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Figure 1: Augmenting an aerial image through Ml-based tracking. An image template (a) extracted from a geographic map is registered in
real-time with an aerial image (b). The information extracted from a geographic information system is used to augment the aerial image (c).

ABSTRACT

In this paperwe presentdirecttrackingapproachhatusesMutual
Information(MI) asametricfor alignment.Theproposedipproach
is robust,real-timeandgivesanaccurateestimatiorof thedisplace-
mentthatmakesit adaptedo augmentedeality applicationsMI is
ameasuref the quantityof informationsharedy signalsthathas
beenwidely usedin medicalapplications Sincethen,andalthough
MI hasthe ability to perform robust alignmentwith illumination
changesinulti-modalityandpartialocclusionsfew works propose
MI-basedapplicationgelatedo objecttrackingin imagesequences
dueto someoptimizationproblems.

In thiswork, we proposeanoptimizationmethodthatis adapted
totheMI costfunctionandgivesa practicalsolutionfor augmented
reality application. We shav that by re ning the computationof
the Hessiarmatrix andusinga speci ¢ optimizationapproachthe
trackingresultsare far morerobust and accuratehanthe existing
solutions.A new approachs alsopropofdto speedup thecompu-
tationof the derivativesandkeepthe sameoptimizationef ciency.

To validatethe advantage®f the proposedapproachseveral ex-
perimentsareperformed.The ESM andthe proposedMI tracking
approachearecomparecn a standarcdataset We alsoshav the
robustnessof the proposedapproachon registration applications
with differentsensomodalities map versussatelliteimagesand
satelliteimagesversusairborneinfraredimageswithin differentAR
applications.

1 INTRODUCTION

Typical augmentedeality applicationsrequire real-timetracking
performancesindeed,to allow a precisepositioningof the virtual
scenewithin the real images,knowing the actual position of the
camerads necessaryAs for mary problemsin computenwision, the
motionestimationremainsthereforeoneof thekey issues.
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Major dif culties in suchatrackingprocessareimagenoise,il-
luminationchangesndocclusions.Along with robustnesgo such
perturbationspur motivation is to focuson trackingandregistra-
tion consideringdifferentsensomodalities.For example registra-
tionswill be performedbetweena mapandan airborneimagese-
quence(see gure 1) or betweeninfra-redandvisible images(see

gure 10).

Most of the available tracking techniquescan be divided into
two main classes:feature-base@nd model-basedracking. The
former approacHocuseson tracking 2D featuressuchasgeomet-
rical primitives (point, sgments,circles, etc.) or objectcontours
(suchasactive contours).The latter explicitly usesa modelof the
tracked objects. This model can bea 3D modelleading, mainly,
to aposeestimationprocessorrespondingo aregistrationprocess
betweenmeasuresn the imageandthe forward projectionof the
3D model[7][4]. Onecanalsoconsider2D models. Within this
category, the objectto betracked canberepresentetby a descrip-
tor. Thesedescriptorscan be objecthistogramdeadingto mean
shift like approachef3] or point neighborhoodeadingto keypoint
tracking by matchingapproache$12][10]. Suchapproachesre
usuallyvery robust to illumination variation,occlusionsetc. It is
alsopossibleto considerthat this 2D modelis a referencemage
(or atemplate).In thatcase the goalis to estimatethe motion (or
warp) betweerthe currentimageanda referencegemplate.An ex-
ampleof suchapproachearedifferentialtrackingmethodssuchas
the KLT [13] or [8][1][2]. Thoseapproachesrenotlimited to 2D
motion estimationconsideringor examplethe motion of a planar
objectin theimage,it is indeedpossibleto estimatdts 3D motion.

The approachdescribedn this paperis relatedto the later cat-
egory of trackers. In this contet, a measureof the alignmentbe-
tweenthe referenceimage and the currentimage and its deriva-
tiveswith respectto the motion (warp) paranetersis usedwithin
a non-linearestimationprocesgo estimatethe currentobjectmo-
tion. What seemsto be a well adaptedmeasures the standard
Sumof SquaredDifferencegSSD)function[13][1]. But suchap-
proachesarenot effective in the caseof illumination changesand
occlusions Severalsolutionshave beenproposedo addrobustness
toward thosevariations. Someinclude the useof M-estimatorsto
dealwith occlusionsor addnew parameterso estimatethe illumi-
nationvariations[8][20]. Nevertheles thoseapproacheseadsto



complex models.

In this paper our goalis r stto have avisualtrackingapproach
that is robust to occlusionsand illumination variations, but also
to track an objectwith its appearancenodel acquiredin another
modalitythantheoneusedin thecurrentimagesequenceThepro-
posedsolutionis thento replacethe SSDfunctionby a morerobust
alignmentfunction.

Onecanconsiderlocal normalizedcrosscorrelation(NCC) [9]
to replaceSSD,but our resultsshaw thatit is not applicableto dif-
ferentimage modalities. The proposedsolutionis thento max-
imize the information sharedbetweenthe referenceimage and
the sequencéyy maximizing the Mutual Information (MI) func-
tion [19, 22, 17]. MI hasalso proved to be robust to occlusions
and illumination variationsand can thereforebe consideredas a
goodalignmentmeasurdor tracking[6, 15]. However the existing
approachearenottakingfull advantageof theaccurag of Ml and
thusarenotappropriatdor augmentedeality applications.

In this paperwe presenta Ml-basedtracker where an impor-
tant contrikution is to proposean optimization processadaptedo
the MI costfunction. The optimizationprocesghatwe proposes
an inversecompositionalapproachwherean importantpart of the
derivativesneededn the optimizationcanbe precomputedtesult-
ing in small computationtimes. A precise,completeandef cient
computationof the Hessiammatrix is described.The inversecom-
positionalapproactallows the estimationof the Hessiarmatrix af-
ter convergence.We shav thatthis Hessianmatrix canbe usedin
aNewton'slike approacho give anaccurateandfastestimaion of
the displacemenparametersha will prove its reliability in aug-
mentedreality applicatons. Finally a new approachs proposedo
speedup the computationof the derivativesthrougha selectionof
the usedreferencepixels that makesthe mutualinformationtrack-
ing procesyossibleat video-ratemeetingAR requirements.

In the remainderof this paper Section2 presentsan overview
of the differentialapproachesln section3, a brief introductionon
informationtheoryis givenwith the de nition of mutualinforma-
tion, thenaformulationadaptedo thedifferentialtrackingmethod
is presentedSection4 dealswith the optimizaton of the resulting
mutualinformationfunctionwith respecto the motion parameters
to estimate Finally section5 presentdrackingresultsincludingthe
Metaiobenchmarkandpresentaugmentedeality experimentshat
demonstratéhe new multimodalcapabilityof theapproach.

2 DIFFERENTIAL TEMPLATE-BASED TRACKING

Differentialtrackingis aclassof approachebasedntheoptimiza-
tion of animageregistrationfunction. The goalis to estimatethe
displacemenp of animagetemplde | in a sequencef images
lo::lt. In the caseof a similarity function f, the problemcanbe
written as:

bt = a©mgxf(l sw(le;p)): ey

wherewe searchthe displacemenp; thatmaximizesthe similarity

betweernthetemplatd andthewarpedcurrentimagel;. Inthecase
of adissimilarity functionthe problemwould be simply invertedin

thesenseahatwe would searctthe minimumof thefunction f. For

the purposeof clarity, the warping function w is hereusedin an
aluseof notationto de ne the overall transformatiorof theimage
| by theparameterg. Indeedijts correctformulationw(x; p) gives
the function that moves a point x from the referencemageto its

coordinatesn thecurrentimage.

The displacemenparameterg canbe of high dimension. For
instance the experimentsthat will be presentedat the end of the
paperconsidera homograph transformationthat correspondgo
p 2 sl(3) thatis 8 parameters Approatiessuchasan exhaustve
searchof p arethustoo expensve if notimpossible.

To solve the maximizationproblem theassumptiomadein the
differentialtrackingapproachess thatthe displacemenbf the ob-
ject betweentwo consecutie framesis quite small. The previous
estimateddisplacemenp; ; canthereforebe usedas rst estima-
tion of the currentdisplacemento performthe optimizationof f
andincrementallyreachthe bestestimationp.

Multiple solutionsexists to computethe updateof the current
displacemeniparametersand perform the optimization. Indeed
Baker and Matthavs shaved that two formulationswere equiva-
lent[1]. Theformeris thedirectcompositionaformulationwhich
considerghat the updateis appliedto the currentimage,thuswe
searchtheupdatelp thatmaximizef as:

Dpy = arnga)le(l sw(w(lt; Dp); pK)) : 2

This equationis typically solved usinga Taylor expanson where
the updateis computedwith the function derivatives with respect
to Op. Theupdate of the currentparametery is thenappliedas
follows:

W( WX Dp);pk) b WX P 1) 3

A secondequialentformulationis the inversecompositionafor-
mulationwhich considerghattheupdatemodi es thereferencém-
age,sothatDp is choserto maximize:

Doy = arngf:)le(W(l ;D) w(lt; pi)): 4
In this casethe currentparametersvill be updatedising:

w(w 106G Dpk);pk) ! WX Pre 1) (5)

In theinversecompositionaformulation,sincethe updateparame-
tersareappliedto thereferencamage,the derivativeswith respect
to the displacemenparametersvill classicallybe computedusing
the gradientof thereferencamage. Thus,thesederivativescanbe
partially precomputeéndthealgorithmis farlesstime consuming.
Sincewe areinterestedn afastestimationof thedisplacemenpa-
rameterstheremanderof the paperwill focusonthelaterinverse
compositionabpproach.

Oneessentiathoiceremainsthe one of the alignmentfunction
f. Onenaturalsolutionis to choosethe function f asthe sumof
squaredifferenceqSSD) of the pixel intensitiesbetweenthe ref-
erencamageandthetransformecturrentimage:

bt argrrgn(SSD(l sw(le; p))) (6)

le(w(x; p))) ? 7)

agmin & (I (x)
P x2rol

wherethe summations computedon eachpoint x of thereference
templatethatis theregion of interest(ROI) of thereferencemage.
As suggestedy its de nition, this dissimilarity function is very
sensitve to occlusionsandilluminationvariations.Many solutions
have beenproposedo rohustify the SSD.M-estimabrsrobusti es
theleastsquaregroblemtowardocclusiong8] andamodelof illu-
minationchangesanbe coupledwith themotionmodelto create a
tracker robustto lighting change$20].Neverthelesshosesolutions
arecomple sinceadditionalparameterfiave to be estmatedand
aligningtwo imagesacquiredusingdifferentmodaliies of acquisi-
tion remaingmpossible.

Let usfor exampleconsideranaerialimageanda maptemplate
(see gure 2(a)). Consideringhesetwo modalitiesis obviously an
extremecase but it will emphasizehe robustnesof the proposed
approachThevalueof SSDis computedwith respecto thetrans-
lations betweenthe map and the satelliteimage. It is clearthat
the two imagesare shaving the sameplace (at leastfor a human
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Figure 2: Alignment functions wrt. translations between two images from the same area: (a) aerial image and the map reference. Ml shows a
maximum near zero translation at the alignment position whereas SSD and ZNCC gives no clear information on the alignment quality.

eye they containthe same“information”), however, sincethe link
betweertheintensitiesof the pixelsis notlinear, the SSDfunction
representeth gure 2(b)givesnoinformationonthealignmente-
tweenthetwo images.TheNCC hasshavn somevery goodresults
in multimodalalignmentproblems[9]. Theef ciency of the zero-
meannormalizedcrosscorrelation(ZNCC) hasbeenevaluatedon
the mutlimodalexamplein gure 2(c). We canseethatthe caseis
too extremeandthatthereis alsono signi cant optimum. We can
concludethateven ZNCC is not sufcient to give agoodmeasure
of alignmentin this case.

To dealwith occlusionsijllumination variationsandmultimodal-
ity, we proposeo usethe mutualinformation[19, 22] asthe align-
mentfunction,thatis, aswe will seerobustto all this variationsof
appearance.

3 MUTUAL INFORMATION
3.1 Information theory

Mutual informationis an alignmentfunction that was rst intro-

ducedin the contet of informationtheory[19]. Someessential
notionssuchasentrofy andjoint entropy arerequiredfor a good

understandingf this alignmentmeasure.

3.1.1 Entropy

Entropy h(l) is ameasuref variability of arandomvariablel (sig-
nal,image...).If r arethepossiblevaluesof | andp,(r) = P(l = r)
is the probability distribution function of r, thenthe Shannoren-
tropy h(l) of adiscretevariablel is givenby thefollowing expres-
sion:

h( =& pi(nlog(pi(r): (8)

The log basisonly changeghe entropy valuewith a scalefactor
therefordt hasnointerestin ourtrackingproblemandwill beomit-
ted sincewe only seekthe maximumof the costfunctionbut nota
particularvalue.

Sinceourgoalistofocusonimages)etusconsidel asanimage
andr = |1(x) asthe possiblegray-level intensitiesof theimagepix-
elsx. The probability distribution function of the gray-level values
is thensimply given by a the normalizedhistogramof theimagel .
Theentrofy canthereforebe considerechisameasuref dispersion
of theimagehistogram.

3.1.2 Joint entropy

Following the sameprinciple, joint entrogy h(l;1 ) of two random
variablesl andl canbede ned asthe variability of the coupleof
variableg(I;1 ). TheShannorjoint entrofy expressions givenby:

h(;1 )= & pu (nt)log(p (r;1) )
rt

wherer andt arerespectiely thepossiblevaluesof the variablesl
andl ,andp (r;t) = P(I =r\ | =1t)isthejointprobabilitydis-
tribution function. In our probleml andl areimages.Thenr and
t arethe gray-level valuesof thetwo imagesandthejoint probabil-
ity distribution function is a normalizedbidimensionalhistogram
of the two images. As for entropy, joint entrofy correspondso a
measuref dispersiorof thejoint histogramof (I;1 ).

At rst sight the joint entrogy could be consideredas a good
alignmentmeasureif thedispersiorof thejoint histogramis small
thenthe correlationbetweenthe two imagesis strongandwe can
supposehatthe two imagesare aligned. Neverthelesshe depen-
dencieson the entropiesof | andl makesit not adapted.Indeed
if oneof theimageshasa constantgray-level valuethenthe joint
histogramwould be very focusedandthe entrofy valuevery small
despitethefactthatthetwo imagesarenotaligned.

3.1.3 Original Mutual information

The de nition of mutualinformation (MI) solvesthe above men-
tioned problem[19, 22]. Subtractingthe randomvariables en-
tropiesfrom their joint entropy yieldsto analignmentmeasurehat
is notdependingnthevariablemamginal entopies. The MI of two
randomvariabled andl is thengivenby thefollowing equation:

MI(1;1 ) = h(1)+ h(1 ) h(I;1 ): (10)

MI is thenthe quantty of informationsharedbetweertwo random
variables.If thetwo variables/imagearealignedthentheir mutual
informationis maximal.

If this expressioris combinedwith thepreviously de ned differ-
entialmotionestimationproblem,we canconsidertthattheimagel
is dependig onthedisplacemenparameterg. If we usethesame
warp function notationasin section2, the mutualinformationcan
thusbewritten with respecto p:

Mi(p) = MI(w(I;p);1 ) = h(w(l;p)) + h(l )  h(w(l;p);1 ):
(11)

The nal expressionof Ml is obtainedby developingthe previous
equatiorusingthe entroy equationg8) and(9):

pu (r;t;p)
pi(rp) P (1)

Letusconsiderasimpleexample,in gure 3 mutualinformation
hasbeencomputedvith respecto atranslationalisplacemenp =
(tx;ty) usingits classicalde nition. A white noisehasbeenadded
to thereferencamagel . The groundtruth displacemenbetween
thetwo imagess known andis p = 0. Thebluerectangledravnin
theimagesrepresenttheregion of thereferenceémagethatis used
to computethe referencehistograms. On the left is represented
this histogramthat contains256 gray level values. As we cansee,
the original de nition of M| proposedby Shannorshaws a large
maximumat the groundtruth position but also shavs mary local
maximaknown asinterpolationartifacts.

MI(p) = ét pi (r;t;p)log (12)



3.2 Smoothing Mutual Information

The differential approachconsistsof using the function and its
derivatives to bring the estimatedparametergo the optimum of
the similarity function. The smootherthe function the more ef -
cientthe optimization. Thus,preliminarymodi cations have to be
appliedto the original formulationto modify the shapeof mutual
informationfunctionandsmoothit.

3.2.1 Histograms binning

Thecomputatiorof MI on histogramf 256 entriespresentprob-
lemsdueto the large numberof emptybinsthathave strongreper
cussion®ntheentropiesneasurefl6]. Moreoverthecomputation
of thosehistogramsareexpensve in memoryandtime.

Startingfrom this obsenations, one obvious solutionis to de-
creasethe numberof histogrambins. The analyticalformulation
of a normalizedhistogramof animagel is classicallywritten as
follows:

PO = CATE 1) (13)
X X
wherex arethe points of the region of interestin the image, Nx
is the numberof pointsandt arethe possiblevaluesof | (x), i.e.
t 2 [0;255. In the classicalformulationf is a Kronecler's func-
tion: f (X) = 1for x= 0andf (x) = O otherwise.Sothateachtime
I (x) = i theit" histogrambin valueis incremented.
Thenumberof binscorrespondso themaximalgraylevel inten-
sity of theimageN;, = 256. To reduceit, theimageintensitiesare
simply scaledasfollows:

Tx)=1(x

Ne (14)

N 1

whereN; is the new numberof histogrambins. The resultingin-
tensitiesare no longerinteger values. Thusthe f function hasto
be modi ed to keepthe informationon thesereal values. Several
solutionshave beenproposedo simultaneouslygmooththe mutual
informationfunctionandkeepits accurag [22][14]. Ourapproach
is basedon the useof B-splinefunctions[14] thatareapproxima-
tions of Gaussiarfunctionsand have the advantageof their fast
computatioranddifferentiability.

The nal analyticalformulationof the normalizedhistogrambe-
comes:

1
Ny

wherethe possiblegray-level valuesarenow t 2 [0; N¢].

The probability distribution function of I andthe joint proba-
bility of (I;1 ) aremodi ed usingthe sameapproachthat yields
to:

pot) = aft 17(x (15)

o) = iéxf f (W p) (16)
i (ntp) = i” roTwep) ft T (A7)

Several solutions have beenproposedto estimatean optimal
numberof histogrambinssuchasStuges'rule or Scottsrule[18].
Neverthelessa constanhumberof bin setwith N = 8, thatkeepsa
smallvalueandavoidsloosinginformation,hasalwaysgivensatis-
fying resutsin our experiments Notethatthe nal numberof bins
is higherthanN; dueto the side-efect of the B-splinefunctions.

If we comparethe mutualinformationvaluesbetweerthe origi-
nal formulationandthe new one,thebene ts of the histogrambin-
ning operationareobvious. As gure 3 shavs, mutualinformation
function is corvexi ed. NeverthelesaMI is still subjectto small
interpolationartifacts.

3.2.2 Image interpolation

Theimageinterpolationproblemis similarto thebinninginterpola-
tion one. In binninginterpolationwe put arealvalueon aninteger
array in imageinterpolationa real valueis extractedfrom anin-
tegerarray Indeedthe positionresultingfrom the warp of a point
w(x; p) is usuallynotanintegervalue.

Oneclassicasolutionthathasbeenusedin the previouscompu-
tationof theMl in gure 3isto choosebilinearinterpolation.This
is typically similar to theuseof rst-order B-splinesin the binning
interpolationproblem. The typical solutionto solwe this problem
would beto useacubicor quadratidmageinterpolation.Neverthe-
lesssuchmethodsarehighly time consumingsincefor eachwarped
point, the computationof its intensty would requireto usethein-
tensitiesof the 9 or 16 neighboringpixels.

The proposedsolutionthatis lesstime consumingandasfar as
we know equallyefcient is to corvolute the currentimagewith a
Gaussianlter to smooththe pixel intensitiesandthenusebilinear
interpolation. The correspondingvi resultshave beenrepresented
on the 2D translationalexamplethat was previously shaving in-
terpolationartifactsin gure 3. Usingboth histogrambinningand
image Itering, the mutualinformation function's shapebecomes
perfectlysmoothandthusadaptedo work with its derivativesin an
optimizationmethod.

The proposedMi formulationis alsoappropriatéf we consider
the alignmentbetweenthe mapimageandaerialimageshavn in
gure 2. IndeedMI is maximalatp = 0 andthe shapeof the func-
tion remainssmooth.
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Figure 3: Smoothing mutual information.
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Newton's method, the blue one is the convergence domain of a Gradient descent method. The proposed method keeps the wider convergence

domain of the gradient's method in blue.

4 MUTUAL INFORMATION-BASED TRACKER

In this sectionwe will seehow to usethe MI cog function with
the differentialtrackerspresentedn section2. Let usremindthat
the goal is to estimatethe displacemenparameterg; that maxi-
mizestheMI usinga rst estimationof the parameterg; 1 andan
iterative updateof the parameters.

4.1 Derivative function analysis

In this work we oughtto track planarobjectsthrough3D displace-
ments. This problemimplies a strongcorrelationbetweerthe ele-
mentsof thevectorp. Thereforetheuseof rst-order optimization
methodsuchas a steepesgradientdescentis not adapted. Such
non-linearoptimization are usually performedusing a Newton's
methodthatassumehe shapeof the functionto be parabolic.

Newton's methodusesa secondorder Taylor expansionat the
currentpositionpi 1 to estimatethe updatelp requiredto reach
the optimum of the function (wherethe gradientof the function
is null). The sameestimationand updateare performeduntil the
parametepy effectively reacheghe optimum. The updateis esti-
matedfollowing the equation:

p= H G (18)

whereG andH arerespectiely theHessianandgradientmatrices
of the mutualinformationwith respecto the updateDp. Following

theinversecompositionaformulationde ned in equaion (4) those
matricesareequalto:

_ IMIw(l;Dp);w(l; p))

G = ; (19)
o 1eMI(w(l ;Dp);w(l;p))

H = b0 (20)

Applying the dervative chainrulesto equation(12) yields the
following gradientandHessiarmatrices:

Tou 8]
1+ 1 — 21
G = a 1Dp + log o (21)
o Tpn “Tpn 1 1 2pu
S YL L L . 1+1 22
ra;f fDp TDp pi P * f1Dp? * og (22)

For the purposeof clarity, the maginal probabilitiesand joint
probabilitythatareactuallydependingnr, t, p * andDp aresimply
denotedas p;, pi and p;; . The detailsof the calculationfrom
equation(19) to equation(22) canbefoundin [5].

By analogywith classicalHessiancomputationin SSD mini-
mization,secondrderderivativesareusuallyneglectedin the Hes-
sianmatrix computation[21, 5, 6]. In our approachwe compute
the Hessianmatrix using the secondorder derivativesthat are, in

our pointof view, requiredto obtaina preciseestimationof themo-
tion. Moredetailsaregivenin appendiXA to highlighttheproblems
inducedby this classicalapproximation.

As we canseein equation(21) and equation(22), the derva-
tives of the mutual information dependon the derivatives of the
joint probability Usingthe previousde nition in (17) andpassing
thederivative operatorthroughthe summatioryieldsthe following
expressions:

oo _ 1, — 1f r T (w(x;Dp))
op - Neaf b Hwoa) f1Dp (23)
o _ 1, 1% T (w(x;Dp)
ﬂDpz - NXaX.f t I(W(X1p)) ﬂDpZ (24)

The remainingexpressiondo evaluatearethe variationsof the B-
splinefunctionf with respecto the update. Their derivativesare
obtainedusingthe chainrule leadingto:

TE(r T (w(x;Dp))) 1t 1

fop = rid )
URALSICTCT: ) I i [Nk LI L G IO
ﬂDpz - ft2 1Dp fDp ﬂl’ ﬂDpZ

Finally thederivativesof thereferencémageintensitywith respect
to theupdateparametes Dp is given by thefollowing expressions:

m «— Tw(x;p)

- = Ny 2=22F 27
1Dp Do @7
217 2, 2

T W o W o T, o W o

11D|o2 Y1Dp2
The motivation for usingthe inversecompositionaformulationis

then obvious. The derivatives of the warp function are all com-

putedatDp = 0, theirvaluesarethenconstanfor eachpixelsof the

template. Moreover, sincethe referencamageis constantall the

expressiongrom equation(25) to equation(28) are constats and

have to be precomputeanly onetime.

In our work we focuson planarobjecttracking. Thewarpfunc-
tion is thusde ned by thegroupactionw: SL(3) P2 with x 2 P?
andp de nes the 8 parametersf the sl(3) lie algebra associated
to the SL(3) group. However, this researchs notlimited to sucha
warpfunctionbut canalsobe appliedon poseestimationon SE(3)
andothermotionmodels thusdetailswill notbegivenonthewarp
derivatives.All detailsregardingthederivativesof thechoserwarp
functioncanbefoundin [2].

fDp2 ~ fDp  TDp



4.2 Optimization approach

The Newton's methodthat can be usedto performthe estimation
of the updateparameterg)p is basedon the assumptiorof a simi-

larity functionwith a parabolicshape Onecanimmediatelynotice
thatthis assumptiorcanbe easilyviolated by looking at the func-

tion's shapg(see gure 3). Theviolation could causethe Newton's

methodto fail, thusabetterapproacthasto bechosen.

To evaluatethe ef ciency of the following optimizationmeth-
ods,a setof alignment experimentshasbeenrealized. The goalis
to estimatethe known positionp of a templatein animage (see
gure 5(a))from mary initial positionparametergsee gure 5(b)).
Theinitial parametergareautomaticallygeneatedapplyinga ran-
domnoiseto thegroundtruth position.

Thecorvergencerateof the optimizationmethodarethenevalu-
atedwith respecto theinitial positioningerror. Thepositioninger-
ror err is de ned asthe RMS distancebetweerthe correctposition
of somereferencepointsx; = w(xj;p ) andthecurrentpositionof
the pointsw(x;; p) [11]. Thereferenceointsaresimply choseras
the 4 cornersof thetemplatesothatthe errorbecomes:

4
u

e ="t Akq wixip)k (29)
=1

IN

We considetthattheoptimizationcorvergesassoonastheerrorerr
is below 0:5 px. 500alignmentexperimentsareperformedor each
initial positioningerror err from 1 to 20 thatis a total of 10000
experiments. We representhe convergencerate and the average
numberof iterationsrequiredto reachconvergence.Indeed,those
valuesgivesa good oerview of the ef ciency of the optimization
methods.
The Gradientdescenmethodcannotestimatean accurateesti-

mationof thehomograpk (seesection4.1). Indeedits usegivesa

nal estimationwith anerroralwaysabove 0:5 px for theall setof
experimentg(thatis a 0% corvergencerate). Thustheresultshave
notbeenincludedin gure 5.

4.2.1 Newton's method

Mutual informationfunctionis a quasi-concee function, thusthe
parabolichypothesisof the Newton's methodis only valid near the
cornvergence. As soonasthe displacemenin the sequencés im-
portant,theinitial parameterg; 1 would be on the corvex partof
thecostfunctionthatwill causethe optimizationto diverge.

Theproblemis in factequivalentusinga SSDfunction. Oneex-
ampleof thevaluesobtainedntheestimatiorof atranslationadis-
placements presentedn gure 4 for boththe Ml functionandthe
minusof the SSDfunction. For thepurposeof clarity, we chooseo
analyzetheminusof the SSDfunctionto dealwith amaximization
for both functions. The quasi-concee shapeof both functionsis
obvious. The parabolicassumptions only correctfor the concae
partof thefunction, thatis wheretheir secondrderderivativesare
negative (the areahighlightedin purple). The corvergencedomain
usinga classicaNewton's methodwould be very small.

As gure 5(c) shaws, the corvergencedomainof the Newton's
methodis indeedvery smallin the caseof thehomograpk estima-
tion. As soonastheinitial errorexceeds? px, theinitial parameters
are,mostof the time, out of the convergencedomainof the New-
ton's methodandthe corvergenceratebecomewery small.

However consideringthe one dimensionalexample, one could
expectan optimizationthat hasa corvergencedomainaswide as
theoneof thegradientdescenmethod(theblueareain gure 4).

4.2.2 Conditioning the optimization

In tracking problemformulatedwith a SSD function, the Gauss-
Newton approximatiorconditionthe problemby estimatinga Hes-
sianmatrix thatis alwaysde nite positive (seethe greencurve in
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Figure 5: Empirical convergence analysis of the optimization meth-
ods. The proposed methods (blue and green curves) have a very
high convergence rate compared to the classical Newton's methods
(red curve).

gure 4) andthatis agoodapproximatiorof the exactHessianma-
trix after convergence. Thereforeits use permitsto have acon-
vergencedomainaswide asthe onewith a gradientmethod(blue
area).

In the mutualinformation maximization,the problemis differ-
ent. Indeedapproximatingthe Hessianmatrix asit is proposed
in [21, 5, 6] do not gives an estimationof the Hessianmatrix af-
ter convergence(seethe greencurve in 4 for the Ml function). No
approximationon the Hessianof Ml simpli es the problemasthe
Gauss-Naiton approactdoesfor the SSD.

Thesolutionthatwe proposés inspiredfrom the Gauss-Neton
approach. The idearemainsto usean estimationof the Hessian
matrix after corvergence.To computethis estimationwe consider
thatafter convergencethe alignmentbetweerthe templateandthe
warpedcurrentimageis perfect. Thereforewe simply assumehat
[(w(x;p)) =1 (x).

This solutionhasseveraladvantages:

It givesa de nite negative Hessiarmatrix thatyieldsto have
a wide cornvergencedomain(blue areain gure 4). We can
noticethattheresultingconvergencedomainis aswide asthe
one of the SSDfunctionin the consideredlD example. In
section5.1.2,further experimentswill show thatit is alsothe
casefor ahomograph estimation.

Sincethe Hessiarmatrix usedin the Newton's methodis the
Hessianmatrix after corvergence,the behaior of the opt-
mizationnearcorvergenceis optimalandthe nal estimaed
displacemenparameterarevery accurate.

This approachhasthe advantageof its computatiortime. In
the classicalNewton's methodthe Hessianand Jacobiarere
computedfor eachiterations. In the proposedapproachthe
Hessiarmatrixis computednetimein thewholeexperiment

The proposedptimizationhasbeenevaluatedon the setof ex-
perimentpresentedn gure 5. As expected,the corvergencedo-
main is larger thanthe one using the classicalNewton's method.
The optimizationcorvergesfor all the experimentswith aninitial
error belov 16px and the corvergencerate slightly decreasesor
err > 16.

Figure5(d) shavsthenumberof iterationsto reachcorvergence.
The numberof iterationswith the proposedmnethodis fewer than
theonewith theclassicaNewton's method.



4.2.3

Comparedo a simpleleastsquaredoroblem, mutual information
canstill beconsideredsa very comples functionto compute.The
proposeapproacloffersalreadyapracticalsolution. Nevertheless,
fasterperformances sometimeslesired.

To computethe M| betweerthetwo imagesall theinformation
is required,soall thereferencepixels mustbe usedto computethe
mamginal andjoint probabilities.As for the varidion of the mutual
informationcomputationpnly the motion of the pixelsthatarenot
in a uniform region will have astrongeffect. This factis obvious
from equation(27) and(28). Onevery simplemodi cation is then
to performthe computatiorof the gradientandHessiarnusingonly
aselectionof pixelsin thetemplate.

A simplemeasureo determinéf apointis in auniformregion of
thetemplates givenby the normof therefersanceimagegradients.
Thereforethe selectionconditioncanbewritten as:

Improving the computation time

kNI (x)k> a (30)

wherea is a giventhreshold. The summationin equation(23) is
thereforecomputedon the referencepixels thatrespecthis condi-
tion.

The ef ciency of the proposedapproacthasbeencomparedo
the previous one using the setof experimentsrepresentedn g-
ure5. Usingathresholda = 6, the selectechumberof pointscor-
respondgo 18% of the total numberof referencepoints. We can
seeon gure 5(c & d) thatthe convergencerateandthe numberof
requirediterationsis equalto the onesof the previousmethodup to
few percentanditerations.

In summary for a similar ef ciency, the computationtime of
the proposedmethodis 30% smaller Sucha selectionmethodis
thereforehighly recommendeéh MI derivativescomputation.

5 VISUAL TRACKING EXPERIMENTAL RESULTS

Thevisualtrackingmethodthatis presentedn this paperhasbeen
implementedon a laptop with a 2:4GHz processar The evalua-
tion of the displacemenparameterfiasbeenperformedusingthe
presentednversecompositionalschemecombinedwith a pyrami-
dal approachthatincreaseshe convergencedomainandspeedsip
corvergenceof the optimization. We limit our experimentsto the
estimationof thedisplacemenof planarobjects.The edimatedho-
mograply canbedecomposetb nd therotationsandtranslations
of the planeandits normalup to a distancefactor which is suf-
cientfor augmentedeality applications.

5.1 Monomodal tracking

The robustnessand accurag of the proposedmutual information
tracker have beenevaluatedon variousimagesequences.

5.1.1 Tracking through natural variations

Thisexperiment concernanindoorsequencacquiredatvideorate
(25Hz). The initialization of the tracker has beenperformedby
learningthe referenceémagefrom the rst imageof the sequence
andsettingtheinitial homograpk to anidentity. The templatein-
cludes16000referencepixels.

The sequencéasbeenchoserto illustratethe robustnesof the
motion estimationthroughmary perturbation.Someimagesof the
sequencareshavnin gure 7. Firstly, theobjectis subjectto sev-
eralillumination variations:thearti cial light producedanoscilla-
tion ontheglobalilluminationof the capturedsequenceMoreover
theobjectis not Lambertianthusthe sequencés subjectto satura-
tion andspecularitiegsee gure 7 frame200). Theobjectis moved
from its initial positionusingwide angleandwide rangemotions
(gure 7 frame400).And nally theobjectis subjectto fastmotion
causingasigni cant blur in mary imageg( gure 7 frame600).

Theframesof thesequencarepresentedvith thecorresponding
estimatedositionsof the referencamage. No groundtruth of the
objectpositionis known, however, the projectionof thetrackedim-
ageonthereferencémagehasbeenperformedandqualitatively at-
teststheaccuray of thetracker. Indeedthereconstructetemplates
shav strongvariationsin termsof appearancéut not in termsof
position. We can concludethat the estimationof the motion is
robust and accuratedespitethe strongillumination variationsand
blurring effects.

Concerningthe processingime, using the proposedapproach
with no selectionof thereferencepoints(sectiord.2.2),theimages
areprocessedtvideorate(25Hz). Usingthefastcomputatior(sec-
tion 4.2.3)it is about40Hz. All the correspondingequenceare
presentedn theattachedsideo.

5.1.2 Evaluation on benchmark datasets

To have a quantitatve measureof its accurag and robustness,
the tracker hasbeenevaluatedon somevery demandingeference
datasetproposedy MetaioGmbH[11]. Thosedatagtsincludea
large setof sequencewith thetypical motionsthatwe aresuppose
to facein augmentedeality applications.Indeedsequencessing
eightreferencamagesfrom low repetitive texture to highly repet-
itive texture areincluded. And for eachreferencemageis a setof
four sequencesdepictingwide angle, high range fastfar andfast
closemotionand onesequencavith illumination variations.

The estimatednotion hasbeencomparedwith the groundtruth
for eachsequencesThe percentagegivenin thetableshave been
computedby Metaio relative to their groundtruth. The upperta-
ble on gure 6 shavs theresultsthathave beenobtainedusingthe
proposedhpproachThetrackeris consideredn corvergencef the
error betweerthe estimationandthe groundtruth is belov a given
threshold.The error measuras similar to theonede ned in equa-
tion (29), a detailedde nition is availablein [11]. The mutualin-
formationbasedracker provesits robustnesandaccurag on most
of thesequences.

The results obtained using the ESM approach[2] reported
from [11] arealsorepresenteth the lower tableof gure 6 where
bettercorvergenceresultsarein bold characterslf we comparghe
resultsof the two methodswe canseethat both have similar con-
vergenceratesin mostcases But M| hasanundeniableadwantage
in the casef illumination variationsexperiments.

We canconcludethatthe proposedvl computatiorhasa large
convergencedomain(atleastaslargeastheonein theleastsquared
problem)andthatthe proposedptimizationis adaptedo usethe
potentialof the MI functionleadingto a very ef cient tracker well
suitedfor theaugmentedeality problem.

Mi Angle Range FastFar FastClose lllumination
Low 100.0% 94.1% 75.2% 56.5% 99.5%
100.0% 98.1% 69.9% 43.7% 93.0%

Repetitie 76.9% 67.9% 22.8% 63.6% 100.0%
91.3% 67.1% 10.4% 70.5% 96.2%

Normal 99.2% 99.3% 43.9% 86.7% 99.6%
100.0%  100.0% 14.8% 84.5% 100.0%

High 47.1% 23.2% 7.2% 10.0% 50.6%
100.0% 69.8% 20.8% 83.8% 100.0%

ESM Angle Range FastFar FastClose lllumination
Low 100.0%  92.3% 35.0% 21.6% 71.1%
100.0%  64.2% 10.6% 26.8% 56.3%

Repetitve 61.9% 50.4% 22.5% 50.2% 34.5%
29% 11.3% 6.8% 35.8% 11.3%

Normal 95.4%  77.8% 7.5% 67.1% 76.8%
99.6%  99.0% 15.7% 86.8% 90.7%

High 0.0% 0.0% 0.0% 0.0% 0.0%
100.0% 61.4% 22.8% 45.5% 79.7%

Figure 6: Ratio of successfully tracked images for our approach com-
pared to the ESM [11].



Figure 7: Tracking of a planar object through illumination variations. First row: frame 0, 200, 400 and 600. The green rectangle represents the
rectangle from the template image transformed using the estimated homography. Second row: projection of the templates for the same iterations
in the reference image. Third row: augmenting with a virtual robot placed on the top of the box.

5.2 Multimodal tracking
5.2.1 Satellite images versus map

This experimentillustratesthe capabilitiesof the presentednutual
information-basedracker in alignmentapplicationsbetweenmap
andaerialimages.Thereferaxceimageis amaptemplateprovided
by IGN (Institut GeographiquéNational)that caneasilybe linked
to GeographidnformationSystem(GIS) andthesequencbasbeen
acquiredusinga moving USB camerafocusingon a posterrepre-
sentingthe satelliteimagecorrespondingo themap.

As it hasbeenpreviously noticedin gure 2, a non-linearrela-
tionshipexists betweerthe intensitiesof the mapandaerialimage
andthis link canbe evaluatedby the MI functions. Mutual infor-
mationcanthereforeallow for trackingthe satllite imageusingthe
mapimage.Figure9 shavsthereferenceamageandsomeimageof
the sequencavith the correspondingoverlaid results. Thereis no
availablegroundtruth for this experiment neverthelessheoverlaid
resultsgive agood oerview of thealignmentaccuagy. We canalso
seein the attachedvideo that the tracker cornvergesdespitesome
strongblurring effects. To validatethe accurag, we alsousedthe
estimatechomograpl in anaugmentedeality application. Since
thelGN maparelinkedwith a GIS, somevirtual informationsuch
asroad, hydrographicnetwork, or housefootprint canbe overlaid
ontheoriginal satelliteimagein a consistentvay.

5.2.2 Airborne infrared image versus satellite images

Thesamemethodhasbeenevaluatedwith anothercurrentmodality
This time the references a satelliteimageandthe sequencés an
airborneinfraredsequencerovidedby ThalesOptronic. Theinitial
homograpl is manuallyde ned.

As we canexpect,althoughvery different,thetwo imagesshavn
in gure 10 aresharinga lot of informationandthusMI canhan-
dle thetrackingof theinfraredsequenceThewarpfunctionis still
a homograplp. The satellitesceneis then supposedo be planar
leadingto anapproximation Neverthelesshe proposednethodre-
mainsrobust. No groundtruth is available,but the overlaidimages

aswell asthe augmentedeality applicationqualitatively validates
theaccuray of thetracker. As gure 10 shaws, the satelliteimage
of theairportis well trackedon the sequence.

Figure 8: From the homography to the estimation of the camera po-
sition. Green curve: estimated camera trajectory in the 3D space,
blue: the 6 estimated camera positions corresponding to the frames
represented in gure 10.

The homographiedhave beendecomposedo estimatethe po-
sition of the planewith regectto the airport. The resulting3D
trajectoryof thecamerds representeth gure 8, aswe canseethe
trajectoryis smoothandhasthe expectedbehaior that shows the
approaclof aplanewith respecto therunway. Thetrajectoy of the
camerawith respecto thetime is presentedn the attachedvideo.
Figures10and11 alsoshavs sometracked imagesandsomeaug-
mentedmagesthatvalidatethe accurag of the motionestimation.
Thecompletesequencearevisible in theattachedvideo.
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Figure 9: Tracking of an aerial sequence using a map template image by MI: frames 1, 250and 500are represented with the overimposed satellite
reference (inside the green rectangle) projected using the estimated homography (image and map source: IGN) and augmented with the roads

positions.
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Trackedimages

Figure 10: Tracking of a satellite template image using Ml on an airborne infrared sequence. 6 frames are represented with the overimposed
aerial reference (inside the green rectangle) projected using the estimated homography (Infrared images courtesy of Thales Optronic, optical

image is obtained from google earth).

Figure 11: Augmenting the infrared images with the satellite appearance of the runway and an additional “land here” sign.



5.2.3 Potential AR applications of multimodal registration

Registeringamapandanaerialimagesequencés anextremecase,
but registrationbetweenraerialandsatellite(or any combinationof
suchmodalities) acquiredat differenttime (andthusdifferent)can
be considered Potentialapplicationsncludevisual odometry air-
craftor dronelocalization,pilot assistancestc.

Infrared cameragqalthoughstill expensve) are widely usedby
civilians and, obviously, military aircraft Sucha registrationpro-
cesswith a simplesatelliteimagemay prove to be very helpful for
thepilots especiallywhenlanding(nightor day)onasmallandILS
freeairport. Consideringhataircraftpositionis fully known, addi-
tionalinformationaboutrunway, otheraircraftpositionsor military
tamgetsmaythusbeeasilydisplayedn thepilot helmet.

Although,we mentionechereapplicationsn theaeronauti@area,
it is clearthatotherdomainsmaybetargetedsuchasenegy moni-
toring, robotics,urbanismarchitecturedefense,..

6 CONCLUSION

This paperpresented robust and accurateaemplatebased-trachr
thatwasde ned usinga new approachbasedon the mutualinfor-
mationalignmentfunction. The de nition of MI hasbeenadapted
to the differential tracking problemso that the function is smooth
andasconcae aspossible. The proposedie nition preseresthe
adwantageof MI with respecto its robustnesgoward occlusions,
illumination variationsand imagesfrom different modalities. A
new optimizationapproacthasbeende ned to dealwith thequasi-
concae shapeof MI. The proposedapproachs taking advantage
of boththe wide corvergencedomainof M| andits accuratemax-
imum andbesidess not computationallyexpensve. Moreover the
time consumptionis greatly reducedusinga new approachbased
onthereferencepixelsselectionthatyieldsto anaccuratefastand
robusttracker suitablefor augmentedeality applications.

Finally the proposedtracker has beenevaluatedusing several
experiments. Its robustnessand accurag is veri ed using refer
encedatasetandshawsits advantagesomparedvith classicabp-
proachen monomodaltracking. Somenew applicationsarealso
proposedo useamodelimageacquiredrom anothemodalitythan
the tracked sequencéhat aresigni cant in ying, for example,in
vehiclelocalizationapplications.

The algorithm presentederehasbeenlimited to planarobject
tracking. Neverthelesshe proposedapproachcould similarly be
appliedto morecomplex model-basedrackingapplicationsvhere
we coulddirectly estimatethe positionof the objecton SE(3). The
methodcould alsobe extendedto non-rigid objecttracking.

APPENDIX

A  WHY THE HESSIAN MATRIX MUST NOT BE APPROXI-
MATED

It is commonto nd the Hessianmatrix of Ml givenin equation
(22) approximatedy thefollowing expressiorf21][5]:

.o Tpu T Tpu 1 1
H _— —— — — 31
ra;{‘ﬂDp /1= R TR (1)

wherethe secondorderderivative of thejoint probability hasbeen
neglected.Theapproximatioris inspiredfrom the onethatis made
in the Gauss-Nerton's methodfor a leastsquaredoroblemthatis
assuminghatthe neglectedtermis null aftercorvergence.
Consideringhe expressionof the maginal probability p; (t) =
a,pu (r;t), it is clear that p; (t) > py (r;t) so 1=p; (r;t)
1=p, (t) > 0. Since%> % is a positive matrix thenthe nal
Hessiammatrix given by (31) is positive. The goalis to maximize
MI. The Hessiammatrix after corvergencewould then be supposed

to be n@ative by de nition. Thecommonapproximatiorof (31)is
thusnot suitedfor the optimizationof Ml.
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