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Figure 1: Augmenting an aerial image through MI-based tracking. An image template (a) extracted from a geographic map is registered in
real-time with an aerial image (b). The information extracted from a geographic information system is used to augment the aerial image (c).

ABSTRACT

In thispaperwepresentadirecttrackingapproachthatusesMutual
Information(MI) asametricfor alignment.Theproposedapproach
is robust,real-timeandgivesanaccurateestimationof thedisplace-
mentthatmakesit adaptedto augmentedrealityapplications.MI is
a measureof thequantityof informationsharedby signalsthathas
beenwidely usedin medicalapplications.Sincethen,andalthough
MI hasthe ability to perform robust alignmentwith illumination
changes,multi-modalityandpartialocclusions,few workspropose
MI-basedapplicationsrelatedto objecttrackingin imagesequences
dueto someoptimizationproblems.

In thiswork, weproposeanoptimizationmethodthatis adapted
to theMI costfunctionandgivesapracticalsolutionfor augmented
reality application. We show that by re�ning the computationof
theHessianmatrix andusinga speci�c optimizationapproach,the
trackingresultsarefar morerobust andaccuratethanthe existing
solutions.A new approachis alsoproposedto speedupthecompu-
tationof thederivativesandkeepthesameoptimizationef�ciency.

To validatetheadvantagesof theproposedapproach,severalex-
perimentsareperformed.TheESM andtheproposedMI tracking
approachesarecomparedon a standarddataset.We alsoshow the
robustnessof the proposedapproachon registrationapplications
with differentsensormodalities: mapversussatelliteimagesand
satelliteimagesversusairborneinfraredimageswithin differentAR
applications.

1 INTRODUCTION

Typical augmentedreality applicationsrequirereal-timetracking
performances.Indeed,to allow a precisepositioningof thevirtual
scenewithin the real images,knowing the actualposition of the
camerais necessary. As for many problemsin computervision, the
motionestimationremainsthereforeoneof thekey issues.
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Major dif�culties in sucha trackingprocessareimagenoise,il-
luminationchangesandocclusions.Along with robustnessto such
perturbations,our motivation is to focuson trackingandregistra-
tion consideringdifferentsensormodalities.For example,registra-
tionswill beperformedbetweena mapandanairborneimagese-
quence(see�gure 1) or betweeninfra-redandvisible images(see
�gure 10).

Most of the available tracking techniquescan be divided into
two main classes:feature-basedand model-basedtracking. The
former approachfocuseson tracking2D featuressuchasgeomet-
rical primitives(point, segments,circles,etc.) or objectcontours
(suchasactive contours).The latterexplicitly usesa modelof the
tracked objects. This modelcan bea 3D model leading,mainly,
to aposeestimationprocesscorrespondingto aregistrationprocess
betweenmeasuresin the imageandthe forward projectionof the
3D model [7][4]. Onecanalsoconsider2D models. Within this
category, theobjectto be trackedcanberepresentedby a descrip-
tor. Thesedescriptorscan be object histogramsleadingto mean
shift likeapproaches[3] or point neighborhoodleadingto keypoint
tracking by matchingapproaches[12][10]. Suchapproachesare
usuallyvery robust to illumination variation,occlusions,etc. It is
alsopossibleto considerthat this 2D model is a referenceimage
(or a template).In thatcase,thegoal is to estimatethemotion(or
warp)betweenthecurrentimageanda referencetemplate.An ex-
ampleof suchapproachesaredifferentialtrackingmethodssuchas
theKLT [13] or [8][1][2]. Thoseapproachesarenot limited to 2D
motionestimation,consideringfor examplethemotionof a planar
objectin theimage,it is indeedpossibleto estimateits 3D motion.

The approachdescribedin this paperis relatedto the later cat-
egory of trackers. In this context, a measureof the alignmentbe-
tweenthe referenceimageand the current imageand its deriva-
tiveswith respectto the motion (warp) parametersis usedwithin
a non-linearestimationprocessto estimatethe currentobjectmo-
tion. What seemsto be a well adaptedmeasureis the standard
Sumof SquaredDifferences(SSD)function [13][1]. But suchap-
proachesarenot effective in the caseof illumination changesand
occlusions.Severalsolutionshavebeenproposedto addrobustness
toward thosevariations. Someincludethe useof M-estimatorsto
dealwith occlusionsor addnew parametersto estimatetheillumi-
nationvariations[8][20]. Nevertheless thoseapproachesleadsto



complex models.
In this paper, our goal is �r st to have avisual trackingapproach

that is robust to occlusionsand illumination variations,but also
to track an object with its appearancemodel acquiredin another
modalitythantheoneusedin thecurrentimagesequence.Thepro-
posedsolutionis thento replacetheSSDfunctionby amorerobust
alignmentfunction.

Onecanconsiderlocal normalizedcrosscorrelation(NCC) [9]
to replaceSSD,but our resultsshow thatit is not applicableto dif-
ferent imagemodalities. The proposedsolution is then to max-
imize the information sharedbetweenthe referenceimage and
the sequenceby maximizing the Mutual Information (MI) func-
tion [19, 22, 17]. MI hasalso proved to be robust to occlusions
and illumination variationsand can thereforebe consideredas a
goodalignmentmeasurefor tracking[6, 15]. However theexisting
approachesarenot takingfull advantageof theaccuracy of MI and
thusarenotappropriatefor augmentedrealityapplications.

In this paperwe presenta MI-basedtracker wherean impor-
tant contribution is to proposean optimization processadaptedto
theMI costfunction. Theoptimizationprocessthatwe proposeis
an inversecompositionalapproachwherean importantpart of the
derivativesneededin theoptimizationcanbeprecomputed,result-
ing in small computationtimes. A precise,completeandef�cient
computationof theHessianmatrix is described.The inversecom-
positionalapproachallows theestimationof theHessianmatrix af-
ter convergence.We show that this Hessianmatrix canbeusedin
aNewton's likeapproachto giveanaccurateandfastestimation of
the displacementparametersthat will prove its reliability in aug-
mentedreality applications. Finally a new approachis proposedto
speedup thecomputationof thederivativesthrougha selectionof
theusedreferencepixels thatmakesthemutualinformationtrack-
ing processpossibleat video-ratemeetingAR requirements.

In the remainderof this paper, Section2 presentsan overview
of thedifferentialapproaches.In section3, a brief introductionon
informationtheoryis givenwith thede�nition of mutualinforma-
tion, thena formulationadaptedto thedifferentialtrackingmethod
is presented.Section4 dealswith theoptimization of theresulting
mutualinformationfunctionwith respectto themotionparameters
to estimate.Finally section5 presentstrackingresultsincludingthe
Metaiobenchmarkandpresentsaugmentedrealityexperimentsthat
demonstratethenew multimodalcapabilityof theapproach.

2 DIFFERENTIAL TEMPLATE-BA SED TRACK ING

Differentialtrackingis aclassof approachesbasedontheoptimiza-
tion of an imageregistrationfunction. The goal is to estimatethe
displacementp of an imagetemplate I � in a sequenceof images
I0::It . In the caseof a similarity function f , the problemcan be
writtenas:

bpt = argmax
p

f (I � ;w(It ;p)) : (1)

wherewe searchthedisplacementbpt thatmaximizesthesimilarity
betweenthetemplateI � andthewarpedcurrentimageIt . In thecase
of adissimilarityfunctiontheproblemwouldbesimply invertedin
thesensethatwewouldsearchtheminimumof thefunction f . For
the purposeof clarity, the warping function w is hereusedin an
abuseof notationto de�ne theoverall transformationof the image
I by theparametersp. Indeed,its correctformulationw(x;p) gives
the function that movesa point x from the referenceimageto its
coordinatesin thecurrentimage.

The displacementparametersp canbe of high dimension.For
instance,the experimentsthat will be presentedat the endof the
paperconsidera homography transformationthat correspondsto
p 2 sl(3) that is 8 parameters.Approachessuchasan exhaustive
searchof bp arethustooexpensive if not impossible.

To solve themaximizationproblem,theassumptionmadein the
differentialtrackingapproachesis that thedisplacementof theob-
ject betweentwo consecutive framesis quite small. The previous
estimateddisplacementbpt� 1 canthereforebeusedas�rst estima-
tion of the currentdisplacementto performthe optimizationof f
andincrementallyreachthebestestimationbpt .

Multiple solutionsexists to computethe updateof the current
displacementparametersand perform the optimization. Indeed
Baker and Matthews showed that two formulationswere equiva-
lent [1]. Theformer is thedirectcompositionalformulationwhich
considersthat the updateis appliedto the currentimage,thuswe
searchtheupdateDp thatmaximize f as:

Dpk = argmax
Dp

f (I � ;w(w(It ;Dp);pk)) : (2)

This equationis typically solved usinga Taylor expansion where
the updateis computedwith the function derivativeswith respect
to Dp. The update of the currentparameterspk is thenappliedas
follows:

w( w(x;Dp);pk) ! w(x;pk+ 1): (3)

A secondequivalentformulationis the inversecompositionalfor-
mulationwhich considersthattheupdatemodi�es thereferenceim-
age,sothatDp is chosento maximize:

Dpk = argmax
Dp

f (w(I � ;Dp);w(It ;pk)) : (4)

In this casethecurrentparameterswill beupdatedusing:

w( w� 1(x;Dpk);pk) ! w(x;pk+ 1): (5)

In theinversecompositionalformulation,sincetheupdateparame-
tersareappliedto thereferenceimage,thederivativeswith respect
to thedisplacementparameterswill classicallybecomputedusing
thegradientof thereferenceimage.Thus,thesederivativescanbe
partiallyprecomputedandthealgorithmis far lesstimeconsuming.
Sincewe areinterestedin a fastestimationof thedisplacementpa-
rameters,theremainderof thepaperwill focuson thelater inverse
compositionalapproach.

Oneessentialchoiceremainstheoneof thealignmentfunction
f . Onenaturalsolutionis to choosethe function f asthe sumof
squareddifferences(SSD)of thepixel intensitiesbetweentheref-
erenceimageandthetransformedcurrentimage:

bpt = argmin
p

(SSD(I � ;w(It ;p))) (6)

= argmin
p å

x2ROI
(I � (x) � It (w(x;p))) 2 (7)

wherethesummationis computedon eachpoint x of thereference
templatethatis theregion of interest(ROI) of thereferenceimage.
As suggestedby its de�nition, this dissimilarity function is very
sensitive to occlusionsandilluminationvariations.Many solutions
have beenproposedto robustify theSSD.M-estimatorsrobusti�es
theleastsquaredproblemtowardocclusions[8] andamodelof illu-
minationchangescanbecoupledwith themotionmodelto create a
tracker robustto lighting changes[20].Neverthelessthosesolutions
arecomplex sinceadditionalparametershave to be estimatedand
aligningtwo imagesacquiredusingdifferentmodalitiesof acquisi-
tion remainsimpossible.

Let usfor exampleconsideranaerialimageanda maptemplate
(see�gure 2(a)). Consideringthesetwo modalitiesis obviously an
extremecase,but it will emphasizetherobustnessof theproposed
approach.Thevalueof SSDis computedwith respectto thetrans-
lations betweenthe map and the satellite image. It is clear that
the two imagesareshowing the sameplace(at leastfor a human
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Figure 2: Alignment functions wrt. translations between two images from the same area: (a) aerial image and the map reference. MI shows a
maximum near zero translation at the alignment position whereas SSD and ZNCC gives no clear information on the alignment quality.

eye they containthe same“information”), however, sincethe link
betweentheintensitiesof thepixelsis not linear, theSSDfunction
representedin �gure 2(b)givesnoinformationonthealignmentbe-
tweenthetwo images.TheNCChasshown someverygoodresults
in multimodalalignmentproblems[9]. Theef�ciency of thezero-
meannormalizedcrosscorrelation(ZNCC) hasbeenevaluatedon
themutlimodalexamplein �gure 2(c). We canseethat thecaseis
too extremeandthat thereis alsono signi�cant optimum. We can
concludethatevenZNCC is not suf�cient to give agoodmeasure
of alignmentin this case.

To dealwith occlusions,illuminationvariationsandmultimodal-
ity, we proposeto usethemutualinformation[19, 22] asthealign-
mentfunction,thatis, aswewill see,robustto all this variationsof
appearance.

3 MUTUAL INFORMATION

3.1 Information theor y

Mutual information is an alignmentfunction that was �rst intro-
ducedin the context of information theory [19]. Someessential
notionssuchasentropy andjoint entropy arerequiredfor a good
understandingof thisalignmentmeasure.

3.1.1 Entropy

Entropy h(I ) is ameasureof variability of a randomvariableI (sig-
nal, image...).If r arethepossiblevaluesof I andpI (r) = P(I = r)
is the probability distribution function of r, thenthe Shannonen-
tropy h(I ) of a discretevariableI is givenby thefollowing expres-
sion:

h(I ) = � å
r

pI (r) log(pI (r)) : (8)

The log basisonly changesthe entropy valuewith a scalefactor,
thereforeit hasnointerestin ourtrackingproblemandwill beomit-
tedsincewe only seekthemaximumof thecostfunctionbut not a
particularvalue.

Sinceourgoalis to focusonimages,let usconsiderI asanimage
andr = I(x) asthepossiblegray-level intensitiesof theimagepix-
elsx. Theprobabilitydistribution functionof thegray-level values
is thensimply givenby a thenormalizedhistogramof theimageI .
Theentropy canthereforebeconsideredasameasureof dispersion
of theimagehistogram.

3.1.2 Joint entropy

Following thesameprinciple,joint entropy h(I ; I � ) of two random
variablesI andI � canbede�ned asthevariability of thecoupleof
variables(I ; I � ). TheShannonjoint entropy expressionis givenby:

h(I ; I � ) = � å
r;t

pII � (r;t) log(pII � (r;t)) (9)

wherer andt arerespectively thepossiblevaluesof thevariablesI
andI � , andpII � (r;t) = P(I = r \ I � = t) is thejoint probabilitydis-
tribution function. In our problemI andI � areimages.Thenr and
t arethegray-level valuesof thetwo imagesandthejoint probabil-
ity distribution function is a normalizedbidimensionalhistogram
of the two images.As for entropy, joint entropy correspondsto a
measureof dispersionof thejoint histogramof (I ; I � ).

At �rst sight the joint entropy could be consideredas a good
alignmentmeasure:if thedispersionof thejoint histogramis small
thenthe correlationbetweenthe two imagesis strongandwe can
supposethat the two imagesare aligned. Neverthelessthe depen-
dencieson the entropiesof I andI � makesit not adapted.Indeed
if oneof the imageshasa constantgray-level valuethenthe joint
histogramwould bevery focusedandtheentropy valuevery small
despitethefactthatthetwo imagesarenotaligned.

3.1.3 Original Mutual information

The de�nition of mutual information(MI) solvesthe above men-
tioned problem [19, 22]. Subtractingthe randomvariable's en-
tropiesfrom their joint entropy yieldsto analignmentmeasurethat
is notdependingon thevariablemarginalentropies.TheMI of two
randomvariablesI andI � is thengivenby thefollowing equation:

MI(I ; I � ) = h(I ) + h(I � ) � h(I ; I � ): (10)

MI is thenthequantity of informationsharedbetweentwo random
variables.If thetwo variables/imagesarealignedthentheir mutual
informationis maximal.

If thisexpressionis combinedwith thepreviouslyde�ned differ-
entialmotionestimationproblem,wecanconsiderthattheimageI
is depending onthedisplacementparametersp. If weusethesame
warpfunctionnotationasin section2, themutualinformationcan
thusbewrittenwith respectto p:

MI(p) = MI(w(I ;p); I � ) = h(w(I ;p)) + h(I � ) � h(w(I ;p); I � ):
(11)

The �nal expressionof MI is obtainedby developingtheprevious
equationusingtheentropy equations(8) and(9):

MI(p) = å
r;t

pII � (r;t;p) log
�

pII � (r;t;p)
pI (r;p)pI � (t)

�
(12)

Let usconsiderasimpleexample,in �gure 3 mutualinformation
hasbeencomputedwith respectto atranslationaldisplacementp =
(tx; ty) usingits classicalde�nition. A white noisehasbeenadded
to thereferenceimageI � . Thegroundtruth displacementbetween
thetwo imagesis known andis p = 0. Thebluerectangledrawn in
theimagesrepresentstheregionof thereferenceimagethatis used
to computethe referencehistograms. On the left is represented
this histogramthatcontains256gray level values.As we cansee,
the original de�nition of MI proposedby Shannonshows a large
maximumat the groundtruth positionbut alsoshows many local
maximaknown asinterpolationartifacts.



3.2 Smoothing Mutual Information

The differential approachconsistsof using the function and its
derivatives to bring the estimatedparametersto the optimum of
the similarity function. The smootherthe function the moreef�-
cient theoptimization.Thus,preliminarymodi�cations have to be
appliedto the original formulationto modify the shapeof mutual
informationfunctionandsmoothit.

3.2.1 Histograms binning

Thecomputationof MI onhistogramsof 256entriespresentsprob-
lemsdueto thelargenumberof emptybinsthathave strongreper-
cussionsontheentropiesmeasures[16]. Moreoverthecomputation
of thosehistogramsareexpensive in memoryandtime.

Startingfrom this observations,oneobvious solution is to de-
creasethe numberof histogrambins. The analyticalformulation
of a normalizedhistogramof an imageI � is classicallywritten as
follows:

pI � (t) =
1

Nx
å
x

f (t � I � (x)) (13)

wherex are the points of the region of interestin the image,Nx
is the numberof pointsandt arethe possiblevaluesof I � (x), i.e.
t 2 [0;255]. In the classicalformulationf is a Kronecker's func-
tion: f (x) = 1 for x = 0 andf (x) = 0 otherwise.Sothateachtime
I � (x) = i theith histogrambin valueis incremented.

Thenumberof binscorrespondsto themaximalgraylevel inten-
sity of theimageNcI � = 256.To reduceit, theimageintensitiesare
simply scaledasfollows:

I � (x) = I � (x)
Nc � 1

NcI � � 1
(14)

whereNc is the new numberof histogrambins. The resultingin-
tensitiesareno longer integer values. Thusthe f function hasto
be modi�ed to keepthe informationon thesereal values. Several
solutionshavebeenproposedto simultaneouslysmooththemutual
informationfunctionandkeepits accuracy [22][14]. Our approach
is basedon theuseof B-splinefunctions[14] thatareapproxima-
tions of Gaussianfunctionsandhave the advantagesof their fast
computationanddifferentiability.

The�nal analyticalformulationof thenormalizedhistogrambe-
comes:

pI � (t) =
1

Nx
å
x

f
�
t � I � (x)

�
(15)

wherethepossiblegray-level valuesarenow t 2 [0;Nc].
The probability distribution function of I � andthe joint proba-

bility of (I ; I � ) are modi�ed using the sameapproachthat yields
to:

pI (r;p) =
1

Nx
å
x

f
�
r � I (w(x;p))

�
(16)

pII � (r;t;p) =
1

Nx
å
x

f
�
r � I (w(x;p))

�
f

�
t � I � (x)

�
(17)

Several solutionshave beenproposedto estimatean optimal
numberof histogrambinssuchasSturges' ruleor Scott's rule [18].
Nevertheless,aconstantnumberof bin setwith Nc = 8, thatkeepsa
smallvalueandavoidsloosinginformation,hasalwaysgivensatis-
fying results in ourexperiments.Notethatthe�nal numberof bins
is higherthanNc dueto theside-effectof theB-splinefunctions.

If we comparethemutualinformationvaluesbetweentheorigi-
nal formulationandthenew one,thebene�tsof thehistogrambin-
ning operationareobvious. As �gure 3 shows,mutualinformation
function is convexi�ed. NeverthelessMI is still subjectto small
interpolationartifacts.

3.2.2 Image interpolation

Theimageinterpolationproblemis similar to thebinninginterpola-
tion one. In binninginterpolationwe put a realvalueon aninteger
array, in imageinterpolationa real value is extractedfrom an in-
tegerarray. Indeedthepositionresultingfrom thewarpof a point
w(x;p) is usuallynotanintegervalue.

Oneclassical solutionthathasbeenusedin thepreviouscompu-
tationof theMI in �gure 3 is to chooseabilinearinterpolation.This
is typically similar to theuseof �rst-order B-splinesin thebinning
interpolationproblem. The typical solutionto solve this problem
wouldbeto useacubicor quadraticimageinterpolation.Neverthe-
lesssuchmethodsarehighly timeconsumingsincefor eachwarped
point, thecomputationof its intensity would requireto usethe in-
tensitiesof the9 or 16neighboringpixels.

Theproposedsolutionthat is lesstime consumingandasfar as
we know equallyef�cient is to convolute thecurrentimagewith a
Gaussian�lter to smooththepixel intensitiesandthenusebilinear
interpolation.ThecorrespondingMI resultshave beenrepresented
on the 2D translationalexamplethat was previously showing in-
terpolationartifactsin �gure 3. Usingbothhistogrambinningand
image�ltering, the mutual information function's shapebecomes
perfectlysmoothandthusadaptedto work with its derivativesin an
optimizationmethod.

TheproposedMI formulationis alsoappropriateif we consider
the alignmentbetweenthe mapimageandaerial imageshown in
�gure 2. IndeedMI is maximalat p = 0 andtheshapeof thefunc-
tion remainssmooth.
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Figure 3: Smoothing mutual information.



Figure 4: SSD, MI and their derivatives with respect to one translation (px). The purple area is the convergence domain using a classical
Newton's method, the blue one is the convergence domain of a Gradient descent method. The proposed method keeps the wider convergence
domain of the gradient's method in blue.

4 MUTUAL INFORMATION-BA SED TRACK ER

In this sectionwe will seehow to usethe MI cost function with
thedifferentialtrackerspresentedin section2. Let us remindthat
the goal is to estimatethe displacementparameterspt that maxi-
mizestheMI usinga �rst estimationof theparameterspt� 1 andan
iterativeupdateof theparameters.

4.1 Deriv ative function analysis

In this work we oughtto trackplanarobjectsthrough3D displace-
ments.This problemimpliesa strongcorrelationbetweentheele-
mentsof thevectorp. Therefore,theuseof �rst-order optimization
methodsuchas a steepestgradientdescentis not adapted.Such
non-linearoptimizationare usually performedusing a Newton's
methodthatassumetheshapeof thefunctionto beparabolic.

Newton's methodusesa secondorderTaylor expansionat the
currentpositionpk� 1 to estimatethe updateDp requiredto reach
the optimum of the function (wherethe gradientof the function
is null). The sameestimationandupdateareperformeduntil the
parameterpk effectively reachestheoptimum. Theupdateis esti-
matedfollowing theequation:

Dp = � H� 1G> (18)

whereG andH arerespectively theHessianandgradientmatrices
of themutualinformationwith respectto theupdateDp. Following
theinversecompositionalformulationde�ned in equation (4) those
matricesareequalto:

G =
¶MI(w(I � ;Dp);w(I ;p))

¶Dp
(19)

H =
¶2MI(w(I � ;Dp);w(I ;p))

¶Dp2 (20)

Applying the derivative chain rules to equation(12) yields the
following gradientandHessianmatrices:

G = å
r;t

¶ pII �

¶Dp

�
1+ log

�
pII �

pI �

��
(21)

H = å
r;t

¶ pII �

¶Dp

>¶ pII �

¶Dp

�
1

pII �
�

1
pI �

�
+

¶2pII �

¶Dp2

�
1+ log

pII �

pI �

�
(22)

For the purposeof clarity, the marginal probabilitiesand joint
probabilitythatareactuallydependingonr, t, p * andDp aresimply
denotedas pI , pI � and pII � . The detailsof the calculationfrom
equation(19) to equation(22)canbefoundin [5].

By analogywith classicalHessiancomputationin SSD mini-
mization,secondorderderivativesareusuallyneglectedin the Hes-
sianmatrix computation[21, 5, 6]. In our approachwe compute
the Hessianmatrix using the secondorderderivatives that are, in

ourpointof view, requiredto obtainapreciseestimationof themo-
tion. Moredetailsaregivenin appendixA to highlighttheproblems
inducedby this classicalapproximation.

As we can seein equation(21) and equation(22), the deriva-
tives of the mutual information dependon the derivatives of the
joint probability. Usingthepreviousde�nition in (17) andpassing
thederivative operatorthroughthesummationyieldsthefollowing
expressions:

¶ pII �

¶Dp
=

1
Nx

å
x

f
�
t � I (w(x;p))

� ¶f
�
r � I � (w(x;Dp))

�

¶Dp
(23)

¶2pII �

¶Dp2 =
1

Nx
å
x

f
�
t � I (w(x;p))

� ¶2f
�
r � I � (w(x;Dp))

�

¶Dp2 :(24)

The remainingexpressionsto evaluatearethevariationsof theB-
splinefunction f with respectto theupdate.Their derivativesare
obtainedusingthechainrule leadingto:

¶f (r � I � (w(x;Dp)))
¶Dp

= �
¶f
¶r

¶I �

¶Dp
(25)

¶2f
�
r � I � (w(x;Dp))

�

¶Dp2 =
¶2f
¶t2

¶I �

¶Dp

> ¶I �

¶Dp
�

¶f
¶r

¶2I �

¶Dp2 :(26)

Finally thederivativesof thereferenceimageintensitywith respect
to theupdateparametersDp is givenby thefollowing expressions:

¶I �

¶Dp
= ÑI � ¶w(x;p)

¶Dp
(27)

¶2I �

¶Dp2 =
¶w
¶Dp

>
Ñ2I � ¶w

¶Dp
+ ÑI � x

¶2wx

¶Dp2 + ÑI � y
¶2wy

¶Dp2 (28)

The motivation for usingthe inversecompositionalformulationis
then obvious. The derivatives of the warp function are all com-
putedatDp = 0, theirvaluesarethenconstantfor eachpixelsof the
template.Moreover, sincethe referenceimageis constant,all the
expressionsfrom equation(25) to equation(28) areconstants and
have to beprecomputedonly onetime.

In our work we focuson planarobjecttracking.Thewarpfunc-
tion is thusde�ned by thegroupactionw : SL(3) � P2 with x 2 P2

andp de�nes the 8 parametersof the sl(3) lie algebra associated
to theSL(3) group.However, this researchis not limited to sucha
warpfunctionbut canalsobeappliedon poseestimationon SE(3)
andothermotionmodels,thusdetailswill notbegivenon thewarp
derivatives.All detailsregardingthederivativesof thechosenwarp
functioncanbefoundin [2].



4.2 Optimization appr oach

The Newton's methodthat canbe usedto performthe estimation
of theupdateparametersDp is basedon theassumptionof a simi-
larity functionwith a parabolicshape.Onecanimmediatelynotice
that this assumptioncanbeeasilyviolatedby looking at the func-
tion's shape(see�gure 3). Theviolation couldcausetheNewton's
methodto fail, thusabetterapproachhasto bechosen.

To evaluatethe ef�ciency of the following optimizationmeth-
ods,a setof alignment experimentshasbeenrealized.Thegoal is
to estimatethe known positionp� of a templatein an image (see
�gure 5(a))from many initial positionparameters(see�gure 5(b)).
The initial parametersareautomaticallygeneratedapplyinga ran-
domnoiseto thegroundtruthposition.

Theconvergencerateof theoptimizationmethodarethenevalu-
atedwith respectto theinitial positioningerror. Thepositioninger-
ror err is de�ned astheRMSdistancebetweenthecorrectposition
of somereferencepointsx�

i = w(xi ;p� ) andthecurrentpositionof
thepointsw(xi ;p) [11]. Thereferencepointsaresimply chosenas
the4 cornersof thetemplatesothattheerrorbecomes:

err(p) =

vu
u
t

4

å
i= 1

kx�
i � w(xi ;p)k (29)

Weconsiderthattheoptimizationconvergesassoonastheerrorerr
is below 0:5 px. 500alignmentexperimentsareperformedfor each
initial positioningerror err from 1 to 20 that is a total of 10000
experiments. We representthe convergencerate and the average
numberof iterationsrequiredto reachconvergence.Indeed,those
valuesgivesa good overview of theef�ciency of theoptimization
methods.

The Gradientdescentmethodcannotestimatean accurateesti-
mationof thehomography (seesection4.1). Indeedits usegivesa
�nal estimationwith anerroralwaysabove 0:5 px for theall setof
experiments(that is a 0% convergencerate).Thustheresultshave
notbeenincludedin �gure 5.

4.2.1 Newton's method

Mutual informationfunction is a quasi-concave function, thusthe
parabolichypothesisof theNewton's methodis only valid near the
convergence.As soonasthe displacementin the sequenceis im-
portant,theinitial parameterspt� 1 would beon theconvex partof
thecostfunctionthatwill causetheoptimizationto diverge.

Theproblemis in factequivalentusingaSSDfunction.Oneex-
ampleof thevaluesobtainedontheestimationof atranslationaldis-
placementis presentedin �gure 4 for boththeMI functionandthe
minusof theSSDfunction.For thepurposeof clarity, wechooseto
analyzetheminusof theSSDfunctionto dealwith amaximization
for both functions. The quasi-concave shapeof both functionsis
obvious. Theparabolicassumptionis only correctfor theconcave
partof thefunction,thatis wheretheir secondorderderivativesare
negative (theareahighlightedin purple).Theconvergencedomain
usingaclassicalNewton's methodwouldbeverysmall.

As �gure 5(c) shows, the convergencedomainof the Newton's
methodis indeedverysmall in thecaseof thehomography estima-
tion. As soonastheinitial errorexceeds2 px, theinitial parameters
are,mostof the time, out of the convergencedomainof the New-
ton's methodandtheconvergenceratebecomesverysmall.

However consideringthe onedimensionalexample,onecould
expectan optimizationthat hasa convergencedomainaswide as
theoneof thegradientdescentmethod(theblueareain �gure 4).

4.2.2 Conditioning the optimization

In tracking problemformulatedwith a SSD function, the Gauss-
Newtonapproximationconditiontheproblemby estimatingaHes-
sianmatrix that is alwaysde�nite positive (seethe greencurve in
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Figure 5: Empirical convergence analysis of the optimization meth-
ods. The proposed methods (blue and green curves) have a very
high convergence rate compared to the classical Newton's methods
(red curve).

�gure 4) andthatis agoodapproximationof theexactHessianma-
trix after convergence. Thereforeits usepermits to have a con-
vergencedomainaswide astheonewith a gradientmethod(blue
area).

In the mutual informationmaximization,the problemis differ-
ent. Indeedapproximatingthe Hessianmatrix as it is proposed
in [21, 5, 6] do not givesan estimationof the Hessianmatrix af-
ter convergence(seethegreencurve in 4 for theMI function). No
approximationon theHessianof MI simpli�es theproblemasthe
Gauss-Newtonapproachdoesfor theSSD.

Thesolutionthatweproposeis inspiredfrom theGauss-Newton
approach. The idea remainsto usean estimationof the Hessian
matrix afterconvergence.To computethis estimationwe consider
thatafterconvergencethealignmentbetweenthetemplateandthe
warpedcurrentimageis perfect.Thereforewe simply assumethat
I (w(x;p)) = I � (x).

This solutionhasseveraladvantages:

� It givesa de�nite negative Hessianmatrix thatyields to have
a wide convergencedomain(blue areain �gure 4). We can
noticethattheresultingconvergencedomainis aswideasthe
oneof the SSDfunction in the considered1D example. In
section5.1.2,furtherexperimentswill show that it is alsothe
casefor ahomography estimation.

� SincetheHessianmatrix usedin theNewton's methodis the
Hessianmatrix after convergence,the behavior of the opti-
mizationnearconvergenceis optimalandthe �nal estimated
displacementparametersareveryaccurate.

� This approachhastheadvantageof its computationtime. In
the classicalNewton's methodthe HessianandJacobianare
computedfor eachiterations. In the proposedapproachthe
Hessianmatrixis computedonetimein thewholeexperiment.

Theproposedoptimizationhasbeenevaluatedon thesetof ex-
perimentpresentedin �gure 5. As expected,the convergencedo-
main is larger than the oneusing the classicalNewton's method.
The optimizationconvergesfor all the experimentswith an initial
error below 16px and the convergencerateslightly decreasesfor
err > 16.

Figure5(d)showsthenumberof iterationsto reachconvergence.
The numberof iterationswith the proposedmethodis fewer than
theonewith theclassicalNewton's method.



4.2.3 Improving the computation time

Comparedto a simple leastsquaredproblem,mutual information
canstill beconsideredasaverycomplex functionto compute.The
proposedapproachoffersalreadyapracticalsolution.Nevertheless,
fasterperformanceis sometimesdesired.

To computetheMI betweenthetwo images,all theinformation
is required,soall thereferencepixelsmustbeusedto computethe
marginal andjoint probabilities.As for thevariation of themutual
informationcomputation,only themotionof thepixelsthatarenot
in a uniform region will have astrongeffect. This fact is obvious
from equation(27) and(28). Onevery simplemodi�cation is then
to performthecomputationof thegradientandHessianusingonly
aselectionof pixelsin thetemplate.

A simplemeasureto determineif apointis in auniformregionof
thetemplateis givenby thenormof thereferenceimagegradients.
Thereforetheselectionconditioncanbewrittenas:

kÑI � (x)k > a (30)

wherea is a given threshold.The summationin equation(23) is
thereforecomputedon thereferencepixels that respectthis condi-
tion.

The ef�ciency of the proposedapproachhasbeencomparedto
the previous one using the set of experimentsrepresentedin �g-
ure5. Usinga thresholda = 6, theselectednumberof pointscor-
respondsto 18% of the total numberof referencepoints. We can
seeon �gure 5(c & d) that theconvergencerateandthenumberof
requirediterationsis equalto theonesof thepreviousmethodupto
few percentanditerations.

In summary, for a similar ef�ciency, the computationtime of
the proposedmethodis 30% smaller. Sucha selectionmethodis
thereforehighly recommendedin MI derivativescomputation.

5 VISUAL TRACK ING EXPERIMENTAL RESULTS

Thevisualtrackingmethodthat is presentedin this paperhasbeen
implementedon a laptop with a 2:4GHz processor. The evalua-
tion of thedisplacementparametershasbeenperformedusingthe
presentedinversecompositionalschemecombinedwith a pyrami-
dal approachthat increasestheconvergencedomainandspeedsup
convergenceof the optimization. We limit our experimentsto the
estimationof thedisplacementof planarobjects.Theestimatedho-
mography canbedecomposedto �nd therotationsandtranslations
of the planeandits normalup to a distancefactor, which is suf�-
cientfor augmentedrealityapplications.

5.1 Monomodal trac king

The robustnessandaccuracy of the proposedmutual information
trackerhavebeenevaluatedon variousimagesequences.

5.1.1 Tracking through natural variations

Thisexperiment concernsanindoorsequenceacquiredatvideorate
(25Hz). The initialization of the tracker hasbeenperformedby
learningthe referenceimagefrom the �rst imageof the sequence
andsettingthe initial homography to an identity. Thetemplatein-
cludes16000referencepixels.

Thesequencehasbeenchosento illustratetherobustnessof the
motionestimationthroughmany perturbation.Someimagesof the
sequenceareshown in �gure 7. Firstly, theobjectis subjectto sev-
eral illumination variations:thearti�cial light producedanoscilla-
tion on theglobalilluminationof thecapturedsequence.Moreover
theobjectis notLambertian,thusthesequenceis subjectto satura-
tion andspecularities(see�gure 7 frame200).Theobjectis moved
from its initial positionusingwide angleandwide rangemotions
(�gure 7 frame400).And �nally theobjectis subjectto fastmotion
causingasigni�cant blur in many images(�gure 7 frame600).

Theframesof thesequencearepresentedwith thecorresponding
estimatedpositionsof thereferenceimage.No groundtruth of the
objectpositionis known, however, theprojectionof thetrackedim-
ageonthereferenceimagehasbeenperformedandqualitatively at-
teststheaccuracy of thetracker. Indeedthereconstructedtemplates
show strongvariationsin termsof appearancebut not in termsof
position. We can concludethat the estimationof the motion is
robust andaccuratedespitethe strongillumination variationsand
blurringeffects.

Concerningthe processingtime, using the proposedapproach
with noselectionof thereferencepoints(section4.2.2),theimages
areprocessedatvideorate(25Hz).Usingthefastcomputation(sec-
tion 4.2.3) it is about40Hz. All the correspondingsequencesare
presentedin theattachedvideo.

5.1.2 Evaluation on benchmark datasets

To have a quantitative measureof its accuracy and robustness,
the tracker hasbeenevaluatedon somevery demandingreference
datasetsproposedby MetaioGmbH[11]. Thosedatasetsincludea
largesetof sequenceswith thetypicalmotionsthatwearesuppose
to facein augmentedreality applications.Indeedsequencesusing
eight referenceimagesfrom low repetitive texture to highly repet-
itive textureareincluded.And for eachreferenceimageis a setof
four sequencesdepictingwide angle,high range,fast far andfast
closemotionand onesequencewith illumination variations.

Theestimatedmotionhasbeencomparedwith thegroundtruth
for eachsequences.Thepercentagesgiven in thetableshave been
computedby Metaio relative to their groundtruth. The upperta-
ble on �gure 6 shows theresultsthathave beenobtainedusingthe
proposedapproach.Thetracker is consideredin convergenceif the
errorbetweentheestimationandthegroundtruth is below a given
threshold.Theerrormeasureis similar to theonede�ned in equa-
tion (29), a detailedde�nition is availablein [11]. Themutualin-
formationbasedtrackerprovesits robustnessandaccuracy onmost
of thesequences.

The results obtained using the ESM approach[2] reported
from [11] arealsorepresentedin the lower tableof �gure 6 where
betterconvergenceresultsarein boldcharacters.If wecomparethe
resultsof the two methodswe canseethat both have similar con-
vergenceratesin mostcases.But MI hasanundeniableadvantage
in thecasesof illumination variationsexperiments.

We canconcludethat theproposedMI computationhasa large
convergencedomain(at leastaslargeastheonein theleastsquared
problem)andthat the proposedoptimizationis adaptedto usethe
potentialof theMI functionleadingto a very ef�cient tracker well
suitedfor theaugmentedrealityproblem.

MI Angle Range FastFar FastClose Illumination
Low 100.0% 94.1% 75.2% 56.5% 99.5%

100.0% 98.1% 69.9% 43.7% 93.0%
Repetitive 76.9% 67.9% 22.8% 63.6% 100.0%

91.3% 67.1% 10.4% 70.5% 96.2%
Normal 99.2% 99.3% 43.9% 86.7% 99.6%

100.0% 100.0% 14.8% 84.5% 100.0%
High 47.1% 23.2% 7.2% 10.0% 50.6%

100.0% 69.8% 20.8% 83.8% 100.0%

ESM Angle Range FastFar FastClose Illumination
Low 100.0% 92.3% 35.0% 21.6% 71.1%

100.0% 64.2% 10.6% 26.8% 56.3%
Repetitive 61.9% 50.4% 22.5% 50.2% 34.5%

2.9% 11.3% 6.8% 35.8% 11.3%
Normal 95.4% 77.8% 7.5% 67.1% 76.8%

99.6% 99.0% 15.7% 86.8% 90.7%
High 0.0% 0.0% 0.0% 0.0% 0.0%

100.0% 61.4% 22.8% 45.5% 79.7%

Figure 6: Ratio of successfully tracked images for our approach com-
pared to the ESM [11].



Figure 7: Tracking of a planar object through illumination variations. First row: frame 0, 200, 400 and 600. The green rectangle represents the
rectangle from the template image transformed using the estimated homography. Second row: projection of the templates for the same iterations
in the reference image. Third row: augmenting with a virtual robot placed on the top of the box.

5.2 Multimodal trac king

5.2.1 Satellite images versus map

This experimentillustratesthecapabilitiesof thepresentedmutual
information-basedtracker in alignmentapplicationsbetweenmap
andaerialimages.Thereferenceimageis amaptemplateprovided
by IGN (Institut GéographiqueNational)that caneasilybe linked
to GeographicInformationSystem(GIS)andthesequencehasbeen
acquiredusinga moving USB camerafocusingon a posterrepre-
sentingthesatelliteimagecorrespondingto themap.

As it hasbeenpreviously noticedin �gure 2, a non-linearrela-
tionshipexistsbetweentheintensitiesof themapandaerialimage
andthis link canbe evaluatedby the MI functions. Mutual infor-
mationcanthereforeallow for trackingthesatellite imageusingthe
mapimage.Figure9 showsthereferenceimageandsomeimageof
the sequencewith the correspondingoverlaid results. Thereis no
availablegroundtruthfor thisexperiment,neverthelesstheoverlaid
resultsgive agood overview of thealignmentaccuracy. Wecanalso
seein the attachedvideo that the tracker convergesdespitesome
strongblurring effects. To validatetheaccuracy, we alsousedthe
estimatedhomography in anaugmentedreality application.Since
theIGN maparelinkedwith a GIS,somevirtual informationsuch
asroad,hydrographicnetwork, or housefootprint canbe overlaid
on theoriginal satelliteimagein aconsistentway.

5.2.2 Airborne infrared image versus satellite images

Thesamemethodhasbeenevaluatedwith anothercurrentmodality.
This time the referenceis a satelliteimageandthesequenceis an
airborneinfraredsequenceprovidedby ThalesOptronic.Theinitial
homography is manuallyde�ned.

As wecanexpect,althoughverydifferent,thetwo imagesshown
in �gure 10 aresharinga lot of informationandthusMI canhan-
dle thetrackingof theinfraredsequence.Thewarpfunctionis still
a homography. The satellitesceneis thensupposedto be planar
leadingto anapproximation.Neverthelesstheproposedmethodre-
mainsrobust. No groundtruth is available,but theoverlaidimages

aswell astheaugmentedreality applicationqualitatively validates
theaccuracy of thetracker. As �gure 10 shows, thesatelliteimage
of theairportis well trackedon thesequence.

Figure 8: From the homography to the estimation of the camera po-
sition. Green curve: estimated camera trajectory in the 3D space,
blue: the 6 estimated camera positions corresponding to the frames
represented in �gure 10.

The homographieshave beendecomposedto estimatethe po-
sition of the planewith respect to the airport. The resulting3D
trajectoryof thecamerais representedin �gure 8, aswecanseethe
trajectoryis smoothandhasthe expectedbehavior that shows the
approachof aplanewith respectto therunway. Thetrajectory of the
camerawith respectto the time is presentedin theattachedvideo.
Figures10 and11 alsoshows sometrackedimagesandsomeaug-
mentedimagesthatvalidatetheaccuracy of themotionestimation.
Thecompletesequencesarevisible in theattachedvideo.



Template Trackedimages

Classicalimage Augmentedimages

Figure 9: Tracking of an aerial sequence using a map template image by MI: frames 1, 250and 500are represented with the overimposed satellite
reference (inside the green rectangle) projected using the estimated homography (image and map source: IGN) and augmented with the roads
positions.

Template& image Trackedimages

Figure 10: Tracking of a satellite template image using MI on an airborne infrared sequence. 6 frames are represented with the overimposed
aerial reference (inside the green rectangle) projected using the estimated homography (Infrared images courtesy of Thales Optronic, optical
image is obtained from google earth).

Figure 11: Augmenting the infrared images with the satellite appearance of the runway and an additional “land here” sign.



5.2.3 Potential AR applications of multimodal registration

Registeringamapandanaerialimagesequenceis anextremecase,
but registrationbetweenaerialandsatellite(or any combinationof
suchmodalities),acquiredatdifferenttime (andthusdifferent)can
beconsidered.Potentialapplicationsincludevisualodometry, air-
craft or dronelocalization,pilot assistance,etc.

Infraredcameras(althoughstill expensive) arewidely usedby
civilians and,obviously, military aircraft. Sucha registrationpro-
cesswith a simplesatelliteimagemayprove to bevery helpful for
thepilotsespeciallywhenlanding(nightor day)onasmallandILS
freeairport.Consideringthataircraftpositionis fully known, addi-
tional informationaboutrunway, otheraircraftpositionsor military
targetsmaythusbeeasilydisplayedin thepilot helmet.

Although,wementionedhereapplicationsin theaeronauticarea,
it is clearthatotherdomainsmaybetargetedsuchasenergy moni-
toring, robotics,urbanism,architecture,defense,...

6 CONCLUSION

This paperpresenteda robustandaccuratetemplatebased-tracker
thatwasde�ned usinga new approachbasedon themutualinfor-
mationalignmentfunction. Thede�nition of MI hasbeenadapted
to the differential trackingproblemso that the function is smooth
andasconcave aspossible.Theproposedde�nition preservesthe
advantagesof MI with respectto its robustnesstowardocclusions,
illumination variationsand imagesfrom different modalities. A
new optimizationapproachhasbeende�ned to dealwith thequasi-
concave shapeof MI. The proposedapproachis taking advantage
of both thewide convergencedomainof MI andits accuratemax-
imum andbesidesis not computationallyexpensive. Moreover the
time consumptionis greatly reducedusinga new approachbased
on thereferencepixelsselectionthatyieldsto anaccurate,fastand
robusttrackersuitablefor augmentedrealityapplications.

Finally the proposedtracker hasbeenevaluatedusing several
experiments. Its robustnessand accuracy is veri�ed using refer-
encedatasetsandshows its advantagescomparedwith classicalap-
proacheson monomodaltracking.Somenew applicationsarealso
proposedto useamodelimageacquiredfromanothermodalitythan
the tracked sequencethat aresigni�cant in �ying, for example,in
vehiclelocalizationapplications.

The algorithmpresentedherehasbeenlimited to planarobject
tracking. Neverthelessthe proposedapproachcould similarly be
appliedto morecomplex model-basedtrackingapplicationswhere
wecoulddirectlyestimatethepositionof theobjectonSE(3). The
methodcouldalsobeextendedto non-rigidobjecttracking.

APPENDIX

A WHY THE HESSIAN MATRIX MUST NOT BE APPROXI-
MATED

It is commonto �nd the Hessianmatrix of MI given in equation
(22)approximatedby thefollowing expression[21][5]:

H ' å
r;t

¶ pII �

¶Dp

> ¶ pII �

¶Dp

�
1

pII �
�

1
pI �

�
: (31)

wherethesecondorderderivative of the joint probabilityhasbeen
neglected.Theapproximationis inspiredfrom theonethatis made
in the Gauss-Newton's methodfor a leastsquaredproblemthat is
assumingthattheneglectedtermis null afterconvergence.

Consideringtheexpressionof themarginal probability pI � (t) =
å r pII � (r;t), it is clear that pI � (t) > pII � (r;t) so 1=pII � (r;t) �

1=pI � (t) > 0. Since ¶ pII �

¶Dp

> ¶ pII �

¶Dp is a positive matrix thenthe �nal
Hessianmatrix givenby (31) is positive. Thegoal is to maximize
MI. TheHessianmatrix afterconvergencewould then besupposed
to be negative by de�nition. Thecommonapproximationof (31) is
thusnot suitedfor theoptimizationof MI.
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