaglini
[BDCOI1].

In preparation for the Normal Form Theorem for formulae we introduce the syntactic
predicate lrr, which characterises the class of formulae that cannot be expressed as
a disjunction of simpler formulae. Irr is defined as follows:

o lrr(f) o lrr(t)
Irr()  lrr(v))

Irr(p x 1)

Irr(¢p;)
Ire(Ai(pi — i)

Furthermore we write
Irr(0) = {p € L(o) | Irr(0)}

for the set of irreducible formulae for a given type o. Later we show that all prop-
erties can be written as a disjunction of formulae satisfying Irr.

The axiomatisation consists of two sets of rules: The logical rules define the generic
logical connectives A, V, £, t in terms of the entailment relation <. The type-specific
rules define the logic governing the properties of objects of product and function
types. This axiomatisation defines a logical system

L(c) = (L(o),A,V,£,t,<,=)

where = is provable equality. The axiomatisation is shown in Figure 4.1. Most of
the rules have a straightforward logical reading. The rule for rewriting disjunctions
in the argument position of a formula of function type can be motivated as follows:
saying of a function f that it maps arguments satisfying either ¢, or ¢, to results
satisfying 1) is the same as saying that f maps arguments satisfying ¢; to ¥ and f
maps arguments satisfying ¢o to 1. This is the content of the rule

(o1 = ) A (02 =) = (01 V 2) = ¢

Note that there is no rule for rewriting function formulae where the disjunction
appears in the result position. A rule like

o= (i1 Vi)=p =191 Vo=
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is not in general valid. A formal system that axiomatises precisely when this equality
holds for formulae denoting strictness properties has been developed by Benton
[Ben92b|. Our logic is thus weaker than the one considered there but simpler to
deal with. In particular it is not clear how to obtain a normal form for formulae of
function types in Benton’s logic.

The formal logic satisfies the following disjunctive normal form theorem :

Theorem 4.2.1 For all p € L(o) there exist U1, ...¢, € Irr(o) such that

o=\ n>1

=1

Proof. By structural induction over the formation rules for formulae. The formulae
f,t are already in this form. Now assume inductively that ¢ =V, ¢; and ¢ =V, ¥;.
The formula ¢ V 1 is already in disjunctive normal form and the formula ¢ A7 can
be converted into disjunctive normal form by repeated use of the distributive rule.
For formulae describing products we note that

Veix Vo=V (vixy)

i€l jeJ (i,j)EIxJ

and for formulae of function type we have that
(\/ ©i) = (\/ V))
i J

can be rewritten into
/\(%‘ — \/ %‘)
i J

which satisfies the Irr predicate. [ |

4.3 Partial order semantics of formulae

In this section we give a semantics to the formal logic defined above based on partial
orders. In the previous chapter we saw that conjunctive properties are modelled by
the ideals of the lattices used in the abstract interpretation. We let the Normal Form
Theorem guide us in the search for a similar model for the disjunctive properties.
The Normal Form Theorem states that every property is the finite disjunction of
irreducible properties so the theorem splits the task in two: find a way of modelling
irreducible properties and extend it to model disjunctions.
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The irreducible properties are almost the same as the conjunctive properties ax-
iomatised in Figure 3.2; the only difference being that arbitrary formulae, and not
only irreducible ones, can occur in the result position of a formula of function type.
This suggests that we can use the same kind of structures to model irreducibles as
we used to model conjunctive properties. Thus the irreducible formulae of product
type ¢ x 7 can be modelled by ideals in the cartesian product of the lattices mod-
elling the irreducibles of ¢ and 7. The irreducible formulae of type ¢ — 7, which are
of the form A(¢ — v) with ¢ irreducible, can be modelled by ideals in the lattice
of monotone functions from the lattice modelling lrr(o) to the lattice modelling the
full set of 7-formulae.

In the conjunctive case we modelled a formula in L(c) by the set of elements in o#
satisfying the property. For an irreducible property this set is an ideal. Carrying
this idea over to the system of disjunctive formulae we observe that an element
satisfies a disjunction if it satisfies one of the disjuncts, i.e., if it belongs to one
of the sets corresponding to the disjuncts. Hence we model disjunctive properties
as finite unions of ideals. Such sets are characterised by being downwards closed
subsets of the lattice and are called lower sets.

Definition 4.3.1 A lower subset of a partial order P is a finite, non-empty subset
S of P that s downwards closed, i.e., it satisfies

p1Cpy and p€S = p €S

We introduce the notation

Hpis - o} =A{p [ p C pi for some p;}

to write the downwards closure of a set of elements and denote by D(P) the set
of lower subsets of P. This provides us with a technique for building distributive
lattices from partial orders.

Lemma 4.3.2 If P is a partial order with a least element 0 then (D(P),U,N, C) is
a lattice with least element the lower set {0} and greatest element P. The function
p — L {p} is an order-embedding.

Proof. We just have to observe that the existence of a least element in P guarantees
that the intersection of two lower sets is non-empty. The rest of the verification is
straightforward. [ |
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[Int] = D(2)

[Bool] = D(2)

[ox7] = D({(a,) | I{a} € [o], 4{b} € [7]}
[o =71 = D(lo] — [7])

Figure 4.2: Types modelled as lower sets

The Lemma is a variation of a general result from lattice theory known as Birkhoff’s
Representation Theorem [DP90, Theorem 8.17]. This theorem states that every
distributive lattice can be represented as the lattice D(P) of lower sets of a partial
order P. Furthermore the P generating a distributive lattice D can be taken to be
the set of join-irreducible elements of D*.

When specifying the distributive lattice modelling a type ¢ we shall do it by defining
a partial order J (o) and then take the model [¢] to be D(J(c)). The partial order
J (o) is thus intended as the model of the irreducible formulae of £(c) and the
lower set operation D( ) is the extension to handle disjunctions. We say that [o] is
obtained by Birkhoff completion of J (o).

Base types. An irreducible formula of base type is equivalent to either t or f so
the two-point lattice 2 suffices. Thus [Int] = [Bool] = D(2).

Product. An irreducible formula of type ¢ x 7 is of form ¢; X ¥; with ¢;, ¥;
irreducible. We shall therefore define

J(ox1)=TJ(0) x J(7)

thus the lattice modelling o X 7 consists of lower sets of pairs where the elements of
the pairs correspond to irreducible properties.

[o x 7] =D(J (o) x J(7)) = D({(a,b) | {{a} € [o], ) {0} € []}).

The first and second projection 7, and 7 that take out the first resp. the second
component of a pair are extended to lower subsets of pairs by simply applying the
relevant projection to each pair in the set. Due to the ordering on pairs this gives a

LAn element p is join-irreducible if p =p; Vps = p=1p; or p=ps
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lower set. Formally we define 71 : [o x 7] — [o] by

n

(U (s b)) = U ai).

i=1
and similarly for ;.

Functions. An irreducible formula of function type has the form A(p; — v) with
every ; irreducible. This is the same shape as the conjunctive formulae of function
type considered in the previous chapter. Intuitively, such a formula describes a
monotone function that maps ideals (representing the irreducible formulae ¢;) into
arbitrary lower sets (representing the %);). Such a monotone function f can be
extended to arbitrary lower sets by defining

a1, a2}) = fF(L{aa}) U F({{az}).

A function satisfying this property is said to be linear and we say that f is extended
by linearity. A linear function is completely determined by its value on ideals so
this sets up a bijection between monotone functions from ideals to lower sets and
linear functions from lower sets to lower sets. In particular, one linear function g is
smaller than another linear function f in the pointwise ordering precisely when

g(H{a}) € f(H{a})

for all downwards closures of single elements. The notion of linearity can be defined
for functions between any two join-semilattices.

Definition 4.3.3 Let A,B be join-semilattices and let f . A—B be a function.
Then f is linear if

flarUag) = far) U f(az).
The set of linear functions from A to B is denoted by A —o B.

Thus it does not matter whether we use monotone functions defined on ideals or
linear functions defined on lower sets to build our model of the function properties.
We choose linear functions because it makes for an easier notation. Thus we define

J(o—7)=[o] —[r]
and a formula of function type is then interpreted as a lower set of linear functions:
[0 — 7] = D([o] — [7]).

The foregoing is all summarised in Figure 4.2.
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Let ¢, 1,02 € L(0) and ¥ € L(T).

[ls : L(o) = [o]

[t]- = 1

[£]- = O

[or Apale = [eale N [e2]o

o1 Vale = [eile Ule:lo

[o X Ploxr = {(a,b) | a € [p]o, b€ [¥].} = lelo % [¢]-
[o—=dlonr = {f €lo]l = 71| f(lels) € [¥]-}

Figure 4.3: Semantics of formulae

The logical formulae of £(c) can be interpreted in [o] using the function [ ], as
shown in Figure 4.3. The exact connection between logic and semantics is given in
the three theorems to follow. The Definability Theorem states that every downwards
closure of a single element is denoted by an irreducible formula. From this it follows
that every lower set is denoted by some formula so the interpretation [] defines a
surjective function from formulae to lower sets.

Theorem 4.3.4 (Definability) For all ideals | {a} € [o] there exists a ¢, € L(0)
such that

lrr(pg) and |{a} = [vd]o

Proof. The proof is by induction over the structure of o. For the base case ¢ = Int
and ¢ = Bool we have that

{0} =[f] and  {0,1} =[t].
For product type ¢ x 7 the downwards closures are of the form
H(a, )}

with | {a} € [o] and | {b} € [7]. By induction hypothesis we then have that there
exist irreducibles ¢ and v such that

Hay=Tel and  }{b} =[]
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and we then have from the definition of the semantics of product formulae that

[o x¢] ={(a,b) | a € {{a},b € }{b}} = {{(a;0)}.

For a function type [0 — 7] we consider downwards closures of the form | {f} with
f a linear map from [o] to [r]. As observed above a function is smaller than f if
and only if it is smaller than f on all downwards closures of single elements, hence

Hit={gelo] =[r11gE f}= { O[[ ]]{g € [o] =[] ] g(t{a}) € f(L{a})}.
Hale€[o

To every | {a} there exists an irreducible ¢, such that | {a} = [¢ya}]. The lower
set f({{a}) can be written as a union of ideals belonging to [7] and the induction
hypothesis can therefore be applied to obtain a disjunction of irreducibles, whose
interpretation is f(]{a}). We denote this disjunction by %¢(e}). The equations
above then yields that

HiY =T A ¢ua = Yruan]
Ya}elo]

and the latter formula is irreducible since the ¢} are. |

It should be noted that in dealing with the function space we used the same technique
as for the conjunctive case (Theorem 3.2.6) to represent a downwards closure of a
function by finding a formula that essentially tabulates the function.

The Soundness Theorem states that any entailment that can be proved in the formal
system is properly reflected in the semantics as an inclusion between subsets.

Theorem 4.3.5 (Soundness) For all elements ¢, € L(0):

p<v = [vls €Yl

Proof. By checking the validity of each axiom and inference rule. We validate a
selection of the axioms here.

[te = t:]

= {felol < I71 1 fl{1:}) € I{1s}}

= [o] o [7] = [t0]

o [t, = £/]

= {felol =1 f{L.}) C{0-}} = Az {0-}} = [£or]
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o [(p1 X))V (p2 X ¥)]
= {(a,b) | a € [¢1],b € [¥]}U{(a,b) | a € [w2],b € [¥]}
= {(a,b) | a € [p1]U]p2],b € [¥]} = {(a,0) | a € [p1 V w2, b € [¥]} = [(¢1 V 92) x ¢]

o [(p1 x 1) A2 x )]

= {(a,b) [ a € [¢1],0 € [¥n]} N {(a,0) | a € [2], b € [¥2]}
= {(a,0) [ @ € [p] N2l b € [n] N [4]}

= [1 A2 X 91 Ay]

o [(g=v1)A(p =)l

= {felo]l = [r] | f(Ie]) € [} 0 {f €lo] — [7]1 | f(le]) € [¥2]}
= {fe€lo] - [r] | F([e]) C [wn] N [wo]}

= {felo] = [r] | f(e]) C [¥1 Ae]} = e = 1 Adr]

o [(p1 = V) A (p2 = ¥)]
= {felo]l =[] fen]) C ¥l N {f €lo] — [7] | f([e2]) € [¥]}
= {felo] =[] | fe] Ule2l) C W]} = o1 V 2 = ]
[ ]

As a consequence of the Soundness Theorem we have that if two formulae are prov-
ably equal then they denote the same lower set.

The Completeness Theorem states that all inclusions between lower sets that hold
in the semantics can be proved in the formal system. Since all lower sets in [o] are
denotable by a formula in L(c) this can be established by proving that an inclu-
sion between the interpretation of two formulae corresponds to a logical entailment
between the two formulae in the formal system.

Theorem 4.3.6 (Completeness) For all elements o, € L(0):

[ele €[l = @<

Proof. The strategy of the proof is to proceed by induction over the structure of o.
From the assumption that the theorem holds for all the constituent types of o we
prove that it holds for irreducible formulae of type . Given that we have proved
completeness for irreducible formulae we can prove completeness for all formulae
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as follows: we know that for arbitrary ¢, 1 there exist ¢;,¢; satisfying lrr(¢y;) and
Irr(1);) such that

v=Vei =V
For each ¢; and v; there exist a;, b; such that

[eilo = 4{ai}  [¥5]0 = ${b;}

Completeness can then be proved as follows:

[e]o € [¥]o Uileido € Uslesls
Uid{a:} C UL {b;}
Vi 35.4{a;} C 1{b;}
Vi 3j.0; < 9

o=V <V =1

I

So we have to prove completeness for irreducibles. For base types Int and Bool every
irreducible is a conjunction of t and f and therefore provably equal to either t or f.
The only non-trivial inclusion [f] = {0} C {0,1} = [t] is proved by the fact £ < t.

For a product type ¢ x 7 the proof is simple:

[or x 1] C [pa x o] = [e1] € [p2] and  [v1] C [4]
= o1 <y and Y <y

= 1 XY < Py X Py

For function types we have as assumption that
[A i =] SN @5 — )]
i€l jeJg

which implies that
Vie . [\ vi— U] Cle; — ¥l

el

If we can prove that for fixed 7 € J

[ANei =] Cle; =] = Nwi—= i <pj =1
iel icl

the rules for A will give the desired implication. Leaving out the subscript on ¢;, 15,
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the proposition we have to prove can be stated as follows: if lrr(¢;), Irr(@) then

[Nei=d]Cle—=v] = Aei—=vi<e—1.

i€l el

The assumption Irr(y), Irr(p;) means that there exist a, a; such that [¢] = }{a} and
[vi] = 4{a;} for all i € I. The definition of the semantics of function type formulae
translates the hypothesis to

{felo]l <l | f({a}) Sl C{f €lo] — [ | fF(I{a}) C [0]}. (4.1)

el

Consider the set [y ={i € I | | {a} C | {a;}}. and let h denote the co-step function
determined by the set of pairs

{(Hai}, [eal) [ € TN\ Io} U{(H{as}, Niery [¥4]) [ 5 € Lo}

By the definition of co-step function the function h satisfies
h(I{a}) = N [
i€lp

The linear extension of h belongs to the intersection of functions on the left hand
side of the inequality 4.1 from which we get that

Q [v:] € [¥]

and by the induction hypothesis we can prove this inclusion in the formal system
i.e.,

/\¢i§¢

i€lp

Furthermore we have that

[e] = 4{a} € [ Hai} = [\ ¢l

i€lp 1€l

s0, again by completeness, we can prove

< N\ ¢
iclo

Putting these two facts together we can prove that

(/\ %‘)—>(/\¢i) < o=

i€lp 1€l
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F'ke:1Yy T'he:y Lz d1]Fe:td Txr go]lbe:v

Conj Disj
b T Tre o Ay ) Tz = 61V | F et
<A AFe:¢p ¢ <
T I'ke: k
aut e:t Wea Tre v
. F|_61:¢1 F|_€22(b2
Var Tz — ol F x: Pair
[ ¢] ¢ '+ (61,62) D1 X P
Fst 'Fe:pxy Snd 'Fe:px
['Ffste) : ¢ ['Fsnd(e) : ¢
Abs Clx— ¢l e App F'ke:(p—1Y) They:o
F'EXz.e:(¢p— ) I'Feeq:v
Fix Ffix:(p—=¢)—p
: : I'key:
If-l . Fl_b f If-2 ]:1|_€1 ¢1 €9 ¢)2
' Eif b then e, else e5 : £ ['Fif b then e else e5 : @1 V o

Figure 4.4: Disjunctive strictness logic

The rules for — formulae furthermore gives that

N (i = 0:) < NN @) = i) < (N @) = (N ).

1€l 1€lp 1€y 1€l i€lp

This allows the following deduction:

Ni =) < Nlei =) <(N\wi) = (Ni)<eo—

el i€lp t€lp 1€lp

which was the entailment that we wanted to prove. |

4.4 Disjunctive strictness analysis

The formal system axiomatising the disjunctive formulae will now be used to formu-
late an extension of the strictness logic presented in Figure 3.4. Thus we interpret
the formulae as representing strictness properties of programs. The logic will be
formulated in the same style as the conjunctive strictness logic with judgements of

the form
'Fe:p
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where I' is an environment associating variables with formulae, e a term of type o
and ¢ a formula in L(c). The logic is presented in Figure 4.4. It has three novel
features. In the rule for if we can now combine the results of analysing each branch
by a disjunction to obtain the strongest property that holds for both branches. This
is demonstrated in the following example:

Example. Consider the function
f = Az.if B then (z,17) else (17, x)

This is the function considered in the introduction. We verify that f satisfies the

property:
f>(fxtVtxL).

Let I" be the environment [z — f]. Using Var, Taut, Pair, If-2 and Abs we get
the deduction:

——Var — Taut ———Var — Taut
I'tax: £ 'H17:% 'tz f 'E17:¢
Pair Pair
CE(2,17): £ x t Fl—(l?,x):txflf 0

['Fif B then (z,17) else (17,z)): £ xtVt X f
F Az.if B then (z,17) else (17,2) : £ — (f X tV t X f)

Abs

The rule for the fixed point operator has been modified and is now axiomatised as
a higher order function. The reason for this is mainly economical; by axiomatising
it as a function we do not have to specify the behaviour of fix on more complex
formulae, since this is determined by the axioms for functions. For example, it
holds generally that

A(pi = @) =i < Nwi = @) = (V@) < Vipgi= @) =\ o

i€l i€l i€l i€l i€l
and since fix satisfies the formula to the left we get the following derived fact about
fix :

Ffix V(0 = @) =\ o
iel i€l

The formula V,;c;(¢; — i) represents the knowledge that a function satisfies (at
least) one of the properties ¢; — ¢;. Hence the fixed point will satisfy (at least) one
of the properties ;.

Disjunctions can also occur in the environment describing free variables in the ex-
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pression. An environment where x is bound to the formula ¢ V % indicates that
x satisfies either ¢ or 1 for the whole of the evaluation of this expression. When
analysing the components of the expression we must take care to ascribe the same
property to x throughout. As an example consider analysing the expression (z, z) in
an environment where z is bound to a disjunction LV R (L and R could for example
be the properties £ x t and t x £). Without the Disj rule we can only prove

[z:LVR|F (z,2): (LVR)*(LVR)
which has normal form
(LxL)V(LxR)V(RxL)V(RXR).

However, by considering each disjunct in turn we can prove

e hren Ixl 2 L ARG RxR
[x: LV R]F (z,2): (Lx L)V (RXR)

which is a stronger property.

4.5 Disjunctive abstract interpretation

We now define an abstract interpretation that assigns disjunctive properties to ex-
pressions. Our main objective is to prove that the interpretation is a sound and
complete model of the disjunctive program logic and is in this sense a disjunctive
abstract interpretation.

The first problem is to find the abstract domains in which the expressions can be
interpreted. In the conjunctive case, given the abstract domains beforehand, we
could model the conjunctive properties as ideals in these domains. Here we have
a model of the disjunctive properties as lower sets of some partial orders so one
possibility would be to use the mazrimal elements of the lower sets as denotations.
This would indeed allow us to model the properties as downwards closures of the
denotations as we did in the conjunctive case. The problem with this approach is
that both the ordering and the lattice operations are complicated to describe. The
least upper bound of two such sets of maximal elements is not the union of the two
sets since an element in one set can be smaller than an element in the other.

The proper way to compute the least upper bound is to form the union of the
downwards closures of the maximal sets and then take the maximal elements of this
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[7]p = plz)
[""p = [*p=1
[(e1, e2)]p = U{leldlzi = LH{ui}] x [e2][wi = IH{wvi}] | vi € p(zi)}
[fst(e)]p = {a|(a,b) € [e]p}
[snd(e)]p = {b](a,0) € [e]p}
[Az.e]p = U HAL-Uerlellzi = LHvillle = {1} | vi € p(a:)}
[erez]p = U{ledlzi = L{v}] @ [ea][i = L{vi}] | vi € p(s)}
[if b then e, else ca]p — {0} if [b]p = 1{0gool}

[ex]p U [e2]p otherwise
[fix] = L{AH{A - AU Unlo fr{0D}

Figure 4.5: Disjunctive abstract interpretation

union. But this suggests another possibility: use the lower sets as denotations. This
would allow us to use the usual set theoretic notation, least upper bound is just set
union and the ordering is set inclusion. We shall choose this latter option but we
stress that the other approach is equally viable.

We define the abstract interpretation as a function
[1:Ar(o)—Env—|o]

which, given an environment associating each free variable x” in ¢ with a value from
[7], maps A-terms ¢ of type o into elements of [o].

The environment p maps variables to lower sets. These lower sets represents dis-
junctions so if p(x) = }{a1, a2} = | {a1} U] {as} it means that = either satisfies the
property | {a;} or the property | {as}. In the previous section we observed that we
have to make the same choice of properties for the variables in the environment when
analysing the sub-expressions of an expression. In the abstract interpretation this is
relevant for the analysis of pairing and application, which have more than one sub-
expression. Here we should analyse the sub-expressions first with z bound to | {a}
and then with  bound to | {as} and take the combination of the results of these
analyses. This is achieved by forming the union of the results obtained by analysing
the expression with all possible choices of “simple” environments [z — | {v}] for

v € p(z).
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Expressions of function type are interpreted as lower sets of functions. The appli-
cation of a lower set of functions from [0 —o 7] to an argument from [o] is denoted
by @ and defined by

Whioo fa} @ L= (D)

The interpretation of the fixed point operator is now so that it accepts a set of
abstract functions, computes the fixed point of each function in turn and returns
the union of these fixed points. Defined in this way it is the linear extension of the
old interpretation of the fixed point. In a similar way, built-in functions like addition
and multiplication are defined to be the linear extensions of their counterparts in
the conjunctive abstract interpretation. The addition function plus is interpreted as
follows:

[[plusMQ V(ai,b))) = U b}

which captures that plus is bi-strict:

[plus] {{(1,0), (0, 1)}}
= J{om1}ul{1mno}
= {0jui{0}
— {0}
Example. The new interpretation will detect that the function g from the intro-

duction (Section 4.1) is strict. We first analyse the function f from the example in
Section 4.4 and calculate [f].

[\z.if B then (z,17) else (17, 2)]
= L{AL.Uye,[if B then (z,17) else (17, 2)][x — L{1}]}

= AL Uer([(z, 17)][z = L{B U [(A7, 2)][z = L{I}])}
= J{AL U (L{@ DU L{A, D}

and we thus get:

[fl @ | {0}
= {(@,0)[acl{0},bel{1}}U{(a,b) [ac{1};be{0}}
= J,{(O,l),(l,())}.
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Combining this with the interpretation of plus we get that g = Az.plus(f(z)) is strict:

[Az.plus(f(x))] @ | {0}
= AL Uerlplus(f(x))][z — L{1}]} @ {0}
= [plus] @ ([f] @ {{0})
= [plus] @ 1{(0,1),(1,0)} = {{0}.

We conclude this section with a lemma that will be of importance in the proof of
the soundness of the logic. The lemma confirms that the interpretation handles

disjunctions in the environment correctly.

Lemma 4.5.1 Let e be an expression, p an environment defining the free variables
m e and Ly and Ly lower sets. Then

[e]plx — Ly U Ly] = [e]plx — Li]U[e]plx — Lo.

Proof. The proof is an induction over the structure of e. The cases where e is a
variable or a constant are easy. For pairing we have

[(e1, e2)]plz — Ly U Ly]
= Wle1][z: — vi][z — 1] X [ea][z: = vil][z — 1] | v; € p(x;),l € LiULy}
= Wlei][zi — vi][z — 1] x [es][zi = vi][z — 1] | vi € p(z4),l € L1}
U U{[e1][zi — vi][z — 1] x [e2][zi = vi][z — 1] | v € p(a4),] € Ly}
= [(er,e2)]plz = Li]U[(er, e2)]plz = Lo]
The case when e is an application is dealt with similarly. In the case of lambda
abstraction we first assume that the variable abstracted over is different from z.

[\y.elplz — Ly U Ly
= U {{AM. Upeumlellzi = L{oi}][z = L{IH[y = L{m}] | vi € p(zi),1 € L1 U Ly}
= UMMM Unenlellzi = IH{viH[z = L{}[y = I{m}] | v € p(z:),1 € L1}

U UHAM. Unenlellzi = LH{viHz = LBy — L{m}] | vi € p(2:),! € Lo}
= Dweelplz = L] U Py.elplz — Lo).

If y = x then the interpretation of the lambda expression is independent of what
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x is bound to in the environment. The rest of the cases are handled by the same
technique. [ |

4.6 Soundness and completeness

This section states the correspondence between the program logic and the abstract
interpretation. The formulation of the correspondence will differ from the conjunc-
tive case since the correspondence between properties and denotations is different.
In the disjunctive case we chose to use the properties, represented as lower sets,
as denotations. The relationship between logic and interpretation is then that the
abstract interpretation of an expression is the strongest property that the logic can
prove of that expression. Otherwise said: if the logic can prove a property about an
expression then the abstract interpretation of the expression entails that property.
The technique with which we prove this is similar to the one used in the proof of
Theorem 3.3.2. We first prove that all deductions made in the logic are sound. Then
we prove that the logic is complete, i.e., that it can show all semantic properties of
a given term.

Theorem 4.6.1 Let e be a term of type o and assume that I' is an environment
mapping the free variables of e to propositions. Let pr be defined by pr(x) = [['(2)].
For ¢ a formulae belonging to L(c) we have:

I'e:p=[e]or C ]

Proof. The proof is by induction over the structure of the derivation in the program
logic, just like the proof of Theorem 3.3.2. As with that proof, this is done by
checking the validity of each rule in the program logic.

The validity of the rules Conj, Var and Taut are straightforward. The soundness
of rule Disj is Lemma 4.5.1. In the rule for pairing Pair we can assume that

[ex]p C [¢] and [ez]p € [¢]. This implies
[(e1, e2)]p = ex]p x [ealp € [¢] x [¥] = [ x ¥].

The rules for Fst and Snd follows directly from the definitions. For lambda ab-
straction Abs the assumption is that, with ¢ € L(T)

[elplz” = [el] € [¥]
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The abstract interpretation is monotone in the environment so we get

[A27.e]p

UL{AL Uerle][zi — L{vi}][2” = L{I}] | vi € p(zi)}
UL{AL[e][z; = L{vi}][z” = L] | v; € p(x:)}

HAL.[e]p[z” — L}

{felo] < [r] | f([¢]) C[¥]} Dby the assumption above.

NN

N

For function application the assumptions are that

[ealo S {71 F(le]) €[]} and  [ea]p €[]

Since application is just interpreted as applying each function in [e;]p to the lower
set [es]p and taking the union of the results, this gives a set that is a subset of [¢].

To prove the Fix axiom sound we must show that the interpretation [fix] defines a
set of higher order, linear functions that maps linear functions belonging to [ — ¢]
into the set [¢]. The interpretation of fix is given by

[fixlp = LAN A frs s fid- Uy {URSo £2({OD})

and the function i
A A feb- U AU fdoh)}
=1 n=0
is obviously linear. When passed a set of linear functions {fi,..., fx} C [¢ — ¢]
we know that for each f;

U f2top € [

since {0} C [¢] and taking the union of this over all the f; still gives something
smaller than [¢]. This gives the desired property of [fix]. The rules for the condi-
tional are proved sound by similar means. [ |

Theorem 4.6.2 Let e be an expression of type o and let p and I' be environments
of values and formulae, respectively, so that p(x) = [['(x)] for all free variables x in
e. Assume furthermore that p(x) is of the form [{v} for all x. Then for ¢ € L(0)

[eloCle] = PEe:e

Proof. Completeness is proved by induction over the structure of the term e.
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x7: Follows from the assumption on p and I'.
c: We have [c]p = 1y = [to] and ' ¢ : t,.

(e1,ez): Since all variables in p are bound to ideals we have that the assumption
can be simplified to

[(e1,e2)]p = [er]p % [e2]p C [e]-

Due to the Definability Theorem 4.3.4 we can find formulae ¢; and ¢, such
that

[edp=[¢1]  and [e2]p = [¢2]

hence by the induction hypothesis we can prove I' e, : o and I' - e5 : 9 and
therefore ' - (e1, e3) : o1 X a. Since [¢1 X 3] C ¢ we have by completeness
of the axiomatisation of < that ¢; X @9 < ¢ hence by the rule Weak

T'F(e1,e9) : @

fst(e): If [fst(e)]p = {a | (a,b) € [e]p} C [¢] then [e]p C [¢] x [t] = [¢ x t] so by
the induction hypothesis I' F e : ¢ x t hence I' - fst(e) : ¢. Similar proof for
snd.

Az.e: Assume

[Az.elp = AL Userlelple = {3} € IV A i = ¥3)]-

i€l jEJ;

with Irr(p;;). This implies that there exists an 7 € I such that

HAL Uerlelple = L{B} ST @i = vyl

JEJi

Since all ¢;; are irreducible we have for all j € J; that [e]p[z — [¢i;]] C [¥i]
so by induction hypothesis I'[z : ¢;;] I e : ¢;; by the the use of the rule Abs
and from that I' = Az.e : ¢;; — 1);; for every j € J;. By the rule Conj and
the rule Weak we then derive

i€l jEJ;

eq ep: Assume that [erex]p = [e1]@[es]p C [¢]. Then, with [e1]p = L{f1,---, fu}
and ¢ chosen such that [es]p = [¢], the assumption tells us that f;([¢]) C [¢]
for all ¢ = 1,...,k. This implies that [e;]p C [¢ — ] hence by induction
hypothesis we can prove ' -e;: 9o — 1 and I' F ey : ¢ so by the rule App we
have I' - ey e : 9.
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fix : We have to prove that

M e U U S HOD3 € (e = 0) = ¢

for arbitrary . This amounts to showing that the function we take the down-
wards closure of belongs to that set, which again amounts to showing that

if L{fi,....fs} € le — ¢l then U {UpZ, f({0})} C [¢]. But if each
fi € [ = ¢] then for each ¢ = 1,...,k we have U2, f({0}) C [¢] since
{0} C [¢] and each f; is monotone.

if b then e; else e;: Assume [if b then e; else es]] C [p]. If [b]p = {0} then T' F
b : £Bool and we can prove I' F if b then e; else ey : £ < . Otherwise we have
[er]pUlez]p C [¢] which implies [e;]p C [¢] and [es]p C [¢] and by induction
we have 'Fe;:pand I'ey: ¢ so ' Fif b then e else ey : .

The proof of next theorem shows how the rule Disj enables us to extend the above
results to arbitrary environments.

Theorem 4.6.3 (Completeness) Let e be an expression of type o and let p and
I be environments of values and formulae, respectively, such that p(x) = [I'(z)] for
all free variables x in e. Then for all ¢ € L(0o)

[eleC el = T'ke:p.

Proof. Assume I' = [71 : Vey, @155+ Zn : Vjes, ©njl- Then for all possible choices
of environments [z; — [p;;]] with j € J; we have

[ellz: = Teil] € lelp € [
and hence by the previous theorem
[z c il Fer e
Now fix the choice of ¢;; for i =1,...,n — 1. Then
Vi€ dy . [T1: @1, oy Tnt1: Ono1,Tn : OnjlF et

hence by the rule Disj

[Il Py =1 Pn—1,Tn ¢ v (pnj] Fe: 2
JEJIn
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By repeating this process for each x; we finally obtain

21tV @rgoeentns \ onglbeo
jEJl jEJn

This concludes the proof of the completeness of the logic. [ |

4.7 Relational program analysis

The need for expressing disjunctions of properties in a program analysis already
emerged in the work on data flow analysis for imperative languages. We shall here
summarise the notion of independent attribute and relational data flow analysis as
introduced by Jones and Muchnick [JM81] and see how the ideas presented there
leads to the use of the tensor product of lattices for constructing lattices describing
elements of product type.

A typical example of a data flow analysis is the analysis for detecting whether the
value of an integer variable is even or odd. In this analysis we have the set of basic
properties S = {even, odd} and the lattice of properties used in the flow analysis is
the power set p(.S) ordered by inclusion. Here the element {even, odd} is representing
the disjunction of the properties {even} and {odd}. The value of a variable at a given
point in the program execution is described by an element in ©(S). The problem
is how to describe a state, consisting of a vector of variables. In the independent
attribute method a state is described by a vector of properties, one for each variable
in the program. Thus the state is modelled by the lattice p(S)X...xp(S). Executing
the command x, := x; in a state ({even, odd}, { even}) results in a state described by
({ even, odd}, { even, odd}). Notice that this fails to represent that x; and x, have the
same value. In the independent attribute method there are no means for expressing
that two variables have the same property at a program point. This is possible in
the relational method that models a state by an element of p(S x ... x 5), i.e.,
as a relation between the basic properties. Here the state previously represented
by ({even, odd}, {even}) would now be represented by {(even, even), (odd, even)}.
Executing the command x; := x; results in the state {(even, even), (odd, odd)} and
we have now managed to capture the relationship between the value of x; and x,.

Using o(S X ... x S) as a lattice for representing relational properties works fine as
long as the lattice of properties are given as a power set over some basic properties.
More generally, we can consider the problem of constructing a lattice for modelling
products from the lattices modelling each component. Such an operator should at
least satisfy

(ST X ... x Sp) 2 p(S1) *... % p(Sy).
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Nielson [Nie84, Nie85| argues that the tensor product of lattices is the right operation
for the generalisation. The tensor product A ® B of two lattices can be constructed
in several ways. One possibility is to construct it as a term model of a theory where
the elements are terms

a @b U...Ua, ® b,

where a; € A and b; € B. The theory has equations that equate terms which
represent the same information, so for example,

(a®@b)U(a®by) =a® (byUbs) and (a1 @b) U (a3 ® b) = (a1 U as) @b

These equations formalise the fact that as long as only one component is described
by a disjunction there is no loss of information by using the independent method
instead of the relational. The full equational theory is shown in Nielson’s thesis
[Nie84, p. 105].

For practical purposes a more concrete representation of the temsor product is
needed. Such a representation, based on downwards closed sets, has been used
for abstract interpretation of functional languages by Nielson and Nielson [NN92]
and Burn [Bur92]. Both papers use the following definition of tensor product of
finite lattices:

Li®Ly=({Y CLi x Ly | Y = LC(Y) = CCL(Y) = CCy(Y)}, C)

where

LC(Y) = |Y( the downwards closure of Y)

CCl(Y) = {(ll L lg,l) ‘ (ll,l), (lg,l) S Y}

CCQ(Y) == {(l,ll L lg) | (l,ll), (l,lg) € Y}
A term a; ® by is modelled by the lower set | {(ai,b1)}. The closure conditions
CCy and CCy are there to remove lower sets of the form | {(a,b;),(a,by)} since
they represent the same information as | {(a,b; Uby)}. In other words, this model
chooses to represent the equivalence class containing a ® b;Lla ® by and a @ (b; L1by)
by a ® (by L bs).

Our interpretation of products can be seen as taking the other term as representative.
We defined

[o x 7] = D({(a,b) [ {{a} € [o],4{b} € [7]}).

If [e1]p = J{a} and [es]p = L{b1, b2} then [(e1,e2)]p = 4{(a,b1), (a,by)} which is
the least upper bound of [{(a,b1)} and |{(a,b2)} in o X 7]. In terms of tensor
products we define the interpretation of @ ® b; LI by in o x 7] by the interpretation
ofa®@b;Ua® bs.
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That
[o x 7] = [o] ® [7]

is a direct consequence of a theorem of Bandelt [Ban80, Theorem 1.2.]. This theorem
is applicable because our lattices are constructed as lower closed sets over a finite
lattice. The construction used Nielson and Nielson [NN92] and Burn [Bur92] works
for arbitrary lattices.

The analysis by Nielson and Nielson [NN92] is formulated for a first order combi-
nator language. The analysis by Burn [Bur92] extends this by integrating tensor
products into the framework of abstract interpretation of higher order functions. It
is not as powerful as the analysis developed in this chapter because functions are still
interpreted as monotone functions between lattices. This means that certain dis-
junctive properties modelled by our use of lower sets of monotone functions cannot
be modelled. As an example consider the two functions

fi=xd™ Ay and  fo = Aa2™ g™y

Because least upper bounds of functions are computed pointwise when using mono-
tone functions the abstract interpretation of an expression F that either evaluates
to fi or f, is the function Az \y'™.2 U y. However, if the result of F is applied to
two arguments, at least one of which is undefined, one of the functions will return
undefined. Thus with the lower set interpretation we will detect the strictness of
the function resulting from

AfAz(f172)+ (f 2 17)) E,

a property we cannot detect if we have to describe E by the function Az \y'™.zLy.

4.8 Summary

We have extended the formal system that axiomatises properties of higher order
functional programs to include disjunctions of properties and developed a model
where properties are interpreted as lower sets. We extended the strictness logic
based on the conjunctive properties to handle disjunctions of properties and showed
how to construct an abstract interpretation that interprets expressions as lower
sets. The correspondence between the logic and the abstract interpretation was
established by proving that the property modelled by the abstract interpretation of
an expression is the strongest property provable of the expression in the logic.
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The work presented here falls in line with earlier work by Burn and Nielson on using
tensor products of lattices to construct lattices that can represent disjunctive prop-
erties of elements of product types. It generalises the earlier methods by handling
disjunctive properties of functions as well. The use of tensor products to represent
disjunctions has earlier been justified by categorical arguments [Nie85]. One con-
tribution of the work presented here is that the disjunctive strictness logic gives a
concrete description of exactly what kind of disjunctive properties these analyses
can capture.



Chapter 5

Uniform properties

5.1 Introduction

So far we have considered function types and product types. Another important class
of data types is the recursively defined types such as lists and trees. The problem
with analysing programs over these data types is to find a set of properties of such
a data type that is small and still gives useful information. For example, listing a
property for each component in such a data structure, as is done with the product
type, is not feasible, since the resulting set of properties would be infinite. One way
of cutting down the number of properties is to consider only uniform properties’.
A property of a data structure is uniform if it only describes the content of the
structure, hence “contains an element equal to 42” is a uniform property of a list
but “s sorted” and “the first element is undefined” are not. For binary trees of
integers, “all nodes are greater than 5”7 is a uniform property whereas “is a heap”
is not. More generally, for a given property P of elements we shall consider the two
uniform properties: contains an element satisfying P and all elements satisfy P.

We present a formal system for reasoning about uniform properties. The axioma-
tisation is adopted from that of the Plotkin powerdomain. Due to the proximity
to the Plotkin powerdomain we can construct a model for the system of uniform
properties based on convex sets of elements and we prove that the logical system is
a sound and complete axiomatisation of the convex sets semantics. To prepare for
the next chapter we also give an axiomatic description of the operations of inserting
and extracting elements in structures described by uniform properties.

!There does not seem to exist a generally accepted definition of what a uniform property is.
The characterisation given here is an attempt to take the essence of properties used in a variety of
analyses for languages with recursive types.

84
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5.2 A formal system of uniform properties

Uniform properties describe the content of a data structure, thus, from this point
of view, a data structure is just a multi-set of data objects. We introduce two kinds
of properties for describing non-empty sets of elements of a given type o. If p is a
formula of type o then Vi holds for those sets where all elements satisfy . Similarly
e holds for those sets where at least one element satisfies ¢. We let P(o) denote
the collection of sets of elements of type o and define the set L(P (o)) of formulae
over P(o) as follows:

Formulae

pVELPW@) . ¢l

o t,f€L(P(0)) oA, oV b € L(P(0)) Vo, 3p € L(P(0))

The entailment relation < on uniform properties is defined by adding the following
axioms and rules to the disjunctive logic defined in Section 4.2. The axiomatisation
is adopted from the logical description of the Plotkin powerdomain by Abramsky
[Abr91b].

Axioms
V=NA)  Y(pAY)=VYo AV
(V—=V) V(e V) <VpVv Iy
(3-=A) VYoATp <I(eAD)
(F-Vv) Fevy)=3TFpvIp
V—t) Vt=t
(V—£f) VE=f
Rules
o< o<1y
V=) Goow G°9 3,35
Irreducibility

Irr(p;) i€l
Ire(V(Vier i) A Nier(30i))
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The axioms and rules can be understood intuitively in terms of the content of a set.
The axiom V — V for example states that if all elements of a set satisfies either ¢ or
1 then either they all satisfy ¢ or there exists an element satisfying ). Similarly,
3 — A can be justified as follows: if all elements satisfy ¢ and there furthermore
exists an element satisfying 1/ then that element satisfies both ¢ and 1 so the set
satisfies 3(p A 7).

As a first example of the use of the axioms we have that
Vo=V(EVe) <VEVIp=£fVIp=7Tp

t=Vt=V(fVt)<VEVIt=£fVIt=3t

proving the theorems
(V—3) Ve<dp (3—-t) JFIt=t

Formulated in words these theorems state that “if all elements in a set satisfy ¢
then there exists an element in that set satisfying ¢” and “there exists an element
in the set satisfying t”. Neither of these statements hold for the empty set () so
we see that the sets we are axiomatising are non-empty. The empty set can be
accommodated by removing the axiom (V — £), resulting in a logical description of
“the Plotkin powerdomain with the empty set adjoined”. This is explained in depth
by Abramsky [Abr91lal.

As was the case for the disjunctive logic we have a normal form theorem for the
formal system of uniform properties.

Theorem 5.2.1 (Normal Form) Every formulae in L(P(0)) is provably equal to
a finite disjunction of formulae of the form

V(iwi) A ;\(Ewi)

i=1

where all ; € Irr(0).

Proof. This is proved in detail by Abramsky [Abr91b, Proposition 3.4.8] so we only
give a sketch of the proof here. By distributivity we can bring any formula from

L(P(o)) into the form
VAV A AFX).

where x’ and x” belong to L(0).
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By V — A this can be transformed into

VA X) A A3X)

and by the Normal Form Theorem for the underlying types there exists irreducibles
, 1 such that this is equivalent to

VIV o) A A3V )

Using 4 — V and distributivity we obtain a formula of the form

VIV ) A \F). (*)

By repeated application of the equivalences

V(1 V 2) = Voo V (V(e1 V 2) A Jpr)
V1 A Jpe = Vo1 A 3(e1 A ¢2)

we can rewrite (*) such that to every ¢ there exists a ¢ such that ¥y C ¢ and to
every 1 we can find a ¢ such that 1 C ¢. This implies that

AF=AFAATpand V(\/ ) =V oV V)

so () is equivalent to

VNV eV Vo) ANIon AT

which is of the desired normal form.

An irreducible formula
V(\/ ©i) A /\(3<Pi) {@i} Clrr(L(0))

describes those sets where every element satisfies \/; ¢; and for every property ¢;
there exists at least one element that satisfies this property. Informally, we can
also view such a formula as a very concrete description of a set. Recalling that
irreducible formulae correspond to join-irreducible elements in the model, such a
formula describes the finite set that contains the elements corresponding to ¢; and
only these elements. In the next section we show how this intuition leads to a model

for the logic L(P(0)).
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5.3 Convex sets

We now proceed to find a model for the formal system of uniform properties. Since
the uniform properties in £(P(0)) are intended to describe sets of elements of type
o, we look for a model based on sets. The irreducible formulae of £L(P(c)) are of
the form

YV ¢i) AN e with lrr(;)

and as each irreducible ¢; € L(0) corresponds to a join-irreducible element in [o]
this suggests that a model can be built based on finite subsets of J([o]).

First we need to find an ordering on finite sets that reflects the entailment ordering
between the uniform properties represented by the sets. The theory of powerdomains
offers several ways of ordering sets of elements according to the kind of information
the sets are modelling [GS90]. Given two sets {; }icr, {¥j}jes C Irr(o) we have

VIV o) AN T <V %) A N 3

iel icl jeJ jeJ

if and only if

d V%‘S\/%‘ and o VieJdiel.p <1y

i€l j€J
i.e., if and only if
o ViceldjeJ. .y <y and o VijeJdel. g <.

This last condition gives rise to the Egli-Milner ordering on subsets of a partial
order.

Definition 5.3.1 The Egli-Milner ordering C gy on non-empty subsets of a partial
order (P,C) is defined by

SCpy T =VseSdteT .sCt and VteT dseS.sLCt.
Furthermore define
The Egli-Milner ordering is in general only a preorder on subsets. As an example

take the partial order 3 = {0 C 1 C 2}, where we have {0,2}Cg{0,1,2} and
{0,1,2}C g {0,2}. In order to obtain a partial order we consider only convez sets.
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Definition 5.3.2 A subset S of a partial order P is convex if
Vs1,80 € SVpePsiCpEsyg=peSs

The convex closure of a non-empty set S is the least (with respect to C) conver set
that contains S. We write this set as S.

It is straightforward to see that for a subset S we always have SC S and SC S
From this it follows that the partial order of convex sets, ordered by Cg,/, is order-
isomorphic to the preorder of subsets ordered by Cgys, quotiented by &gas

In the chapter on disjunctive properties we defined a partial order interpretation of
types such that [o] is isomorphic to the Lindenbaum algebra of £(c). In this model
the irreducible properties correspond to the join-irreducible elements J([o]). We
now construct a lattice [P(¢)] for modelling the properties L(P(c)) as the Birkhoff
completion of a partial order of convex sets. The convex sets will be subsets of
J ([o]) such that if a; € J([o]) models irreducible ¢; € L(o) then

YV wi) AN Fei

i€l i€l
will be modelled by the convex closure of {a; | ¢ € I}. The following series of

lemmas show that [P(c)], ordered by the Egli-Milner ordering, is isomorphic to the
Lindenbaum algebra LA(P(c)).

Definition 5.3.3 For P a partial order define Po(P), the partial order of convex
sets of P, by
Po(P)=({S|0#SCP}Cpu)-

Note that all the sets in Po(P) are non-empty.

We can then define the lattice modelling L(P(c)) as follows:

Definition 5.3.4 [P(0)] = D(Po(J([o]))).

The formulae of uniform properties in P (o) are interpreted as denoting lower subsets
of Po(J(0)) by extending the semantic function [ |, to the type P(o) as shown in
Figure 5.1. The trivial property t here denotes the whole collection of convex sets
and f is modelled by the downwards closure of the convex set {07} which is just
the singleton set {{0p,7}}.
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Define the function [ |p() : L(P(0)) = D(Pc(T (0))) by

[t]P@) = Po(J(0))

[£]P() = {{0s»}}

[Velr) = {CePc(J(0))|VeeC.celp]s}
= {CePc(J(0)) | CClelo}

[Belro) = {CeP:(J(0))[FceC . cely], # 0}
= {C€Pc(T(0) | CN el # 0}

[vr Aoy = [Wilpe) N [W2]re)

[1Vibalpoy = [ilpe) U [Ye]re

Figure 5.1: Semantics of uniform formulae

An essential fact of the logics presented earlier is that irreducible formulae are mod-
elled by downwards closures of a single, join-irreducible element. The first lemma
shows that this is still the case for L(P(c)).

Lemma 5.3.5 Let {@;}icr C lrr(L(0)). Then

YV ¢ A NGeillpe) = {{ai [ Hai} = leilo -

Proof. With | {a;} = [i], we have

[V(V i) A AGeilpe)

= {C € Pe(J(0) | CC[Vigils and Vi.C N [pi], # 0}
= {CePAT(0)|CC{a|i€Tl}andViC N |{a;} # 0}
= {CePc(J(0)) | CCpum{ai|iel}}

Lemma 5.3.6 (Definability) The function [ [pe) : L(P(0)) = D(Pco(J(0))) is
surjective.

Proof. For every L a lower set of Po(J(c)) there exist convex sets Cy, ..., C, such
that L = L {C4,...,Cp} = L{C1}U...UL{C,} To each ¢ € C; there is an irreducible
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@ji such that [p;i], = | {c} and from the lemma above we get that
[[\/ V(\/ ©ji) N\ A(HWji)]]P(a) = {Ci}u. . Ul{C} = {Ch, ..., Ch}
j 7 7
|

The following two lemmas are the usual Soundness and Completeness Theorems for
the axiomatisation and its model. The structure of the proofs is the same as for the
proofs of soundness and completeness in the earlier chapters.

Lemma 5.3.7 ¢ < ¢ = [¢]pe) C [Y]p)-

Proof. By induction over the derivation of ¢ < 1. This amounts to checking each
axiom and rule defining <. For example we verify the axiom

(V=nA)  V(eAY)=Vo AV

by noting that

Ve APy ={C 1 C Clole N [U]e} ={C | C Clele} N {C | C C[V]o}-

To verify the axiom (V — V) we first note that

V(e V)lpe ={C [ C S l¢ls U [¥]o}-

Such a C' is either fully contained in [¢], or it intersects [¢], i.e., such a C belongs
to

{C1CClels or C N[ # 0} =[Vo VI]p).

The rest of the axioms are verified in a similar manner. The soundness of the rules

p < and o<
Vo < Vi Jp <

follows from the observation that if ] C [¢/] then a set contained in [¢] is also
contained in [¢] and a set intersecting [p] must also intersect [¢]. |

Lemma 5.3.8 [¢]p) C [¥]pw) = ¢ < 2.

Proof. The lemma is proved by induction over the type structure. The base cases
were dealt with in earlier chapters, so here we can assume that the lemma holds
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for [ ], and <,. We prove this for irreducible ¢, first. Let |{a;} = [¢i], and
Hb;} =[¥5]s. Then

YV 0) A AGeillpe) € IVCV ¥5) A A Gl

el i€l jeJ jeJ
Wlailiel}} CL{{y; [je J}}

{a;[i €T} Cpu {b; 17 €T}

Wailiely Cl{bj|jeJ}and Vj i.a; C b,
[V: @il € IV;9le and Vi i - [ils € [¥5],

t ¢ 02

By induction hypothesis we can deduce that

Vig: < V,;v¢; and Vi Ji . o; < 9
= V(Viwi) <V(V;¢;) and Vj Ji . Jp; < F;
= VY(Viwi) AN o SV(V;05) AN;

For general formulae we can argue precisely as we did in the proof of Theorem 4.3.6
when we proved completeness of the formal system from completeness for irreducible
properties. |

The following theorem is then an immediate result of the preceeding lemmas.

Theorem 5.3.9 The function [ |pw) : L(P(0)) = D(Pe(J(0))) induces an iso-
morphism between the Lindenbaum algebra LA(P(0)) and the lower subsets of Po(J (0)):

The theorem enables us to give a model-theoretic proof of the following equivalence:

Corollary 5.3.10 Let J C I and assume @; € Irr(o) for alli € I. Then

VVein N3ei= V YV @) AN Fei

i€l ieJ JCI'CI el iel’
Proof. We show

VVein Aol =1 V YV o)A A el

iel ieJ JCI'CI el ier

and use the theorem (more precisely Lemma 5.3.8) to arrive at the conclusion of the
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Corollary. Let a; € J (o) be given by | {a;} = [¢i].

D. Enough to show that for any I’ such that J C I' C I we have {a; |i € '} €
[V Vier ©i A Nicy 3pi]. This follows from

{ai[ieI'} C IV @ = U4 {a:}

1€l el

and

Vied. {a|iel'}nl{a} #0.
C Assume that C' convex satisfies

CCVel=UHal

el el

and let I’ be the biggest set of indices such that for every 7 € I’ there exists a ¢ € C
such that ¢ C a;. Since CNJ}{a;} # 0 for all i € J we have that J C I' which means
that C' C [Vier ¢] and C N ;] # 0 for all i € J. |

In view of the correspondence between the irreducible formulae ¢; and the elements
a; we can motivate the corollary as follows: If we know of a set S that it contains
at most the elements {a; | 7 € I} and it contains at least {a; | i € J} then we know
it is one of the sets S satisfying {a; | i € J} C S C{a; |i € I}.

5.4 Examples

The interpretation of the type Int is the lower sets of the lattice J(Int) = {0 C 1}
so the set of convex sets J(P(Int)) is given by

J(P(Int)) = {0} Egar {0,1} Epar {1}

This is a linearly ordered set so the lattice of lower sets of J(P(Int)) is isomorphic
to J(P(Int)). It is shown in Figure 5.2. Here the top element | {{1}} contains no
information; it just says that all elements satisfy the trivial property. Likewise the
smallest element | {{0}} states that all elements satisfies the strongest property (e.g.,
the property “completely undefined” in strictness analysis or “static” in binding
time analysis). The middle point | {{0,1}} is the interpretation of the formula
V(t V £) A3t AJf =Vt A If. The minimal element 0 models the 3 part and the
maximal element 1 the V part of the formula. To see the difference between the
ordering C gy and the subset ordering notice that by removing 1 from | {{0,1}} we
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H{gr = {03,{0,1},{1}}
|

0,13y = {{0},{0,1}}
|

{0 = {{0}}

Figure 5.2: The lattice [P(Int)] = D(Pc(J(Int)))

get a set that is smaller in the Cgjs ordering, whereas by removing 0 from | {{0,1}}
we get a set that is bigger.

More interesting convex sets arise from the type Int x Int. The lattice J(Int x Int) =
J(Int) x J(Int) is the diamond-shaped lattice

(1,1)

/

(0,1) (1,0)

N

(0,0)

The whole lattice is of course a convex set and corresponds to the formula
V(t x t) AJ(f x £).
A formula in normal form equivalent to this formula is
Vit xtVExE)AI(E xE)AI(t xt).

The property that all pairs in a set have at least one component that is modelled by
0 would itself be modelled by the downwards closure of the convex set {(0,1),(1,0)}.
It corresponds to the formula

Vit x fVExt)AT(t x£)AI(f xt).

In the Egli-Milner ordering we have {(0,1),(1,0),(0,0)}Cga{(0,1),(1,0)}. The
information content of the set {(0,1), (1,0)} differs from that of {(0, 1), (1,0),(0,0)}
in that the latter requires that there exists an element (0,0) in the set.
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5.5 Operations on sets

As an introduction to the later axiomatisation of the operations on recursive data
structures we define two operations on sets: insert that adds an element to a set
and extract that picks an element from a set, and provide an axiomatic description
of these operators using the formal system L£(P(c)). The two operators have type

insert : o X P(c)— P(o)

extract : P(o) = (0 x P(0))

The following two inference rules define the logic for reasoning about insert and
extract. Since this is only meant to illustrate the use of the formal system, we shall
not state the rules in their full generality. We assume that there is a finite set

{¢; 7€ J} Clrr(L(0)) and that ¢ € Irr(L(0)).

d:v S:Y(V;e5) AN Tej)
insert(d, S) : V(V; o; V) AT AN, Tg;

S Y(V05) AN 3e;
extract(S) : \/ (Nier i) X V(Vjer ©5) A Njent 3¢;

ICJ,I#0

To motivate the rule for the function insert let us assume that we have an element
d satistying 1 and a structure M satisfying V'V ¢; A A dp; and we seek a property
describing insert(d, M). Since d satisfies ) and every element in M satisfies at
least one of the ¢;, we can conclude that that every elements in insert(d, M) satisfy
¥V V ;. Similarly, in M there exists an element satisfying ¢; for each 7 so in
insert(d, M) there exists, in addition to this, an element satisfying . Thus M
satisfies 3 A A Jy;.

The rule for extract is slightly more complicated. Assume that the multi-set M
satisfies
V(o1 V...Vo)Ador AL ATp,

and that extract(M) = (d, M"). The most precise property we can attribute to d
in isolation is 1 V ...V ¢,. Considering the remaining part of the structure, M’,
we can only say that it satisfies V(¢1 V ...V ¢,) since d can be the only element
that makes M satisfy any of the dp; formula. However, by considering d and M’
together we can do better. The element d makes a certain number of the dy; true
but the rest of the Jp; are due to elements in the remaining structure M’. Thus for
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one non-empty subset I C {1,...,n} we have

d: N¢i and S': A Fe.

iel i€{l,...n\I

Since it cannot be determined for which subset I this holds, we have to form the
disjunction of all such properties, indexed by the non-empty subsets of {1,...,n}
(non-empty since d satisfies at least one of the properties).

The general rules would cover the cases where the formulae in the assumptions were
disjunctions of the kind of formulae we consider here. For example, the rule for fold
would have as premises

d:V;v; and S :Vi(V(V; i) AN; Feis)

These more general cases are accommodated by analysing each disjunct using the
above rules and forming the disjunction of the results so obtained.

The logic for insert and extract can be modelled by functions over the lattices mod-
elling the uniform properties. We define the two functions

[insert] : [o x P(o)] — [P(0)]
[extract] : [P(o)] —o [(¢ x P(0))]

by giving their values on join-irreducibles:

[insert](}{(s, C)}) = I{C U {s}}
[extract] (J {C}) = L{(MS,C") | C" convex, S CC & C\SCC'CC}

The rule for eztract illustrates a problem with removing elements from a convex
since each element can represent V-properties as well 3-properties and we should
only remove the elements describing 3-properties (cf. the discussion above). In the
rule for eztract we specify that we should take the maximal (with respect to Cgyy)
convex sets, but we have not been able to find a formula that calculates exactly
these maximal sets.

We prove two lemmas that show that the logic for insert and extract is sound and
complete with respect to the abstract functions [insert] and [extract].
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Lemma 5.5.1 Assume lrr(y) and Irr(p;) for all j € J Then

linserd)(lo x Y(\/ @) A A 3eil) = Mo v V 0) Ao A A Fg.

jeJ jeJg jeJ jeJg

Proof. With [{a} = [¢] and | {a;} = [y;] for all j € J, we let C' be the convex
closure {a; | j € J}. Then [{C} = [V(V,es ;) A Ajes 3¢;] and the lemma follows
from the observation

CUfaY =Tq (7€ 7T U{a) = M v V 9) A3p A A ol

j€J Jj€J

Lemma 5.5.2 With |{a;} = [pi] forallj € J and C = |{a; | j € J} we have that

[V (Ae)xV(V e)n N\ Fel= U H{MS,C)|C\SCC' CC,C conver}.

0£ICT i€l jeJ jenNI 0£SCC

Proof. “2”. Assume S,C’ satisfy ) # .S C C and C\ S C C' C C. We have to
find a non-empty I C J such that

MSelAw] & C eV e)n N el

jeI jeJ JeINI

By choosing I = {i | 3s € S.s C a;} we obtain that K # () if S # () since every
s € S is bounded above by some a;. Furthermore

[1S e m[[%]]

i€l

because for all 2 € I there exists an s € S such that s C a; so an element smaller
than all s € S must necessarily also be smaller than all a; for ¢ € I.

We then observe that C’ belongs to

[V(\ #;)] = {D | D convex, D C [\/ ¢;]}

jeJ jeJ

since C belongs to that set and C' C C. Finally, for ¢ € J\ I we have a; € C\S C C’
soVie J\T.|{a;} NC"# () which means that C" € [A,;3¢i]-

“C”. Given non-empty I C J we have to find S C C satisfying the two requirements

e [Ajerwil C4L{MS}
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o [V(Vjes ©i) A Njernt 3] CI{C" convex | C\ S CC'CC}

Define S =1 {a; | € I}. Then S = M{a; | i € I} which proves half of the
requirement on S. For the second half we use that

VOV o)A A Feil=1 V YV ei)A A 3ol

jeJ je\I J\ICI'CT  jer jer

so we only have to prove that for given I’ satisfying J \ I C I' C J there exists a
convex C' satisfying C'\ 'S C C' C C such that {a; | i € I'} Cga C'. We have that

VeeC\SdieJ\I.aq;Cc

which implies {a; | i € I'} Cgp {a; | i € I'} U (C'\ S). Since a subset is equivalent
to its convex closure under the ordering Cgj, we then get that

{a;|i€I'} Cpy{a; |ie 'Y U(C\S)
and we have found a convex set satisfying the requirements from above. [ |

By combining this lemma and the definition of eztract we get the following corollary:

Corollary 5.5.3 Assume Irr(p;) for all j € J Then

[extract](V(V w) A N\ o) =1 NV (N\wi) xV(V @) A N\ Tl

jeJ jerg ICJI#0 i€l jeJ JeINI

5.6 The cone powerdomain

A problem with using convex sets in abstract interpretation is that two convex sets
do not necessarily have a least upper bound in the Egli-Milner ordering. Plotkin
[Plo76] gives the following example. Let S be the lattice

/N
NS

and consider the product S x S.
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Amongst others we have the elements
(L,L) (R,L) (L,L) (L,R)
and we can consider the two convex sets
{(L, L), (R, L)} and {(L,L),(L,R)}.
These two sets have the minimal upper bounds
{(L,L),(R,R)} and {(L,R) (R L)}
which are incomparable.

One solution is to embed the convex sets into a lattice via Birkhoff completion. This
is the approach taken here. Another solution is presented by Ferguson and Hughes
[FH89] where they consider a particular kind of convex sets: the cones. A cone is
defined as a convex set that is closed under least upper bound. They show that
least upper bounds of convex sets exist and can be computed by the formula

PuQQ={pUq|pePqeQ}

which viewed from a logical point of view is natural, since this forms all the possible
combinations of properties that can be made with one property from each set.

Do we lose anything by using cones instead of arbitrary convex sets? Ferguson and
Hughes argues [FH89] that for their application “..we do not really care about the
distinction between sets ... differing only by points which are lubs of other points in
the set”. In general this is only sustainable when there is no loss of information by
taking least upper bounds. For example, we lose precision if we have to convert the
set {(1,0),(0,1)} into the set {(1,0),(0,1),(1,1)} since we no longer know that at
least one component will be undefined.

On the other hand, if {(1,0), (0, 1)} is converted into something like {(1,0), (0, 1), (1,0)U
(0,1)} where the least upper bound operator allows us to retrieve (1,0),(0,1)} then
the cone might just be another representation of the same information. A logi-
cal description of the cone powerdomain would be useful for comparing the two
approaches, but we shall not venture deeper into this.
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5.7 Summary

In this chapter we have axiomatised a class of properties called uniform properties.
These properties were introduced with the purpose of describing the content of a
data structure. We considered two kinds of uniform properties: contains an element
satisfying a property P and all elements satisfy a property P. It can be argued that
a property like contains 17 elements equal to 42 should be called uniform as well
since it only describes content. However, this would lead to infinite set of properties
and we would have to find a way of cutting this down to a finite set.

We presented a model of the uniform properties based on convex sets and showed
this model sound and complete with respect to the axiomatisation. The formal
system and the model were then used to give an axiomatic resp. denotational de-
scription of the operations of inserting and extracting elements and we showed that
these two descriptions are equivalent. In the next chapter we combine this with
an axiomatisation of sum types to obtain a framework for analysing algebraic data
structures.



Chapter 6

Recursive Data Structures

6.1 Introduction

The analysis of list structures has been considered by a number of people [Wad87,
Lau89, EM91, HS91, Hun91, LM91, NN92]. Wadler in his original work [Wad87]
suggested the following four-point domain for the analysis of programs over lists
of integers. With each point in the domain we list the set of lists that the point
represent.

le all lists

0e lists containing an undefined element and partial or infinite lists

00 all partial or infinite lists

1 the undefined list

(Wadler writes T € and | € where we write 1 € and 0 €). The abstract interpre-
tation of the list operations are defined over this domain such that e.g., we have
cons?* 0 1€ = 0 € and tail* co = oo. In this chapter we shall use the system of
uniform properties to extend Wadler’s analysis to an analysis of uniform properties
of recursive data structures. More precisely, we consider data structures which are

101
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of algebraic data type, i.e., a type of the form
T = pa.Dyxa™ + ...+ Dpxa™.
Examples of this kind of data types are lists and binary trees.

After reviewing some standard material about algebraic data types we present a
formal system for reasoning about properties of sum type. Based on this we define for
each algebraic data type a formal system of uniform properties together with rules for
reasoning about the operations on structures of such type. We then go on to develop
a model for this logic based on the convex set model for uniform properties and show
that this model is sound and complete with respect to the formal system. This
is followed by an axiomatisation of the operations fold and unfold associated with
recursively defined types together with an abstract interpretation of these operations
that is shown to be a sound and complete model of the axiomatisation. We conclude
with tabulating the abstract interpretations of some of the standard operations on
lists and comparing them with the abstract operations defined by Wadler [Wad87].

6.2 Algebraic data types

In this section we define the syntax of the data types with which we shall be con-
cerned. These types are often referred to as algebraic types, or “sum-of-products”

types. They form the core of the type systems in most modern functional languages
including ML and Haskell.

We assume that we are given a collection B of base types such as integers and boolean
values. From these we build the simple types D by means of the type constructors
X, +,— and the one-point type 1. On top of this we construct the recursive data
types T of the form pa.F(«) where F' is a sum of products possibly involving the
recursion variable a. To keep things simple we restrict ourselves to consider types
built using only one variable. The following grammar defines D and 7T

T = paT*+...+T
T* = a|D|T*x...xT*
D = B|1|D+D|DxD|D— D.

The order of the factors in a T*-product is irrelevant for our purposes so we shall
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assume that all types are in the canonical form

TZ;LOz.DlXOc”l—I—...-i-DkXOz"’CZua.ZDiXa"i

where D; is a simple type and n; is an integer value, possibly zero.

Examples Binary trees with boolean values at the leaves have the following canon-
ical type
pa.Bool 4+ 1 X a X a.

The type of lists of integers is as follows:
po.Int X o+ 1.

This class of types is simple yet general enough to enable us to demonstrate our
ideas. However, two important classes of recursively defined types are excluded by
this definition: nested recursive types such as lists of lists, and types where the type
variable appears as one or both of the arguments of the arrow type constructors, as
in pa.ao — . We believe that it is fairly straightforward to generalise the principles
presented here to the former kind of types but it is not clear whether a similar
generalisation can be carried out for the latter kind of types.

The operations for constructing and decomposing recursive data structures are called
fold and unfold. The typing rules for fold and unfold are

e: Fua.F(a)) e: po.F(a)
fold e : pa.F(a) unfold e : F(pua.F(a))

Assume that e is of type lists of integers. If e evaluates to the list [2,3] then the
expression fold iny(1,e)! evaluates to the list [1,2,3]. Unfolding that value would
yield the tagged pair inq(1, [2, 3]).

6.2.1 Semantics of recursive data structures

In order to find a domain that can model an algebraic data type we consider a
type definition like the one above as an equation such a domain must satisfy. The
standard approach to the solution of recursive domain equations D = pa.F(«) in a
category C of domains interprets the type expression F' as an endofunctor on C and
defines a solution to be a “fixed point” of F'. Since F' is a mapping on a category,

!The operator in is the sum type constructor; see Section 6.3
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rather that a set, such a fixed point consists of a domain D and an isomorphism
v:F(D)= D.

That a fixed point exists and how it can be obtained as the limit of a sequence of
approximating domains is well understood but not in the scope of this thesis, so
we refer to the literature [SP82, Tay86, Ten91|. The isomorphism defining the fixed
point provides the semantics for the fold and the unfold operations, i.e.,

[fold] =~ [unfold] = 7+
For algebraic data types we interpret x and + as cartesian product and separated
sum of domains. Since 7 is an order-isomorphism the bottom element in R =

oy, Dyxa™ is the only image under v of the bottom element in the separated
sum y.; D;xR™  i.e.,

’Y(J—Zi pixrmi) = LR and v (Lr) = J—Zi D; X R™i

Any other element in pa. Y-, D;xa™ is the image of an element of the form in;(d, e1, . . .

where ey, ..., e, € pa.d>; Dixa™.

6.2.2 Data structures as multi-sets

To provide some intuition for the way data structures are viewed here we briefly
consider how their content can be described by multi-sets. The collection of elements
in a data structure forms a multi-set since the same element can occur at several
places in the structure. We define a function flatten to extract the multi-set of
elements from a data structure.

A multi-set of elements from a set S is the same as a subset of S except for the fact
that an element can occur more than once in a multi-set. Thus it is not a proper
set since elements only occur once in a set, but rather a collection of elements from
S where each element of S occurs a certain number of times. We denote by M (S)
the set of multi-sets of S. As examples of multi-sets of natural numbers we have

{1} {1,1} 0 {1,2,3,4,...}

The operation of inserting an element in a multi-set can be defined by keeping count
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of the multiplicity of each element. Thus

insert(1,{1}) = {1,1} insert(1,{1,1}) ={1,1,1}

The union of two multi-sets can be defined by inserting each element of one of the sets
into the other. The result is a multi-set where each element occurs as many times as
it occurs in the two multi-sets together. For example {1,1,2}U{1,2} = {1,1,1,2,2}.

Multi-sets can describe the content of an algebraic data structure. For D; a domain
we denote by M(D;) the lattice of multi-sets of D;, ordered by multi-set inclusion
(i.e., where multiplicity is taken into consideration). The function

flatten; : pa. Y Dixa™ — M(D;)

extracts the set of elements belonging to the summand D; from a data structure
of type pa.y; D;xa™. The following definition of flatten makes use of the fact
that any non-bottom element is the image of some non-bottom element under the
isomorphism ~.

Definition 6.2.1 Define the function flatten, : pa.y; Dixa™ — M(D;) by

flatten;( L) =0
flatten;(y(inj(d, e1,...,e,))) = {d]|i=j} U Ui, flatten;(e;)

With this definition of flatten we have e.g., that flatten maps the partial list 1: 2 : L
to the multi-set {1,2} and the infinite list [1,1,1,...] to the multi-set {1,1,1,...}
containing an infinite number of ones.

6.3 Sum types

Before we can consider recursive types we have to study the properties of sum types
and provide a formal system of formulae for deducing properties of a sum type. An
element of type D; + D, is an element of either D; or Dy with a tag indicating
which of the D; the element is drawn from. Such an element is written in;(d). More
generally, we consider finite sums of types, written > ;c; D;.

We shall consider a formal system of sum types that can describe not only tagged
elements, in;(d), but a collection of such tagged elements. The reason for this gen-
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Formulae

;€ L(o;) JCI . 0, Y € L(X; 03)

© BEELZi) o S € Lo PAY VY€ L(T0)

Axioms
YA e Sin(p) A Y ing(Yy) = Y ing(py Ady)
je jEJ JeEJINT2
DR B D MUICHES:
jJED
Dot e Dini(t) =t
jel
Z —V e Z inj(¢;) Vv Z inj(v;) = Z inj(p; V1)
jed jedJ jeJ
Rule
o< e pi<vY; VjeLhCHCI
- Yien ini(@;) < Xje, ini(1;)
Irreducibility

pj€lrr(o;) jeld
Yjerini(@;) € Irr(Cicr 0:)

Figure 6.1: Axiomatisation of sum properties

eralisation is that we want to use the system to describe data structures where the
elements can have different tags. With the generalised system we can list the tags oc-
curring in the structure and for each tag give a property that the elements with this
tag satisfy. The basic formulae of a sum type > ;c; D; will be of the form > ;¢ 7 in;(;)
where J C I and ; is a property of type D;. Such a formula describes a collection
of tagged elements where every element is drawn from one of the summands {D;};cs
and the elements of the j-th summand satisfies ;. General properties are con- and
disjunctions of these basic properties.

It is important to notice that the > connective is different from disjunction. If a
collection of tagged elements satisfies the formula in;(¢1) Vina(p2) then all elements
either belong to the first or the second summand; in either case they all have the
same tag. In comparison, the formula iny(¢1) +ing(¢2) does not preclude that there
can be elements from both summands. It only guarantees that if an element comes
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from the first (the second) summand then it satisfies ¢; (p2). In general we have

V inj(p;) <3 inj(g;)

jeJ jeJ

but not the converse. The formal definition of the set of formulae L(}; 0;) and its
axiomatisation is shown in Figure 6.1.

Theorem 6.3.1 (Normal form for sums) Every formula in L(} ;c; 0;) is prov-
ably equivalent to a formula of the canonical form

V D inj(wi)

kEK jEJ;

where lrr(p,y).

Proof. By the distributive laws we can reorganise a formula in L(};c; 0;) into the

VOA D2 inj(e)

keK; jeJy

form

We can then perform the following transformations:

V(/\kEKi Yjed in;(©jk))

=V EjeﬂJk inj(/\keKi @jk) (by > —/\)
= Ve i (Vier ¥i1) (with Irr(2)j;), by normal form for £(o;)
= VVier Xjens, inj (Y1) (by > —V)
which is of the desired normal form. [ |

We can motivate the rule }° — < as follows: an element in;(d) satisfies ;¢ in;(¢;) if
d satisfies the property ¢;. So if an element satisfies iny(¢1) +ing(¢2) then it belongs
to either the first or the second summand and #f it belongs to the first summand
then it satisfies ¢ whereas if it belongs to the second summand it will satisfy ¢s. It
is thus clear that a sum formula with few summands is a more accurate description
of a value than a sum with many summands, since the former restricts the number
of possible summands that the value can belong to. This is the explanation behind
the entailment rule above.
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) 'Fe:p
i) iy @) i ()
I'Fe:f

_f
(Case ) T} case e of {’an(iv_z) . ei}  f

TFe:Vier Yies, ini(oin) T[T ol bei vy J #0

case —V —
( ) I' F case e of {an(xz) . ei} : VkEK ViEJk wik

Figure 6.2: Rules for in and case.

6.3.1 Operations on sums

Data objects of sum type > ;c; 0; are created using the constructors in; where ¢ €
and taken apart using the case construct. We shall here only give a restricted version
of the case expression where we assume that the o; are of product type. The symbol
T then stands for a vector of variables, one for each factor in the product. These
x’s are used to access the components of the product. I' is a type environment that
gives a type to each free variable in the terms. The typing rules for in; and case are

I'e:o;
I'Fing(e) : Yier o

F'ke:Yicroi DEi:o)bei:p
['F case e of {in;(7;) . e;} : p

When there are only two alternatives in a case expression we shall also write it

case e of iny(T) . e; [] in2(7) . ez

The rules for reasoning about sum types follow the typing rules. We let I denote
an environment of formulae that associates a formula to each free variable. Recall
that we only consider the case where each of the summands is a product type. We
saw in Section 4.2 that irreducible formulae of product type are tuples @1 X ... X @,
of irreducible formulae so for T a vector of variables and ¢ such a tuple of formulae
we write T : ¢ for the environment obtained by matching each variable in  with
the corresponding irreducible ;.

In the rule for case the formula Y ;c;in;(;) tells us that one of the branches with
index ¢ € J will be chosen. So we analyse each branch and take the disjunction of
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the results obtained. We note that as long as we can only build elements of sum
type by using the in; operation all formulae of sum type will be of form in;(¢) and
disjunctions thereof. The more general form of sum formulae is needed later to
model the unfold operation adequately.

The case construct is a generalisation of the if construct that we considered in pre-
vious chapters. It is well known that the if construct can be expressed by means of
case as follows

e The type Bool is defined to be 1 + 1.

e Given fresh variables zq, zy not occurring in ey, e, we define

if b then e, else e; = case b of iny(21) . €1 [] ing(22) . eq.

With this encoding we can derive the rules for if in the disjunctive logic in Section 4.4
from the rule for case. For example the first rule for if deals with the case where the
b expression is undefined, i.e., where we have been able to prove I' - b : £. It follows
from the rule case — £:

'Eb:f
[+ case bofiny(z1) . ep []ing(22) - €9 : £

6.4 Recursive types

A uniform property was characterised as a property that only depends on the con-
tent, and not on the structure, of the data structure. That means that we can
consider a recursive structure as a multi-set of elements and reason about it as we
would reason about sets. We can use the type structure to refine this description
so that a structure is viewed as a collection of sets, one for each type the elements
can have. The elements in the type lists of integers given by pa.Int X a4+ 1 will
thus be described by two sets: the set of integers in the list and the set of values
terminating the list. The latter set will either be the one-point set, in case the list
is finite, or the empty set, in case the list is partial or infinite.

We can use the formal system of uniform properties as a basis for a logic of recursive
data structures but we have to deal with the empty set explicitly since this is not
handled by the uniform properties. With the logic for sum we can express that there
is definitely no value in a summand, so by organising our collection of sets as a sum
we can express that the set of elements of a given type is empty by stating that
there is no set for this type in the sum.
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This is the intuition behind the following definition of formulae of recursive type.
Define the set L(ua.Y"; D;xa™) of formulae denoting properties of recursive type
as follows:

Definition 6.4.1 (Formulae for recursive types)

L(ua. Z oixaM) = L(Z P(0:)).

Let us look at some examples from the list of integers type pa.Int X a+1. Assuming
that we have two properties for integer values, viz. f1,; meaning that the value is
undefined and t1,; meaning that the value might be defined, we can form properties
like the following for lists of integers.

® fp(me)4p(1) This property states that there is no content from either summand.
It is only satisfied by the undefined list 1,4 tntxa+1-

e in;(Vtin) This describes all the lists whose ending is undefined, i.e., partial or
infinite lists.

e in;(3f,) This describes all the lists that contain an undefined element and
whose ending is undefined.

e in;(Vfn) + ina(Vty) This property is satisfied by all finite, infinite or partial
lists, all the elements of which are undefined.

e iny(Vtine)V (ing(Ff 1) +ina(Vty)) Either the end of the list is undefined or the
list contains an undefined element. This is Wadler’s | € element.

o in; (Vtn)+ina(Vty) The weakest property that holds for all lists. Corresponds
to the top element in the 4-point domain.

6.4.1 The rules for fold and unfold

The following rules define how the operations fold and unfold interact with the prop-
erties for recursive structures. The axiomatisation follows that of other functions in
that we only specify fold and unfold’s behaviour on irreducible formulae and let the
generic axioms for functions define the extensions to the general case of disjunctions
of irreducibles.

The irreducible formulae in £(3;c; P(0;)) are of the form

Yini (YN i AN 3ei) iy € Ir(L(ow))

Jj€J i€l 1€l
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Assume i & J.

(fold — 1) fold :in;(¢ x Y inj(xn)) — ini(Y A 3p) + > inj(xa)

jeJ jed

(fold —2) fold : ini(p xing(V \/ @A A o)+ in(xn))

kEK; kEK; jE€J
— (Vv V ew) A3 A N o) + D inj(xa)
keK; keK; jer

fold : 9 = Fper, xe (L €1)

fold —
(fo ) fold : > icr i — Vier Zkek; Xk

Figure 6.3: Rules for fold

The argument to fold is described by the even more complex formulae in £(};c; 0; X
> icr P(0i)) consisting of a property of the element to be “folded” into the structure,
in addition to a property of the structure itself. When adding an element from D);
satisfying property ¢ to a data structure we have to modify that part of the formula
that describes the set of elements from summand D;. Assume this set satisfies the

el el

formula

Inserting an element satisfying ¢ creates a set that satisfies

VeV Vi) Ao A A\ e

el el

This is expressed in the rule for fold shown in Figure 6.3. The fold-operation can only
change the set of D;-elements, hence the formulae describing the other summands
are left unchanged. In the rules we let variables y;, range over those irreducible
formulae of L(P (o)) that do not change.

The property describing the argument to unfold will be a disjunction of irreducible

S in;(V(\ wij) AN Fes)

jeJ 1€l 1€l

properties of the form

Again we only axiomatise unfold on these simpler formulae and let the general frame-
work define the extension to disjunctions of these. Unfolding such a structure gives
a tagged pair inj(d, ¢’) where d belongs to the set of elements described by the j’th
summand in the formula above. We want to determine the properties that d and
the set of elements in e’ satisfy. Since we have no information about the order in
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Funfold : Y inj(x;) > f=f = £

j€D
Funfold: Y in;(V \/ @i A A 3giy)  — (J#0)
jEJ iEIj ’iEIj
VoV (A xing(V\ wis AN Feig) + D0 ing(V i AN 3ei))
jerorICr; el i€l i€l \I I\{j} i€l i€l

Figure 6.4: Rules for unfold.

which the elements appear in the data structure this corresponds directly to choos-
ing randomly an element from a set and we can use the same logic for unfold as we
used for the extract operation on sets in Section 5.5. That is, d belongs to one of
the summands indexed by J, k say, and satisfies a certain subset of the properties
wik- The rest of the structure satisfies the same V-properties, but we can no longer
guarantee that there exist elements satisfying the properties that d satisfies, since d
could have been the only element in the list satisfying these properties. Finally, if
the argument to unfold is undefined then so is the result hence unfold satisfies f — f£.
This gives the unfold-rules shown in Figure 6.4.

Example. The property in;(Vti,) is satisfied by all partial or infinite integer lists
where the elements could be defined. Assume we have that I' F e : iny (Vtas A It1ae)
for some expression e of list type. Sticking the value 1 in front of the list obtained
by evaluating e is done with the expression fold in;((1,€)) and we would expect to
be able to prove the same property for this expression.

First we get the following property in normal form of the expression in;((1,€))
'+ inl((l, 6)) : inl(tlnt X inl(VtInt A Etlnt))
Applying the fold-rule and omitting type subscripts we obtain
['Ffoldini((1,e)) :iny(V(t Vt) AJt ATt) =in(Vt A3t)
Example. As an example of the use of the unfold rule we consider unfolding a

partial or infinite list which contains at least one undefined element. This property
of a list is described by the formula

iny (3£) = iny (V(t V £) A 3t A 3£).

The rule for unfold applied to the formula in normal form gives that the result of
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the unfold operation satisfies:
ing(t xin(V(t VE)AIE) Vin(f xing(V(t VE)ATt) Vin((t Af) X in(V(t V£)))
which is equivalent to the formula
iny(t x iny(3£)) Viny (£ x iny(Vt)).

This formula asserts that the unfold operation uncovers either an element which
might be defined, in which case the remainder of the lists still contains an undefined
element, or an element which is undefined in which case we cannot say anything
about the elements in the rest of the list since this could have been the only undefined
element in the whole list.

6.5 Analysing length and map

As an example of the use of the logic we prove some properties of the functions
length and map.

6.5.1 Computing the length of an infinite list

We shall prove that taking the length of an infinite list yields an undefined result.
The function length is defined by

length = fix AL.Al.case unfold [ of iny(z,zs) . 1+ L xs [] ina(y) . 0

The infinite list where nothing is known about the elements is characterised by the
formula iny (Vt). We want to prove that

length : iny(Vt) — f£.
The fix-rule requires us to prove that under the hypothesis I':

F=[L:in(Vt) = £,1:iny(Vt)]

the result of evaluating the case-expression is undefined (satisfies the property de-
noted by f). The description of the unfolding of the list [ is simplified by the fact
that there are only properties for one of the summands from the list type definition.
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Using the rules for unfold we get
' unfold [ : iny(t x iny(Vt))

Proceeding with the rule for analysing case-expression we have to analyse the body
of the expression. Since there is no property for the second clause, all we have to
prove is

Plz:t,zs:in(Vt)|F 1+ Las: £

This fact is easily verified using the rules for addition and function application and
it allows us to conclude that

' - case unfold [ of iny(z,xs) . 14+ L as [] ing(y) . 0: £

which was the goal.

6.5.2 Mapping a strict function over a list containing an
undefined element

The map-function is defined as follows

map = fix AM.Af.\l.case unfold [ of iny(z,xs) . fold ini(fz, M f xs) ]
ing(y) . fold iny(e)

We want to verify that mapping a strict function over a list containing an undefined
element gives a list that also contains an undefined element. When lists are defined
by pa.B X a4+ 1, the set of lists with an undefined element is described by the
formula iny (3f) + ing(Vt) and a strict function on the integers by £ — £. We define
the environment I' by

[M:(f — £) = ini(3f)+ina(Vt) — iny(3f)+ingy(Vt), f : £ — £,1 :iny(3f) +iny(Vt)]
and must show that

I' - case unfold [ of iny(x,xs) . fold iny(fz, M f xs) ]
ing(y) . fold iny(e)

satisfies iny(3f) + ina(Vt). We first present [ : iny(3f) + ing(Vt) in its normal form
in;(V(tVE) ATt ATE)+ing (Yt ATt) so we can submit it to the unfold-rule. According
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to this rule unfold [ satisfies the disjunction
in]_(f X |n1(Vt) + |n2(Vt)) V in]_(t X |n1(E|f) + IHQ(Vt)) \% ing(t X Inl(Elf) + |n2(Vt))

This gives three alternative properties for the argument to case: the two first match
the first branch, the last one matches the second branch. These matchings result in
three different extensions to the environment I" which we shall denote by I'y,I['s and
[s.

[y =Tx: £f,2s:in(3t)] [y =T[z:t,xs:in (3f)] [3=Ty:t]
It can be shown using rules from Figure 4.4 that

[y Fing(fx, M f xs) ring(£f x iny(Vt) + ing(Vt)
Lo Finy(fx, M f xs) tiny(t x iny(If) + ing(Vt)
P3 F ing(o) . ing(t)

and hence, using the rule for fold,

Iy Ffold iny(fx, M f xs) :iny(3£) + ing(Vt)
[y Ffold iny(fo, M f xs) :iny(3f) + ing(Vt)
['s F fold iny(e) : ing(Vt) < iny(3£f) + ing(Vt)

so we can conclude that the whole case-expression satisfies iny (3f) + ina(Vt).

6.6 Abstract interpretation of sums

In this section we calculate the Lindenbaum algebra of the logical system L£(3;c; ;).
This algebra forms a distributive lattice over which the abstract interpretation of
the two operations associated with the sum type is defined.

6.6.1 Lattices for sum types

A property describing an element of a sum type > ;c;0; is a sum of properties
Y jesinj(w;) where J is the (index) set of summands that the element can belong
to and ¢; the property satisfied by the element in case it belongs to ¢;. We can
write such a sum of properties as an /—tuple of properties if we add an extra symbol
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Assume J C {1,...,n}.

n

[1: £ o) = D([[(T(0))

[0l o = {(eromren) s = Lores € [}
[[t]]zai = j(O’l)J_X...Xj((fn)L
[[f]]Zai = J,{(J_,...,J_)}

Figure 6.5: Semantics of sum formulae.

that expresses “no property of this summand in the sum”. As already argued in
Section 6.3, a formula stating that the value is definitely not in summand j, say,
logically implies a formula saying that if the value is from summand j then it
satisfies some property . This means that the new symbol is least in the implication
ordering, so we can add this extra symbol by lifting the lattice LA(0;), adding a
new bottom element |. The interpretation of a sum type, which is the Lindenbaum
algebra of the formal system for that sum type, then becomes:

[Xicroil = LA(Eicr 0i) = D(ILier(T (03)) L)
where [] is the cartesian product of lattices.

The semantics of a formula Y- in;(p;) € L(3; 0;) with ¢, irreducible is the down-
wards closure of the tuple where all components with index in I\ J are equal to L
and the j'th component for j € J is d; where [ {d;} = [¢,]. The least upper bound is
union of lower sets of tuples, which is calculated by applying union componentwise.

Notation: When dealing with these sum domains we shall frequently encounter
the situation where some components of a tuple are described explicitly and the rest
are defined to be L, so we introduce a way of writing such a tuple. For a cartesian
product of lattices [[,—; _,(D;). and elements {d;};c; with J C {1,...,n} we define

[ljesdj = (e1,...,€,) where d; =e¢;,Vj € J, and e; = L otherwise.

In particular, [T;cpd; is the tuple (L,..., L).

The semantics of the formulae in L(3}"; 0;) is given in Figure 6.5. Con— and disjunc-
tion are still interpreted as union and intersection of lower sets. With this semantics
we can give a precise description of the relationship between the formal system of
sum properties and the partial orders just defined by showing that the semantics
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[ ] defines an order-isomorphism between the Lindenbaum algebra LA(>?_; 0;) and
the model D(IT/-,(J (04))1)-

Lemma 6.6.1 The function [ | is surjective on IdI(TT/—, (T (04))1)-

Proof. Let |{(e1,...,e,)} be an ideal in [[;c;(J(0;))1 and let J denote the set
{j € I|e; # L}. By hypothesis there exists ¢; € Irr(L(0;)) such that [o;] = | {e;}
Then

[ iny ()] = {(du.....da) | dy € L{es} or dy = L} = L{(er....en)}.

jeJ
|

Since disjunction is interpreted as union every lower set, being a union of ideals, in
? (J(0;))L is in the image of [ ].

Lemma 6.6.2 Let ¢, € L(31~,0;). Then

¢ <= l¢] €[V

Proof. As in the proof of Theorem 4.6.1 this lemma is proved by checking that
each rule defining < is sound. The rest is then an induction on the length of the
proof of ¢ < .

e > —A
[[_XJ: i”j(%)]]ﬂ[[z; in; ()]
= {(e1,...,en) | €= L or (¢; € [;] and e; € [¢5])}
= {(e1,...,en) | e;j =L or3j € JinJy.(e; € [¢;1N[¥5])}
= [[EjEJlﬂJz in]'(@j A 77[}])]]
e Y —f
[[Z%)i”j(%)]] ={(L,...., D} =[x .l
e > —t

[[il inj(t)] = {(e1,...,en) [ei=Lore; € [t]} = T(o1)Lx ... xT(0n)L = [[tZ?:ﬁ’i]]
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D" ini(0; V)]

= {(e1,...,en) [ ¢ € [;]U[¥5] or 5 = L}

= {(e1,....en) [ ej €[] ore; € 9] ore; = L}

= {(er,...,en) | e € [ps] or ;= L}U{(en,...,en) [ €; € [Yy] ore; = L}
= [Ejerini(0)] V [Ejerini(¥))]

e Y — <. Follows from the fact that if [p,] C [¢,] for all j € J; then

{(e1,...,en) | ej €]l ore; =1L} C{(er,...,en) | €; € [¥h;] or e; = L}.

Lemma 6.6.3 Let ¢, € L(3>;0;). Then

[el ¥l = o <.

Proof. We first prove this for irreducible ¢, . Assume that

[> ini(e)] ST ing(¥y)]

je€J1 JEJ2

Applying the rules for [ | we get from this that

{(e1,...,en) | ej €]l orej =1L} C{(er,...,en) | €; € [h;] ore; =L}

which implies that
Vje i o] €l
We then invoke the induction hypothesis to get
Vie . g <y

and by an application of the rule (3 — <) we obtain

ST ini(es) < S ing ().

Jjed1 JEJ2
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For the general case we argue as in Theorem 4.6.1: If

U [[Z in;(jr)] € U Z'”J (¥3)]

keEK jEJi leL jeJ;

then for all £ € K there is some [ € L such that

[> inj(eiw)] S I ini(¥5)]

JEJ JjeJ;

s0, by the result for irreducibles above we get

Vke Kdle L. Z inj(tpjk) < Z inj(¢jl).

J€Jk J€S

From this it follows by the rules for disjunction that

VDo ini(ei) <V 2 ini ().

kEK jeJi leL jed,

which proves completeness of the formal system in the general case. [ |

We sum this up in the following Theorem

Theorem 6.6.4 The function

[1/=: LAG i) = D([(T(03))1)

el el

18 an order isomorphism.

6.6.2 Abstract interpretation of in and case

We now define the abstract interpretation of in and case and show that this inter-
pretation is sound and complete with respect to the logic for reasoning about sums
defined in Section 6.3.

The abstract function [in;] maps an element from [o;] to a tuple where all compo-
nents, except the j’th, are equal to the bottom element:

[inj(e)lp = {1 dk | [e]p = 4{ds,-..,dn} and k =1,...,n}
HIlyy d | d € [e]p}
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With the case expression we first analyse the expression of sum type. The outcome
of this analysis is either that the value of e is undefined, in which case the result of
the whole case expression is undefined, or a set of alternatives of which we analyse
each in turn and form the union of the results so obtained.

{0} if [e]p = (L,...,1)
U{llesdplzs - ${dig}] if [elp = W{IIy, diy | J € J}}

[case e of {77 . e;}]p =

The following theorems prove soundness and completeness of the logic for in and
case with repect to the abstract interpretation. The proofs should be viewed as
extensions of the inductive proofs of the Soundness and Completeness Theorems for
the disjunctive logic (Theorems 4.6.1 and 4.6.3).

Theorem 6.6.5 The rules for in and case are sound with respect to the abstract
interpretation | ].
Proof. Throughout the proof we assume pr(x) = [['(z)]. The rule for in is

I'e:o;
I'Fini(e) : Yicroi

So we assume that [e]pr C [¢]. Then

[inj(e)lor = JAII;d | d € [elor}
C Il d[dee]}
= [inj(¢)]

which proves the soundness of the in rule.

The soundness of the rule case — f is immediate since if [e]por C [£f] = {(L,..., 1)}
we get that

[case e of {77 . e;}]or = {0} C [£].
The other rule for case is

UFe:Viex Yjes, inj(oin) TE5: 0] b ey
I' - case e of {in;(T;) . e} : Viex Vies Yik

so the assumptions here are

IIG]]pF g [[ v Z inj(a,ojk)]] and Vk - K VJ € Jk . [ej]]pp[z—j:(pjk] g [[Q/ij]].

kEK jEJ}
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These assumptions can be rewritten using the definition of [ |. The ¢;; are irre-
ducible so to each @ there exists a cj; such that [p;] = L {c;x}. Let dyy € T(0;)
be defined by [e]pr = Ujer, 4 {ILics, du}- The first assumption then implies

[elor = Uier {Ilicy, dan}
[Viex Zjes, inj(@jr)]
= Urex[Xjer, inj(@ii)]
= Ukex L eu, cin}

N

For the second assumption we have that prz;.,,) = pr[T; = | {cjk}] so it rewrites
to
Vk € K Vj € Ji . [ejlor[zs — Mejnd] € [Wnl-

The first assumption has as implication
VieLdk e K. HiEI[ dil ; HjEJk Cjk

i.e.

VieL3idkeK.I,CJ, and Vi € ;. d;; C c.

Since the semantic function [ | is monotone in the environment this implies
VieLdke K.I,CJ, and Vi€ ;. [[ez]]pp[x_z — \L{dzl}] C [[ei]]pp[:c_z — \L{C,k}]
from which we deduce

Vie L3k e K. J{le]orlzi — L{du}]} € U {le;lorm7 — L{ci}}-

el JEJk

We then use the second hypothesis to get

vie L3ke K. |J{lelprimi— L{da}]} € U Wl

1€l J€Jk

and we arrive at the conclusion that

U Uledor(@ = I{da}]} € U U ¥4l

leLiel; keK jeJi

which is the semantic equivalent to the conclusion of the rule for case. [ |
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Theorem 6.6.6 (Completeness for in.) Let environments pr,T be defined such
that pr(x) = [['(z)]. Then

[ini(e)lor STV D inj(eg)] = THin(e) s \/ D inj(on)-

kEK jEJ keK jelg

Proof. Assume

[ini(e)lor STV > ini(je)]

kEK jEJTy,

and
[[6]]pr = \L{dl, PN dn}
From this we get
Uy d} € U Hjes d | d € [0}
=1 keK

which implies that
Vi=1,...,n3k € K .i € J, and d; € [pi]

This means that there is a subset Ky C K such that ¢ € J for all £ € K and every
d; satisfy at least one of the ;;, k € K. For the abstract interpretation of e this
entails

[elp € U leul-

keKy

Applying the induction hypothesis yields

I'e: \/ Pik

k€K

and using the rule for in we get

LEing(e) :ing(\/ i) =\ ini(in)

keKo keKo

Since i € Ji, for all k£ € K, we have the following inequalities:

V oini(ei) < VD ini(en) < VD ini(win)-

kEKy keEKo jEJk kEK jEJ

e, T Fini(e) : Viex Sie, ini(@im)- u

Theorem 6.6.7 (Completeness for case.) Let environments pr, T be defined such
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that pr(z) = [['(z)]. Then

[case e of {T7 . e;}]or CTV ¢k] = [hcaseeof {z7.¢e}: \/ ¢

kEK keK

Proof. There are two cases to consider, depending on the value of e. The first case
is where the value of e is undefined which means that the whole case expression is
undefined. We show that this is provable in the program logic too.

So assume that

[elp=(L,-... L) =[>_«il.

€0

By the induction hypothesis this means that we can prove

Fl—e:Z%:f

i€l
By the case — f rule we then get

['Fcase e of {7;.¢;}: £

from which we can prove any property about case e of {Z; . ¢;} using the weakening
rule.

For the second case the assumption is

elor = U HILjes dp} and Vi€ L. U {le]or[s: Hdu}]} STV vl

leL jea keEK

Define ¢;; by [¢u] = 4 {d;i}. We can now use the induction hypothesis to get

e:\/ D i and Vi€ LVjeJ .Tmj:oute: \V o

IeL jeJ, kek

and the rule for case gives that

I'Fcase e of {77.¢;}: \/ .

keK

which proves the completeness of the logic for case. [ |
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{1} : {e}

/N

{1}:0 {0,1} : {e}

NN

{0,1}:0 {0} : {o}

NN

{0}:0 0:{e}

N

0:0

Figure 6.6: The partial order J(Int List)
6.7 Lattices for recursive types

Using the semantics for sum types we can describe the Lindenbaum algebra of any
algebraic data type. By definition we have that LA(ua. Y, oixa™) = LA(X; P(o;))
so by modelling the last sum by a product we can extend the lower-set interpretation
[ ] of types to algebraic types. When lifting a lattice of convex sets we shall use the
empty set () as the bottom element so we extend the ordering Cg;, by stipulating
that ) Cgy, C for all convex sets C. We could have worked with an abstract bottom
element for Po(J(0;)). but introducing the concrete set () enables us to use some
of the usual set operations as operations on the lattices. Furthermore () is a natural
choice of symbol to represent that there is no element from that summand in a
structure.

Definition 6.7.1 (Lattices for algebraic data types)

[1a.32; oixa™] = D(Ilier Po(J (9i))o)-

As an example of a lattice describing a recursively defined data type we shall look
at the lattice describing the type for integer lists defined by Int List = pa.Intxa + 1.
The lattice modelling integer lists is built up from the lattices modelling sets of
integers and sets of elements from the unit type 1. Sets of integers were considered
in Section 5.4. The interpretation of 1 is defined by setting J (1) to be the one-point
lattice, written as {e}. The only non-empty convex subset of 7 (1) is {e} ifself.
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Following Definition 6.7.1 the lattice modelling integer lists is defined to be the lower
sets of:

J(Int List) = (Po(J (Int)))p X (Po({e}))a

The elements in J(Int List) are pairs (C, E') where the first component describes the
set of elements in the lists and the second component describes what the lists ends in.
We shall write such a pair in a more suggestive style as C' : E corresponding to the
way lists are usually written. The partial order J(Int List) is shown in Figure 6.6.

The full lattice [Int List] is obtained by forming all unions of the sets of this lattice.
Thus we would have an element like

{1} :0,{0,1} : {e}}

representing the disjunctive property that either the list is infinite or partial or it
contains an undefined element. This is the property corresponding to the property
1 € in the four-point domain of Wadler [Wad87]. The L property in the four-
point domain is here represented by | {0 : @}, the T € property is represented by
1{{1} : {e}} and finally the property co corresponding to all partial or infinite lists
is represented by | {{1} : 0}. So we have managed to reconstruct the elements from
the four-point domain using uniform properties. However, the lattice so constructed
contains elements that represent the same property of integer lists e.g., the elements
L{{1}: 0} and | {{0,1}: {e}}. This deficiency of uniform properties was already
pointed out by Ernoult and Mycroft [EM91]. The presence of elements representing
the same property does not jeopardise the correctness of the abstract interpretation.
The same phenomenon has appeared in other analyses as reported by Cousot and
Cousot [CC79] and by Hunt [Hun91| who also describe how to deal with this problem.

6.8 Abstract interpretation of fold and unfold

The abstract interpretations of the two operations associated with recursive data
strucutres, fold and unfold, are defined over the lattices constructed in Section 6.7.
In the definition, which is given in Figure 6.7 we shall describe the action of [fold]
and [unfold] on ideals. The action on arbitrary lower sets is as usual defined to be
the linear extension.

We now prove that extending the disjunctive logic from Chapter 4 with the rules
for fold and unfold from Section 6.4 gives a logic which is sound and complete with
respect to the abstract interpretation from Section 4.5 extended to fold and unfold
as above.
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[fold] - D(T[(T (03) x [T (Pc(T (0:))9))) —o D(I] Po(T (0i))e)

1 el

[fold] ({1 (as. (ST.....820}) = U (ST, Sufas},..., S0}

jeJ jeJ

[unfold] : D(]] Pe (T (0:))s) — D(J[(T (03) x [[(Pe(T (0:))e)) 1)

i€l i T
[unfold] (J {(S1,--.,S)})
{J_ 1} ifS =...=8,=0
B U U IS, (S,...,C,...,80) | Si\ S C C C S;,C convex} otherwise.

1=10#£SCS; {7}

Figure 6.7: Abstract interpretation of fold and unfold.

Theorem 6.8.1 The logical rules for fold are sound with respect to the interpreta-
tion [ ].

Proof. There are three rules to check. The first rule deals with the case where we
fold an element from summand j onto a structure that contains no elements from
this summand. Let J be an index set such that ¢ € J. For the first rule we have to
prove that

[fold] ([ini( x 3~ in;(v;))]) € [ini(Veo AT) + 3 in; ()]

je jerg

The argument is the lower set

Iy (@i, es (55) | Ha} = Tel, 1{S;} = [¥5]}

and the condition ¢ ¢ J implies that this is mapped by [fold] to

WIjesugy S5 | Si=A{a},Vje J . L{S;} = [¥;]}

which is equal to
[ini(Yo A 3) + 3 inj(45)]

jeJ

The second rule concerns folding an element from summand j onto a structure that
already contains elements from this summand. .J is still an index set such that i ¢ J.
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Let C;, D; be defined by

HCY=IV oA N il

keK keK
HDi} =Vov V ex Adon A\ @]
keK keK

We have to show that [fold] maps
[ini( X ini(¥ Vier 0x A Aker o) + Ljering(5))] =
Wy (a, jesu Ci) | Ha} = [¢], Vi € JI{C;} = [¥5]}

into the set

[ini(V(¢ V Vier @x) AT A Arer 0x) + Ljesing(¥)] =
WHIjesupy Di | V5 € T . L{D;} = [v;] = L{C;}}-
The definition of [fold] gives that the argument is mapped into
WHIjesun € | CH={a} Ui, Vj € J . Cj=Cj}
so all we have to show is that

{a}UuCie VoV \/ e AT A N @il
keK keK

which follows from a € [¢] and C; € [V Viekx €k N Aiex Pk]-

Finally the validity of the third rule for fold is proved as follows. The assumption is
that the following set inclusion holds:

Vj € J . [fold] (L TTg5y (a5, (... SD)Y) = H(SE,... ST U{ag}.... S0} € [,

From this we get that

[fold] (4 {TTjes(as, (ST, SINY) = Ujes (S, ST U{as}, ..., 50)}
Uje.][[’/j]] = [[VjeJ vj]

N

which is the conclusion of the third rule
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Theorem 6.8.2 (Completeness for fold.) Assume Irr(p;), Irr(vij), Irr(ir). Then
(subscripts on dis- and conjunctions omitted):
[fold[(IV Zjes inj(@; X Eier; ini(VV @i ANTFpij))]) € [V Zier, ()]
= | fold: V EjEJ inj(cpj X Eite mZ(VV Vij A /\L}DU)) — VZlEL inl(¢l).

Proof. Let a;, S/,T; be so that

Haj} =1leil, {87y =VV i A N\3ei] and  L{T} = [w].

The assumption is then that

[fold] (\J 4 AT e (as, Ticr, SH}) € U {Ter Ti}-

Since [fold] is linear (i.e., distributes over unions) this implies that for every down-
wards closure in the union

[fold] (4 {TTjes(aj, Micr; SHY) = U (ST, - 8] U {as},-.. S2)} © UM ILer T}

jeJ
that is, for each j € J there is a tuple [];c;, 1; such that

(8f,....87U{a;},....sH C I Ta

leL

From this we see that for all S{ # (0, that is, for all Szj such that 7 € I;, the same
i must appear in the index set L and if ¢ # j then S? Cgy T;. The Completeness
Theorem for the axiomatisation of uniform properties then allows us to conclude
that

We now have to consider what happens at index j where we actually make some
changes to the set SJJ-. There are two possibilities: Either

1) S]j = (). In that case Yy, A Jp; < 9
or
2) Sg # 0. In that case V(p; V V i) Adp; ANTpij < 1),

In case 1) we have

inj (Voo A ;) + Y ini(V\ @i A\ Fpiy) < D imi(¢r)

i€l leL
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and in case 2) we have

inj (V(0; V' i) A3 AN\ Feig) + D2 ini(V iy A N\ 3pig) < D imi(en)

i€l; leL

We then use the fact that we can always weaken the assumption about the result of
a function to conclude that we can prove, in our program logic,

jeJ i€l; leL

for each of the disjuncts in the formula describing the argument to fold. We can
then combine these facts into a conjunction with one conjunction for each disjunct:

Ffold : AD_inj(w; x Y ini(VV wi; AN\ eiy) = VDY im(i)].

jeJ i€l; leL

and from the equality from the axiomatisation of functions

Noi =)=\ @) =¥

we then obtain that

=fold : (\/ Y inj(w; x D ini(V\ wig A N\ i) — VD imi(w).

jeJ 1€l leL

which was what we wanted to prove. [ |

We now turn to prove soundness and completeness for the unfold operation. The
following lemma, which again builds on the corresponding lemma for the eztract
operation from Section 5.5, contains the essence of the proof.

Lemma 6.8.3 Assume lIrr(y;;) and j # 0. Then

[unfold]([3 ¢ in;(V Vier; ¥is N Nier, Jpiy)]) =
[V V inj(Awi <ini(V \ wg A\ Fog) + D2 ini(V Vv AN Fei)]-

JEJ OAICI, iel icl; ieI\I J\{j} il icl;

Proof. Let us first introduce Sy, ..., .S, such that

D_ini (¥ V wig AN 3wi)] = L{(S1, -+, Sn)}

JjeJ i€l 1€l

We first note that for all j € {1,...,n}\ J we have S; = () so when applying the
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definition of [unfold] we get

[onfold](H{(S:,-. Sw)})

= U U HII(MS,(Sy,...,C,...,S3)) | 5\ S € C C 5;,C convex}
i=15CS;  {i}
= U U H{IIMS,(S,...,C,....80)) | S;\ S C C C S, C convex}

i€J SCS; {i}

Lemma 5.5.2 states that

U HNS.0)[e\scecoc comvest =1V (Ae)x(V e)n A ol
p£SCC p£ICT iel jeJ jeINI

From this equality it follows that

U @S, (S1,....C"...,8,) | C\ S CC'CC,C convex}
p£SCC

[V (Awd) xini(V(V o) A N Fe)+ D2 ini(V V ois AN Feiy)]

OAICT i€l jeJ JEINI {5} i€l i€l

which proves the lemma.

Theorem 6.8.4 The logical rules for unfold are sound and complete with respect to
the interpretation [unfold].

Proof. The soundness part of the theorem is the “C” of the set equality in
Lemma 6.8.3 above, together with the observation that

[unfold] (L {(@, ....0)}) = L{(L,..., L)}.

verifying the soundness of the rule F unfold : £ — f.

Completeness amounts to showing that if

[unfold]([\/ S ins (v \/ v A A 3ei)]) €[]

jeJ icl; i€l;

then we can prove

Funfold : \/ ) in;(V \/ wi; A A\ Feij) = x-

jeJ S 1€l
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But from the hypothesis and Lemma 6.8.3 it follows that

JEJ 0AICI, icl il i€ \I I\{j} icl; il

and by the completenes result for the axiomatisation of the entailment relation <
on sums and sets (Theorem 6.6.4 and Theorem 5.3.9), we can conclude that

VoV ini(Awi xini(V Ve A\ Fei) + D2 ini (Y V wis AN 3ei)) < x

JEJ O£ICI; i€l i€l i€;\I J\{5} i€l i€l

Thus the judgement

Funfold : \/ > " in;(V \/ wi; A A Feiy) = x

jeJ 1€l 1€l

can be proved by an application of the rule for unfold followed by an application of
the rule Weak.

This completes the proof of the correspondence between the logic for reasoning about
the fold and unfold operations and their abstract interpretation.

6.9 Operations on lists

We now calculate the abstract interpretation of some of the standard operations on
lists. To keep things simple we shall consider operations on integer lists. In addition
to length and map studied in Section 5.4 we have e.g., functions

cons : Int x Int List — Int List

Ap.fold iny (p)

head : Int List — Int

Al.case unfold [ of iny(x,xs) . z [] ina(y) . Ly

tail . Int List — Int List

Al.case unfold [ of iny(z,zs) . s [] ina(y) . Lya.oxat1
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where we use undefined (L) to model the occurrence of an error. The bottom element
is not a part of the language but stands for any expression with an undefined value.
Let us first calculate the abstract function for cons:

[cons] : D(2 x (Pc(2)g X Po(1)g)) — D(Po(2)p x Po(1)o)
[cons]i{(c, (C, E))} = [fold]Q([in]@{(c, (C, E))})
= [fold]@| {((c, (C, E)), L)}
= H(CU{c}, B)}

The following table shows what happens when adding an undefined resp. a defined
element to an integer list described by the elements from the four-point domain. In
the following table the abstract values of the list argument is listed vertically and
the abstract values of the element being added to the list are listed horizontally.

[cons] H1} +{0}

L1} {e}} L1} : {e}} H{1}:0,{0,1} : {e}}
{1} : 0,40, 1) - o3} | J{{1}:0,{0,1} : {o}} | ${{1}:0,{0,1} : {e}}
H{1}: 0} H{1}: 0} H{1}: 0}

1{0: 0} H{1}: 0} +{{0}: 0}

This is the table reported by Wadler [Wad87] except for the value in the lower right
corner. When adding an undefined element to an undefined list, Wadler can only
say that the ending is undefined, ¢.e., that the result is co. Since we can represent V-
properties we are able to express the additional fact that all elements of the resulting
list are undefined.

The definitions of the functions head and tail share a common pattern by first un-
folding an argument and then take action according to the type of the unfolded
structure. The following equation will be used in computing [head] and [tail].

Assume that eq, e are of type 7 and that [e]p = [ {C, E}. Then

[case unfold e of iny(z, xs) . e1 [] in2(y) . ea]p
{01} fC=E=0
Uledolz = L} 2s = LH{(max(C, C\ {c}), E) U [e2]ply — o].

ceC ocE
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From this it is straightforward to calculate the result of applying the abstract func-
tions [head] and [tail] to the downwards closure of a single element. As usual the
extension to arbitrary lower sets is defined by linearity.

[head] : D(Pc(2)g X Po(1)g) — D(2)
[head]L{(C, E)} = {Olnt} U U Hc}

[tail] : D(Pe(2)s x Po(1)) —o D(Po(2) x Po(1)g)
[@illi (B} = {0,0)} v U {(max(C,C\ {e}), E)}

ceC

The following table gives the value of the abstract functions at the arguments cor-
responding to the elements in four-point domain. This is exactly the table for head
and tail from Wadler’s article [Wad87].

[ [head] [tail]
H{1} : {}} HIF | {1} : {e}}
J{{1}:0,{0,1} - {o}} | 1{1} | J{{1}: {e}}
H{1}: 0} Hip | {103
1{0:0} Hoy | 1{0:0}

6.10 Uniform properties and binding time anal-
ysis
Hunt and Sands [HS91] argue that binding time analysis can be formulated in terms

of a constancy analysis and suggest the following three point domain for lists of
booleans:

D

|
SPINE(D)

|
SPINE(S)
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The elements represent equivalence classes of lists: D relates all lists to each other,
SPINE(D) relates lists of the same length (including partial lists of the same length
and infinite lists) and SPINE(S) only relates a list to itself. With these elements
we can describe various degrees of constancy of a function f. For example, if f :
BoolList — BoolList satisfies f(D) = SPINE(S) then all lists are mapped into the
same one-point equivalence class, i.e., f is constant.

We mention this particular analysis because it gives an example of a collection
of properties of a recursive data structure that cannot be constructed solely from
uniform properties. The structure of the list (here: the length) forms an important
part of the properties and cannot be described only by its content. However, this
does not mean that we cannot find a program logic equivalent to this abstract
interpretation, but only that we cannot use the framework constructed here. Instead
we would have to construct the rules for fold and unfold in an ad hoc fashion using
the technique from Chapter 2 to construct the abstract domains.

6.11 Summary

In this chapter we have presented an axiomatisation of uniform properties for recur-
sive sum-of-products types that incorporates into one framework the type of prop-
erties considered by Wadler [Wad87] with those considered by Launchbury [Lau89]
and Hunt and Sands [HS91]. We saw that this generalises the properties used in
Wadler’s strictness analysis but that it could not capture the structural information
present in the properties used in Hunt and Sands binding time analysis. Also, the
lattices constructed contain elements that represent the same properties of lists; a
problem avoided in Wadler’s construction.

The axiomatisation was used to define logical rules describing the operations fold
and unfold on recursive data structures. We described the abstract interpretation
corresponding to the program logic presented and proved that the abstract interpre-
tation and the logical rules are equally strong in finding properties of the fold and
unfold operations. Finally we compared the abstract interpretation of operations
cons, head and tail with that given by Wadler and noticed that we have obtained a
slight improvement with respect to the precision of the interpretation.

An important task that remains to be done is to prove that the analysis proposed
here is correct. In order to prove the correctness of the analysis we would have
to prove the soundness of the rules for fold and unfold with respect to the multi-
set semantics for the recursive data structures which again is given in terms of the
standard semantics and the flatten function from Section 6.2. The proof would
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require a concretisation function « that would map a uniform formula to the set of
multi-sets it represents. For example, for e a closed expression of type pua . o X «
and with S| ] being the standard semantics we would have to prove the correctness
property

Fe:o  implies  flatten(S[e]) € v(¢) C M([o]).

To formalise this for recursively defined algebraic data structures in general would
be a substantial task in itself. We shall leave this as work for the future.



Chapter 7

Conclusions

This chapter gives a summary of the thesis and assesses the results obtained. This
is followed by a brief account of some topics related to what has been presented in
the thesis together with some suggestions for future work.

7.1 Summary and appraisal

In this thesis we have studied the relationship between abstract interpretation and
non-standard type systems. The idea underlying our approach is that an abstract
interpretations can be viewed as a model of a program logic specified by a type
system. By pursuing this idea we have been able to characterise the relationship
between existing analyses and to develop new analyses by extending existing ones.

In Chapter 2 we studied the connection between the lattices used as domains in ab-
stract interpretation and the formal systems of properties underlying a type system.
We argued that the ideals in the lattices could model properties and that the ele-
ments of the lattices could be construed as filters of properties. This way of passing
between logical systems and lattices was then formalised categorically and seen to
be a special case of the theory of Stone Duality. By specialising proofs from this
theory we proved that the lattices in abstract interpretation correspond to formal
systems where we can express conjunctions of properties.

Underlying the approach taken here is the simple idea that properties should be
understood as sets of elements and an element should be identified with the set of
properties it satisfies. This makes the results presented applicable to a wide range of
problems. Furthermore, our approach is not biased towards either the type system
view or the abstract interpretation view. Since the results are based on a duality

136
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between the lattices and the logical systems we can translate a logical system into
a corresponding lattice and vice versa.

In Chapter 3 we gave an axiomatisation of the lattices used in abstract interpretation
of the simply typed lambda calculus. With this axiomatisation we then defined a
conjunctive program logic for strictness analysis of simply typed lambda calculus
and proved it equivalent to the abstract interpretation strictness analysis of Burn,
Hankin and Abramsky. An important conclusion here is that in order to attain
the power of this abstract interpretation a type systems must be able to express
conjunctive properties. It is furthermore shown that by changing the program logic
slightly we can obtain a binding time analysis for typed lambda calculus.

It is important to emphasise that the results obtained only talk about the rela-
tionship between the analyses. In particular we have not studied the relationship
between program logics and the standard semantics, i.e., we have not provided a
correctness proof for the logic. However, by the correspondence between logic and
abstract interpretation we can, at least in the case of strictness and binding time
analysis, rely on earlier correctness results for the abstract interpretation. By prov-
ing correctness via an abstract interpretation, as is done here, rather than directly
with respect to a standard semantics we get the extra comparison between the two
analysis techniques and their capability of detecting the properties we are analysing
for.

In Chapter 4 we extend the conjunctive program logic to include disjunctions of
properties. This is primarily motivated by the desire to express properties of data
structures not expressible in the conjunctive logic. We prove a normal form theorem
for the set of disjunctive formulae and guided by this define a model of the properties
in which these are modelled by lower sets of lattices. We formulate an abstract
interpretation where the abstract denotations are such lower sets and we show that
the abstract interpretation of a term is the lower set modelling the strongest property
provable about the term in a disjunctive program logic. This extends earlier work
by Nielson, done in the setting of a first order language, to higher order functions.
The chapter concludes with showing that our use of disjunctions corresponds to the
use of tensor products in other abstract interpretation frameworks.

The approach to proving the equivalence between logic and denotation taken in
Chapter 4 is slightly different from the one used in the earlier chapters since here
we use the properties (the lower sets) directly as denotations instead of using the
elements of these lower sets. The other approach is conceptually clearer but it would
be more complicated to apply it here, hence the change. The analysis we arrive at
handles more properties than existing abstract interpretations since it is able to
represent disjunctive properties of function type. Whether this added strength is
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important enough to justify a more complicated analysis remains to be seen. One
restriction to consider would be to restrict the use of disjunctive properties to non-
functional types thus arriving at analyses similar to existing analyses based on tensor
products.

In Chapter 5 we consider a new class of properties called uniform properties. These
properties are intended for analysing recursive data structures with respect to the
elements they contain. We have two kinds of properties: there exists an element
in the structure satisfying a given property and all elements in the structure satisfy
a giwen property. We use the axiomatisation of the Plotkin powerdomain from
Domain Logic to derive a formal system for reasoning about these properties and
present a model of the uniform properties based on convex sets. The use of uniform
properties is illustrated by giving an abstract semantics to operations of inserting
and extracting elements of sets.

Uniform properties should be useful not only for our application to strictness analysis
but also in data flow analysis of languages involving complex data structures where it
would not be feasible to list the properties of each element in the structure. Although
it can be argued that the approach to uniformity taken here is too restrictive we are
convinced that this is a good starting point for constructing more elaborate systems
of properties. The use of the Plotkin powerdomain in giving a semantic description
of concurrent processes suggests that the uniform properties could also be used as
a foundation for analysing the behaviour of concurrent languages.

In Chapter 6 the formal system of uniform properties is combined with a logic for
reasoning about sum types to form a logic for strictness analysis of functions defined
over recursive data structures. A data structure is now modelled by a collection of
convex sets each describing the set of elements of a particular type. We axiomatise
the operations fold and unfold associated with recursive data structures and show
how to define a corresponding abstract interpretation. The analysis obtained can
be seen as a reconstruction of Wadler’s strictness analysis for lists based on the
four point domain in terms of uniform properties. It can find more properties than
Wadler’s system due to the fact that we can express the property that all elements
of a structure are undefined, but this happens at the price of a more complicated
domain. Also the domain so constructed contains distinct elements that represent
the same property of lists, this was avoided in Wadler’s original construction. Fi-
nally, we see that the uniform properties cannot be used to construct the properties
used in the binding time analysis considered earlier since these properties involve
information about the structure of the data structure as well.

The logic for fold and unfold presented here gives a general axiomatisation of these
operations. Practical applications might consider restricted versions of these rules.
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Even if the full system is not put to use in an implementation the logical view and its
correspondence with powerdomain theory can still be used to gain an understanding
and a characterisation of other analyses of recursive data structures. For example
if we only consider those of the uniform properties that talk about existence of
elements then they can be modelled by the Smyth powerdomain which consists of
upwards closed sets rather than convex sets. This again can explain the choice
of upwards closed sets in Nielson and Nielson’s generalisation of Wadler’s analysis
[INNO92].

7.2 Related topics and further work

7.2.1 Polymorphism

Most functional languages in use have some degree of polymorphism built into their
type system. For example, the function length considered in Chapter 6 works the
same way regardless of what type the elements of the argument list have so it is
reasonable to assign length a type like Va.a List — Int to express this uniform be-
haviour. But what should an analysis for a monomorphic language like the typed
lambda calculus do when it is to analyse such a function? Clearly it cannot anal-
yse the function at all the monomorphic instances of its type since the number of
instances is infinite as soon as we introduce type constructors. One solution is to
figure out which instances of the function are used in a program and then analyse
each of them. A more economic solution is to exploit the strong regularity inher-
ent in the polymorphism to try and deduce properties valid for all instances from
properties valid for single instances. This is the idea behind polymorphic invariance
introduced by Abramsky [Abr86]. There are two kinds of polymorphic invariance
to be considered:

e polymorphic invariance of a property, i.e., one instance of a function has a
given property if and only if all instances have that property.

e polymorphic invariance of an analysis, ¢.e., a particular analysis technique can
find a property at one instance if and only if it can find that property at all
instances.

The second kind of invariance is useful since we can then analyse the functions at
their simplest instances (usually some base type) knowing that we will not obtain
any more information by analysing other instances. The first kind of invariance is
less useful since it might still be the case that the analysis can detect a property at
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one instance but not at another and we have no means of predicting which instances
we should choose to analyse. An extension of the second approach which calculates
the abstract function at more complex types from the abstract function at the base
types is considered by Hughes and Baraki [Hug88, BH89, Bar91].

The polymorphic invariance of strictness analysis by abstract interpretation was first
shown by Abramsky [Abr86]. In a later paper with the author [AJ91] it was shown
how this could be proved using a semantics for polymorphism based on Reynolds’
Abstraction Theorem [Rey83|. In this semantics polymorphic types maps relations
to relations and a polymorphic functions f, : R(«) — S(«) are shown to make the
following diagram of relations

A R(A) f% S(A)
7 R(r) C S(r)
B R(B) % S(B)

semi-commute in the sense that relation fpo R(r) is included in the relation S(r)o f4.
The application to strictness analysis works by defining relations that relate the
element denoting “undefined” at one type instance to that of another and then use
semi-commutativity of the diagram to prove that fa(Og(a)) = Os(a) if and only if
fa(OrB)) = Og(B).-

A refinement of this kind of invariance properties was studied by Benton [Ben92a]
where it is observed that there are properties of polymorphic functions (such as
“maps strict functions to strict functions” which are not polymorphically invari-
ant over all instances but only “at all instances for which that property makes
sense”[Ben92a, section 5]. This observation leads to consider polymorphic invari-
ance results at subsets of all instances. Benton’s approach is particularly relevant to
this thesis because it proves invariance for a program logic rather than an abstract
interpretation. The two approaches are reconciled with the results of this thesis
since we can use one invariance result to prove the other. In the end it is a question
of whether one prefers to argue on logics or their models.

7.2.2 Implementations

A reason often heard for not using abstract interpretation is that it is too slow. Some
non-standard type systems, on the other hand, have been implemented efficiently by
modifying the algorithm W [DM8&2] for ML type inference [Gom90, Hen91, Hen92].
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In light of the results in this thesis this cannot come as a surprise. The type sys-
tems considered in loc. cit. do not have conjunctions of types and are therefore less
expressive than an analysis based on abstract interpretation. A more reasonable
comparison would be between abstract interpretation and type inference for con-
junctive types. The latter is, however, an almost uncharted area, probably due to
the fact mentioned in Section 3.5 that inferring principal intersection types for un-
typed lambda terms is undecidable. A semi-decidable algorithm based on unification
is presented by Ronchi della Rocca [Roc88]. Bakel considers [vB92] two restrictions
of the intersection type discipline but since neither of them is decidable this has
not lead to further algorithmic results. The conjunctive analysis for typed lambda
calculus presented here is decidable so it makes sense to ask for a type inference al-
gorithm here. However, until some progress is made on inferring conjunctive types
the alternative to an exhaustive search through the set of properties a term can
satisfy is abstract interpretation.

7.2.3 Backwards analysis in logical form

Hughes [Hug87] has presented a technique for strictness analysis that is based on de-
termining the context in which an expression is evaluated. A context describes what
will be demanded of the result of an expression during the rest of the computation.
For example, a context for an expression of type ¢ x 7 can say that only the first
component of the resulting pair will be used. The analysis works by propagating
the context of the program down to each variable occurring in the program, so if
the program

fry=(y,z)

is evaluated in a context where only the value of the first component will be de-
manded the analysis will tell us that the value of variable y will be demanded but
not that of variable x. The function is therefore strict in y. Since the information
is being propagated from the result of the program back to the input of the pro-
gram this kind of analysis is usually called backwards analysis. The contexts used in
backwards strictness analysis were formalised by Hughes and Wadler [WHS87] using
the notion of projection over a domain. An example of another kind of analysis
formulated in backwards style is the usage count analysis for compile-time garbage
collection presented in the author’s joint work with Mogensen [JM90].

Let us consider what a logic corresponding to a backwards analysis would include.
We can still work with judgements of the form

'Fe:y
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where 7 is a formula describing the context and I' is an environment mapping vari-
ables to contexts. These judgements should now be understood in the “backwards”
manner: if the context of e satisfies v then the context of variable x will satisfy I'(x).
We would have rules like

lFe:yxt

el ey [Ffst(e) : v

where we have taken t to mean the context that does not demand anything. The rule
Weak that allowed us to strengthen the assumptions about variables and weaken
the conclusions about a term must be “turned around” to say that

'<A T'kFe:yv 67y
AlFe:d

since our assumption is now on the term and the conclusion about the variables.
When an expression contains more than one sub-expression we have to find a way of
combining the contexts that a variable occurs in in the various sub-expressions. This
operator is usually denoted & and must be defined for every new kind of context
The rule for pairing would look like

F'Fer:yv Abey:d
L& AF (er,e9):y X6

For example, in the usage count semantics [JM90] the & operator was defined to be
addition of the usage count of each context so that would give a derivation like

[z:1]Fx:1 [z:2]|Fx:2
[x:3]F (z,2) :1x2 )

A function is viewed by a backwards analysis as a context transformer that maps
a context for the result of a function application to a context for the argument. A
function type v — 6 should then be understood as context ¢ being transformed into
~. Application would be described by the rule

'Fe :v—6 Aley:ny
I'& Abejeg:é ’

These ideas are not meant to be definite claims on how a backwards analysis in logical
form necessarily should be formed. Rather they are intended to serve as a starting
point for further investigations. Given the problems that backwards analyses have
in dealing with higher order functions it would be worthwhile to see whether the
type based approach has something better to offer here.
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7.2.4 Other logical frameworks

Recently there has been some interest in using other logical frameworks for defining
program logics. We shall briefly consider two of them: Wadler’s linear types and
Wright’s Boolean Strictness Types.

Based on Girard’s linear logic [Gir87] Wadler develops a series of type systems where
the rules are taken from linear logic with the purpose of detecting which variables
in a program get bound to shared data [Wad91]. The set of linear types is given by

UV=X[|U)|UoV|URV|U®V

A !in front of a type means that the value of this type might be shared whereas
a type without a ! indicates that the value is unshared!. For example the function
Twice will be typed

Az f(f(x)) (X o X)—oX —oX

since there are two references to the function bound to f. At first sight it seems
plausible that this type system can fit into the framework of this thesis. For each
type U we would have two properties U and !(U) corresponding to the properties
“definitely unshared” and “possibly shared”. The implication ordering would then
be U < !(U). However, there is a problem with two essential rules from the linear
type system. The rules

(A)Fov:V Dereliction Ax:UkFv:V
A Fov: (V) Az (U)kFv:V

Promotion

are conflicting with our rule for weakening. They allow to weaken a formula on
both sides of the turnstile whereas we only allow weakening on the conclusion side.
Reversing the order to !(U) < U does not help since now they allow us to strengthen
formulae on both sides. In short there does not appear to be a view of linear types
that will allow a straightforward application of the framework here to obtain a cor-
responding abstract interpretation. It is conceivable that a corresponding abstract
interpretation can be designed based on Girard’s coherence spaces [GLT89] which
have been suggested as models of linear logic but to our knowledge coherence spaces
have not yet been used in abstract interpretation.

Another type system for which an abstract interpretation seems to require new
techniques is the system of Boolean Strictness Types devised by Wright [Wri91b,

! As is pointed out in the paper this intuition does not quite hold but it will suffice for the
present, discussion.
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Wri9la]. The types here characterise functions according to how much of their argu-
ment will be needed during evaluation. Wright operates with a set of function type
constructors among which are =, meaning that the function will reduce its argument
to head normal form, /4, meaning that a function will not need its argument, and
arrow variables —1, —o,.... Wright imposes a boolean algebra structure on this set
of arrows. In this way he expresses the fact that in the expression if b then e; else e,
only one of e; and ey will be evaluated by giving if the type

if : Bool= oy —1 ag— — a3 (043 <ap,a3 < (12).

Recent work by Baker-Finch [BF92] suggests that this type system can be ex-
plained in terms of relevance logic (which is linear logic with the Contraction rule
added). For the moment, however, the abstract interpretations corresponding to
these “ressource-sensitive” logics have yet to be formulated.

7.3 Final remarks

The area of program analysis has for some time witnessed a feud between two
camps: one arguing the case for using abstract interpretation, the other advocating
non-standard type systems. Type systems for program logic are praised because
they are easy to formulate and to understand. They tell you what an analysis does.
Abstract interpretations may appear more complicated and less straightforward to
use. This is not surprising since they also tell you how to do an analysis.

The feud has partly been kept alive by the absence of a means of relating these
two techniques. With this thesis we have provided a framework for comparing the
expressive power of abstract interpretation with that of type systems for program
analysis. We hope that this framework will lead to a reconciliation that will allow
both sides to learn from the other part.
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