C O H E R E N C E S P A C E S A S E V E N T S T R U C T U R E S A N D

C O N C R E T E D A T A S T R U C T U R E S

1

Ruben Gerardo Schneider Sellanes

Escola de Informática - UCPel

( Universidade Católica de Pelotas).

Rua Félix da Cunha, 412 - Caixa Postal 402,

CEP: 96010-000, Pelotas - RS.

gerardo@atlas.ucpel.tche.br

Antônio Carlos da Rocha Costa

Instituto de Informática - PUC-RS

( Pontifícia Universidade Católica do Rio

Grande do Sul). Caixa Postal 1429, CEP:

90619-900, Porto Alegre - RS.

rocha@inf.pucrs.br

Abstract

In [ ZHA 89] Zhang presents a relation between coherence spaces (that were introduced by Girard [ GIR 89] for modelling the system F and to give a semantic for linear logic) and event domains [ WIN 81] using theory of categories. In this paper we give a characterization of the relation between coherence spaces, event domains and concrete domains [ KAH 93] , as well as a relation between the ^concrete counterparts~ of these domains: webs of coherence spaces, event structures and concrete data structures ( cds).

According to Zhang [ ZHA 89, p. 156] , a coherence space can be seen as a particular case of dI-domains 2 and of event structures too. With respect to the second ^ characterization~ of coherence spaces (related with event structures), we show that the former are related with event domains (the abstract counterpart of the event structures) and not with the event structures as asserts Zhang. The results are presented by twelve propositions and theorems

1 I n t r o d u c t i o n

In this paper, we studythe relationship between coherence spaces, event domains and concrete domains, as well as between their ^concrete~ counterparts: webs of coherence spaces, event structures and concrete data structures ( cds). Zhang [ZHA 89] shows how different categories are related, and in particular Zhang shows the relationship between

1 This work was supported by UCPel and FAPERGS under QaP-For proj ect ( Aplicação de

Métodos Formais para a melhoria da Qualidade e Produtividade em Software).

2 A dI-domain is a consistently complete domain D that satisfies the axiom d ( distributivity) and the axiom I :

axiom d ) " x,y,z Î D , y - z Þ x Ù ( y Ú z ) = ( x Ù y ) Ú ( x Ù z );

axiom I ) " d Î D 0 , |{ x | x £ d }| < ¥ .

coherence spaces and event structures as categories, but a characterization of this relationship is not given.

Zhang [ZHA 89, p. 156] says that a coherence space can be seen as a particular case of a dI -domain and of event structure too. As a dI -domain, a coherence space is a coherent domain D . As a stable event structure, a coherence space is a structure ( E , Con , { Æ

¼ e |

e Î E }), where Con is defined by a conflict relation .

With respect to the second ^characterization~ of the coherence spaces (i.e. related

with event structure) we show in this paper that coherence spaces are related with the

event domains (the abstract counterpart of the event structures) and not with the event

structures as assert Zhang.

2 P r e l i m i n a r y C o n c e p t s

We will see many useful definitions in this section [SCH 96 chapter 2].

A partial order ( po ) is a pair ( D , £ ) where D is a non emptyset and £ is binary

relation that satisfies: " x Î D , x £ x (reflexivity), " x, y Î D , x £ y , y £ x Þ x = y (anti-

symmetry) and " x,y,z Î D , x £ y , y £ z Þ x £ z (transitivity). We saythat two elements

are comparable when x £ y or y £ x . If this doesn´t happen then we saythat the elements

are incomparable ( x || y ). A partial order where anytwo elements are comparable is a

chain . Let ( D , £ ) be a po , H a subset of D and x an element of D . We saythat x is upper

bound of H iff " y Î H , y £ x ( x is a lower bound of H iff " y Î H , x £ y ). The element x is

a least upper bound (or supremum ) of H iff it is an upper bound of H and " z upper

bound of H , x £ z ( x is a great lower bound (or infimum ) of H iff it is an lower bound of

H and " z upper bound of H , z £ x ). An element x in H is a maximum iff x is the

supremum of H and is the minimum iff it is the infimum of H . We denote the supremum

(minimum) x of H by x = sup( H ) ( x = inf( H )) or x =

� H ( x =

$ ( x ). An element in $ ( x ) is called an approximation of x . The set of all the compact elements in

( D , £ ) is written $ ( D ) or D 0 . An element x is compact iff x Î

�$ ( x ), so $ ( D ) =

x D Î

� $ ( x ).

3 We say that an element x dominates y in a po ( D , £ ) if y £ x .

We saythat a po ( D , £ ) is algebraic iff for all x in D the set $ ( x ) is directed and x =

� $ ( x ). If $ ( D ) is numerable, then ( D , £ ) is

w -algebraic . A consistentlycomplete and w -algebraic partial order is a computational domain .

Let ( D , £ ) a po, then we define:

- a cover chain (or chain ) from x to y is a sequence x = x

0

,..., x n

= y , denoted by x

0

% ... %

x

n

, such that " 0 £ i < n , x

i

% x

1 +1

; if C is a chain x

0

% ... % x

n from x to y , then x´ % x

0

% ... %

x

n is denoted by x´ % C (and by C % y´ if y % y´ )

- a prime interval of D , denoted by[ x, x´ ], is such that x , x´ are compact elements and x

% x´ ; (i.e., a prime interval from x to x´ contains only x and x´ )

- the cover relation % between prime intervals by[ x, x´ ] % [ y, y´ ] iff x % y , y ¹ x´ and x´ %

y´

- if s, t are elements (prime intervals) of D , we call zigzag from s to t , a sequence s =

s

0

,..., s

n

= t of elements (prime intervals) of D such that " i < n , s

i

% s

i +1 or s

i +1

% s

i

- we call equivalence (denoted by

% ) the reflexive, symmetric and transitive closure of

% in prime intervals, i.e., [ x, x´ ] % [ y, y´ ] iff exists a zigzag from [ x,x´ ] to [ y, y´ ]; the equivalence class of [ x, x´ ] is denoted by[ x, x´ ] % . Two intervals [ x, x´ ] and [ y, y´ ] such that [ x, x´ ] % [ y, y´ ] are said to be equivalent or projective .

A concrete domain is a w -algebraic cpo ( D , £ ) that satisfies the following axioms for all compact elements x, x´, y, y´ Î D :

(F) { y Î D | y £ x } is finite;

(C) if x % y , x % z , z ¹ y and y - z , then exists y Ú z , and y % y Ú z , z % y Ú z ;

(R) [ x, y ] % [ x, z ] Þ y = z .

(Q) if z, x, y are compact elements such that z % x , z % y and x # y , then exists onlyone x´ such that z % x´ £ y and x # x´ . A concrete data structure ( cds ), ( C , V, E, ¼ ) , is given by three sets C, V, E of cells , values and events respectively, such that: 1) E Í C ´ V and

" c Î C , $ v Î V such that ( c, v ) Î E (^anycell can be filled~), 2) a relation ¼ , called an enabled relation between finite parts of E and elements of C . We saythat { e

1

,..., e n

} is an enabling of c if { e

1

,..., e n

} ¼ c , and we write e

1

,..., e n

¼ c . A cell c such that ¼ c , is called initial . C and V are considered countable. A state is a subset x of E such that: (1)

( c, v

1

), ( c, v

2

) Î x Þ v

1

= v

2

, and (2) if ( c, v ) Î x , then exists a sequence of events e

1

,..., e n

= ( c, v ) such that e i

= ( c i

, v i

) Î x and { e j

| j < i } contains an enabling for c i

for all i £ n .

An event structure E = (E, #, ¼ ) is a countable set E of events , a symmetric binary relation ^#^ in E of conflict and an enabling relation ^ ¼ ^ between finite parts of E and elements of E. A state of (E, #, ¼ ) is a set x of events that verifies the following conditions of consistence and safety : 1) e

1

Î x Ù e

1

# e

2

Þ e

2

Ï x ; 2) e Î x Þ $ e

0

, e

1

,

..., e n

Î x s.t. ( " i £ n , $ X i

Í { e j

/ j<i }; X i

¼ e j

). The set of states E ordered byinclusion, denoted by( D ( E ), £ ), is the canonical event domain associated with E [DRO 89]. The main difference between these structures and cds is the absent of cells and that the notion of conflict is given ^a priori~.

An event domain is a w -algebraic cpo ( D , £ ) that satisfies the following conditions for any compact elements x, x´, y, y´ Î D :

(F) { y Î D | y £ x } is finite;

(C) if x % y , x % z , z ¹ y and y - z , then exists y Ú z , and y % y Ú z , z % y Ú z ;

(R) [ x, y ] % [ x, z ] Þ y = z .

(V) [ x, x´ ] % [ y, y´ ], [ x, x~ ] % [ y, y~ ] and x´ - x~ Þ y´ - y~ .

A Droste´s event domain 4 is an algebraic cpo ( D , £ ) that satisfies the following conditions for all x , x´ , y , y´ , z Î D 0 :

(F) { y Î D | y £ x } is finite;

(C) if x % y , x % z , z ¹ y and y - z , then exists y Ú z , and y % y Ú z , z % y Ú z ;

(I) [ x, x´ ] % [ y, y´ ] Ù x £ y Þ x´ £ y´ .

A web A º ( A , »

A

) 5 is a pair formed bya set A in which is defined a symmetric and reflexive relation »

A

. A subset x of a web A is coherence iff " a , b Î x , ( a »

A

b ). The set of all the coherence subsets of A is denoted by Coh ( A ). We have that Coh ( A ) = Coh ( A ,

»

A

) = { x Í A | " a , b Î x , ( a »

A

b ) }.

A coherence space (or Girard´s domain ) $ = ( Coh ( A , »

A

), Ì ) is a collection of coherence subsets of a web A partiallyordered byinclusion. The elements of A are the tokens (or atoms ) of the domain $ .

3 C o h e r e n c e S p a c e s , E v e n t D o m a i n s a n d C o n c r e t e D o m a i n s

In this section we give a characterization of coherence spaces as event domains and concrete domains. As a natural consequence, webs of coherence spaces will be characterized as event structures and cds.

Droste [DRO 89] gives the following definition of event domains:

3 . 1 P r o p o s i t i o n

Every event domain is a Droste´s event domain.

�

Droste gives a proof of this proposition [DRO 89, p. 43].

3 . 2 P r o p o s i t i o n

Let ( E , #, ¼ ) be an event structure such that " e Î E , ¼ e . Then ( E , » ) is a web of a coherence space where

" e

1

, e

2

Î E , e

1

» e

2

iff Ø ( e

1

# e

2

).

Proof )

A web is defined as a set together with a reflexive and symmetric relation, which implies that the corresponding coherence space has as atoms all the singletons. The canonical event domain associated with the event structure ( E , #, ¼ ) not contains necessaryall the singletons { e } (for all event e Î E ), because it depends on the enabled relation ¼ (this is the reason whywe settled the condition " e Î E , ¼ e ). So, given a event structure ( E , #, ¼ ), the onlything we have to prove is that ^ » ^ is a reflexive and symmetric relation.

Reflexivity: " e

1

Î E , Ø ( e

1

# e

1

), because if e

1

Î x and e

1

# e

1

, then, bythe definition of #, e

1

Ï x and we have a contradiction. So e

1

» e

1

.

Symmetry: " e

1

, e

2

Î E , e

1

» e

2

iff Ø ( e

1

# e

2

) iff Ø ( e

2

# e

1

) iff e

2

» e

1

.

4 What we call here Droste´s event domain , Droste [DRO 89, p. 40] calls event domain , and what we call event domain , Droste calls conflict event domain (see [CUR 86, p. 133] and

[DRO 89, p. 43]).

5 Girard [GIR 89, p. 56] defines a web as |

�

3 . 3 P r o p o s i t i o n

Let ( D , Í ) be an event domain. Then, ( D , Í ) is a coherence space if and onlyif D

satisfies the following property (of down closure):

(dc) x Î D , x´ Í x Þ x´ Î D .

In other words: (F), (C), (R), (V), (dc) Þ ( bc).

Proof )

Intuitively, for all e Î E an event structure must satisfies the condition ¼ e to be a web of

a coherence space, so the event domain must satisfies " e , { e } Î D . The (dc) property

implies that ¼ e , so we could deduce the ( bc) property from D . �

As a corollaryof the above proposition, we have that D must have all the singletons

(atoms of the coherence space).

3 . 4 T h e o r e m

Let D be an event domain such that it is a coherence space. Then, the canonical event

structure obtained by the Winskel´s Theorem is a web of a coherence space.

Proof )

Let [ x , x´ ]

%

be the equivalence class of x , so x´ = x È { e }, and bythe (dc) propertyof coherence spaces, { e } Î D . This implies that ¼ e , where e is anyevent. But " e , e = [ x , x´ ]

%

, for some x , x´ Î D 0 , and then we have that " e , ¼ e . We conclude, byproposition

3.2, that an event structure generated by the event domain (coherence space) is a web. �

Note: This result is intuitive because the event domains (in particular the concrete domains) that do not satisfy " e , ¼ e , do not have the (dc) property(down closure) of the coherence spaces (used for prove the proposition above). We can see this in the following example (over concrete domains) given by Curien & Berryin [BER 82, p.

271]:

Let

4 be the cds:

where

¼ c

0

¼ c

1

( c

0

, 0), ( c

1

, 0) ¼ c

2

( c

0

1) ¼ c

2

.

The set of states is the following concrete domain:

c

2 0 c

0

c

1

0 1 0

{ ( c

0

, 0), ( c

1

, 1)}

Æ

{( c

1

, 0), ( c

0

, 1), ( c

2

, 0)}

{ ( c

0

, 0), ( c

1

, 0)}

{ ( c

0

, 1)}

{ ( c

1

, 0)}

{ ( c

0

, 0)}

{ ( c

0

, 0), ( c

2

, 0)}

{( c

0

, 0), ( c

1

, 0), ( c

2

, 0)}

This domain isn´t a coherence space because it doesn´t satisfythe (dc) property(the subset {( c

1

, 0), ( c

2

, 0)} should be a state) because c

2

is enabled bysets of events different than Æ (( c

0

, 0), ( c

1

, 0) ¼ c

2

and ( c

0

1) ¼ c

2

). An example of a domain that doesn´t satisfythe binarycompleteness ( bc) propertyis the following: E = {1,2,3}, with

" e Î E , ¼ e :

{ 1 }

{ 3 } { 2 }

{ }

{ 2 , 3 }

{ 1 , 3 } { 1 , 2 }

It isn´t a coherence space because it doesn´t satisfythe ( bc) property: we have that M =

{1,2,3} Í E , {1} È {2} Î E , {2} È {3} Î E and {1} È {3} Î E , but È M = {1,2,3} Ï E , then the proposition 3.3 can´t be applied. Byproposition 3.2, we can obtain a web because

" e Î E , ¼ e but this lead us to a contradiction. In this domain we have 3 equivalence classes of prime intervals:

1 º {[ Æ ,{1}], [{2},{1,2}], [{3},{1,3}]} = [ Æ ,{1}]

%

2 º {[ Æ ,{2}], [{1},{1,2}], [{3},{2,3}]} = [ Æ ,{2}]

%

3 º {[ Æ ,{3}], [{2},{2,3}], [{1},{1,3}]} = [ Æ ,{3}]

%

Clearlythis is a Droste´s event domain (it holds properties (F), (C) and (I)). But it isn´t an event domain, because for example [ Æ ,{1}] % [{2},{1,2}] , [ Æ ,{3}] %

[{2},{2,3}] and {1} - {3}. However, this doesn´t implythat {1,2} - ({2,3}, which means that property (V) doesn´t hold.

The example above shows whyproperty(dc) is necessaryin proposition 3.3 for an event domain to be a coherence space.

3 . 5 P r o p o s i t i o n

(C) Ù (Q) Ù (dc) Þ ( bc).

Proof )

Khan & Plotkin [KHA 93, p. 216] claim that the following domain doesn´t satisfy property (Q):

c b

^

d a

Let´s suppose that property(dc) doesn´t hold, i.e. if ( E , Í ) is a domain such that M Í E ,

" x

1

, x

2

Î M , x

1

È x

2

Î E and � M Ï E . Let´s see how this domain looks like. For example, let M = { x

1

, x

2

, x

3

} be a set of states. Byproperty(dc), exist x

1

Ç x

2

, x

1

Ç x

3

and x

2

Ç x

3

, so the domain has the following form:

x

3 x

1

Ç x

2

x 2

Ç x 3 x

1

Ç x

3

x

1

È x

2 x

2 x

1

x

2

È x

3

x 1

È x 3 where the part in bold remember Fig. 1. For the hypothesis became valid, we must have x

1

´, x

3

´ such that x

1

´ Ç x

3

% x

1

´, where x

1

Ç x

3

= x

1

´ Ç x

3

% x

1

´ Í x

1

. In the same way, we have that x

1

Ç x

3

% x

3

´ Í x

3

, i.e., we have

Bycondition (C), because we know that x

1

Ç x

3

% x

1

´, x

1

Ç x

3

% x

3

´, x

1

´ ¹ x

3

and x

1

´ - x

3

´,we have that $ d = x

1

´ È x

3

´ and x

1

´ % x

1

´ È x

3

´, x

3

´ % x

1

´ È x

3

´:

Fig. 1 : Domain that not satisfy property (Q) x

3 x

1

Ç x

2

x

2

Ç x

3 x

1

Ç x

3

x

1

È x

2 x

2 x 3 ´

x

1 x 1 ´

x

2

È x

3

x

1

È x

3 x

3 x

1

Ç x

3

d x 3 ´

x

1 x 1 ´

x

2

È x

3

x

1

È x

3

So, we have x

1

´ # x

2

È x

3

and x

1

´ Ç ( x

2

È x

3

) = x

1

Ç x

3