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Chapter 1
Introduction
The confluence of robotics and artificial vision constitutes the framework of this thesis.
This chapter presents a general overview of the topics involved in the thesis as well as its
motivation and objectives. In addition, the outline of the the thesis is presented at the end
of the chapter.

1.1

Robots and visual perception

Nowadays two main concepts linked to the term ”robot” prevail. One of them, which
can be considered as the most extended among people, conceives a robot as a humanlike machine which is able to think, sense, act and even feel as humans do. Therefore, a
robot is seen as an entity in which both the human anatomy an intelligence are modelled.
This definition can be extrapolated to other life forms. Such a romantic concept has
been strongly influenced for the vast literary work and filmography produced over the
last century. An alternative interpretation of the term robot, and the most realistic one,
arises from the scientific community. In this case a robot refers to any machine which is
able to fulfill a physical task autonomously or supervised by an operator [Schilling, 1990].
This concept, which probably deceives most science-fiction readers, better fits our current
limitations when trying to model and imitate human or animal gaits and, predominantly,
when modelling intelligent behaviours.
Surprisingly, the term ”robot” was not initially adopted by a scientist but by the Czech
writer Karel Capek who first used this word in 1920 in his play ”R.U.R.” (Rossum’s Universal Robots) [Capek, 1970]. In his native language, ”robota” refers to a tedious labour.
This can be considered the main joint between the literary and the scientific concepts:
a robot is intended to perform hazardous, dangerous, heavy or repetitive tasks. Indeed,
it has been the main goal of the robots built since the second half of the twentieth century: industrial robots used in manufacturing lines, automotive industry, mine finding,
land/underwater/space exploration, manipulation of radioactive materials, etc. In industrial environments, the most typical configuration consists of articulated robots which
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attempt to mimic the human arm. Such structure provides an efficient solution for applications like assembling, loading, welding or painting. Nevertheless, other type of robot
taxonomies are widely used as wheeled and walking robots, which are more suitable for
certain applications like navigation, cleaning, transport or even entertainment.
Some authors consider the programmable automates the first generation of robots.
However, while programmable automates are only able to know their internal state, robots
have the possibility to interact and change its surrounding world by perceiving it and
adapting it to its changes. That is why different types of sensors are being increasingly
used in robotics such as: tactile sensors, force sensors, proximity sensors, ultrasonic sensors
and optical sensors. All these sensors allows a robot to obtain data describing the state
of the world analogously to the senses for humans.
Vision is the physical sense consisting of the ability to detect light and interpreting
the images formed in our brain in order to perceive and understand the environment.
Vision is the most important and developed human sense, which allows us to perceive
colour, texture, shape and depth. Analogously, computer vision is a subfield of artificial
intelligence that investigates how to make computer algorithms which are able to perceive
and understand the world through images. Roughly, computer vision tries to emulate
the visual perception of the human being from the first stage of light detection till the
complex task of understanding what is being perceived. In this case, light is detected by
cameras, while the high level tasks of image understanding are processed by using computer
algorithms. The goal of achieving a comprehensive perception of the world by computer
vision is still far from being attained. The main reason is that the way how the human
brain functions is still pretty unknown. Hence, the computer vision community is still
handling with low-level problems related to vision like colour and texture perception and
intermediate-level problems like motion detection, depth and shape acquisition and object
recognition. Another reason which makes hard to emulate the human perception is that
we, humans, take profit of our active perception capabilities in order to optimise perceptive
tasks. For example, we can converge or diverge the eyes, move the head, change our point
of view, etc. The use of these capabilities in order to optimise the perception tasks is
also an important research field in computer vision known as active vision [Aloimonos et
al., 1987].
Among the perception tasks, depth perception is a very important ability for moving in
and interacting with the three-dimensional world where we live. It is well known that the
human ability of perceiving depth is based on the binocular stereopsis formed by the eyes.
The slightly different position of the eyes on the head provokes that an object appears
in different horizontal positions in each image provided by each eye. This difference on
relative positions, known as disparity, gives a cue about the object’s depth. Computer
vision tries to copy human stereopsis by using two cameras as if they were two eyes in
what is called passive stereovision [Hartley and Zisserman, 2000]. An alternative consists
in using a single camera and moving it to different known positions for perceiving the scene
from multiple points of view. This approach is known as structure from motion [Huang
and Netravali, 1994]. Furthermore, disparity variations on a sequence of stereo images
can be used for rigid motion estimation [Armangué et al., 2003; Perez de la Blanca et
al., 2003].
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Stereovision is one of the most important topics in computer vision since it allows the
three dimensional position of an object point to be obtained from its projective points
in the image planes [Faugeras, 1993]. The most difficult problem in stereovision is the
determination of homologous points in two images, i.e. determining which pair of projective points represent the same three dimensional point. This problem is known as the
correspondence problem, which is the main limitation of stereovision since once it is solved
all has been already formalised [Faugeras, 1993]. Even if a set of geometrical constraints,
known as the epipolar geometry [Zhang, 1998], is able to simplify the correspondence problem, it is not a definitive solution. For example, the correspondence problem cannot be
solved when observing non-textured objects, when points only appear in one of the images
due to a surface occlusion, when points are multiply matched between the images or under
adverse lighting conditions.
A solution to the correspondence problem is provided by active stereovision. This
technique is called active not because it uses active vision but because it is based on
changing the lighting of the scene by projecting structured light on it. The use of structured
light solves the limitation of passive stereovision when observing non-textured objects.
The former structured light techniques were based on projecting simple primitives like a
single dot or a single line of light, usually provided by lasers. The advantage of projecting
such structured light primitives is that the correspondence problem of the illuminated
points in the images is directly solved. Nevertheless, the number of correspondences per
image is very small. In order to increase the number of correspondences, structured light
patterns were introduced like arrays of dots, stripes, grids or concentric circles. However,
with this solution the identification of different pattern regions in the images becomes
ambiguous so that the correspondence problem is not directly solved. This fact provoked
the emergence of coded structured light [Batlle et al., 1998]. In this case, the projected
patterns are coded so that each element of the pattern can be unambiguously identified
in the images. Therefore, the aim of coded structured light is to robustly obtain a large
set of correspondences per image independently of the appearance of the object being
illuminated and the ambient lighting conditions.

1.2

From sensing to acting: an approach based on
visual servoing and structured light

Humans interact with the environment thanks to a global interpretation of the world.
A great part of this knowledge is provided by vision. Similarly, making robots interact
with their environment by using computer vision perception remains as one of the most
exciting research subjects for the scientific community. Performing robotic tasks by using
a comprehensive interpretation of the environment, as humans can do, is not yet realistic.
Therefore, the tasks must be performed by using cues provided by lower levels of perception
like colour, texture and shape recognition and depth perception. Many approaches derived
from these types of visual perception have been applied in robotics during the last 20
years [DeSouza and Kak, 2002].
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One of the approaches that have obtained more relevance in the last years is known as
visual servoing or visual servo control [Hutchinson et al., 1996]. This type of approach is
based on executing robotic tasks by using a set of features provided by visual perception
known as visual features. Concretely, the goal of the task, or desired state, is defined with
the features as they are perceived in such state. Then, in any other state where the goal
is not attained, the current perceived features are compared to the desired ones and an
action suitable for converging to the desired state is generated. This process is made with
a control loop based on visual feedback, in order to adapt to changes in the environment
and to make more robust the execution of the task. In order to correctly generate the
action, visual servoing models the link between the variation of the visual features and
the robot kinematics. Typical applications of visual servoing are robot positioning with
respect to static objects or target tracking.
One of the key points in visual servoing is the extraction of features from images,
which is a classic problem of computer vision. For example, if points [Feddema et al.,
1991], lines [Andreff et al., 2002] or regions [Chesi et al., 2000] are used as features, it is
necessary to extract the same elements in the image corresponding to the desired state
and the image of the current state. In the beginning, the problem was usually simplified
by positioning artificial landmarks in the scene. Nowadays more sophisticated computer
vision algorithms have been adopted in visual servoing in order to deal with objects with
complex textures or natural and unstructured scenes [Tahri and Chaumette, 2004; Collewet
et al., 2004]. Another key point in most visual servoing approaches is the need of matching
the visual features between images taken in different states or different points of view. We
remark that this problem has a great analogy with the correspondence problem related
to passive stereovision. Therefore, visual servoing is unable to deal with non-textured
objects, with objects for which extracting features is very complicated, or with adverse
lighting conditions.
Coded structured light appears as a potential solution to the problems of visual servoing when dealing with non-textured or too complex objects. Furthermore, visual servoing
based on features extracted from structured light has not been deeply studied up to date.
Therefore, it seems very reasonably to study the potential contributions of a structured
light approach to visual servoing. In this field, there are open issues that must be investigated like how structured light can be used for enlarging the application field of visual
servoing and specially, how it can be used for optimising the link from sensing to acting
in order to obtain a robust control law.

1.3

Context and motivations

This thesis has been developed in the context of several research projects from the Catalan,
Spanish and French governments. The thesis has been funded by a fellowship from the
Ministry of Universities, Research and Information Society of the Catalan Government.
A part of the thesis has been made within the VICOROB group 1 of the University
1

Computer Vision and Robotics Group. vicorob.udg.es
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of Girona, counting with a total of 26 members between researchers and PhD students.
The research areas of the group are underwater robotics and vision, mobile robotics, 3D
perception and image analysis. The research activities are currently supported by several
national projects and an European project, like the development of autonomous underwater vehicles, monitoring the deep seafloor on the mid-Atlantic ridge or mammographic
image analysis based on content. The work specifically developed in this thesis has been
partially funded by the following Spanish projects:
• The MCYT2 project TAP3 1999-0443-C05-01 from 31/12/99 until 31/12/02. The
aim of this project was the design, implementation and accuracy evaluation of mobile
robots fitted with distributed control, sensing and a communicating network. A
computer vision based system was developed for providing the robots the ability
of exploring an unknown environment and building a dynamic map. This project
took part of a bigger project coordinated by the Polytechnic University of Valencia
(UPV) and integrated both the Polytechnic University of Catalonia (UPC) and the
University of Girona (UdG).
• The MCYT project TIC4 2003-08106-C02-02 from 01/12/03 until 30/11/06. The
aim of the global project in which it is integrated is to design and develop FPGAbased applications with fault tolerance applied to active vision-based surveillance
tasks in large surfaces like airports and train stations. Some of the tasks involved
are automatic detection of dangerous situations or suspicious behaviours, and people
tracking. The project is developed in collaboration with the UPV.
Some research areas in these projects were out of the field of the group. For example,
the first project required to develop robot navigation tasks like obstacle avoidance based
on computer vision while the second one requires to control a camera for surveillance applications. In both cases, active stereovision based on structured light was aimed to be
integrated in order to enlarge the application field to unstructured environments. Furthermore, the requirements of these and other tasks seemed to fit on the field of visual servoing,
which was not being studied in the VICOROB group. Then, the need of starting a collaboration with a first order research centre in this field arose. That was the origin of the
collaboration with the LAGADIC group (initially integrated in the VISTA group) at the
IRISA5 in Rennes, in France. This group takes part of the French institute INRIA 6 . The
main research axis of the LAGADIC group are visual servoing, image processing and 3D
localisation applied to robotics, animation and augmented reality. The first collaboration
consisted of a stay of 3 months between 2002 and 2003 where the fundamentals of visual
servoing were studied under the supervision of Dr. François Chaumette, director of the
group. At the end of the stay, a three-part collaboration between the VICOROB group,
2

Ministerio de Ciencia y Tecnologı́a
Tecnologı́as Avanzadas de Producción
4
Tecnologı́as de la Información y de las Comunicaciones
5
Institut de Recherche en Informatique et Systèmes Aléatoires. www.irisa.fr
6
Institut National de Recherche en Informatique et Automatique. www.inria.fr
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the LAGADIC group and the CEMAGREF7 of Rennes was planned for the following
years.
The CEMAGREF is formed by several research centres in France where one of the
research topics is the equipment engineering for the agrifood industry. PAIC 8 is one of
the research groups in Rennes. One of its projects, directed by Dr. Christophe Collewet,
is related to the traceability of meat products in an industrial chain by using vision and a
robot manipulator. Due to the difficulty for positioning the robot with respect to products
like pieces of pork, a solution based on combining structured lighting and visual servoing
had been suggested. Then, due to the common research points between the problem being
treated by the CEMAGREF and the research being developed at the VICOROB group,
a natural collaboration arose thanks to the mediation made by the LAGADIC group.
A joint thesis was signed between the University of Girona and the University of
Rennes. The aim of the thesis was directed to develop visual servoing approaches based
on the projection of structured light for enlarging the field of robotic applications in
unstructured or complex environments or adverse lighting conditions. A research project
has been funded by the CEMAGREF from 01/01/04 until 31/12/05 in order to finance part
of the research, technologic investments and conference attendance for dissemination of the
scientific results. The aim of the project is to design, implement and integrate structured
light sensors in a 6-degrees-of-freedom robotic cell for positioning tasks. Furthermore,
another objective is to study the contribution of structured light for obtaining a robust
control law in visual servoing.
Two times six months in Rennes were planned. The stays were supervised by Dr.
Joaquim Salvi (from VICOROB), Dr. François Chaumette (from LAGADIC) and directed
by Dr. Christophe Collewet (from CEMAGREF). The aim of these stays was to correctly
develop the thesis by taking profit of the deep knowledge on structured light from the
VICOROB group and the expertise on visual servoing of the LAGADIC and PAIC groups.

1.4

Objectives

The main objective of this thesis consists in developing techniques for visual control of
robots based on the use of structured light. This goal is motivated by the need of executing positioning tasks in robotics with respect to non-textured objects or those for which
extracting visual features is too complicated.
In visual servoing, the most typical configuration is based on attaching a camera to
the end-effector of a robot. Then, the goal consists in ”moving” the camera to a position
where a given desired image is attained. When no visual features can be easily extracted
from the images, the use of structured light can greatly simplify this problem.
In a first stage, it is necessary to study the large variety of patterns existing in structured light. The largest taxonomy of patterns appears in coded structured light. This
evolution of classic structured light is able to obtain unambiguous correspondences by
7
8
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including a coding strategy on the projected patterns. A comprehensive knowledge on the
state of the art of these techniques is fundamental in order to distinguish which patterns
are suitable for being used in visual servoing applications.
The use of both structured light and coded structured light in a visual servoing framework needs further investigation. There are very few works addressing this combination.
There is a lot of uncertainty on how these techniques can contribute to visual servoing.
First of all, it seems clear that projecting light patterns can introduce visual features
independently of the object appearance. A second more ambitious objective is to study
whether a specific design of the projected pattern can lead to the optimisation of the visual
based control law.

1.5

Thesis outline

At first a comprehensive study of coded structured light as a technique for solving the
correspondence problem is addressed in Chapter 2. Coded structured light is a superset of
techniques including the case of non-coded patterns like laser spots, planes, or grids. The
inclusion of a coding strategy in the patterns increases the number of correspondences and
removes ambiguities in their determination. A survey on the existing patterns is a key
issue in order to distinguish which ones are the most suitable for being used in a visual
servoing scheme and opens a new research area in this field. Another goal of this chapter
is to evaluate the performance of every pattern in terms of resolution, i.e. the number of
correspondences provided by the pattern, and their accuracy. This evaluation is made in a
shape acquisition framework for 3D object reconstruction, which is the typical application
of coded structured light. From the conclusions arising from the comparative results, we
have realised that some patterns intended to reconstruct moving objects suffer of low resolution or they provide low accuracy in the measurements. For this reason, in Chapter 3
a new pattern is proposed, contributing to the field of coded structured light. The new
pattern increases the resolution of the most usual type of one-shot techniques by obtaining good accuracy in the 3D reconstructed points. The new pattern is experimentally
compared to similar existing patterns in order to validate the approach.
The use of visual servoing for robotics tasks by taking complex objects or objects
lacking of visual features into account is either a complex problem or an impossible issue.
The projection of coded light patterns on the scene for inserting visual features opens a new
research area that must be studied. An application showing the advantages and drawbacks
when using a coded light pattern for visually guiding a robot with classic visual servoing
is presented in Chapter 4. The work focuses on an eye-in-hand configuration where a LCD
projector is placed apart from the robot projecting a coded pattern on the working area.
Furthermore, a discussion about the 3D reconstruction capabilities of a coded structured
light setup in a visual servoing framework are also addressed.
The use of a deported structured light projector is suitable for certain applications,
predominantly in industrial environments. However, it can be unsatisfactory for other
applications when the whole working area cannot be covered by the field of view of the
projector, or in mobile robotics when the working area is not a specific place. A possible
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solution to these cases consists in attaching the structured light emitter to the robot and
the camera. Chapter 5 is devoted to design and implement a dedicated onboard structured
light sensor for robot guidance which allows the execution of a specific positioning task.
Furthermore, it is shown that a suitable design of the sensor leads to the optimisation of
the control loop in terms of decoupling, stability and camera trajectory. This part of the
work is supported by strong theoretical analysis and experimental results.
Finally, Chapter 6 presents the conclusions of the thesis, including a list of the related
publications and conference contributions. Further work derived from results and some
perspectives are also discussed.

Chapter 2
Solving the correspondence
problem with coded patterns
Projecting structured light patterns onto the environment is a largely used technique in
computer vision and robotics. The main advantage is that the projected visual features are
easily distinguished by a camera. In order to avoid ambiguities and reliably solving the
correspondence problem the patterns can be coded. Coded structured light is a technique
based on projecting a light pattern and imaging the illuminated scene from one or more
points of view. Since the pattern is coded, correspondences between image points and
points of the projected pattern can be easily found. This chapter presents an overview
of the existing techniques, as well as a new classification of patterns for structured light
sensors. We have implemented a set of representative techniques in this field and here
some comparative results are presented. The typical framework where coded light is used
is in shape acquisition. Therefore, the techniques presented in this chapter are discussed
and compared taking into account their 3D reconstruction performance which is strongly
related to their performance on providing accurate correspondences.

2.1

Introduction to structured light

The term structured light is used to refer to a vision system taking profit of an active light
source which projects a light pattern onto the environment. The pattern is intended to
aid a computer vision task to be accomplished. The most typical application of structured
light belongs to the active stereovision field for obtaining range measurements. In this
case, the most typical configuration consists of a camera and a structured light emitter.
Among all the ranging techniques [Jarvis, 1993; Chen et al., 2000], stereovision is based on
imaging the scene from two or more points of view and then finding pixel correspondences
between the different images in order to triangulate the 3D position. Triangulation is
possible if cameras are previously calibrated [Faugeras, 1993; Salvi et al., 2002]. However,
difficulties in finding the correspondences arise, even when taking into account epipolar
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constraints [Armangué and Salvi, 2003; Zhang, 1998]. The projection of structured light
makes easier the correspondence problem either between multiple cameras or between a
camera and the light source.
The source of light is typically a laser emitter with diffracting lenses allowing simple
patterns to be projected like light spots, circles, lines and grids. Structured light can be
both projected in the range of the visible and the invisible spectrum [Fofi et al., 2004].

2.2

Typical application: shape acquisition

One of the fields of application of structured light is in robotics. In this case, structured
light is used in range sensing [Nevado et al., 2004; Matthies et al., 2002; Kondo and Tamaki,
2004; Sun et al., 2004; Sazbona et al., 2005], SLAM 1 [De la Escalera et al., 1996; Dubrawski
and Siemiatkowska, 1998; Neira et al., 1999; Kim and Cho, 2001; Surmann et al., 2003;
Jung et al., 2004], obstacle avoidance [Le Moigne and Waxman, 1988; Weckesser et al.,
1995; Haverinen and Roning, 1998; Joung and Cho, 1998] and other robotic applications
which will detailed in Chapter 4.
However, among all the applications of structured light the most typical one is 3D
reconstruction obtained by triangulation. Therefore, structured light is often used in a
shape acquisition system which is a topic with a large variety of applications. Some of
them are dense range sensing, industrial inspection, object recognition, 3D map building,
reverse engineering, fast prototyping and even preservation of cultural heritage [Levoy et
al., 2000] and animation [Zhang et al., 2004].
The main advantage of structured light in front of passive stereovision is that the search
of correspondences is greatly simplified since it must be done only for image regions where
the reflected pattern appears. Furthermore, structured light allows correspondences on
non-textured objects to be found. The first shape acquisition systems based on structured
light were laser scanners [Forest and Salvi, 2002]. These devices are typically based on
scanning the object with a laser plane and detecting the projected line in the camera
image for triangulating all the illuminated points. The advantage of these scanners is the
large resolution and accuracy obtained leading to high quality 3D surface reconstruction.
The main drawback is that they are limited to static objects and that a large number of
images must be acquired. Furthermore, in order to scan the object either the laser plane
must be rotated, or both the laser and the camera or the object must be moved at each
iteration. In the latter case, the displacement must be known so that free-moving objects
cannot be reconstructed. All these problems appear because in each acquired image only
few points can be triangulated, i.e the points belonging to the laser stripe. This limitation
can be minimised by projecting more complex patterns like a laser grid [Le Moigne and
Waxman, 1988]. However, a new problem arises: since the grid has a unique colour the
identification of every grid region in the image becomes ambiguous.
In order to solve all these limitations coded structured light appeared as a flexible
alternative [Batlle et al., 1998; Salvi et al., 2004]. Coded structured light consists in using
1
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a device that projects a light pattern onto the measuring surface (see Figure 2.1) instead
of using lasers. The most commonly used devices are LCD video-projectors, although
previously the most typical were slide projectors. Such devices project an image with
a certain structure so that a set of pixels are easily distinguishable by means of a local
coding strategy. Thus, locating such coded points in the camera image is solved directly
with no need for geometrical constraints. The projecting images are called patterns, since
they present a globally structured appearance. The simplest pattern is a black image with
an illuminated pixel. In this case, only one point can be reconstructed by triangulation by
using the pixel coordinates of the illuminated point in the pattern and the corresponding
coordinates in the camera image. Note that this case is equivalent to use a camera and a
laser pointer. In general, all the patterns available with laser technology can be reproduced
with a video-projector.

{W}

{C}
{P}

Figure 2.1: Schema of a coded structured light system.

This chapter presents a comprehensive survey on coded structured light techniques
and proposes a new consistent classification. The chapter focuses on the different coding
strategies used in the bibliography and reproduces the experimental results of several
techniques in order to evaluate and compare their accuracy and analyse their applicability.
The comparison framework is a shape acquisition setup.
The chapter is structured as follows: firstly, the classification is presented in section 2.3.
Secondly, in section 2.4 techniques based on projecting multiple patterns are explained.
In section 2.5, techniques exploiting the spatial neighbourhood paradigm are presented.
Next, in section 2.6, coding strategies using direct codification are also explained. In
section 2.7, the experimental results obtained with a set of implemented techniques are
presented. Concluding, in section 2.8, a discussion about the advantages and drawbacks
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of every subgroup of techniques is included. In addition, general guidelines for choosing
the most suitable technique, given the specifications of an application, are proposed.

2.3

A classification of coding strategies for structured light patterns

A coded structured light system is based on the projection of a single pattern or a set
of patterns onto the measuring scene which is then viewed by a single camera or a set of
cameras. The patterns are specially designed so that codewords are assigned to a set of
pixels. Every coded pixel has its own codeword, so there is a direct mapping from the
codewords to the corresponding coordinates of the pixel in the pattern. The codewords
are simply numbers, which are mapped in the pattern by using grey levels, colour or
geometrical representations. The larger the number of points that must be coded, the
larger the codewords are and, therefore, the mapping of such codewords to a pattern is
more difficult. The aim of this work is to review the available strategies used to represent
such codewords.
Pattern projection techniques differ in the way in which every point in the pattern is
identified, i.e. what kind of codeword is used, and whether it encodes a single axis or two
spatial axis. In reality, it is only necessary to encode a single axis, since a 3D point can be
obtained by intersecting two lines (i.e. when both pattern axis are coded) or intersecting
one line (the one which contains a pixel of the camera image) with a plane (i.e. when a
single pattern axis is coded).
Table 1 shows pattern projection techniques classified according to their coding strategy: time-multiplexing, neighbourhood codification and direct codification. The seven
columns on the right of the table indicate whether or not a given pattern is suitable for
measuring moving objects, the colour depth used and whether repeated codewords appear
(periodic codification) or not (absolute codification). Time-multiplexing techniques generate the codewords by projecting a sequence of patterns along time, so the structure of
every pattern can be very simple. Furthermore, in spite of increasing the pattern complexity, neighbourhood codification represents the codewords in a unique pattern. Finally,
direct codification techniques define a codeword for every pixel, which is equal to its grey
level or colour.
In the following sections, each one of these three classifying groups are explained in
detail. Moreover, the different techniques proposed in the bibliography which belong to
each subgroup are introduced, and we will show the evolution from the simplest to the
most complex technique.

2.4

Time-multiplexing strategy

One of the most commonly used strategies is based on temporal coding. In this case,
a set of patterns are successively projected onto the measuring surface. The codeword
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Table 2.1: The proposed classification of coding strategies.

Time-multiplexing

Binary codes

n-ary codes

Gray code + Phase shifting

Hybrid methods

Direct coding

Spatial Neighborhood

Non-formal codification

De Bruijn sequences

M-arrays

Grey levels
Colour

Scene applicability
Pixel depth
Coding strategy

Posdamer et al.
Inokuchi et al.
Minou et al.
Trobina
Valkenburg and McIvor
Skocaj and Leonardis
Rocchini et al.
Caspi et al.
Horn and Kiryati
Osawa et al.
Bergmann
Sansoni et al.
Wiora
Gühring
Kosuke Sato
Hall-Holt and Rusinkiewicz
Wang et al.
Guan et al.
Maruyama and Abe
Durdle et al.
Ito and Ishii
Boyer and Kak
Chen et al.
Koninckx et al.
Hügli and Maître
Monks et al.
Vuylsteke and Oosterlinck
Salvi et al.
Lavoie et al.
Zhang et al.
Morita et al.
Petriu et al.
Kiyasu et al.
Spoelder et al.
Griffin and Yee
Davies and Nixon
Morano et al.
Carrihill and Hummel
Chazan and Kiryati
Hung
Tajima and Iwakawa
Smutny and Pajdla
Geng
Wust and Capson
Tatsuo Sato
Static
Moving
Binary
Grey levels
Colour
Periodical
Absolute




















































 
 




 










 


 


 
 
 
 

























































 
 

14

Chapter 2. Solving the correspondence problem with coded patterns

for a given pixel is usually formed by the sequence of illumination values for that pixel
across the projected patterns. Therefore, the codification is called temporal because the
bits of the codewords are multiplexed in time. This kind of pattern can achieve high
accuracy in the measurements. This is due to two factors: first, as multiple patterns are
projected, the codeword basis tends to be small (usually binary) and therefore a small
set of primitives is used, which are easily distinguishable among each other; secondly, a
coarse-to-fine paradigm is followed, as the position of a pixel is encoded more precisely
while the patterns are successively projected.
During the last twenty years several techniques based on time-multiplexing have appeared. We have classified these techniques as follows: a) techniques based on binary
codes: a sequence of binary patterns is used in order to generate binary codewords; b)
techniques based on n-ary codes: a basis of n primitives is used to generate the codewords;
c) Gray code combined with phase shifting: the same pattern is projected several times,
shifting it in a certain direction in order to increase resolution; d) hybrid techniques: a
combination of time-multiplexing and neighbourhood strategies.
The following sections describe in detail the techniques which can be included in such
coding strategies.

2.4.1

Techniques based on binary codes

In these techniques only two illumination levels are commonly used, which are coded as 0
and 1. Every pixel of the pattern has its own codeword formed by the sequence of 0s and
1s corresponding to its value in every projected pattern. Therefore, a codeword is obtained
only when the sequence is completed. An important characteristic of this technique is that
only one of the two pattern axis is encoded.
Posdamer and Altschuler [Posdamer and Altschuler, 1982] were the first to propose
the projection of a sequence of m patterns to encode 2 m stripes using a plain binary code.
Therefore, the codeword associated with each pixel is the sequence of 0s and 1s obtained
from the m patterns, the first pattern being the one which contains the most significant
bit. In this case, 16 columns of the projector image are coded. The symbol 0 corresponds
to black intensity while 1 corresponds to full illuminated white. Therefore, the number
of stripes increases by a factor of two for each consecutive pattern. Every stripe of the
last pattern has its own binary codeword. The maximum number of patterns that can be
projected is the resolution in pixels of the projector device. However, reaching this value
is not recommended because the camera cannot always perceive such narrow stripes. It
should be noted that all pixels belonging to the same stripe in the highest frequency
pattern share the same codeword. Therefore, it is necessary to calculate either the centre
of every stripe or the edge between two consecutive stripes. The latter has been shown to
be the best choice. In Figure 2.2a a sequence of 4 patterns binary encoded are shown.
Inokuchi et al. [Inokuchi et al., 1984] improved the codification scheme of Posdamer
and Altschuler by introducing Gray code instead of plain binary. The advantages of Gray
code is that consecutive codewords have a Hamming distance of one, being more robust
against noise. In Figure 2.2b, the corresponding Gray coded patterns can be observed.
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a)

(HSB)

(LSB)

(HSB)

(LSB)

b)

c)

d)

e)

f)

Figure 2.2: Stripe patterns coded with binary codes and stripe edges detection: a) Patterns
coded with plain binary; b) Gray code patterns; c) Variant binary threshold of normal
stripe pattern; d) Variant binary threshold of both normal and inverse stripe patterns;
e) Stripe position by normal stripe pattern and binary threshold; f) Stripe position using
normal and inverse patterns.
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Minou et al. [Minou et al., 1981] designed another technique based on time coded
parallel stripes. The aim was to create a depth measurement system which was robust in
the presence of noise. For this purpose, the authors decided to use both binary code and
the Hamming error correcting code. The number of coded stripes was only 25, therefore,
the plain binary code had length 5 and the correcting code had length 9. It should be
noted that the number of coded stripes is very small due to the large amount of bits
needed to create a code with a Hamming distance of three, which then allows a single
error correction.
Trobina presented an error model of coded light range sensors based on Gray coded
patterns [Trobina, 1995]. The author demonstrated that the crucial step of these sensors
is the accurate location of every stripe in the image. In the finest pattern only half of all
the edges can be measured, while the other half can be found in the previous patterns.
By simple bifurcation of the images the stripes can be found. The binary threshold is
fixed for every pixel independently. It is necessary to acquire images of fully illuminated
scenes (white pattern) and non-illuminated scenes (black pattern). The variant threshold
is the mean between the grey level of such images as shown in Figure 2.2c. Hence, with
such bifurcation, the edges can be detected with pixel accuracy. However, the profile of
the transition between a white and a black stripe in the images is not a perfect step. It
is normally a non linear profile. Two ways of detecting the edges with sub-pixel accuracy
were proposed.
The first way of detecting stripe edges with sub-pixel accuracy is to find the zerocrossings of the second derivative of the image, orthogonally to the stripes. The problem
with this approach is finding the optimal gradient filter size. An alternative way is to
project both normal and inverse stripe patterns, i.e. positive and negative patterns. Then,
by finding the intersection of both profiles, the stripe edge is located. Since the profiles are
non-linear functions, linear interpolation is used among the nearest sample points (grey
levels of nearby pixels). As shown in Figure 2.2f, by intersecting line AB with line EF,
the edge is located. As can be seen in Figure 2.2d, the intersection of both inverse and
normal profiles do not always coincide with the variant binary threshold, so this method
is more accurate. If projecting inverse patterns is not desired, the linearly interpolated
normal profile can be intersected with the variant threshold profile. This technique is
shown in Figure 2.2e, where the segment AB should be intersected with segment CD.
After experimental results, Trobina concluded that linear interpolation is more accurate
than 2nd derivative and the best results are obtained if both normal and inverse patterns
are projected.
Locating the stripes accurately when projecting Gray coded patterns was also the main
objective of the work presented by Valkenburg et al. [Valkenburg and McIvor, 1998]. In
this case, every acquired image is divided into regions of 17×17 pixels. In every region,
a 2D third order polynomial is interpolated by means of least square fitting, obtaining a
facet that approximates all the stripes in the region of interest. The authors also made
experiments fitting sinusoidal functions in the regions, slightly improving the results.
Objects containing regions with different reflective properties are difficult to reconstruct. When projecting patterns at low illumination intensities, the signal-to-noise ratio
of the system decreases and, therefore, depth from low reflective regions cannot be ob-
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tained. On the other hand, when projecting high illumination intensity patterns, depth
from regions with high reflectance cannot be recovered due to pixel saturation. So, most
binary coded techniques assume that the objects have uniform albedo, otherwise, the whole
surface cannot be reconstructed. Skocaj and Leonardis [Skocaj and Leonardis, 2000] proposed a new strategy to overcome these limitations by increasing the number of projected
patterns. Projecting multiple images at different illumination intensities of a given stripe
pattern allows each view of such patterns to be combined into a single radiance map. A
radiance map contains for, each pixel, the relative reflective factor of the corresponding
surface points. In general, we have that
g α r·l

(2.1)

where g is the pixel value, r is the reflective of the corresponding surface point and l
is the illumination intensity incident to the surface point. If relative radiance values are
considered, then for every pixel i in the image j the relation expressed in eq. 2.2 exists.
rij = gi /lj

(2.2)

The variation of the illumination in the scene should not affect the reflective value
of the surface point. However, the relationship is non-linear due to the distortions introduced by both the projector and the camera. In order to eliminate this non-linearity,
an equation system is defined which considers all the pixels under different illumination
values. The overdetermined system is minimised by using least-squares. Then, the best
fitting reflectance value of every corresponding surface point is obtained. Hereafter, a
global radiance map can be defined containing the reflectance values relating to every
pixel of the image. Using this radiance map, the projected intensity l j can be inversely
recovered for every pixel value gij and its associate reflectance value r i . The minimum
number of illumination intensities to be projected is two (binary). However, by projecting
more intensities, better results are obtained. In order to calculate the range image, the
sub-pixel localisation of the stripe edges proposed by Trobina [Trobina, 1995] was applied.
The contribution of this work was a simultaneous reconstruction of both high and low
reflective surfaces.
During the last few years, most of the work dealing with binary coded patterns has been
aimed at improving the sub-pixel localisation of stripe edges. Rocchini et al. [Rocchini et
al., 2001], introduced a slight change in the typical Gray coded patterns in order to ease
the localisation of stripe transitions. For this purpose, they proposed encoding the stripes
with blue and red instead of black and white. Moreover, a green slit of a pixel width
was introduced between every stripe. Then, the stripe transitions of the higher resolution
pattern are reconstructed by locating the green slit with sub-pixel accuracy.

2.4.2

Techniques based on n-ary codes

The main drawback of the schemes based on binary codes is the large number of patterns
which need to be projected. However, the fact that only two intensities are projected
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eases the segmentation of the viewed patterns. There are some works which consider
the problem of reducing the number of patterns by means of increasing the number of
intensity levels used to encode the stripes. There now follows an explanation of the two
formal schemes of increasing the coding basis.
Caspi et al. [Caspi et al., 1998] proposed a multilevel Gray code based on colour. The
extension of the Gray code is based on an alphabet of n symbols, where every symbol is
associated to a certain RGB colour. This extended alphabet makes it possible to reduce
the number of patterns. For example, with binary Gray code, m patterns are necessary to
encode 2m stripes. With an n-Gray code, nm stripes can be coded with the same number
of patterns.
This work was very important since it is the generalisation of the most widely used
coding strategy in the time-multiplexing paradigm. The n-ary code shares the same characteristics of a binary Gray code by fixing a Hamming distance of one between consecutive
codewords. The work by Caspi et al. not only develops the mathematical basis for generating n-ary codes, but also analyses the illumination model of a structured light system.
This model takes into account the light spectrum of the LCD projector, the spectral response of a 3-CCD camera and the surface reflectance. The whole model is presented in
eq. 2.3.
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where ~c is the projection instruction for a given stripe, i.e. [0 0 0] T represents black and
[255 255 255]T is white; P~ is the non-linear transformation from projection instruction
to actually projected intensities for every RGB channel; and A is the projector-camera
coupling matrix. Every element aij of matrix A is the convolution of the camera spectral
response for channel i with the spectrum of the light projected in channel j. Matrix A
~ is the vector containing the RGB camera
shows the crosstalk between colour channels. C
~
readings of a certain pixel. C0 is the camera readings corresponding to the scene under
ambient lighting. Finally, K is the surface reflectance matrix specific to every scene point
projected into a camera pixel. This matrix contains a reflectance constant for every RGB
channel.
The main benefit of this model is that it considers a constant reflectance for every
scene point in the three RGB channels. This is much more realistic than considering
colour neutrality of the scene, which is commonly assumed in most systems dealing with
colour coding schemes. In the case of colour neutrality, matrix K is the identity for every
pixel.
In order to calculate the different terms in eq. 2.3 it is necessary to fulfill a colourimetric
calibration. With this procedure, A and P~ are obtained. P~ is a non-linear function, but
invertible, so it can be implemented in three look up tables (one for every colour channel).
The colourimetric calibration is only necessary once. Then, matrix K is obtained by just
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taking a reference image under white illumination (c~w = [255 255 255]T ) and solving
eq. 2.3. Some approximations of the model can be done in order to avoid the whole
colourimetric procedure, as explained in [Zhang et al., 2002].
The illumination model proposed allows the projected colour to be estimated from
camera readings. This is very important when working with colour encoded stripes, since
correct identification of colours leads to correct codewords. Therefore, such a model can
be applied to any system dealing with colour.
Another important aspect of Caspi’s work is its adaptation to the environment. This
means that the system can be configured with different parameters. In this case, the
parameters are the number of patterns to be projected M , the number of colours used L,
and the noise immunity factor α. If M and L are chosen, then α is fixed. Otherwise, if α
and L are chosen, then M is fixed. The noise immunity factor α determines the distance
between adjacent consecutive codewords in every RGB channel. The higher α is, the more
robust is the colour identification and the higher the number of patterns M since less
colours can be used or fewer stripes need to be coded. After experiments, Caspi et al.
determined that the n-ary Gray codes achieve the accuracy and robustness of the binary
Gray code technique using fewer patterns.
Another technique that encodes adjacent stripes with n-ary codewords is the one proposed by Horn and Kiryati [Horn and Kiryati, 1999]. The alphabet of the codes is based
on multiple grey levels instead of a binary alphabet. The aim of the work was to find
the smallest set of patterns that meet the accuracy requirements of a certain application
producing the best performance under certain noise conditions.
Given an alphabet of n symbols, a code is created so that consecutive codewords have
a Hamming distance of one. Every element of the alphabet is mapped to a certain grey
level. When expressing the differing elements of two consecutive codewords in terms of
the associated grey levels, the difference is constant for all pairs of consecutive codewords.
For example, if 256 grey levels are available, when using a binary Gray code the distance
of consecutive codewords in terms of the grey levels is 255 or 100%. By increasing the
basis of the code and maintaining the length, more codewords can be generated in spite of
decreasing the distance in terms of % of available grey levels between consecutive ones. The
authors proposed the use of space filling curves such as Hillbert or Peano curves [Sagan,
1994] for defining the code. Such curves represent a path in an n-dimensional space,
passing through a set of points so that consecutive points are joined by straight segments.
The distance between consecutive points is constant along all the curve. Like the system
proposed by Caspi et al., there are several parameters which can be tuned, so that L is
the number of stripes to encode; K the number of projecting patterns, and therefore the
length of the codewords; m the order of the curve used to place the codewords; and r the
desired distance between consecutive codewords (% of the total of grey levels), which is
proportional to the noise immunity factor of the system. The K parameter is also the
dimension of the space filling curve that will be used to generate the code. If parameters
K and m are fixed, then the larger the parameter r is, the more robust the resulting
codification is against noise, but the number of stripes, L, decreases. Therefore, there is
a trade off between noise immunity, number of patterns, distance between codewords and
number of encoded stripes. For a given r, if the number of stripes L must be increased it
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means that the length of the space filling curve must also grow. To achieve this, there are
two possible solutions: increasing the curve order, which has the problem of reducing the
distance between consecutive codewords (since the distance between consecutive points
of the curve also reduces); or increasing the dimension of the curve, i.e. increasing the
number of projecting patterns.
In Figure 2.3a, a 3D Hillbert curve of the 2nd order is shown. Every dimension of the
curve is associated with one of the patterns to be projected. The number of stripes to
encode has been fixed at L = 128, so a total number of 128 3D points have been placed
equidistantly along the curve. Consecutive points along the curve correspond to adjacent
stripes in the patterns. The value of every point component is the grey level associated
with the stripe in one of the patterns. Therefore, every point in the curve produces the
codeword of grey levels for the corresponding stripe. The number of grey levels used in
the example is 7. The extracted intensity profiles of every three patterns are shown in
Figure 2.3b, while the resulting patterns are shown in Figure 2.3c. Every intensity profile
is the projection of the points in the curve in one of the three axis: f 1(x), f 2(x) and f 3(x)
are the intensity profiles of patterns 1, 2 and 3, respectively.

Figure 2.3: Horn and Kiryati coding strategy: a) 3-D 2nd order Hillbert curve with 128
codewords placed on it; b) Intensity profiles of the patterns extracted from the Hillbert
curve; c) The resulting patterns.
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Horn and Kiryati tested their system with a 3D Hillbert 2nd order curve where 256
codewords were placed. Therefore, the number of patterns was 3 and the number of grey
levels 13. Such configuration produced better performances than a binary Gray coding
scheme based on the projection of 9 patterns (512 stripes encoded). The design of coded
patterns proposed by Horn and Kiryati produces more accurate results and reduces the
number of projecting patterns.

2.4.3

Combination of Gray code and Phase shifting

Patterns based on Gray code, as well as binary and n-ary codes, have the advantage
that the pixel codification is made punctually and no spatial neighbourhood has to be
considered in the codification. However, the discrete nature of such patterns limits the
range resolution. Furthermore, phase shifting methods exploit higher spatial resolution as
they project a periodic intensity pattern several times by shifting it in every projection.
The drawback of these methods is the periodic nature of the patterns, which introduces
ambiguity in the determination of the signal periods in the camera images. The integration
of Gray Code Methods (GCM) with Phase Shift Methods (PSM) brings together the
advantages of both strategies, i.e. the unambiguity and robust codification of pattern
stripes of GCM, plus the high resolution of PSM. The combination of both techniques
leads to highly accurate 3D reconstruction. However, the number of projecting patterns
increases considerably. We will now discuss some of the coded structured light systems
that use this approach.
In [Bergmann, 1995], Bergmann designed a technique where some Gray coded patterns
are projected in order to label the measuring surface regions where every period of a
sinusoidal intensity pattern will be projected. Therefore, the ambiguity problem between
signal periods is resolved. The sinusoidal patterns are represented by grey levels. A total
number of four Gray patterns are projected in order to label 16 different regions on the
measuring surface.Then, the periodic intensity pattern is projected four times by shifting
1/4 of the period, each time.For every given pixel (x, y) of the camera image, the phase
of the first periodic pattern projected to the corresponding surface point must be found.
For this purpose, a classic four-step phase shift is applied in eq. 2.4. I 1 , I2 , I3 and I4
are the grey levels of pixel (x, y) from camera images corresponding to every one of the
4 projected shifted patterns. Once the phase of a given pixel is known, the period of the
sinus where the pixel lies is obtained with the Gray code labeling. Therefore, the pattern
stripe projected to a certain surface point can be precisely calculated.
φ(x, y) = arctan



I2 − I 4
I3 − I 1



(2.4)

Sansoni et al. compared the accuracy of GCM and PSM separately [Sansoni et
al., 1997]. After experiments, they realised that both PSM and GCM obtain similar
precision in their measurements (about 0.18mm). However, the resolution of PSM showed
to be about 0.01mm in front of the 0.22mm of GCM. However, PSM failed in the steep
slope changes at the measuring surface borders due to the occlusion of some periods of
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the PSM patterns. One interesting feature of the PSM patterns used by Sansoni et al.
is that they are discrete stripe patterns with rectangular profiles. The sinusoidal profile
is achieved by defocusing the LCD projector. When combining both methods, the mean
error of the measurements was about 40µm with a standard deviation of ±35µm. Furthermore, Georg Wiora discussed the suitability of using LCD projectors when applying
PSM alone or combined with GCM [Wiora, 2000]. He argued that such devices do not
have enough contrast and radiant flux for PSM patterns with large resolution.According
to the author, the best devices to use are special slide projectors, which allow 26000 black
and white stripes to be projected on a 13mm slide (for more details refer to the article).
Moreover, Wiora’s article discusses the problems of mechanical misalignment of slides for
these devices as well as problems of non-sinusoidal phase shift patterns.
Gühring proposed substituting the PSM for a new method called line shifting [Gühring,
2001], which was also combined with GCM. Gühring pointed out that Phase Shifting has
a series of drawbacks. For example, when reconstructing surfaces with non-uniform albedo
(with sharp changes from black to white) the phase cannot be determined precisely. Moreover, camera devices tend to integrate over a certain area so that pixel values are affected
by its neighbours. To avoid this problem, camera resolution must be sufficiently higher
than projector resolution. In order to avoid the problems of Phase Shifting, the author
proposed substituting the sinusoidal periodic profile of such methods by a multistripe pattern, shifted several times. Gühring designed a 640 × 640 pattern for LCD projectors,
where every 6th column is white and the remaining ones are black. By consecutively
shifting the pattern 6 times, the whole resolution for every row of the pattern is covered.
While repeating the process with row-encoded patterns, the entire resolution of the pattern is used. Since a multistripe pattern is also a periodic pattern (of discrete nature), the
projection of Gray code patterns are also required in order to solve the ambiguities that
arise.
To summarise, 32 patterns were projected onto the measuring surface: 9 vertical Gray
codes; 6 vertical multistripe patterns, each one shifted a column towards the right; 9
horizontal Gray coded patterns; 6 horizontal multistripe patterns each one shifted one
row downwards; 2 additional patterns for grey level normalisation (one fully illuminated
and the other with the lamp switched off). With regard to the Gray coded patterns, a
total number of n regions should be labelled, being n the number of lines projected in
every line shifting pattern. Therefore, every pattern area where a line is shifted has its
own label. For example, if patterns of 32 columns were projected, 6 lines would be shifted
and, therefore, 6 bands of 6 pixels width should be labelled by the Gray code. Therefore,
three patterns of Gray code should be projected. However, in the transitions of each
region, a decoding error implies a large measuring error of around one period. That is
why Gühring decided to introduce an oversampling technique consisting in projecting an
additional Gray coded pattern. In this way, thinner bands of pixels are labelled, and more
robust decodification of the regions is obtained. The maximum error when calculating the
global position of an illuminated line due to transition of a Gray codeword was 2 pixels.
Without the redundancy introduced by this oversampling, the same error rose to 6 pixels.
In Figure 2.4a, the case of a row of a 32-pixel-wide pattern is shown, with the four patterns
of Gray code and the 6 patterns containing line shifting. As can be seen, every region
where a line is shifted contains three Gray codewords.
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As for the patterns containing line shifting, the peak position of every illuminated
line was intended to be located in the camera images with sub-pixel accuracy. Since the
intensity profile of such perceived lines presented a gaussian distribution, the peak detector
proposed by Blais and Rious [Trucco et al., 1998] was used. This detector applies a linear
derivative filter (higher order filters can be applied) at each pixel of every image row (when
treating vertical multistripe patterns). The result obtained for each row is a set of local
maxima and minima indicating the transitions from black to white regions and vice versa.
Afterwards, for each pair of consecutive maximum and minimum, the zerocrossing of the
linear interpolation between them is calculated and the sub-pixel position of the intensity
peak is obtained. The detection process of a peak for a certain image row is shown in
Figure 2.4b.
Gühring’s line shifting method had a similar or even better resolution than techniques
based on PSM and more accurate measurements. Note that this approach was inspired
by traditional laser scanner techniques, which have been shown as the most accurate 3D
profilers. The author developed a system set up based both on LCD and DMD projectors,
obtaining similar results with an average error of 30µm and a maximum deviation of
0.281mm for both devices.

2.4.4

Hybrid methods

In the bibliography, there are some methods which are based on multiple pattern projection, so they use time-multiplexing, but also take into account spatial neighbourhood
information in the decoding process. For example, the idea of Kosuke Sato [Sato, 1996]
consisted of designing a certain binary pattern whose rows have a sharp impulse on its
auto-correlation function. The pattern is projected several times by shifting it horizontally
several times (the more times the pattern is shifted, the greater the resolution obtained).
For every projection, an image is grabbed, in which the maximum autocorrelation peak of
every row is computed. Then, as the phase shift of the corresponding projected pattern is
known, the pixels containing such peaks can be reconstructed by triangulation. According
to the author, this strategy achieves better accuracy than projecting and shifting a single
slit, since the peak of cross-correlation shows sharper impulse and can be located more
precisely.
Hall-Holt and Rusinkiewicz [Hall-Holt and Rusinkiewicz, 2001] divided four patterns
into a total of 111 vertical stripes that were painted in white and black. Codification
is located at the boundaries of each pair of stripes. The codeword of each boundary is
formed by 8 bits. Every pattern gives 2 of these bits, representing the value of the bounding
stripes. The most interesting aspect about this method is that it supports smooth moving
scenes, something unusual in the time-multiplexing paradigm. This capability is due to a
stage of boundary tracking along the patterns.
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Figure 2.4: Line shifting technique: a) Gray code and line shifting patterns for 32-pixelwide patterns; b) Intensity profile of a camera illuminated line and the peak detection
with sub-pixel accuracy.
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Spatial neighbourhood

The techniques in this group tend to concentrate all the coding scheme in a unique pattern.
The codeword that labels a certain point of the pattern is obtained from a neighbourhood
of the points around it. However, the decoding stage becomes more difficult as the spatial
neighbourhood cannot always be identified and false correspondences can arise. Normally,
the visual features gathered in a neighbourhood are the intensity or colour of the pixels
or groups of adjacent pixels around it.
These spatial neighbourhood techniques can be classified as follows: a) strategies based
on non-formal codification: the neighbourhoods are generated intuitively; b) strategies
based on De Bruijn sequences: the neighbourhoods are defined using pseudorandom sequences; or c) strategies based on M-arrays: extension of the pseudorandom theory to the
2-D case.
In the following subsections some techniques from these three subgroups are summarised.

2.5.1

Strategies based on non-formal codification

Some authors have proposed techniques based on patterns designed so that it is divided into a certain number of regions, in which some information generates a different
codeword, without using any mathematical coding theory. For instance, Maruyama and
Abe [Maruyama and Abe, 1993] designed a binary pattern coded with vertical slits containing randomly distributed cuts, see Figure 2.5. The system was designed for measuring
surfaces with smooth depth changes. The random cuts generate a set of linear segments
so that the position of a segment in the pattern is determined by its own length and the
lengths of the 6 adjacent segments. The decoding stage starts by matching every segment
of the pattern with the observed slits of equal length. Multiple matchings can be found
for every segment. In order to find out the correct matching, the lengths of the 6 adjacent
segments must be considered. Once all the perfect matchings have been found, a region
growing algorithm is applied in order to identify unmatched segments. The main drawback
of this technique is that segment lengths can vary depending on the distance between the
camera and the surface and the optics of both the camera and projector. All these factors
considerably limit the robustness and the reliability of the system.
Some years later, a periodic pattern composed of the horizontal slits encoded with three
grey levels was proposed by Durdle et al. [Durdle et al., 1998]. The pattern is formed by the
sequence BW GW BGW GBGW BGBW BGW , where B is a band of 4 black pixels, W is a
band of 4 white pixels and G is a band of 4 half bright pixels. This sequence is repeated in
the pattern until it covers all the vertical resolution. Due to the periodicity of the pattern,
discontinuities larger than the pattern period are not permitted. The decoding stage of
the system is composed of two steps: firstly, the starting point of every pattern period is
searched in the grabbed image for every column, by finding the correlation peaks between
the image column and a template of the projected period. Secondly, for every period,
another template matching is made in order to find the subsequences W BG, W BG and
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GW B. Repeating these processes for every image column, a large set of correspondences
is found.
Ito and Ishii presented a three-level checkerboard pattern [Ito and Ishii, 1995]. The
proposed pattern is a unique grid where each square is painted with one out of three
possible intensity levels. The intensity level of a cell is chosen so that it is different from
its four immediate neighbours. A node is defined as an intersection between four cells of
the checkerboard. The main code of a node is identified by the intensity levels of its four
adjacent cells. Since three intensity levels are used, the number of different main codes is
18 (3 × 2 × 2 × 2). The subcode of a node is defined as the clockwise combination of the
main codes of the four adjacent nodes. The subcode constitutes the codeword for every
edge intersection of the pattern. Therefore, in order to decode the position of an observed
node, it is necessary to analyse a spatial neighbourhood of 12 cells of the grid. Note also
that both spatial coordinates of the nodes are encoded. In order to get a robust coding
scheme, every possible subcode should appear only once in the pattern. However, Ito and
Ishii were not studying the automatic generation of such a pattern, so they decided to
allow repetitions of subcodes. The authors used epipolar restrictions between the camera
and the projector in order to differentiate between nodes which share the same subcode.
The technique proposed by Boyer and Kak [Boyer and Kak, 1987] uses a pattern formed
by vertical slits coded with the three basic colours (red, green and blue) and separated
by black bands. The sequence of coloured slits was designed so that if the pattern is
divided into subpatterns of a certain length, none is repeated. The most interesting thing
about this work is the decoding stage. Boyer and Kak realised that the morphology of
the measuring surface acts as a perturbation applied to the projected pattern (which acts
like a signal), so the received pattern can contain disorders or even deletions of the slits.
In order to match each received slit with the corresponding projected slit, a four-step
algorithm was designed called stripe indexing process.
The first step is called correlation. Each unique subpattern of the original pattern
is sliced along the received pattern to find all the positions where a perfect match takes
place. Secondly, a region growing process of the matched subpatterns is carried out and
tries to cover as many correspondences of slits as possible. This subprocess was called
crystal growing. Thirdly, a fitting process is applied in order to remove erroneous matchings. When two subpatterns overlap, the thinnest is cut so that the shared slits are only

Figure 2.5: Pattern designed by Maruyama and Abe.
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associated with the largest one. Finally, the matched slits are indexed. The whole process
must be done for every epipolar line of the camera image. The authors did not take into
account the information obtained from the previous epipolar line in order to validate the
current one. The drawback of this method is the complex algorithms involved to recover
the pattern. Moreover, the crystal growing procedure does not always lead to the correct identification of the slits, so uncertainty should be considered. The advantage of the
method is the possibility of obtaining shape from moving objects. This work is of great
value, since it inspired a series of works which dealt with more evolved techniques the
problem of lost slits or disorders among slits.
Chen et al. presented a range sensor based on two cameras and an LCD projector [Chen
et al., 1997]. The latter projected a unique pattern in order to ease the search for correspondences along pairs of epipolar lines. However, the technique can also be applied
when only one camera is used. The pattern consisted of a series of vertical coloured slits
separated by black bands. The slit colours were chosen using a trial and error algorithm in
order to find a sequence with low autocorrelation in the Hue component of the slits. The
decoding method proposed by Chen et al. was the most developed part of the system. The
decoding stage was divided into two parts: the intra-scanline search and the inter-scanline
consistency. Since Chen et al. used two cameras, all the points laying on a line in the first
image have their correspondences in a line of the second image. Both lines constitute a
pair of epipolar lines. The intra-scanline process tries to match every edge of every pair
of epipolar lines, in order to triangulate their 3D position at a later stage. Every epipolar
line contains a sequence of colours separated by black gaps corresponding to the projected
coloured slits that are visible from the point of view of the camera. Since the cameras in
this system have different points of view, for a given pair of epipolar lines, the observed
sequences of colours can differ. Therefore, usually one of the cameras perceives more slits
than the other one and, therefore, the number of edges differs. In order to match the
edges observed by both cameras dynamic programming was used. Dynamic programming
is capable of obtaining the optimal set of insertions, deletions and substitutions that must
be applied to the perceived sequence in order to obtain the original projected sequence.
Nevertheless, this algorithm is only robust against deletions and erroneous identification
of the colour of some slits, but does not ensure a good solution if disorders among slits
have occurred. Therefore, the measuring surface must be monotonic. Furthermore, in the
inter-scanline consistency stage, an attempt is made to match the edges that have not
been matched in the pair of images by using the information of adjacent epipolar lines.
The weak point of the work from Chen et al. is the lack of robustness of the pattern
used. Although the sequence of colours is generated accomplishing some constraints, it is
not optimal. Furthermore, the authors assumed that the observed slits cannot be reordered
with respect to the projected ones, but this is not always true.

2.5.2

Strategies based on De Bruijn sequences

The pattern projection techniques presented in the previous subsection were usually generated by brute-force algorithms in order to obtain some desirable characteristics. In this
subsection, a group of patterns encoded with a well-defined type of sequences called De
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Bruijn sequences is presented. First, a theoretical introduction into the field is given in
order to explain why these sequences are suitable for encoding patterns.
A De Bruijn sequence of order m over an alphabet of n symbols is a circular string
of length nm that contains each substring of length m exactly once. Similarly, a pseudorandom sequence or a m-sequence has a length of n m − 1 because it does not contain
the substring formed by 0’s [MacWilliams and Sloane, 1976]. This sort of sequence can
be obtained by searching Eulerian circuits or Hamiltonian circuits over different kinds of
De Bruijn graphs [Fredricksen, 1982]. For example, in the graph shown in Figure 2.6a, all
the words of length m − 1 (with m equal to 4) are included in the vertices. An Eulerian
circuit is a path starting and ending in the same vertex and passing through all the edges
exactly once. Gathering the edge labels of such circuit, a De Bruijn sequence of order m
is obtained
1000010111101001

(2.5)

If a Hamiltonian circuit is searched over the same graph (a path which passes through
all the vertices only once and starts and ends in the same vertex), a De Bruijn sequence
of order m − 1 is obtained
00101110

(2.6)

An interesting property of a De Bruijn sequence is that it presents a flat autocorrelation function with a unique peak at moment 0. It can be shown that this is the best
autocorrelation function that can be achieved and this means that it is clearly uncorrelated. Pseudorandom sequences have been used to encode patterns based on column or
row lines and grid patterns. In the following paragraphs, some relevant works using De
Bruijn sequences to encode patterns are explained.
Hügli et al. [Hügli and Maı̂tre, 1989] improved the pattern proposed by Boyer and
Kak [Boyer and Kak, 1987]. In this case, a pattern composed of horizontal coloured slits
was also projected. However, the sequence of colours was chosen using a pseudorandom
sequence. The authors studied sequences where two consecutive slits with the same colours
were not allowed. Therefore, the length of a sequence accomplishing this constraint is
Q(Q − 1)N −1 , where Q is the number of colours used and N the window size.

Monks et al. [Monks and Carter, 1993] designed a pattern based on horizontal coloured
stripes in order to reconstruct dynamic scenes. A total number of 6 colours were used to
paint the slits, separated by black bands. The colouring of the slits was chosen so that
every subsequence of three colours appeared only once. Therefore, a De Bruijn sequence
of order three based on an alphabet of six symbols was used. The given sequence was
taken from the article published by Hügli and Maitre [Hügli and Maı̂tre, 1989].

In this technique, the camera image is thresholded in the HSV colour space, using
the Hue component to distinguish among the six colours used, i.e. red, green, blue,
yellow, magenta and cyan, which are equally spaced with respect to this component. In
the decoding stage, Monks et al. faced the problem of loss of slits for every column of
the camera image. Due to surface discontinuities, some of the slits were not observed
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Figure 2.6: De Bruijn codification strategy: a) Example of a De Bruijn graph to construct
De Bruijn sequences; b) primitives proposed by Vuylsteke and Ooesterlick to represent
the binary values; c) the resulting pattern using the primitives.
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by the camera. To recover the position in the pattern of a given slit is necessary to
correctly identify the colours of the slit itself and the slits above and below it. The
authors decided to build a graph for the whole camera image, where every node represents
an image edge between a coloured slit and the black band above it. In every node, the
colour of the corresponding slit is stored. Two nodes are connected if the corresponding
slits are consecutive in an image column and the distance between them is not very long
(otherwise, an occlusion had occurred and some slits may have been deleted). Every
column in the image produces a new path in the graph. All the nodes of the graph
corresponding to a set of at least three consecutive slits are shared for all those image
columns which detected the same subsequence. These nodes are shared since their position
in the pattern is directly found thanks to the window property of the De Bruijn sequence.
For all the other slits detected in an image column, a new node is inserted in the graph. A
minimum-cost, matching algorithm is used to match the original projected sequence and
the graph. The match algorithm minimises a cost function based on the costs associated
with a node insertion and deletion and the cost of replacing the colour of a node. The
system was applied to speech recognition, projecting the pattern to the speakers’s face
and reconstructing the mouth pose in order to recover the pronounced letters. The work
by Monks et al. has a robust decoding stage, which can be applied to other systems based
on De Bruijn sequences.
Vuylsteke and Oosterlinck [Vuylsteke and Oosterlinck, 1990] presented a binary encoded pattern by means of De Bruijn sequences. A total number of 63 columns were
encoded in a unique pattern, so the system is suitable for moving scenes. The pattern
structure is a checkerboard where the column of every grid point is encoded. The encoding
system is based on two binary pseudorandom sequences of order 6 and length 63, shown
in eq. 2.7

{ck } = 111111000001000011000101001111010001110010010110111011001101010
{bk } = {ck−17 }

(2.7)

where {bk } is the same sequence ck shifted by ϕ = 17 positions. Both sequences have a
window property of length 6. When combined in a bitmap, as shown in eq. 2.8 for every
row, the obtained code assignment has the window property of 2 × 3. Every element of
the sequences represents the individual representation of each grid point of the pattern.
c0 b1 c2 b3 c4 b5 c6 b7 c8 b9 ...
b0 c1 b2 c3 b4 c5 b6 c7 b8 c9 ...

(2.8)

c0 b1 c2 b3 c4 b5 c6 b7 c8 b9 ...
In fact, since only column codification is desired, the windows in eq. 2.9 should produce
the same codeword.
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b3 c4 b5
c3 b4 c5

#
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c3 b4 c5
b3 c4 b5

#

(2.9)

In order to do this, the binary codewords are generated by reading first the elements
of ck and then the elements of bk . In the example given, the codeword for both windows
would be ((c3 , c4 , c5 ), (b3 , b4 , b5 )). To be able to distinguish among elements of c k and
elements of bk , it is necessary to chose different representations in the pattern. For this
purpose, every grid point is marked with a bright or a dark spot representing the binary
states 1 and 0. Then, the four neighbouring squares of the grid point in the checkerboard
are painted depending on whether the corresponding sequence element belongs to c k or to
bk . Both representations are shown in Figure 2.6b. The binary states for sequence c k are
labelled 0+ and 1+, while the ones for sequence b k are 0− and 1−. The whole pattern
representation is shown in Figure 2.6c.
The segmentation of the pattern in the camera images is easily done as only two
intensity levels are used and also there is symmetry around every grid point. The decoding
stage consists in recovering every 2 × 3 window and obtaining its codeword, which leads to
the column position in the pattern. According to the authors, using rectangular windows
is more robust than using single row windows, as the neighbourhood involved is more
compacted and less sensitive to surface discontinuities. Pajdla reimplemented the whole
method, improving the calibration process [Pajdla, 1995].
Later, Salvi et al. proposed a pattern consisting of a grid of thin vertical and horizontal
slits [Salvi et al., 1998]. The authors argued that grid coding is a better solution because
the grid points can be easily segmented. Furthermore, the neighbourhood around a grid
point can be found by just tracking the edges of the grid. The pattern was designed as
a 29 × 29 grid using three different colours for horizontal slits and three more colours for
vertical slits. The colour assignment was made by using the same De Bruijn sequence
of order 3 (size of window property) for both rows and columns of the grid. The grid
intersection points are reconstructed after decoding their position in the pattern using the
window property. Some years later, Petriu et al. [Petriu et al., 2000] proposed a similar
pattern of 15 × 15 grid points. However, they did not propose reconstructing the grid
crossing points, but reconstructing the four corner points of every intersection. Therefore,
the resolution of the system is larger. The only requirement is to increase the thickness of
the slits, so that the four corners of a crossing do not fall in the same pixel of the image.
Moreover, Lavoie et al. [Lavoie et al., 1999] proposed a similar pattern to the one proposed
by Salvi et al. A pseudorandom sequence of 3rd order based on 5 colours was used,
obtaining a sequence of length 124 where every subsequence of length 3 is unique. Both
vertical and horizontal slits of the grid are coded with the same pseudorandom sequence.
The most interesting aspect of the technique proposed by Lavoie et al. is that they do
not reconstruct the crossing points, but rather, the curves. For this purpose, non uniform
rational Bézier splines (NURBS) were used. The NURBS have some nice properties under
affine transformations as they are invariant under scaling, rotation, translation, shear and
parallel and perspective projection. Once the grid is segmented in the camera image, the
recovered grid points are used as control points to interpolate 2D NURBS in the image
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for both rows and columns of the grid. Due to the projection invariance property of a
NURBS curve, a reverse projection transform can be performed in order to obtain the 3D
NURBS that fit the measuring surface.
Recently, Zhang et al. [Zhang et al., 2002] developed a technique based on De Bruijn
codification that achieves excellent performance. The proposed pattern consisted of 125
vertical slits coloured by using a De Bruijn sequence of 3rd order and 5 colours. Zhang
et al. studied the problems that occlusions and discontinuities in the measuring surface
can produce when observing the projected pattern. As other authors had previously
pointed out, they agreed that deletions and disorders among the slits may appear in the
observed sequence. In order to match the observed sequence with the projected one,
dynamic programming was adopted as in the work by Chen et al. However, Zhang et
al. pointed out that simple dynamic programming is only successful when the measuring
surface is monotonic, i.e. disorders among slits cannot appear. In order to eliminate
such a limitation, they invented the multi-pass dynamic programming. Zhang et al. also
extended their technique to the time-multiplexing paradigm by projecting the pattern
several times by shifting it consecutively and locating the slits with sub-pixel accuracy in
each iteration. Therefore, the total resolution is increased.

2.5.3

Strategies based on M-arrays

There is a set of authors who have adopted the theory of perfect maps in order to encode
a unique pattern, taking advantage of the interesting mathematical properties of these
matrices. In the following paragraphs we give an introduction to this mathematical theory.
Let M be a matrix of dimensions r × v where each element is taken from an alphabet
of k symbols. If M has the window property, i.e. each different submatrix of dimensions
n × m appears exactly once, then M is a perfect map. If M contains all submatrices of
n × m except the one filled by 0’s, then M is called an M-array or Pseudorandom array.
For more information see [MacWilliams and Sloane, 1976] and [Etzion, 1988]. This kind
of array has been widely used in pattern codification because the window property allows
every different submatrix to be associated with an absolute position in the array.
M-arrays can be constructed by folding a pseudorandom sequence. In order to create
an M-array of dimensions n1 × n2 , a pseudorandom sequence of length n = 2 k1 k2 − 1 is
required, where n = n1 ·n2 , n1 = 2k1 −1 and n2 = n/n1 . The resulting array has a window
property of k1 × k2 . The procedure is as follows: the first element of the sequence is placed
in the north-west vertex of the array. Successive elements of the sequence are written in
the array following the main diagonal and continuing from the opposite side whenever an
edge is reached. For example, given the binary pseudorandom sequence of the 4th order
000100110101111 whose length is n = 15, good parameters for constructing an M-array
are n1 = 22 − 1 = 3 and n2 = 15/3 = 5. Then, an M-array of 3 × 5 with window property
2 × 2 is obtained. It must be noted that M-arrays also share the circular property of the
pseudorandom sequences, so it is necessary to complete the array by adding to the right
the firsts k2 − 1 columns and the firsts k1 − 1 rows below it. The complete array is shown
in eq. 2.10
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(2.10)

The main differences between the techniques included in this group is the way in which
the elements of the array are represented in the pattern. Some authors prefer to define
the pattern as an array of coloured spots, where each colour represents one of the symbols
of the coding alphabet. Other authors prefer to define different shapes for each symbol.
When perceiving the projected pattern, an algorithm to recover the maximum number of
visible windows must be fulfilled. This is the crucial step of these systems. Since spatial
neighbourhood is used, not all the pattern will be visible from the camera´s point of view,
due to shadows and occlusions. The robustness of these methods depends on the correct
decodification of the visible parts, taking advantage of the properties of the M-arrays.
Using arrays to codify a pattern means that a bidimensional coding scheme is being
used, because every point of the pattern has a different codeword which encodes both
vertical and horizontal coordinates. Since the codification is concentrated in one pattern,
these techniques are suitable for measuring dynamic scenes. However, some authors prefer
to project additional patterns in order to ease the segmentation part of the system or to
carry out an intensity or colour normalisation. In this case, the system is limited to static
scenes. In any case, the number of projected patterns is always lower when compared to
time-multiplexing methods. In the following paragraphs, the existing patterns based on
M-arrays are addressed and the most relevant are briefed.
A binary M-array of 24×24 was proposed in 1988 by Morita et al. [Morita et al., 1988].
This array has the window property of 3 × 4. The M-array representation is made by
painting black dots on a white background, for the array elements corresponding to symbol
1. Two patterns are projected on the measuring surface: the first one contains all the
possible black dots in order to locate their centres in the camera image. The second
pattern is the M-array representation. Therefore, the method is restricted to static scenes.
However, it can be adapted to moving scenes by only projecting the M-array pattern and
making the segmentation and decoding algorithm more robust.
Petriu et al. [Petriu et al., 1992] used an M-array to encode a grid pattern where each
cross-point represents an element of the M-array. The binary state of every cross-point
is represented with the presence or absence of a square painted on it. The system was
intended for object recognition, based on a database containing previously reconstructed
surfaces.
Some years later, Kiyasu presented an interesting study [Kiyasu et al., 1995]. The
aim of the work was to obtain the shape of specular polyhedrons, i.e. objects composed
of flat surfaces with high reflectance. Normally, most coded structured light systems are
not intended to reconstruct specular surfaces but lambertian ones. A binary M-array
represented with a grid of 18 × 18 circular spots with a window property of 4 × 2 was used.

Spoelder et al. began to develop a prototype to measure the shape of the cornea [Spoelder
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et al., 2000], by means of projecting a binary M-array of 65 × 63 elements. Cyan and yellow were used to encode the binary values of the M-array. The structure of the designed
pattern is a checkerboard, where the white squares are used to place the elements of the
M-array. In Figure 2.7a a portion of the pattern can be observed. The black squares
were introduced in order to ease the pattern segmentation in the camera images. Due
to the complex reflectance characteristics of the cornea, the recovered pattern from the
camera images has a lot of data loss. This required the design of a complex segmentation
algorithm, which we will now summarise. Firstly, the cross-points of the checkerboard are
located by mask filtering. Secondly, every detected cross-point is labelled by observing
the colours of the adjacent non-black squares and using the window property. Then, a
graph is constructed by linking the neighbours. This step leads to a series of disconnected
subpatterns that must be matched to the original projected pattern. Each subpattern
is positioned on the projected pattern in the position where the minimum Hamming distance is achieved. The elements which do not fit in the original pattern are intended to
be corrected.
One of the most famous works of this group is due to Griffin et al. [Griffin et al., 1992].
The authors defined a systematic process for constructing a maximum size array of n × m
based on an alphabet of b symbols with certain restrictions: every element of the array
has a unique codeword formed by its own value and the values corresponding to its four
neighbours (north, south, east and west). As can be seen, such an array is a special case
of perfect maps, since it has window property of 3 × 3, but not all the possible windows
appear. Some authors call these arrays perfect submaps. The construction process of such
matrices is as follows: first, let V hm be the sequence based on alphabet b containing all
the possible triplets of symbols (a De Bruijn sequence). Let V vm be the vector made by
the sequence of all the pairs of symbols of alphabet b. Consequently, the first row of the
matrix is f0i = V hmi .
The rest of the matrix elements are calculated using eq. 2.11. The row index is indicated
with i and varies from 0 to the length of V hm, while j is the column index varying from
0 to V vm length.
fij = 1 + ((fi−1j + V vmj ) mod b)

(2.11)

For example, if an alphabet b = {1,2,3} is taken, then the following vectors are obtained
V hm = (33132131123122121113323222333)
V vm = (3121132233)

(2.12)

Then, applying the algorithm the matrix shown in Figure 2.7b is generated.
For their experiments, Griffin and Yee generated an array of 18×66 using the alphabet
of four symbols {1, 2, 3, 4}. In order to project this array, two strategies were adopted.
The first consisted of representing each alphabet element with a different colour. Then the
projected pattern was defined as an array of coloured dots. The second approach consisted
of defining a set of shape primitives for every element of the alphabet. An example of such
primitives is shown in Figure 2.7b. Then the background of the pattern is painted black
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Figure 2.7: M-array based patterns examples: a) Binary M-array located in a checkerboard
(the 0 and 1 symbols are replaced by two different filling colours); b) Example of M-array
based on 3 symbols proposed by Griffin et al. Three shape primitives were proposed to
represent the symbols of the alphabet {1,2,3}; c) Morano et al. algorithm to generate
M-arrays with coloured spots representation.
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and white forming a grid of 18 × 66 with one of the primitives at every crossing point. The
representation of a window of 3 × 3 of the M-array is shown in Figure 2.7b. This second
representation of the M-array is much more robust in the presence of coloured objects.
Some years later, Hsieh presented an analytical method for decoding the position of a
given codeword of Griffin’s array [Hsieh, 2001], using just simple arithmetic operations
with the elements of the window and decoding the pattern quickly.
Davies and Nixon [Davies and Nixon, 1998] proposed a unique pattern of coloured
spots for obtaining shapes from dynamic scenes. Specifically, the system was applied for
automatic speech identification by projecting the pattern onto the speakers’ face at video
rate. The spots are coded by following Griffin’s method. Cyan, yellow and magenta
colours were chosen to paint the spots, which are placed hexagonally in the pattern. In
this technique a segmentation algorithm is applied for obtaining the image coordinates
of the visible dots. First, an edge detector filter is used in order to find the contours of
the perceived ellipses corresponding to the projected circular dots. For every epipolar line
in the camera image, all the ellipses nearly positioned onto the line are searched. Then
accurate positions of the ellipses are found using an adapted formulation of the Hough
Transform. When all possible ellipses have been located, the decoding process using the
window property leads to correspondences between the camera image and the projected
pattern.
One of the most interesting techniques from this group was given by Morano et
al. [Morano et al., 1998]. The authors proposed an algorithm for constructing an M-array,
fixing the length of the alphabet, the window property size, the dimensions of the array
and the Hamming distance between every window. Previously all the methods worked
with a Hamming distance of one, which did not allow error correction. In fact, the arrays
used by Morano et al. are simply perfect submaps since not all the possible windows are
included.
The algorithm used to generate an array with fixed properties is based on a bruteforce approach. For example, when constructing an M-array based on three colours with
window property of 3 × 3 the following steps are taken: first, a subarray of 3 × 3 is
chosen randomly and is placed in the north-west vertex of the M-array that is being built.
Then consecutive random columns of 1 × 3 are added to the right of this initial subarray,
maintaining the integrity of the window property of the array and the Hamming distance
between windows. Afterwards, rows of 3 × 1 are added beneath the initial subarray in a
similar way. Then, both horizontal and vertical processes are repeated by incrementing
the starting coordinates by one, until the whole array is filled. Whenever the process
reaches a state where no possible elements can be placed, while accomplishing the global
window property, the array is cleared and the algorithm starts again with another initial
subarray. The basic steps of the algorithm are represented in Figure 2.7c. The study of the
performance of this algorithm showed that using M-arrays of 45 × 45 pixels with window
property of 3 × 3 using 3 or more colours, fixed Hamming distances between windows from
the typical 1 up to 4 can be generated. Moreover, in most cases, multiple solutions can
be found.
Once the generated pattern is projected onto the measuring surface, it must be recovered and the dots must be well labelled in order to find correspondences between the
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camera and the projector. As every dot is contained in 9 windows, the authors applied a
voting algorithm where every window proposes a codeword of length 9 (which indicates
its position in the pattern) for every one of its elements. Then every observed dot has
up to 9 codewords proposed by every window to which it belongs. The codeword with
the maximum number of votes is the more reliable, so it is used to label the dot. The
results showed that when using a Hamming distance of 3 instead of 1, the number of dot
mislabelings decreases, due to the possibility of correcting one error per window.
Another interesting contribution made by Morano et al. was to note that a system
based on M-arrays can also be used when colour cannot be projected (because the scene is
too colourful or because a colour camera is not available). If N colours are used to encode
the M-array, log2 (N ) + 1 patterns can be projected, encoding every colour with a binary
codeword. The system becomes more robust since only two intensity levels are used but
it is limited to static scenes.

2.6

Direct codification

There are certain ways of creating a pattern so that every pixel can be labelled by the
information represented on it. Therefore, the entire codeword for a given point is contained
in a unique pixel. In order to achieve this, it is necessary to use either a large range of
colour values or introduce periodicity.In theory, a high resolution of 3D information can
be obtained. However, the sensitivity to noise is very high because the ”distance” between
”codewords”, i.e. the colours used, is nearly zero. Moreover, the perceived colours depend
not only on the projected colours, but also on the intrinsic colour of the measuring surface.
This means, in most cases, that one or more reference images must be taken. Therefore,
these techniques are not typically suitable for dynamic scenes. Direct codification is usually
constrained to neutral colour or pale objects. For this reason, it is necessary to perceive
and identify the whole spectrum of colours, which requires a ”tuning” stage that is not
always easy to achieve (depending on the devices used).
We shall now discuss two groups of methods using direct codification: a) codification
based on grey levels: a spectrum of grey levels is used to encode the points of the pattern;
b) codification based on colour: these techniques take advantage of a large spectrum of
colours.

2.6.1

Codification based on grey levels

Carrihill and Hummel [Carrihill and Hummel, 1985] developed a system called intensity
ratio depth sensor. It consists of a linear wedge spread along vertical columns containing
a scale of grey levels. A ratio is calculated between every pixel of the perceived wedge and
the same pixel value under constant illumination. This ratio is related to the column of
the pattern that has been projected in the pixel. Since two patterns must be projected
dynamic scenes are not considered. The authors used a slide projector and a monochrome
camera with 8 bits of intensity per pixel. The authors aimed to tune the setup so that the
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relationship between the ratio and the image column number was nearly linear. However,
Carrihill and Hummel achieved poor accuracy in their measurements, with a mean error
of about 1 cm. This was due to the high sensitivity to noise and non-linearities of the
projector device.

Figure 2.8: Pattern proposed by Carrihill and Hummel

Miyasaka et al. [Miyasaka et al., 2000] reproduced the intensity ratio depth sensor by
using an LCD projector and a 3CCD camera. With this setup, more accurate results were
obtained. The authors took into account that the reflectance of the surface points is not
constant for all the light frequencies and each RGB channel of the camera was treated
independently. Furthermore, only a narrower band of light frequencies was considered.
Chazan and Kiryati [Chazan and Kiryati, 1995] carried out experiments using an extension of the Carrihil and Hummel method called pyramidal intensity-ratio depth sensor,
also known as the sawtooth sensor. The motivation behind this new approach was the
high sensitivity to noise of the original method. As a wide intensity spectrum is projected
in only one shot, the camera must be able to perceive such a spectrum nearly linearly,
which is very difficult to achieve using an LCD projector. The new method consisted of
consecutively projecting the linear wedge by increasing its period. Therefore, the first pattern is a simple-period wedge from black to white. The second contains two linear wedges,
the third contains four wedges and so on. At the end, the last pattern contains 2 n linear
wedges. Since every period is a linear wedge from black to white, the last pattern uses
less grey levels in each period. This means that adjacent grey levels in the last pattern
are less similar and easily distinguishable. However, since periodicity is present, the grey
level of a certain pixel in the last perceived pattern is not enough to decode its position.
To resolve the ambiguity the previously viewed patterns are used. This strategy is quite
similar to the time-multiplexing techniques, but in this case, the exact codewords are not
recovered. Moreover, since the sharp transitions between periods can lead to high errors,
every periodic pattern is projected twice, shifting it by half a period. Then when reading
grey levels close to a period transition (black or white), the corresponding shifted pattern
is used to avoid the period transition. For every projected pattern an image of the scene is
grabbed. Then an intensity ratio is calculated for every image with respect to a constant
light image. The sawtooth sensor is more accurate than the classic Intensity Ratio Depth
Sensor. Experiments made by the authors over distances of about 80 cm show that the
typical errors of 1 cm of the Intensity Ratio Depth Sensor can be reduced to 1 mm with
the Pyramidal Intensity Ratio Depth Sensor. However, the number of patterns increases
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substantially.
Prior to Chazan and Kiryati’s work, Hung proposed a grey level sinusoidal pattern
[Hung, 1993]. The author pointed out that the period of the observed pattern increases
proportionally with the distance between the projector and the object, and therefore, the
frequency decreases. The idea was to estimate the instant frequency in every pixel of the
camera image and then depth can be calculated for every pixel.
The system was tested with synthetic images with gaussian noise. Although the results
were good, real experiments should be completed taking into consideration the non-linear
behaviour of the devices. Furthermore, since the pattern is periodic, ambiguity problems
can arise.

2.6.2

Codification based on colour

The methods belonging to this group use the same principle as the ones discussed in
subsection 2.6.1. However, colour is used to encode pixels instead of using grey levels.
For instance, Tajima and Iwakawa [Tajima and Iwakawa, 1990] presented the rainbow
pattern. A large set of vertical narrow slits were encoded with different wavelengths, so
that a large sampling of the spectrum from red to blue was projected. In order to project
this spectrum, a nematic liquid crystal was used to diffract white light. The images were
grabbed by a monochromatic camera with 11 bits of intensity depth. Two images of the
scene were taken through two different colour filters. By calculating the ratio between
both images an index for every pixel is obtained that does not depend on illumination,
nor on the scene colour. Geng [Geng, 1996] improved on this approach by using a CCD
camera and a linear variable wavelength filter in front of it. Hence, only a single image of
the measuring surface had to be captured from the scene.
Sato presented the multispectral pattern projection range finder [Sato, 1999]. In this
work, the author discussed the complicated optical system required for the rainbow range
finder of Tajima. Sato proposed a new technique that only needs an LCD projector and
a CCD camera. Moreover, the new technique could eliminate the colour of the measuring
surface, so the results were not affected by the spectral reflectance of the surface. The
technique consisted of projecting a periodic rainbow pattern 3 times, shifting the hue phase
1/3 of its period in every projection. An extra image was synthesised by a certain linear
combination of the three grabbed images. Afterwards, Sato demonstrated that the Hue
value of every pixel of the synthesised image is equal to the projected Hue value in the
first pattern. Therefore, correspondences between synthesised image pixels and projected
rainbow columns can be done. In order to get a good resolution, the pattern had to be
periodic, so the identification of the periods is a key point in the decoding stage.
Wust and Capson presented a technique based on a three-step phase shifting [Wust
and Capson, 1991]. However, instead of projecting three times a periodic pattern shifted
in every projection, a single pattern was used. The pattern was designed with three
overlapping sinusoids shifted between them, in order to encode the columns of every row.
The first sinusoid is represented with red, the second is shifted 90 o and is represented with
green, and the third, which is shifted 90 o with respect to the green one, is represented
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with blue. Then, once the pattern is projected and an image is grabbed, the phase shift
can be calculated for every pixel using the following equation
Φ(x, y) = arctan



Ir − I g
Ig − I b



(2.13)

Φ(x, y) is the phase in a given pixel where the intensities of the red, green and blue are
denoted as Ir , Ig and Ib respectively. The technique of Wust and Capson requires only
a unique pattern, so moving surfaces can be measured. However, the surface must be
predominantly colour neutral and must not contain large discontinuities.

2.7

Experimental results

We implemented a set of 7 representative techniques taken from the proposed classification
groups. All the techniques have been tested under the same conditions in order to evaluate
their advantages and constraints. A shape acquisition framework as the typical application
of coded structured light has been used. This enables us to test the different techniques
in terms of number of correspondences and how accurately they are found.
A low-cost structured light system was used. It is composed of an LCD video-projector
(Mitsubishi XL1U) working at 1024 × 768 pixels, a camera (Sony 3CCD) and a frame
grabber (Matrox Meteor-II) digitising images at 768 × 576 pixels and 3 × 8 bits per pixel.
A standard PC was used for implementing the algorithms. For the mathematical details
concerning the calibration of cameras we refer to the comparative review presented by
Salvi et al. [Salvi et al., 2002]. This review concludes that non-linear models which take
into account the radial distortion introduced by the lenses are enough to obtain high
accuracy. In our case, an adaptation of the Faugeras calibration method which includes
radial distortion has been used [Faugeras, 1993].
Some calibration methods use a set of coplanar 3D points [Batista et al., 1999] while
others use a set of non-coplanar points, which is our case. Our calibration procedure
requires a set of non-coplanar 3D points and its corresponding 2D projections. To obtain
the sample points, we used two orthogonal white panels each one containing 20 black
squares, placed about 1 meter in front of the camera. The world frame is positioned at the
intersection of both panels as shown in Figure 2.9. Then, the camera captures an image
and the 2D corners are detected with sub-pixel accuracy by means of image processing.
Finally, 2D and 3D points are used to iterate the calibration algorithm to convergence.
The LCD projector can be modelled as an inverse camera, so that the same camera
model remains valid. In order to calibrate the projector, we assume that the camera has
been previously calibrated and that the calibrating panels remain in the same position.
The projector is placed aside the camera so that the angle between the optical axis of
both devices is about 15 degrees. A white grid pattern is projected onto both panels. We
chose the grid cross-points of the pattern as 2D points. Then, it is necessary to capture
an image with the camera. The grid cross-points can be detected with sub-pixel accuracy.
Afterwards, since the camera is already calibrated, the 3D points can be reconstructed,
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Figure 2.9: Geometric calibration setup.

taking into account certain geometrical constraints. Remember that the grid is projected
onto the calibration panels and the world frame is positioned on the bottom angle of both
panels, as shown in Figure 2.9. Then, the left panel lies on the plane Y = 0, while the
equation of the plane containing the right panel is X = 0. In this way, the 3D points,
corresponding to the grid cross-points projected onto the panels, can be triangulated by
intersecting the camera rays with the equation of these planes. Then, the set of 2D and
3D points obtained with this procedure are used to calibrate the projector’s model.
The implemented techniques are listed below and are represented in Figure 2.10.
• Time-multiplexing:
– Posdamer: stripe patterns encoded with Gray code of 7 bits so that 128 stripes
are encoded [Posdamer and Altschuler, 1982].
– Gühring: the line shif ting technique using 6 Gray coded patterns and 21 slits
shifted 6 times [Gühring, 2001].
– Horn: three patterns encoding 64 stripes by using 4 grey levels [Horn and
Kiryati, 1999].
• Spatial neighbourhood:
– De Bruijn: a pattern with 64 vertical slits encoded with a De Bruijn sequence
of 3rd order and 4 colours.
– Salvi: a grid pattern of 29 × 29 slits encoded with a De Bruijn sequence of 3rd
order and 3 colours [Salvi et al., 1998].
– Morano: pattern consisting of colour dots encoded with an M-array of 45 × 45
elements and 3 colours [Morano et al., 1998].
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• Direct codification:
– Sato: the three periodic patterns proposed by Sato [Sato, 1999] were employed.
Some images showing the compared patterns illuminating one of the test objects are
presented in Figure 2.11.
The performance of the techniques was evaluated by means of quantitative and qualitative tests. In the following subsections the experiments and their results are presented.

2.7.1

Quantitative evaluation

A white plain (flat surface) at a distance of about 120cm to the camera was reconstructed
30 times using all the implemented techniques. A multiple regression was applied in order
to obtain the equation of the 3D plane for every technique and for every reconstruction.
The same experiment was repeated by bringing the plain closer to the camera by about
40mm. Then the average and the standard deviation of the distance between both plains
was calculated for every technique. The results of the experiment are shown in table 2.
The table includes the standard deviation, in µm, of the average distance between both
parallel plains, the average number of 3D points that were reconstructed, the % of image
pixels inside a region of 515 × 226 pixels that were decoded, and the total number of
projected patterns for every technique (including white and black patterns for intensity
normalisation when needed).
Table 2.2: Quantitative results. The headings are: author’s name of the technique; standard deviation of the reconstructing error; average number of 3D points; % of pixels from
images that have been reconstructed in average; number of projected patterns.

2.7.2

Technique

Stdev (µm)

3D Points

Resolution %

patterns

Posdamer
Horn
Gühring
De Bruijn
Salvi
Morano
Sato

37.6
9.6
4.9
13.1
72.3
23.6
11.9

25213
12988
27214
13899
372
926
10204

21.67
11.17
23.38
11.94
0.32
0.80
8.77

9
5
14
1
1
1
3

Qualitative evaluation

In order to evaluate the performance of the techniques, it is also useful to observe the
reconstruction of certain surfaces and analyse them from a qualitative point of view. For
this purpose, two surfaces were reconstructed.
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a)

b)

d)

f)

c)

e)

g)

Figure 2.10: Patterns corresponding to the implemented techniques: a) Posdamer; b)
Horn and Kiryati; c) Gühring; d) De Bruijn; e) Salvi; f) Morano; g) Sato.
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a)

b)

c)

d)

e)

f)

g)

Figure 2.11: Some of the patterns illuminating a horse statue (the techniques consisting
of a sequence only one of the patterns is shown): a) Posdamer; b) Horn and Kiryati; c)
Gühring; d) De Bruijn; e) Salvi; f) Morano; g) Sato.
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The first surface was a statue of a white horse of dimensions 21 × 15 × 10 cm. The
statue and the reconstructions obtained are shown in Figure 2.12. The reconstructions
are presented both as clouds of points and rendered surfaces. Techniques with higher
resolution (time-multiplexing techniques and De Bruijn patterns based on a single axis
codification) enable details of the horse’s profile to be distinguished, while other techniques
with lower resolution (mainly based on spatial neighbourhood) obtain basically the global
profile.
The second test consisted of reconstructing a human hand. This surface is useful for
evaluating the performance of the techniques when the surface violates monotonicity, i.e. it
contains discontinuities. In this case, the discontinuities are produced by the gaps between
the fingers. Results are shown in Figure 2.12. Techniques based on time-multiplexing
are not affected since for recovering the codewords of a pixel, it is only necessary to
gather its value along the projected patterns. Techniques based on spatial neighbourhood
using a single axis codification (De Bruijn) suffer large amounts of data loss as the local
smoothness assumption of the measuring surface is violated. Nevertheless, techniques that
encode both pattern axis (Morano and Salvi) can identify some regions near discontinuities
due to the propagation of codewords among adjacent points. Direct coding techniques
should be robust against discontinuities if no periodicity is used in the patterns. Since the
technique proposed by Sato exploits periodicity, it fails when reconstructing the fingers.
Furthermore, periodicity is required for such techniques in order to reduce the number of
colours in the pattern as it is very difficult to correctly differentiate among the emitted
colours if a large spectrum is used.
The experiments that have been carried out allow comparison of the different groups
of techniques classified. It has been shown that techniques based on time-multiplexing
achieve the most accurate results. Moreover, line-shifting combined with Gray Code
permits exploitation of the whole theoretical resolution of patterns. The results also
demonstrate that locating the pattern stripes with sub-pixel accuracy (in the case of
Gühring [Gühring, 2001] and Horn [Horn and Kiryati, 1999] implementations), leads
to better results than using pixel accuracy (in the case of Posdamer [Posdamer and
Altschuler, 1982] current implementation). Techniques based on spatial neighbourhood
have also obtained satisfactory results. For example, the pattern consisting of vertical slits
coded with a De Bruijn sequence has obtained very accurate measurements as the slits
are also detected with sub-pixel accuracy. However, it has failed when measuring discontinuities. Such problems could be partially solved by using dynamic programming [Zhang
et al., 2002]. Furthermore, techniques based on both axis codification, i.e. the grid by
Salvi et al. [Salvi et al., 1998] and the array of dots by Morano et al. [Morano et al., 1998],
are more robust against discontinuities as redundancy in the coding strategy permits extension of decoded regions to contiguous non-decoded regions. Finally, the direct coded
pattern presented by Sato [Sato, 1999] has obtained very accurate results (also locating the
stripes with sub-pixel accuracy) and robustness against colourful surfaces. However, this
technique has the problem of stripe decodification among the pattern due to its periodic
structure when a surface containing discontinuities is measured. Such problems could be
overcome by projecting some Gray patterns to remove the ambiguity between periods.
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Figure 2.12: Reconstruction results for every one of the implemented techniques. From
up to down: Posdamer, Gühring, Horn, De Bruijn, Salvi, Morano and Sato. At left,
the cloud of points corresponding to the horse statue reconstruction. In the middle, the
corresponding rendered surface from another view point. At right, the cloud of points
from reconstruction of a human hand.
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Conclusions

We have presented a comprehensive survey of coded structured light techniques. A new
classification of the reviewed techniques has been proposed from the point of view of the
coding strategies used to generate the projected patterns.
Time-multiplexing was the first paradigm of coded structured light used to obtain
3D data from an unknown surface. The advantages of these techniques are the easy
implementation, the high spatial resolution and the accurate 3D measurements that can
be achieved. The main drawback is their inapplicability to moving surfaces since multiple
patterns must be projected. Techniques based on projecting stripe patterns encoded with
Gray code can obtain very good accuracy, but maximum resolution cannot be achieved.
In order to obtain maximum resolution, a technique based on a combination of Gray
code and Phase shifting must be used. In this subgroup, the technique proposed by
Gühring [Gühring, 2001] must be highlighted. Its drawback however, is the large number
of projecting patterns (32 patterns when using maximum resolution). If maximum spatial
resolution is not the principal aim of the application, but rather the minimisation of the
number of projecting patterns, a technique based on n-ary codes is appropriate. Such
methods obtain an accuracy equal to or even better than a Gray code approach, reducing
exponentially the number of projecting patterns. For example, a Gray code technique
based on the projection of 8 patterns can encode 256 stripes, while an n-ary technique
only requires 3 patterns and 13 grey levels or colours to obtain such resolution, for n = 13.
However, the system using n-ary codes must be calibrated in order to correctly differentiate
among the set of grey levels or colours used. If a good calibration cannot be achieved,
then it is recommended to reduce the number of grey levels or colours by projecting more
patterns.
Spatial neighbourhood coding is the second big group of coded structured light techniques. The advantage compared with time-multiplexing is that such strategy permits,
in most cases, moving surfaces to be measured. However, since the codification must be
condensed in a unique pattern, the spatial resolution is lower. Moreover, local smoothness
of the measuring surface is assumed in order to correctly decode the pixel neighbourhoods.
Since this local smoothness is not always accomplished, errors in the decoding stage can
arise producing false correspondences. In order to minimise such errors, the algorithms of
the decoding stage must be more robust, resulting in an increase in the overall complexity
of the technique. Techniques which define the neighbourhoods empirically usually present
pattern periodicity or repetition of neighbourhoods, which is not recommended. Such
problems have been eliminated by strategies based on De Bruijn sequences and M-arrays.
Techniques based on a unique pattern coded using a De Bruijn sequence have a trade
off between the length of the sequence, i.e. the resolution of the system, the number of
colours involved and the size of the window property. Most of these methods use either
horizontal or vertical windows with a limited size in order to preserve the local smoothness
assumption of the measuring surface. If the window size is not too big (in our opinion a
good limit is about 10% of the sequence length), more than two colours must be used with
the aim of preserving a good resolution. The number of colours used increases the noise
sensitivity when measuring colourful scenes. Using up to 6 colours is not very problematic.
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With 5 colours and a window size of 3, a resolution of 125 slits per pattern (similar to a
Gray code system based on 7 patterns) can easily be achieved with a robust decoding stage.
The most complete technique that can be found in the bibliography is the one proposed by
Zhang et al. [Zhang et al., 2002]. This technique takes into account that disorders between
elements of the sequence can occur when projecting the pattern. The solution proposed is
based on multi-pass dynamic programming, which seems the most robust way to recover
the original sequence. Furthermore, techniques based on M-arrays are more difficult to
generate. However, since every coded point has both row and column codewords, a higher
degree of redundancy is included. In order to take advantage of this redundancy, an
additional step must be programmed in the decoding stage for validating the codeword of
every coded point. Similar trade offs to the ones involved when using De Bruijn sequences
also appear with M-arrays-based patterns. The segmentation complexity of the observed
patterns in such techniques must also be addressed. The most typical representations of
an M-array in a pattern are the grid representation and the array of dots. In our opinion,
the grid representation can be segmented more easily by edge detection. The encoded
points are the intersection of edges, so they can be found very accurately. In addition,
when projecting dots, their mass centres must be located. So that it is important to detect
when a dot appears partially occluded, since its mass centre will be incorrect. Moreover,
the grid techniques allow adjacent cross-points to be located by tracking the edges, while
with the dot representation, some sort of euclidian distance must be used to locate the
neighbours of a given dot.
It should be noted that a technique based on spatial neighbourhood can always be
translated to a time-multiplexed technique by expressing the colours in binary intensity
levels distributed over a sequence of patterns.
Direct coding techniques are useful for achieving large spatial resolution and few projecting patterns. However, these techniques present a lot of drawbacks. Firstly, the limited
bandwidth of LCD projectors provokes integration of intensities over adjacent pixels. Secondly, variations of light intensities due to the different colours and depths of the measuring
surface. Finally, the error quantisation introduced by the camera, which is very sensitive
to noise. Therefore, the correct identification of every projected intensity or colour is not
easy to achieve. In most cases, the use of such techniques requires a device that projects
a unique wavelength for every grey level or colour. Therefore, LCD projectors are not
suitable for such a purpose. Some authors use non-standard optical devices to decompose
white light, producing monochromatic light planes. Furthermore, since a large spectrum
of wavelengths are used, cameras with large depth-per-pixel must be considered (about 11
bits per pixel) for accurate quantisation. It should be noted that most of these techniques
cannot measure moving scenes because they need additional patterns to normalise intensity or colour. In addition, these techniques are usually limited to colour-neutral surfaces.
Nevertheless, some techniques that can be implemented with an LCD projector and a
standard CCD camera were proposed by Wust and Capson [Wust and Capson, 1991] and
Sato [Sato, 1999]. Moreover, both techniques are theoretically capable of reconstructing
colourful surfaces, and the technique by Wust and Capson can also measure moving surfaces. Accordingly, experimental results given by the technique by Sato showed that, in
the synthesised image, most part of the surface colours are eliminated.

2.8 Conclusions
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Finally, the intensity-depth per pixel used by a coded structured light technique is also
an important parameter. The noisier the application environment in which the technique
will be applied, the smaller the number of grey levels or colours used should be. Therefore,
time-multiplexing techniques based on binary patterns are the most robust against noise.
However, when increasing the number of grey levels or colours, differentiating the slits
becomes more difficult. The non-linearities of the light spectrum of the projector and the
spectral response of the cameras, and the non-uniform albedo of the measuring surface
mean that the read colours hardly match with the projected ones. In order to overcome this
problem, a full colourimetric calibration procedure should be considered. The illumination
model proposed by Caspi et al. [Caspi et al., 1998] or even a simple linear normalisation
may be a good solution.

Chapter 3
A proposal of a new one-shot
pattern
In this chapter we present a new coloured pattern which is able to obtain correspondences
with a unique shot. The pattern is generated by a new coding strategy based on De Bruijn
sequences. The new pattern is compared to similar existing patterns by reconstructing the
shape of different objects and analysing the results from a quantitative and a qualitative
point of view. The results discussed at the end of the chapter show that the pattern is able
to increase the number of correspondences in a single shot without loss of accuracy.

3.1

Introduction

As it has been shown in the previous chapter, important efforts have been done in order to generate patterns able to obtain correspondences with a unique projection. As
already mentioned, there is an important group of one-shot techniques which are based
on coloured multi-slit and stripe patterns. Multi-slit patterns introduce black gaps between the coloured bands of pixels so that two consecutive slits can have the same colour.
The black gaps allow intensity peaks to be detected in the images. Every intensity peak
corresponds to the central position of a certain slit. Thus, the correspondence problem is
solved for points falling onto the centre of every slit which are imaged as intensity peaks.
Hereafter, we refer to this matching strategy as peak-based matching.
On the other hand, in stripe patterns no black gaps are introduced between the coloured
bands of pixels. Therefore, adjacent stripes cannot share the same colour. In such patterns,
edges between stripes are searched in the image in order to find correspondences so that
an edge-based matching is performed.
Note that in multi-slit patterns an edge-based matching is not suitable since a certain
amount of the intensity of a slit is integrated over the surrounding black regions. Therefore,
the edges in the image do not really correspond to the edges in the pattern. Such problem
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already appears when multiplexing binary codes by projecting a sequence of binary stripe
patterns of successively increasing frequency [Posdamer and Altschuler, 1982]. As stated
by Trobina [Trobina, 1995], the best solution in these cases consists in projecting every one
of the binary stripe pattern and its negative version. Then, by intersecting the intensity
profiles of every pattern pair the edges can be detected with high accuracy. Unfortunately,
this solution is not applicable to one-shot techniques. Note also that in the case of coloured
stripe patterns a peak-based matching is neither feasible since the pattern is projected with
a flat intensity profile.
This chapter proposes a new coloured pattern which combines the advantages of multislit and stripe patterns. In Section 3.2 the new coding strategy used to generate the pattern
is exposed. Afterwards, details concerning how to segment the pattern and how to solve
the correspondence problem are explained in Section 3.3. Then, Section 3.4 presents two
calibration procedures for improving the accuracy and robustness of a structured light
setup using coloured patterns like the one proposed. Experimental results of the new
pattern compared to other similar patterns are shown and discussed in Section 3.5. The
chapter ends with conclusions concerning the new approach.

3.2

The new coding strategy

This section presents a new type of coding strategy which defines patterns containing
both edges and intensity peaks. The new hybrid pattern appears as a stripe-pattern in
the RGB space while in the intensity channel it appears as a peak-based pattern. The
intensity profile of the pattern is defined as a square function so that it alternates from a
medium intensity stripe to a high intensity stripe.
The coding strategy requires only n = 4 different hue values in order to colour a pattern
with 128 stripes so that a window property of m = 3 stripes is obtained. The formal
definition of the pattern can be noted as follows. Let W m and Wh be respectively the width
in pixels of a medium-intensity stripe and a high-intensity stripe. Let S = {1, .., 2n m } be
the set of stripe indices. Then, the mapping from the pattern abscissas to the stripe indices
is defined by the following function
stripe : X −→ S


1
stripe(x) = 2 ((x−1) ÷ (Wm+Wh ))+
2

((x−1) mod (Wm+Wh ))+1≤Wm
otherwise

(3.1)

where ÷ denotes integer division. The following function determines the intensity level of
a given stripe, which has two possible values L = {high, medium}
Int : S −→
L
high
x mod 2 = 0
Int(x) =
medium
otherwise

(3.2)

The pattern is divided in n periods P = {1, .., n} of n m consecutive stripes each one.
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In order to determine to which period belongs to a given stripe the following function is
defined
period : S −→ P

(3.3)
period(s) = (s − 1) ÷ 2nm−1 + 1
Let H = {1, .., n} the set of indices to the hue values chosen. Then, the hue value of a
given stripe is set as follows
Colour : S −→
(H
period(s)
h
Colour(s) =
db ((s−1) mod
2

2n2 )+1

i Int(s) = medium
otherwise

(3.4)

where db is an ordered vector containing a De Bruijn sequence with window property of 2
like the following one [Salvi et al., 2004]:
db = [1, 1, 2, 1, 3, 1, 4, 2, 2, 3, 2, 4, 3, 3, 4, 4]

(3.5)

Every stripe with a certain hue value and a certain level of intensity can be labelled
according to the set of labels B = {1, 2, 3, 4, 5, 6, 7, 8} by using the following function
Label : H × L−→ B
h
Label(h, l) =
h+n

l = high
l = medium

(3.6)

The sequence of stripes generated by the proposed coding strategy and the De Bruijn
sequence in Equation 3.5 can be represented using the labelling function in Equation 3.6
as follows
P1 = [5, 1, 5, 1, 5, 2, 5, 1, 5, 3, 5, 1, 5, 4, 5, 2, 5, 2, 5, 3, 5, 2, 5, 4, 5, 3, 5, 3, 5, 4, 5, 4]
P2 = [6, 1, 6, 1, 6, 2, 6, 1, 6, 3, 6, 1, 6, 4, 6, 2, 6, 2, 6, 3, 6, 2, 6, 4, 6, 3, 6, 3, 6, 4, 6, 4]
P3 = [7, 1, 7, 1, 7, 2, 7, 1, 7, 3, 7, 1, 7, 4, 7, 2, 7, 2, 7, 3, 7, 2, 7, 4, 7, 3, 7, 3, 7, 4, 7, 4]
P4 = [8, 1, 8, 1, 8, 2, 8, 1, 8, 3, 8, 1, 8, 4, 8, 2, 8, 2, 8, 3, 8, 2, 8, 4, 8, 3, 8, 3, 8, 4, 8, 4]
(3.7)
where Pi is the sequence of stripes corresponding to period i. Note that the elements
{1, 2, 3, 4} correspond to high intensity stripes and 1 indicates the first hue value, 2 the
second, etc. On the other hand, the elements {5, 6, 7, 8} correspond to medium intensity
stripes so that, in this case, 5 indicates the first hue value, 6 the second, etc. Note that
in every period, all the medium intensity stripes share the same hue value, while the hue
value of the high intensity stripes is directly chosen according to the De Bruijn sequence
in Equation 3.5.
Figure 3.1a shows a pattern encoded according to the above strategy. The n = 4
hue values used are equally spaced in the Hue space so that H = {0 ◦ , 90◦ , 180◦ , 270◦ }.
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Finally, the two intensity levels used are L = {0.35, 0.5}. The intensity profile of the
pattern is shown in Figure 3.1b.
a)

b)

Figure 3.1: An example of new pattern. a) Hybrid pattern in the RGB space. b) Hybrid
pattern intensity profile.

Note that 128 stripes have been coloured by using only 4 levels of hue. Indeed, as less
colours are projected, higher immunity against noise is obtained. The proposed pattern
allows two adjacent stripes to share the same hue value but not the same intensity level.
The aim of this pattern is to allow both intensity peaks (corresponding to the stripes
central point) and edges between stripes to be detected.
Next section presents the algorithmic details concerning the detection of both intensity
peaks and edges and the decoding of the new hybrid pattern.

3.3

Pattern segmentation and decoding

Given the system configuration of our experimental setup, i.e. a camera and a projector
positioned aside and the pattern consisting of vertical stripes, the decoding process is based
on horizontal scan-lines. In case that the projector and the camera are not approximately
aside, a stereo pair rectification algorithm can be used to transform the images taking into
account the geometry of the system [Fusiello et al., 2000].
According to the aim of the proposed hybrid pattern, for every scan-line, the intensity
peaks corresponding to the centre of every stripe and the edges between the stripes must be
located. Afterwards, the detected stripes centres and the edges between adjacent stripes
must be matched with the projected pattern in order to obtain correspondences.

3.3.1

Scan-line segmentation

First of all, we take advantage of the pattern square intensity profile in order to segment
regions in the scan-line corresponding to medium intensity and high intensity stripes of
the pattern. We define the M channel of a scan-line as a function of the RGB channels as
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follows
M (i) = max(R(i), G(i), B(i))

(3.8)

i = 1..width(scan-line)
The second derivative of the M channel is used to distinguish between regions of maxima and minima intensity. In order to increase the immunity against noise the following
numeric filtered linear derivative is used [Blais and Rioux, 1986]

g(i) =

o/2
X
c=1

(f (i + c) − f (i − c))

(3.9)

where f is the original function (in our case, the M channel of the current scan-line), g is
the corresponding filtered linear derivative of order o, and i indicates the element index
which is being filtered. This filtering operator is applied twice in order to obtain the filtered
second derivative of the M channel. The order o of the filter must be chosen according
to the apparent stripes width of the pattern in the images, which must be always greater
than o (in our experiments we have used o = 6). The effects of applying this filtered
derivative in a signal showing a maximum and a minimum is shown in Figure 3.2a. Note
that the second derivative strongly enhances the intensity differences, producing more
enhanced peaks. Then, the second derivative can be used to segment maximum and
minimum intensity regions of the pattern by simply binarising it. Concretely, regions
where the second derivative is less than 0 are binarised to 1 and inversely. In Figure 3.2b
a portion of a scan-line of the M channel of a real image is shown. The square signal
is the binarised second derivative of the scan-line. The results of segmenting the stripes
by using this technique is also shown in Figure 3.2c-d. In this case, the M channel of
an image with a human hand under the pattern illumination is shown, see Figure 3.2c.
As can be seen in the resulting binarised image in Figure 2d, the second derivative is
able to segment the stripes even in regions with low intensity (see the black background
behind the hand). In order to avoid to process the image background a minimum intensity
threshold applied to the M channel can be used in order to detect such regions. Note that
the stripes corresponding to the human hand have all been correctly segmented even if
there are contrast variations through the image.
The segmentation of the scan-line by using the second derivative allows us to distinguish between regions corresponding to medium and high intensity stripes. The centre
of the stripe corresponding to every segmented region can be detected with sub-pixel accuracy using different peak detectors [Trucco et al., 1998]. After some experiments, we
have found that given the width of the imaged stripes the peak detector obtaining better
accuracy is the one based on a normalised centroid. This peak detector first normalises
the pixel intensities by dividing it by the maximum intensity in the region. Then, it calculates the sub-pixel centre of mass of the region taking into account only those pixels
for which its normalised intensity is higher than a certain threshold (set to 0.9 during the
experiments).
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Figure 3.2: Stripes segmentation through a filtered second derivative. a) Behaviour of
the 1st and 2nd derivative on a synthetic signal. b) Segmentation of maxima and minima
using the 2nd derivative. c) M channel of an image of a human hand under the pattern
illumination. d) Stripes segmented by using the 2nd Derivative.
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The edges between adjacent stripes can be located by using the following strategy.
Given the stripe centre of a high intensity stripe, the sub-pixel position of the surrounding
edges corresponds to the two closest maxima in the function
g = dR2 + dG2 + dB 2 + dM 2

(3.10)

where dR, dG, dB and dM denotes the first derivative (calculated by the linear filter in
Equation 3.9) of the Red, Green, Blue and M channel of the scan-line. This strategy is
similar to the used in the edge-based stripe pattern by Zhang et al. [Zhang et al., 2002]
but in this case we take profit also of the alternating intensity profile of the pattern. The
sub-pixel position of the maxima in g are calculated by using the peak detector by Blais
and Rioux [Blais and Rioux, 1986] when a zero-crossing is detected in the first derivative
of g.

3.3.2

Scan-line decoding

Once the stripes centres and the edges have been located, it is necessary to match them
with the projected pattern, a process which is known as pattern decoding. The decoding
strategy of our technique is based on the hue value of every segmented stripe in the scanline.
The hue value of each segmented stripe is set to be the median hue value of all the
pixels included in the corresponding region. Since only four hue values are projected, the
hue of each region can be easily identified by using simple rules over the RGB colour like
the following ones (taking into account the hue values used in the pattern proposed in
Section 3.2)

max(R, G, B) = R and G < 0.5R and B < 0.5R



max(R, G, B) = G and B < 0.5G
min(R, G, B) = R



min(R, G, B) = G

⇒ H = 0◦
⇒ H = 90◦
⇒ H = 180◦
⇒ H = 270◦

(3.11)

Then, for every scan-line a sequence of stripes is recovered and a hue value and an intensity
level (medium or high) is assigned to each one of them. By using the labelling function
presented in Equation 3.6 a numeric sequence representing the scan-line can be obtained.
Ideally, if all the pattern stripes are segmented in the scan-line and their hue value and
intensity level are correctly identified, the numeric sequence corresponding to the scan-line
is equal to the encoded sequence in Equation 3.7. In such an ideal case, the matching of
correspondences between the projected sequence and the perceived one is straightforward.
However, in most cases either the whole sequence of projected stripes is not visible in the
image scan-line or some of them are incorrectly labelled or disorders may occur.
In order to robustly solve the correspondence problem that arises we use dynamic
programming as in [Cox et al., 1996; Zhang et al., 2002].
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Improving the performance of coloured stripe
patterns

In this section we present two modelling steps which should be always considered when
working with coloured stripe patterns. Indeed, imperfections on the devices of the structured light system setup can affect the performance and accuracy of the technique. In the
following sections two of these imperfections are introduced and a solution for minimising
their negative effects are proposed.

3.4.1

RGB channel alignment

Ideally, colour cameras should perceive an intensity peak of white light at the same image
coordinates in the three RGB channels. In practice there is an offset between the subpixel location of the intensity peaks in every RGB channel. This phenomenon is known
as RGB channel misalignment. It is caused by spatial misalignments in the different CCD
cells perceiving the red, green and blue light respectively. Although the order of these
misalignments is usually below or around one pixel, it can produce higher order errors in
3D reconstruction. Furthermore, it can be easily shown experimentally that it is not only
cameras the ones suffering from RGB channel misalignment, but also LCD projectors.
Some authors propose to reduce the camera RGB channel misalignment by viewing
an object providing reference points (like a checkerboard) and locating such points in
the three channels separately. Afterwards, an homography can be calculated relating the
position of the points in the red channel with respect to the ones in the green channel, and
another homography doing the same between the points in the blue and the green channel.
These homographies are then used to reduce the misalignment in the images [Zhang et
al., 2002]. Nevertheless, this method totally ignores the RGB misalignment in the LCD
projector.
We propose to minimise the RGB misalignment observed in the camera images taking
into account both the camera and the projector at the same time. Since the decoding
process is made through horizontal scan-lines, we propose to minimise the RGB channel
misalignment in every scan-line. The algorithm is simple. A flat white panel is set in front
of the camera and the projector at the typical working distance. Three patterns consisting
of a sequence of narrow stripes separated by black gaps are projected sequentially: each one
having red stripes, green stripes and blue stripes, respectively. Images of every projected
pattern are taken by the camera. For every scan-line the sub-pixel position of every
intensity peak is located with the detector by Blais and Rioux [Blais and Rioux, 1986]. In
the image containing the red stripes, the red channel is used to locate the peaks. Similarly,
the green channel is used in the image containing green stripes and the blue channel for
the case of blue stripes. For every scan-line, the median of the sub-pixel offsets and the
relative positions between the three channels are stored. We have observed that the relative
positions of the channels coincide in all the scan-lines and that the relative offsets are very
similar. That is why we finally store two unique offsets between the central channel and
the other two. In our experimental setup we have found that in the images the central
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channel is the blue while the green channel is approximately at 1.26 pixels at its left, and
the red channel is about 0.53 pixels at its right. These offsets have been named b Hg and
b H , respectively. In order to reduce the global misalignment observed in an image it
r
is necessary to apply the offset b Hg to the green channel and the offset g Hr to the red
one and then combine the transformed channels with the original blue channel in order to
obtained the rectified image. Note that the intensity of every transformed pixel in the new
channels must be interpolated from the neighbouring pixels in the corresponding source
channel since the offsets are at sub-pixel precision.

3.4.2

Colour selection and calibration

The proposed hybrid pattern is based on the assumption that two different intensity
levels will be distinguished in the image regions containing the projected pattern. This is
necessary in order to be able to segment the stripes and to identify them as medium or high
intensity stripes. Ideally, any discrete RGB instruction c with the same level of intensity
i should produce the projection of light with the same intensity I so that the only varying
parameter is the wavelength λ. Similarly, a perfect camera should be able to digitise any
incident light of wavelength λ and a certain intensity I to a discrete RGB triplet C with
intensity i. In real conditions, however, the mapping from the RGB projection instruction
c to the imaged RGB triplet C is a strongly non-linear process. Several radiometric models
of a structured light system composed of a LCD projector and a colour camera can be
found in the bibliography, as for example, in [Caspi et al., 1998; Nayar et al., 2003]. Such
models take also into account the reflective properties of the illuminated scene so that
a model of the object albedo is also estimated. Indeed, the complete radiometric model
identification of our experimental setup could be performed. However, taking into account
that only 4 colours (hue values) and 2 different intensity levels are projected in the hybrid
pattern, a simpler algorithm can be performed. Furthermore, since a one-shot technique
is based on a unique pattern projection, the albedo of the object cannot be recovered so
that this part of the radiometric model is unnecessary.
In Figure 3.3 the system response when projecting the four hue values with different
intensities, from the point of view of the RGB instruction c, is plotted. The response is
the value of the M channel obtained from the camera image. These curves have been
obtained by projecting solid patterns with each one of the 4 hue values with different
intensity levels. A neutral colour panel has been used in order to not excessively perturb
the projected light. As can be seen, the system response for each one of the colours is
different and it is clearly non-linear. Note that in order to obtain the same value in the
M channel of the image, each one of the 4 colours must be projected with a different
intensity level. Therefore, as shown in Figure 3.3, by choosing the two desired values
of the M channel, the required projecting intensities for each one of the colours can be
approximately obtained using the curves. With this simple calibration procedure, the
hybrid pattern can be adapted in order to produce a suitable system response without
need of performing a whole radiometric calibration.
Another typical problem of a structured light system setup is the projector-camera
colour crosstalk [Caspi et al., 1998; Nayar et al., 2003; Zhang et al., 2002]. In order to
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Figure 3.3: Non-linear response of the system when projecting the four selected hue values
with different intensity levels.

see the role played by this phenomenon let us remember the model presented by Caspi et
al. [Caspi et al., 1998]
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where c is the RGB projection instruction sent to the projector and C the corresponding RGB triplet digitised by the camera. The consign c is actually modified by the
non-linear behaviour of the projector which actually projects a colour denoted by P. K is
a 3×3 matrix modelling the albedo of the illuminated object, and A is the colour crosstalk
matrix, while C0 is the RGB tripled digitised by the camera when there is only ambient
lighting. Therefore, A expresses how the RGB channels of the camera are affected by the
RGB channels of the projector.
Experimentally it can be observed that usually the strongest crosstalk appears when
projecting green, since it is not only detected by the green channel of the camera but also
by the red one. In order to minimise the colour crosstalk, we perform two calibration
processes. First, a solid pattern is projected using each one of the 4 calibrated colours for
medium intensity stripes. These colours are defined by the 4 hues selected in Section 3.2
and the 4 intensities selected in this section which aim to produce the same medium
intensity in the M channel. Then, the following linear system is defined
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R1 R2 R3 R4
r1 r2 r3 r4
 G1 G2 G3 G4  = A m  g1 g2 g3 g4 
B1 B2 B3 B4
b1 b2 b3 b4


(3.13)

where (Ri , Gi , Bi ) is the average colour perceived by the camera when the instruction
(ri , gi , bi ) is sent to the projector and using a colour neutral panel (K = I 3 ). Matrix Am
can be numerically calculated by using singular value decomposition. The inverse of this
matrix can be used to partially remove the colour crosstalk of the stripes identified during
the segmentation process as medium intensity stripes. Similarly, a matrix A h is calculated
by projecting the colours corresponding to the high intensity stripes.

3.5

Experimental results

In this section we show some experimental results validating the proposed hybrid pattern. The performance of the new pattern is evaluated by calibrating the devices of the
structured light system and triangulating the correspondences.
In this case, the experimental setup consists of an Olympus Camedia digital camera
and a Mitsubishi XL1U LCD projector which are positioned aside with a relative direction
angle of about 15◦ . Both devices operate at 1024 × 768 pixels. The measuring volume is
about 30 cm high, 40 cm wide and 20 cm deep.
The calibration of the system has been performed according to the steps presented in
the previous section and summarised in Figure 3.4. The figure also shows the one-shot
shape acquisition process and its interaction with the data obtained during the system
calibration. Note that the image rectification step is not really necessary if the camera
and the projector are positioned aside with similar tilt angle.
During the experiments three different patterns have been tested which are now briefly
presented.

Edge-based pattern: the stripe pattern proposed by Zhang et al. [Zhang et al., 2002]
has been chosen as sample of pattern where it is possible to match points belonging to the
edges between adjacent stripes. The pattern is composed of 125 vertical stripes 7 pixels
wide coloured using 8 different hue levels and is shown in Figure 3.5a. The edges are
located in each scan-line by searching local maxima of the following function
f = dR2 + dG2 + dB 2

(3.14)

where dR, dG and dB are the intensity gradients of the red, green and blue channels on
the current scan-line. Every edge is labelled as (dR(e i ), dG(ei ), dB(ei )) where ei is the
position of the edge on the scan-line. The pattern is generated so that every combination
of three consecutive edge labels appears only once as maximum (window property equal
to 3). The correspondence problem between the sequence of edges located in a scan-line
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Figure 3.4: Schema of the system calibration and the one-shot acquisition steps.
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and the sequence of emitted edges is solved by using dynamic programming [Zhang et
al., 2002].
Peak-based pattern: a pattern with 64 coloured slits of 7 pixels separated by black
gaps of the same width. Four colours have been used to generate the pattern which is
shown in Figure 3.5b. The sequence of coloured stripes has window property equal to
3. Similar patterns can be found in the bibliography like, for example, the one by Chen
et al. [Chen et al., 1997] or the one by Monks et al. [Monks et al., 1992]. In order to
locate the slits in a camera scan-line maxima in the M channel are used. Every maximum
corresponds approximately to the bounds of a coloured slit. A coloured slit is said to
be between two consecutive maxima if the gradient of M in this region is predominantly
descending. The accurate position of the central point of a coloured slit is located by
using a normalised centroid peak detector [Trucco et al., 1998]. Then, since only 4 colours
are projected, the colour of the detected slits can be easily segmented. The matching of
the detected slits on the current scan-line and the sequence of projected ones is also made
through dynamic programming based on the RGB components of the slits.
Hybrid pattern: the pattern containing 128 stripes generated according to the new
coding strategy which was already presented in Figure 3.1. Both medium and high intensity stripes are 7 pixels wide.
a)

b)

Figure 3.5: One-shot patterns used for comparing the performance of the hybrid pattern.
a) Stripe pattern by Zhang et al. b) Multi-slit pattern similar to the one proposed by
Monks et al.

3.5.1

Quantitative results

The selected techniques have been first compared in terms of accuracy and resolution.
A measure of the accuracy has been obtained by reconstructing a plane positioned in
front of the camera and the projector at a distance of about 1.2 m. The accuracy has
been characterised by the mean and the standard deviation of the distances between the
reconstructed 3D points and the fitted plane. The figure for evaluating the resolution is
the number of 3D reconstructed points which is the number of correspondences found.
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When using the peak-based pattern, the 3D points are obtained by reconstructing the
intensity peaks detected in the image. In the case of the edge-based pattern, the detected
edges are used to triangulate 3D points. On the other hand, the hybrid pattern allows
to obtain 3D points by reconstructing both intensity peaks and edges. Let us introduce
the following notation to refer to the basic reconstruction strategies allowed in the hybrid
pattern:
• M strategy: reconstruction of intensity peaks (maxima) corresponding to the centre
of high intensity stripes.
• m strategy: reconstruction of intensity peaks (minima) corresponding to the centre
of medium intensity stripes.
• E strategy: reconstruction of edges between adjacent stripes.
In fact, not only the individual strategies M , m and E have been used when testing
the hybrid pattern, but also some combinations of them, namely M + m, E + M and
E + M + m.
Table 3.1 shows the numerical results obtained by every pattern and the different
reconstruction strategies allowed by each one. In terms of accuracy the best result is
obtained by the peak-based pattern. In second position we find the hybrid pattern when
using the M strategy. In both cases, the average and the standard deviation of the error
is much more lower that when using the edge-based pattern. Furthermore, we note that
the accuracy of the hybrid pattern when reconstructing only edges (E strategy) is also
better that the accuracy of the edge-based pattern. When using the m strategy with
the hybrid pattern, the average error increases considerably while the standard deviation
remains quite similar. This points out that the reconstruction of minima is much more
affected by noise. Therefore, finding the sub-pixel position of an intensity minimum is a
much more sensitive and inaccurate process than locating an intensity maximum. This is
probably caused because the signal-to-noise ratio is lower in the medium intensity stripes
of the hybrid pattern. In terms of resolution we note that strategies based on intensity
peaks (M and m) obtain about half of the resolution that when reconstructing edges (E
strategy). Therefore, from the numerical results it is not easy to decide which is the best
individual strategy because there is a trade-off between accuracy and resolution.
Let us now analyse the results when combining different reconstruction strategies
thanks to the hybrid pattern. Using more than one strategy allows the resolution to
be largely increased, see last column of Table 1. In general, the combination M + m obtains the same order of resolution that the E strategy. Note however, that the accuracy of
the hybrid pattern when using M + m is slightly better than using the hybrid pattern and
the E strategy. With respect to the edge-based pattern, the improvement on accuracy
is much more significant. On the other hand, we can emphasise that the combination
E + M gets a resolution about 1.5 times greater than when using E or M + m and obtains
similar accuracy. Finally, the combination E + M + m doubles the resolution of the E
strategy. However, we observe a worse accuracy (the standard deviation of the error is
higher). It seems therefore, that the inclusion of the minima intensity peaks degrades the
performance of the hybrid pattern in terms of accuracy.
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Table 3.1: Accuracy results of plane fitting obtained from the three strategies. E denotes
edges, M maxima intensity peaks and m minima intensity peaks.
Pattern type

Strategy

Mean (mm)

StDev (mm)

Reconstructed points

peak-based
edge-based
hybrid
hybrid
hybrid
hybrid
hybrid
hybrid

M
E
E
M
m
M+m
E+M
E+M+m

0.30
0.63
0.51
0.43
0.52
0.43
0.48
0.46

0.22
0.37
0.34
0.33
0.41
0.34
0.34
0.44

1964
3938
3886
1943
1943
3886
5829
7973

The results of the patterns are qualitative compared in the following section. These
results will help us to decide which combination of reconstruction strategies give better
results when using the proposed hybrid pattern.

3.5.2

Qualitative results

In this section we present and discuss the visual appearance of several reconstructions obtained with the selected patterns and the different reconstruction strategies. First of all we
analyse the plane reconstruction explained in the previous section. In Figure 3.6a the reconstruction obtained using the peak-based pattern is shown. Note that the reconstructed
surface is very smooth confirming the accuracy results presented before. Figure 3.6b shows
the surface obtained when using the edge-based pattern. Note that some visual artifacts,
concretely vertical ridges, appear along the surface. Figure 3.6c-d shows the surfaces
obtained with the hybrid pattern when reconstructing only maxima intensity peaks and
edges, respectively. Note that in this case a smooth surface is also obtained with the
M strategy, while some ridges also appear when using the E strategy. Nevertheless, we
remark that the ridges obtained with the hybrid pattern when reconstructing edges are
much smoother that the ones appearing in the reconstruction provided by the edge-based
pattern. This fact seems to confirm the accuracy results obtained by both techniques. The
reconstruction obtained by the hybrid pattern when using the M + m strategy is shown
in Figure 3.6e. Note that a smooth plane is still obtained. The result given by the hybrid
pattern and the E + M strategy is depicted in Figure 3.6f. Even if a small loss of accuracy
has been predicted in the previous section, we can observe that the visual appearance is
still better that when using the edge-based pattern. Nevertheless, as expected, the inclusion of the edges in the reconstruction process make some smooth ridges to appear.
Finally, Figure 3.6g presents the reconstruction when using the strategy E + M + m. The
appearance is bit noisier than the obtained by the E + M strategy.
Figure 3.7 presents three colour neutral test objects, namely a mask, a horse statue and
a sun statue. The images corresponding to the projected patterns (peak-based, edge-based
and hybrid pattern) are also shown. The reconstruction results are plotted in Figure 3.8.

66

Chapter 3. A proposal of a new one-shot pattern

a)

b)

c)

d)

e)

f)

g)

Figure 3.6: Plane reconstruction. a) Peak-based pattern. b) Edge-based pattern. c)
Hybrid pattern: M strategy. d) Hybrid pattern: E strategy. e) Hybrid pattern: M+m
strategy. f) Hybrid pattern: E+M strategy. g) E+M+m strategy.

3.5 Experimental results

Figure 3.7: Test objects under the patterns illumination.
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As expected, the peak-based pattern (first row) and the hybrid pattern using the
M +m strategy (second row) obtain both smooth surfaces and almost absence of artifacts.
However, the reconstructions obtained by the peak-based pattern are too much smoothed
due to the low resolution achieved, so that details like the mask mouth and the horse eye
are not visible. Note that in the result corresponding to the hybrid pattern and the M +m
strategy such details begin to be appreciated. The gain in visual appearance obtained by
the hybrid pattern and the M + m strategy is confirmed in the sun reconstruction, where
the eyes, nose and mouth are better represented than in the case of the peak-based pattern.
The edge-based pattern (third row) shows pretty performance producing highly detailed surfaces with absence of important holes. On the other hand, vertical ridges appear,
degrading the smoothness of the surfaces. If we compare the edge-based pattern and the
hybrid pattern using the M + m strategy, the former seems to get a bit more level of
detail. However, since the latter does not have the inconvenience of the vertical ridges, it
is difficult to decide which results are better from a qualitative point of view.
Finally, the last two rows of Figure 3.8 present the results obtained by the hybrid
pattern when using the E + M and E + M + m strategies. The E + M strategy obtains
a higher level of detail (see for example the horse mouth, which was not detected in
the previous cases) than the previous techniques. Due to the inclusion of the edges in
the triangulation process, the vertical ridges also appear. However, these artifacts are
smoother than the ones observed in the edge-based pattern results. On the other hand, it
seems that some additional small holes appear and that some contours near shadows are
less well defined. Note also that the differences between the results of the E + M strategy
and the E + M + m strategy can be hardly distinguished.
In general, we think that the results obtained by the hybrid pattern are globally better
than the ones obtained by the edge-based pattern proposed by Zhang et al. [Zhang et
al., 2002]. We think that the increase in resolution achieved by the combination of edges
and intensity peaks allows some small details of the objects to be better reconstructed. In
order to show this, Figure 3.9 presents an ampliation of the sun reconstruction focusing
on the zone corresponding to the nose, eyes and mouth. As can be seen in Figure 3.9b, the
reconstruction obtained by the peak-based pattern is quite poor. Note that the quality
of the reconstruction is already improved when using the hybrid pattern and the M + m
strategy as shown in Figure 3.9e. Even if the reconstruction obtained by the edge-based
pattern (see Figure 3.9c) shows great level of detail, we can see that the results obtained
by the hybrid pattern and the E + M and E + M + m strategies (Figure 3.9d and f) are
even better. Note that the shape of the sun nose and mouth and the nose corresponding
to the moon are much more clear in the hybrid pattern reconstructions. We can also point
out that the fold appearing in the left cheek of the sun is better appreciated in the hybrid
pattern results.
Finally, we present to reconstructions obtained with the hybrid pattern taking into
account slightly coloured objects. One-shot techniques projecting colourful patterns have
usually problems when dealing with non-colour neutral objects. We first show the results
obtained when reconstructing a human hand. The skin usually introduces a strong gain on
the red component of the pattern and at the same time attenuates the whole luminosity
reaching the camera. Figure 3.10a shows the picture of the hand with the projected
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Figure 3.8: Reconstruction results of the test objects. The first row corresponds to the
peak-based pattern; second row: hybrid pattern and the M + m strategy; third row: edgebased; fourth row: hybrid pattern and the E + M strategy; sixth row: hybrid pattern and
E + M + m strategy.
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a)

b)

c)

d)

e)

f)

Figure 3.9: Zone enlargement of the sun reconstruction. a) Picture of the real object. b)
Peak-based pattern. c) Edge-based pattern. d) Hybrid pattern: M+E strategy. e) Hybrid
pattern: M+m strategy. f) Hybrid pattern: E+M+m strategy.

pattern. The stripe and colour segmentation obtained is shown in Figure 3.10b. The
reconstruction results are plotted in form of points and surface in Figure 3.10c-d. As can
be seen, the level of detail is as expected very high (see the veins passing through the hand)
taking into account that a unique pattern is projected. The second example consists of
three coloured sheets of papers as shown in Figure 3.10e. The obtained reconstruction is
presented in Figure 3.10f.

3.6

Conclusions

This chapter has presented a new coloured pattern which is able to provide a large number
of correspondences in a single shot. The new pattern aims to improve similar existing
patterns in terms of resolution and accuracy. Among the one-shot colour-based techniques
two of the most frequent patterns are based on multi-slits or stripes. In multi-slit patterns
the intensity profile has periodic peaks corresponding to the central point of the slits
which are used to find correspondences. In stripe patterns, since the intensity profile
is flat, edges between adjacent stripes are used to find correspondences. Both types of
patterns are usually coloured according to De Bruijn sequences. The advantage of stripe
patterns over multi-slit patterns is that the resolution is higher since no black gaps must
be inserted. However, the number of hue values required is also higher since adjacent
stripes must be different.
In this chapter a new hybrid pattern has been proposed which combines the properties
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a)

b)

c)

d)

e)

f)

Figure 3.10: Reconstruction example of non-colour neutral objects. Human hand: a) Skin
under the pattern illumination. b) Colour segmentation of the received pattern. c) Cloud
of reconstructed points. d) Surface fitting the reconstructed hand. Coloured papers: e)
the coloured sheets used in the experiment. f) The reconstructed surface.
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of a multi-slit pattern and the ones of an edge-based pattern. First of all, the new coding
strategy allows a stripe pattern to be defined by using less hue values than usual. The
new pattern contains 2nm stripes, where the window length m is set to be 3, and n, the
number of different hue values used, remains free in order to obtain the desired resolution.
We remind that classical multi-slit patterns contain n m slits, since consecutive slits can
have the same hue. In the case of stripe patterns, the number of coloured bands is
n(n − 1)m−1 [Hügli and Maı̂tre, 1989]. Therefore, the resolution of the new hybrid pattern
given a certain number of hue values is always larger than in classic multi-slit and stripe
patterns.
The hybrid pattern has a multi-slit structure in the Intensity channel while it has
a stripe appearance in the RGB space. Then, the odd stripes have a medium-intensity
value while the even stripes have high-intensity. Since all the stripes are coloured, both
maxima and minima intensity peaks can be located in the images. Furthermore, edges
between stripes can also be detected with accuracy. This allows the pattern resolution to
be increased in a factor up to 2.
The new pattern has been compared to an edge-based pattern and a peak-based pattern. The performance of the three patterns have been analysed in a shape acquisition
framework by calibrating the camera and the projector. The accuracy and resolution of
each technique has been characterised by reconstructing a plane and measuring the average
and the standard deviation of the fitting error, and the number of 3D points, respectively.
A first conclusion is that the accuracy of the sub-pixel correspondences based on intensity
peaks is higher than when matching edges as shown by the reconstruction results. Indeed,
the sub-pixel estimation of an intensity peak is more stable than the sub-pixel location
of an edge between coloured stripes. This numerical results are confirmed by the visual
appearance of the reconstructions. When reconstructing intensity peaks, the obtained
surfaces are smoother, while in the case of edges, visual artifacts like ridges appear.
The peak-based pattern has obtained the better results in terms of accuracy. Nevertheless, the number of correspondences provided by this pattern is quite low. Concretely,
it is about half of the obtained by the edge-based pattern. The better results obtained
with the hybrid pattern arise when reconstructing only the maxima intensity peaks. In
this case, however, the resolution is also half of the obtained by the edge-based pattern.
The accuracy of the hybrid pattern when reconstructing only edges is still better than
the one obtained by the edge-based pattern. This fact is visually confirmed by observing
the plane reconstruction. The numerical results show that the accuracy diminishes when
using the hybrid pattern and reconstructing only minima intensity peaks. This confirms
that the medium-intensity stripes are more sensitive to noise. However, the most interesting results are obtained when using the hybrid pattern and combining edges and maxima
intensity peaks. In this case, the accuracy is not so good as for the peak-based pattern,
but it is better than the edge-based pattern. In addition to this, the resolution is increased
in a factor of 1.5. The resolution of the edge-based pattern is overcome by a factor of 2
when using the hybrid pattern and when reconstructing edges and maxima and minima
intensity peaks. Nevertheless, the accuracy is slightly worse than when reconstructing
only edges and maxima intensity peaks.
Several objects containing high level of details have been reconstructed by using the
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three selected patterns. The visual appearance of the reconstructions confirm that when
using only intensity peaks the obtained surfaces are smoother. Otherwise, when using
edges periodic ridges appear. On the other hand, the importance of increasing the resolution is visually confirmed. In fact, while with the peak-based pattern coarse object’s
reconstructions are obtained, with the edge-based and the hybrid pattern they are more
detailed. Furthermore, it has been shown that when using the hybrid pattern and reconstructing edges and maxima intensity peaks, more object’s details are distinguished in
the reconstructions. Finally, two results showing the performance of the new hybrid pattern when reconstructing more difficult textures, like human skin, have been presented,
obtaining good results even if the colours of the pattern are perturbed by the object’s
albedo.

Chapter 4
An approach to visual servoing
based on coded light
The aim of visual servoing is to control a robot by using visual information provided by
a vision sensor. This chapter presents an overview of visual servoing techniques and
focuses on the projection of structured light as a reliable way to provide visual features.
An approach to visual servoing based on coded structured light is presented. The approach
is validated through experimental results and the advantages and constraints are discussed.

4.1

Introduction

Visual servoing is a largely used technique which is able to control on-line robots by using
data provided by visual sensors. Nowadays, the most typical sensors used in a visual
servoing framework are CCD cameras. In this case, some features extracted from images
are used as feedback in a control loop which leads to the execution of a robotic task like
positioning with respect to static objects or target tracking. A comprehensive survey on
the main visual servoing approaches can be found, for example in [Hutchinson et al., 1996].
A necessary condition to apply visual servoing is that visual features must be available
in the images. Therefore, positioning a robot with respect to a uniform or non-textured
object, wall, obstacle, etc. is not feasible since no visual features can be extracted. In
order to remove this limitation, structured light can be used by project visual features
onto the object of interest. However, this solution can be insufficient. In visual servoing it
is usual to define the goal robot position by the image perceived in such configuration, the
so-called desired image. If the initial and desired robot positions are quite far, matching
the visual features extracted from the initial and desired images can be very difficult. This
happens, for example, when using points as visual features. A way to solve this problem
is to project coded structured light patterns. As seen in Chapter 2, by including a coding
strategy on the pattern, the visual features can be robustly identified and matched when
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viewed from different points of view.
The aim of this chapter is to propose an approach to visual servoing based on coded
structured light projection by using a static projector. Using coded light patterns in a visual servoing framework is a research area which has not been yet investigated. Therefore,
this chapter intends to make a first step contribution in this field showing the potentiality
of such a new approach. The case of an onboard structured light emitter attached to the
camera of the robot end-effector will be studied in Chapter 5.
The chapter is organised as follows. First of all, a brief review of the mathematical basis of visual servoing and an overview of the existing techniques are presented in
Section 4.2 and Section 4.3, respectively. These reminders are here included in order to
clarify the reading of the rest of the chapter as well as following chapters. Afterwards,
Section 4.5 exposes a new approach to visual servoing based on coded structured light.
The choice of the coded pattern as well as its segmentation and decoding are discussed.
Some experimental results of the new approach are presented in Section 4.6. The chapter
ends with conclusions and some perspectives.

4.2

The fundamentals of visual servoing

Two main configurations in visual servoing exist. In both cases, cameras are used to extract
visual features from the images which will be used for controlling purposes. The most
typical configuration consists in attaching a camera to the end-effector of the robot. Such
configuration is known as eye-in-hand and it is represented in Figure 4.1a. In this case, the
visual features extracted from the images correspond to some object of the environment.
Another configuration known as eye-to-hand is shown in Figure 4.1b. In this case, the
camera remains static observing the end-effector of the robot and its environment. The
most usual configuration used in robotics is the eye-in-hand configuration which will be
considered the default hereafter.
a)

b)

Figure 4.1: Typical configurations for visual servoing.

Visual servoing is based on the relationship between the variation of the robot pose and
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the consequent variation of the visual features extracted from the images. The robot pose
is expressed as an element of the configuration space of rigid bodies noted as SE 3 (Special
Euclidean group). Therefore, a robot moves in a three-dimensional space according to 6
degrees of freedom: three for displacements and three for rotations. The visual features
are contained in a Rk vector of the form
s = s(r(t))

(4.1)

where r(t) is the relative pose between the camera and the environment at time t. Therefore, the time derivative of the visual features depends on the pose variation as pointed
out by the well-known equation [Feddema et al., 1991; Espiau et al., 1992]
ṡ =

∂s
ṙ = Ls v
∂r

(4.2)

where Ls is the image jacobian so-called interaction matrix, and v = (V x , Vy , Vz , Ωx , Ωy , Ωz )
the camera velocity screw assuming a static environment.

4.2.1

Task function

A robotic task can be described by a function which must be regulated to 0 [Samson et
al., 1991; Espiau et al., 1992]. In visual servoing the goal of the task is usually defined by
the visual features corresponding to the desired camera-environment relative pose. These
desired visual features are acquired during a learning stage by bringing the robot to the desired configuration. Concretely, the task function is noted as the following m−dimensional
vector
e = C(s − s∗ )
(4.3)
where s are the visual features corresponding to the current state and s ∗ denotes the visual
features values in the desired state. C is a m × k combination matrix that must be of full
rank m ≤ k in order to produce the m independent components of e. The aim of visual
servoing is to regulate the task function e to 0 so that s − s ∗ = 0.

The task e controls m degrees of freedom from a total of n. When m < n it means
that a virtual link of class N is fulfilled so that m = n − N ≤ k.
A usual choice for the combination matrix C is [Espiau et al., 1992]

+

cs
C = WL

+

(4.4)

cs is the pseudoinverse of a model of the interaction matrix and W is an m × 6
where L
matrix of full rank m having the same kernel that L s . The choice of W depends on the
number of visual features k. For example, let us consider the following cases
cs . In this particular case C = Im .
• rank(Ls ) = m = k ⇒ W = L
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• rank(Ls ) = m < k ⇒ the rows of W are the m vectors forming the base of the row
cs .
space generated by L

4.2.2

Control law

A simple control law can be defined in order to fulfill the task e. We assume that the
combination matrix C is constant so that the derivative of the task function (4.3) is
ė = Cṡ

(4.5)

ṡ = Ls v

(4.6)

ė = CLs v

(4.7)

and taking into account that
we have that
then, by imposing an exponential decrease of the task function
ė = −λe

(4.8)

−λe = CLs v

(4.9)

being λ a positive gain, we find
from this expression a proportional control law can be built by using a model of the
cs
interaction matrix L
cs )−1 e
v = −λ(CL
(4.10)
which is equal to

cs )−1 C(s − s∗ )
v = −λ(CL

(4.11)

If it is not possible to estimate all the parameters of the interaction matrix at each
cs as the interaction matrix evaluated at the desired
iteration, a typical choice is to set L
∗
∗
state noted as Ls or Ls (e ).

Then, from the control law in (4.10) and the expression in (4.7) the variation of e is
defined by the following equation
cs )−1 e
ė = −λCLs (CL

(4.12)

cs )−1 > 0
CLs (CL

(4.13)

so that a sufficient condition for ensuring the convergence to its desired state is

4.3 Overview of visual servoing approaches

4.3
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This section presents a brief overview of visual servoing techniques. A classic classification
based on the type of visual features has been used similarly than in [Hutchinson et al.,
1996; Chaumette, 2002]. However, the techniques exploiting structured light have been
classified apart in a new group.

4.3.1

Position-based visual servoing

In the case of position-based visual servoing, 3D information computed from the image(s)
are used in the control law. In this case, the object model is known and its pose is estimated
by using algorithms based on points [Horaud et al., 1989; Dementhon and Davis, 1995;
Haralick et al., 1989; Yuan, 1989; Lowe, 1991; Wilson et al., 1996], straight lines [Dhome
et al., 1989], polyhedric objects [Drummond and Cipolla, 2002], conics [De Ma, 1993] and
some quadrics like spheres and cylinders [Dhome et al., 1990].
A classical advantage granted to position-based approaches is their ability to produce
good camera trajectories since the control is made in the cartesian space [Chaumette,
1998]. In addition to this, the rotational velocities can be decoupled from the translational
ones, even if this only holds when the system is perfectly calibrated. There are three
main drawbacks inherent to position-based approaches. First, the pose estimation or 3D
reconstruction algorithms are sensible to image noise. Secondly, since no control is made
in the image space, the features used for the reconstruction can get out of the image
bounds. Finally, the stability analysis taking into account calibration errors is in most
cases impossible to face since it depends on the algorithm of pose estimation.

4.3.2

Image-based visual servoing

Image-based or 2D visual servoing consists in using visual features directly calculated from
the images which are used as input in the control scheme. Thus, this type of approaches
tend to avoid the use of any object model.
Former works started using image points which are still today one of the most popular
primitives [Feddema et al., 1991; Espiau et al., 1992; Bien et al., 1993; Hager, 1997; Rives,
2000; Lots et al., 2001; Collewet and Chaumette, 2002]. Other 2D primitives have been
modelled like straight lines [Espiau et al., 1992; Malis et al., 2002], segments, circles,
ellipsis, cylinders and spheres [Espiau et al., 1992; Marchand and Chaumette, 1999].
On the recent years, more complicated primitives have been taken into account. For
example, complex contours [Colombo and Allotta, 1999; Collewet and Chaumette, 2000],
the principal components of the image [Deguchi, 1997] and image moments [Chaumette,
2004].
Some other works tend to combine different visual features cited above in a unique
control scheme. For example, in [Corke and Hutchinson, 2001], point coordinates, the area
enclosed by points and the angle between segments are used to improve the performance
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of the system.
Image-based visual servoing is traditionally robust against modelling errors of the
system like camera calibration errors. Furthermore, since control is made in the image space, it is easier to design strategies to avoid image features going out the image
bounds [Mezouar and Chaumette, 2002; Corke and Hutchinson, 2001]. However, since
the features are usually strongly coupled, the generated camera trajectory cannot be very
suitable. Some efforts in order to decouple degrees of freedom can be found for example
in [Corke and Hutchinson, 2001; Mahony et al., 2002; Tahri and Chaumette, 2004]. Other
drawbacks are the possibility of reaching a singularity in the control law or falling into
local minima [Chaumette, 1998].

4.3.3

Hybrid visual servoing

This approach combines 2D with 3D features. In case of knowing the model of the object,
classic pose recovering algorithms can be used to estimate some 3D features as in positionbased visual servoing. However, several model-free approaches have been presented. A
lot of approaches have been done for the case when the desired image is known. Some
of them are based on recovering the partial pose between the camera and the object
from the desired and the current image [Malis et al., 1999; Morel et al., 2000; Lots et
al., 2000; Malis and Chaumette, 2002]. The obtained homography is decomposed in a
rotation matrix and a scaled translation. Note that if both displacement components are
directly used in a control law, a model-free position-based visual servoing scheme arises
as in [Basri et al., 1998]. However, the most usual choice is to combine part of the 3D
information recovered with 2D features like an image reference point. Other approaches
exist, like the one presented in [Schramm et al., 2004], where the depth distribution of the
object is explicitly included in the visual features. Another example is found in [Andreff
et al., 2002], where the plücker coordinates of 3D lines are used, so that the depth to the
lines are estimated from a pose calculation algorithm assuming a partial knowledge of the
object structure. When the desired image is unknown, the rotation to be executed can be
calculated by doing a local reconstruction of the object normal in a certain point [Questa
et al., 1995; Colombo et al., 1995; Sundareswaran et al., 1996; Alhaj et al., 2003; Collewet
et al., 2004].
Typical advantages of hybrid approaches are: they are usually model-free (do not require to know the object model even if in most cases the desired image must be known);
they allow control in the image since 2D information is included; they can exhibit decoupling between translational and rotational degrees of freedom; stability analysis in
front of camera and robot calibration errors is often feasible [Morel et al., 2000; Malis
and Chaumette, 2002]. On the other hand, the main drawback that can appear is the
sensibility to image noise affecting the partial pose algorithm.

4.3.4

Dynamic visual servoing

The analysis of the 2D motion appearing in a sequence of images can be used to obtain
geometric visual features which can be then used in a visual servoing scheme like the
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presented in the previous sections [Colombo et al., 1995; Sundareswaran et al., 1996;
Collewet et al., 2004; Alhaj et al., 2003]. However, if the visual features are, for example,
the parameters of the 2D motion model itself, a dynamic visual servoing scheme can be
defined [Santos-Victor and Sandini, 1997; Crétual and Chaumette, 2001].
Basically, these techniques define the vision task in terms of dynamic visual features
so that, for example, the system can be controlled in order to observe a desired 2D motion
field along the sequence of acquired images.

4.4

Combining visual servoing and structured light

Although the large domain of applications that can be faced with classic visual servoing,
there are still some open issues. As already mentioned, classic techniques cannot cope,
for example, with the simple problem of keeping a mobile robot running parallel to a
wall containing no landmarks or easily distinguishable visual features. This problem can
be generalised to any task where it is necessary to position the camera with respect to
an object with uniform appearance so that it is not possible to extract visual features
like characteristic points, straight lines, contours, regions, etc. A possible solution to
this problem is to use structured light emitters to project visual features in such objects.
Thus, the application field of visual servoing can be enlarged to applications like painting,
welding, trimming or navigation in general.
As already mentioned in Chapter 2 there are many robotic applications taking profit of
structured light. In the following section we present an overview of applications in different
fields of robotics. Afterwards, we focus on applications explicitly using image-based visual
servoing and structured light.

4.4.1

Applications of structured light in robotics

Applications in mobile and autonomous robots
In this section some examples of vision tasks performed with the aid of structured light
in mobile or underwater robots are reported.
Range sensing: robots can be equipped with a structured light source and a camera
for measuring distances. In this case the range measures are obtained from the images by
using triangulation based on the calibration of the camera and the light source. We must
differentiate this range acquisition technique from the laser telemetry based on the timeof-flight of laser pulses which is also widely used in robotics [Nevado et al., 2004; Matthies
et al., 2002]. In [Kondo and Tamaki, 2004] two laser pointers projecting one each a light
spot are placed onboard an underwater robot for calculating distances to obstacles in
front of the vehicle. A similar setup is used in [Sun et al., 2004] which allows a glass
climbing robot to calculate its orientation to the window-pane and the window frame.
In [Sazbona et al., 2005], a laser projects several segments so that the range is a function
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of the observed segments inclination. Hattori and Sato developed a small head composed
of a camera and a diode laser and a rotating mirror which projects a fast sequence of
binary encoded patterns for dense reconstruction of the environment.
Object recognition: a typical structured light sensor composed of a laser plane and
a camera is used for analysing the light section in the image and recognise objects like
cylinders [Grimson et al., 1993] or quadrics of revolution [Tsai et al., 2005]. Other alternatives consist of rotating quickly the laser plane for obtaining dense reconstructions of
the object and matching it onto pre-defined models [Lin et al., 1996]. The identification
of objects by using these sensors is usually used in robotics as a previous step for planning
manipulation operations like object grasping [Lozano-Perez et al., 1987].
Simultaneous Localisation and Mapping (SLAM): structured light can be used for
mobile robot self-localisation [De la Escalera et al., 1996; Dubrawski and Siemiatkowska,
1998; Neira et al., 1999], for map building [Kim and Cho, 2001] and for SLAM [Jung et
al., 2004; Surmann et al., 2003]. Typically, a horizontal laser plane (static or rotating in
tilt) and a camera are used for obtaining range information of the environment. In most
cases these data are fused by other sensor measurements like ultrasonic sensors.
Obstacle detection/avoidance: in mobile robotics, the typical configuration for detecting obstacles consists of laser planes projecting onto the floor, or in parallel to it, and
a camera as in [Weckesser et al., 1995; Haverinen and Roning, 1998]. However, there are
other sensors like the laser pointers and camera used in the underwater robot in [Kondo
and Tamaki, 2004], the rotating laser plane and the catadioptric camera for omnidirectional perception in [Joung and Cho, 1998], or the grid projector and camera in [Le Moigne
and Waxman, 1988]. Once the obstacles are detected the robot trajectory can be modified
in order to avoid collisions.
Applications for industrial manipulators
In this case, we consider an industrial robot with a fixed base and several joints or moving
axis and an end-effector where different types of tools can be attached. This type of robots
have a great impact in the current industry.
Grasping: the operation of grasping objects or industrial pieces can benefit from the
structured light as shown in [Lozano-Perez et al., 1987]. In this case, laser planes linked
to the robot end-effector are projected. Another example is found in [Gutsche et al., 1991]
where a sequence of binary patterns are projected and imaged from a deported LCD
projector and camera, respectively, in order to reconstruct the object and then perform a
pick and place operation with a robot arm.
Object pose estimation and robot positioning: in this case, onboard laser planes
and a camera are used for determining the pose of objects. In [Albus et al., 1982] a sensor
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formed by a camera and two laser planes was proposed. Then, in [Rutkowski et al., 1987]
this sensor is used for locating piecewise objects consisting of planes, spheres and cylinders.
Then, a position-based visual servoing approach is used for moving the robot relative to
the pieces. In [Kemmotsu and Kanade, 1995] three laser planes are used, while in [Niel et
al., 2004] two cameras and a grid projector are exploited.
Welding and trimming: the use of lasers planes and a camera is also used for guiding
the robot tool in welding of metallic pieces [Smati et al., 1987; Agapakis, 1990; Kim et
al., 1999]. Similarly, a light plane is used for locating, reconstructing and tracking the
seam in trimming operations [Amin-Nejad et al., 2003].
Machined finishing: an example of finishing operation of manufactured parts can be
found in [Kwok et al., 1998]. In this case, a calibrated laser plane and a camera mounted
on the tool holder of a robot arm are used to collect 3D data of turbine blades. Then, the
blade is automatically polished with the tool.
Surface inspection: in [Nurre et al., 1988] a pattern of several parallel laser planes are
projected for inspecting the quality of manufactured parts. Similarly, a grid pattern is
used in [Zhang and Ma, 2000].
Medical applications
Thanks to its non-invasive nature, structured light has a great potential in medical applications. In [Nwodoh et al., 1997], a camera and a laser plane are linked to the end-effector
of a manipulator for obtaining 3D data from a lying human body. The aim of the application is guiding the robot end-effector for removing burnt skin tissue from the injured parts
of the body. Another example is shown in [Buendı́a et al., 1999] where a coloured grid
is projected onto the back of the patient which is observed by a colour camera. The aim
is to obtain a measure of the spine deviation from 3D reconstruction. Finally, structured
light can also help in robotised laparascopic surgery as explained in [Krupa et al., 2003].

4.4.2

Image-based visual servoing based on structured light

In the applications summarised above, structured light is typically used as an additional
sensor providing 3D information of the robot’s environment. All these applications rely
on an accurate calibration of the camera and the structured light emitters in order to
obtain 3D information through triangulation [Besl, 1988; Jarvis, 1993]. Therefore, the
cited examples where 3D data are used for controlling the robot motion can be considered
position-based approaches as in [Rutkowski et al., 1987; Amin-Nejad et al., 2003]. However,
there are no works providing results concerning the sensitivity to image noise and camerasensor calibration for such type of approach.
There are few works addressing the use of the visual features provided by structured
light in image-based visual servoing. Urban used two orthogonal laser planes and a camera
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for positioning a robot manipulator with respect to car batteries [Urban, 1990]. The
visual features used were the straight lines in the image provided by the lasers. Motyl et
al. [Motyl, 1992; Khadraoui et al., 1996] properly investigated eye-in-hand systems with
structured light emitters attached to the camera. They adapted the calculation method
of the image jacobian corresponding to simple geometric primitives [Espiau et al., 1992]
to the case when they are provided by the projection of laser planes onto simple objects.
It was shown that in this type of configurations, both the projected light and the object
surface must be modelled in the image jacobian. They modelled different cases where laser
planes are projected to planar and spherical objects. Their study also focuses on fixing
virtual links between the camera and such objects with the aid of laser planes. Different
sets of visual features extracted from the projected light were formulated like straight
lines, discontinuity points and ellipse moments.
Some years later, Andreff et al. included depth control by using structured light in
their 2 1/2 D approach based on lines [Andreff et al., 2002]. Their control scheme was
however depth-invariant. They prevented this lack of depth-control by providing a laser
pointer to the camera. They first formulated the variation of the distance between the
laser and its projection onto the object due to the robot’s motion. The interaction matrix
of this 3D feature was formulated taking into account a planar object. The result was
equivalent to the one presented by Samson et al. [Samson et al., 1991] concerning thin-field
range sensors. Afterwards, they showed that the projected point lies always onto a line
in the camera image, which is the unique epipolar line of the particular stereo system
composed by the camera and the laser. Then, they chose as 2D visual feature the distance
along the epipolar line between the current position of the point and a certain reference
point. The variation of such feature was related to the variation of the distance between
the laser and the object.
In [Ramachandram and Rajeswari, 2000], a laser with a diffracting lens emitting a
4 × 4 grid was linked to a robot end-effector with a camera for positioning tasks with
respect to complex volumetric objects. The approach is based on bringing the robot to
the desired position relative to the object and training a neural network for estimating
the non-linear function relating the variation of the observed grid projected onto the
object surface and different robot motions. Nevertheless, neither experimental results nor
convergence conditions are provided.
More recently, Krupa et al. [Krupa et al., 2003] applied visual servoing and structured
light to laparoscopic surgery. In their application, two incision points are made into the
patient body: one for introducing an endoscopic camera and the other to introduce a
surgical instrument held by the end-effector of a robot. The camera pose with respect to
the robot frame is unknown. The task consists in moving the instrument to a certain point
of the observed image keeping a desired depth to the underlying organ. Due to constraints
of the surgical incision and the type of instrument, only three degrees of freedom must
be controlled. The instrument holder is a laser pointer which has three LEDs which are
collinear with the projected spot. The depth from the surgical instrument to the organ
is estimated by using the cross ratio of the projected laser dot and the three LEDs and
the corresponding image points. The rotational degrees of freedom are controlled by an
online identification of the image jacobian of the projected spot. On the other hand, the
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depth is directly controlled from the calculated estimation.
Finally, a robotic arm with eye-in-hand configuration and 5 laser planes attached to
the end-effector is described in [Kahane and Rosenfeld, 2004]. The application consists in
automatically adding tiles in a wall by using a suction gripper in the end-effector. A visual
iterative procedure is used for guiding the robot, so that it can be considered an imagebased visual servoing technique. Visual features extracted from the laser lines projected
onto the wall and the already positioned tiles are used. First, the end-effector is oriented
with respect to the wall so that the gripped tile gets parallel to it. Then, the lengths
and orientation of the broken laser segments appearing among the gripped tile and the
adjacent tiles are used for aligning and adding the new tile. However, the interaction
matrix is not analytically derived and heuristics are used instead. Therefore, no analytic
results about the stability of the system are available.
In this chapter a new approach to visual servoing based on structured light is proposed.
Our proposal consists in placing a structured light emitter beside the robot manipulator
as shown in Figure 4.2b. Contrary to the use of an onboard emitter, see Figure 4.2a, when
a deported and static emitter is used, the projected marks remain static onto the object
surface. The advantage of such approach is that classic image-based visual servoing can be
directly applied. Furthermore we propose to project a coded pattern for providing robust
visual features independently of the object appearance. Up to our knowledge, the only
work using a similar setup is found in [Gutsche et al., 1991]. In this case, a video-projector
is used for emitting the sequence of binary patterns proposed by Posdamer et al. [Posdamer
and Altschuler, 1982]. The work by Gusche et al. relies on precisely calibrating the robot,
the camera and the projector, so that the object can be reconstructed from different
points of view by using the correspondences provided by the projected patterns. Then,
the reconstructed points are used for planning a trajectory for the robot end-effector,
which is executed in open loop. We remark that this system is a position-based approach
and that visual information is not used on-line for minimising the effects of calibration
errors.
a)

b)

Figure 4.2: Two possible configurations of an eye-in-hand system and a structured light
emitter

The remaining of the chapter is devoted to show how coded structured light can be
used in a deported configuration for eye-in-hand systems. Contrary to the technique of
Gutsche et al. [Gutsche et al., 1991], our proposal uses classic image-based visual servoing
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for reaching a pre-defined position with respect to an unknown object. A first advantage of
using classic image-based visual servoing is that there is a large set of techniques for which
the behaviour has been studied. Secondly, a convergence condition is available contrary
to the case of the position-based approaches.

4.5

An approach based on coded structured light

Positioning a camera attached to a robot with respect to a given object by means of visual
servoing is not always feasible. Despite the large variety of approaches to visual servoing
that are found in the literature, there are cases where no solutions are available. For
example, positioning with respect to a uniform object like the elliptic cylinder shown in
Figure 4.3a becomes a hard task since no visual features can be extracted. This is an
example of an object with simple appearance where visual servoing cannot be directly
applied. Such situation can appear when working with industrial manipulators when
positioning with respect to manufactured parts, or in mobile robots when docking with
respect to walls or navigating avoiding obstacles.
On the other hand, Figure 4.3b shows a ham, a typical natural object of the agrifood
industry. Note that extracting visual features from this sort of image, even if possible, requires a high computational cost. Furthermore, no a priori knowledge about the extracted
features distribution onto the object surface is available. Therefore, the validity of the
detected features for being tracked during the servoing is difficult to ensure.

a)

b)

Figure 4.3: Examples of objects for which classic visual servoing is very complex.
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Providing correspondences with a coded pattern

The study presented in Chapter 2 has shown that there are lots of coded structured
light patterns providing a large number of correspondences. Among all the coded light
techniques two main groups can be distinguished: the ones requiring a sequence of patterns
and the ones based on a unique pattern previously referred as one-shot patterns. As
pointed out by Gutsche et al. [Gutsche et al., 1991], a sequence of patterns could be
used in the desired state and in the initial state. Thus, a set of correspondences between
the images of both robot configurations will be obtained. Then, the required motion
to bring the robot from the initial configuration to the desired one could be executed
in open loop. This solution, however, is not suitable because the robustness of visual
servoing against calibration errors is lost since no visual feedback is included in the control
law [Chaumette, 1998].
As an alternative to the use of a sequence of patterns, we propose to use a one-shot
technique for providing correspondences between the desired image and the image corresponding to each iteration of the control loop. We refer to this approach as visual servoing
based on deported coded structured light and the setup is represented in Figure 4.4. The
emitter device is a LCD video-projector which remains separated from the robot manipulator and whose field of view is expected to illuminate the object of interest.

Figure 4.4: Schema of the setup for eye-in-hand visual servoing using a deported coded
light projector.

The choice of the coded pattern can depend on the object, the number of correspondences that we want to get, the lighting conditions and the devices used (camera and
projector). The use of LCD projectors allows the projected pattern to be changed with
no cost thanks to its flexibility. The pattern chosen for this chapter could have been any
one of the presented in Chapter 2 or the new one-shot pattern presented in Chapter 3.
However, the choice has been taken considering a pattern for which the decoding process
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can be easily implemented at the rate required for visual servoing. The decoding time
is not crucial in a shape acquisition setup if it can be done off-line [Zhang et al., 2002].
In visual servoing, however, the time available for solving the correspondence problem
between the current and the desired image must be chosen in order to not penalising the
dynamics of the end-effector.
Taking into account these requirements a pattern encoded according to a m-array
strategy has been chosen. Concretely, a 20 × 20 m-array based on the alphabet 0, 1, 2 has
been generated by using the algorithm by Morano et al. [Morano et al., 1998] described
in Section 2.5.3. The resulting m-array has window property 3 × 3 so that any sub-array
of this size appears as maximum once in the whole array. The resulting array is shown in
Figure 4.5. A pattern of dimensions 768 × 768 pixels has been designed containing 20 × 20
dots coloured according to the m-array. Symbol 0 has been mapped to blue, 1 to green
and 2 to red. The resulting pattern is presented in Figure 4.6.

4.5.2

Robust segmentation and decoding of the pattern

The aim of projecting the encoded pattern onto the object of interest is to easily find
matchings between images taken from different points of view. The coding scheme included
in the pattern allows a list of points to be identified and labelled in each image. Then, the
matching between images can be directly done by using the labels of the decoded points
in each image. The process of identifying the projected pattern onto the image correspond
to the projected pattern is referred as pattern segmentation. Once the elements of the
pattern are segmented, they can be decoded taking into account the coding strategy used to
generate the pattern. Given the m-array pattern consisting of coloured dots in Figure 4.6,
the segmentation and decoding procedures are detailed in the following paragraphs.
The pattern segmentation is done according to the following steps:
• RGB binarisation: the pattern projects high intensity red, green and blue spots
on a black background. The iris of the camera’s objective can be closed enough
for only perceiving the coloured spots projected onto the object of interest. Then,
the colour of every pixel of the image can be modified according to the following
function

 (1, 0, 0) if max(R, G, B) = R and R > threshold
(0, 1, 0) if max(R, G, B) = G and G > threshold
pixel(x, y) =

(0, 0, 1) if max(R, G, B) = B and B > threshold

(4.14)

where R, G and B are the original red, green and blue level of pixel(x, y) and
threshold is the minimum intensity level for being considered part of the projected
pattern. With this per-channel binarisation, the imaged spots are segmented to
the most likely colour and regions of the image not highly illuminated, i.e. not
illuminated by the pattern, are removed.
• Spot segmentation: in this step the gravity centre of every coloured spot are
located. First, the RGB image provided by the previous step is binarised according
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Figure 4.5: 20 × 20 m-array based on 3 elements and 3 × 3 window property.

Figure 4.6: Pattern generated according the algorithm by Morano et al. and the 20 × 20
m-array.
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to its luminance channel. Then, a region growing algorithm is used for locating every
blob. Some blobs are rejected taking into account their compactness and their area.
According to Chapter 2, once the pattern spots are located in the image, the following
decoding process starts:
• Adjacency graph: for every spot, the four closest spots in the four main directions
are searched. With this step the 4-neighbourhood of each spot is located. These
neighbours are used to complete the 8-neighbourhood of every spot.
• Graph consistency: in this step, the consistency of every 8-neighbourhood is
tested. For example, given a spot, its north-west neighbour must be the west neighbour of its north neighbour, and at the same time, the north neighbour of its west
neighbour. These consistency rules can be extrapolated to the rest of neighbours
corresponding to the corners of the 8-neighbourhood. Those spots not respecting
the consistency rules are removed from the 8-neighbourhood being considered.
• Spot decoding: the process of decoding consists in, for every spot having a complete 8-neighbourhood, its colour and the colours of its neighbours are used for
identifying the spot in the original pattern. In order to speed up this search, a look
up table is recommended.
In Figure 4.7 three results of the decoding process are presented. The original images
taken by the camera with the overprinted labels of the decoded points are shown. In all
the cases, the processing time required for locating and decoding the spots was about
30 ms, which is lower than the acquisition period with a CCIR format camera (40 ms).

Figure 4.7: Segmentation and decoding of the pattern. a) Projection onto a ham. b)
Projection onto a white elliptic cylinder. c) Projection onto a textured elliptic cylinder.

4.5.3

Task definition and control loop

The projection of the m-array pattern allows a set of correspondences to be found between
the image perceived by the eye-in-hand system and the pattern. Decoded points in images
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taken from different points of view can be easily and robustly matched thanks to the
coding strategy included in the pattern. This allows us to easily define a robot positioning
task with respect to objects being illuminated by the LCD projector.
The approach consists in moving the robot to the desired pose and take an image with
the camera attached to its end-effector. From this desired image, the algorithm decoding
the pattern is able to recover a list of points which are corresponded to the points of the
projected pattern. Then, for any other robot pose, if the object appears in the image, the
same process can be done in order to obtain another list of decoded points. Once a set
of points are matched between the initial image and the desired image, the robot can be
guided through visual servoing in order to reach the desired configuration. The schema of
this control strategy is represented in Figure 4.8.

Figure 4.8: Schema of the control loop based on common points detected in both the
current and the desired image.

Visual servoing requires to define a set of visual features extracted from the images.
In this case, we have chosen to build a feature vector with the normalised coordinates of
the common points appearing both in the current and desired image. Therefore, s is a
k × 1 vector of the form
s = (x1 , y1 , x2 , y2 , ..., xk , yk )
(4.15)
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Note that there are other alternatives like the image moments of the points distribution [Tahri and Chaumette, 2004].
Let us now define the task function and control law taking into account this set of
visual features. In most cases, more than 6 common points will be detected in the desired
and current image due to the large amount of projected spots (20 × 20 = 400). Otherwise,
the task function and control law can be easily adapted following the guidelines recalled in
Section 4.2. For the case of k points matched between the current and the desired image,
if k > n, being n = 6 the number of degrees of freedom controlled, a possible choice for
W is
W = I6
(4.16)
and then, the combination matrix in (4.4) is
cs +
C=L

+

(4.17)

cs the pseudoinverse of a model or approximation of the interaction matrix of s.
being L
Therefore, the task function is
cs + (s − s∗ )
e=L
(4.18)
Since s is based on image points, it is built by stacking, as many times as matched
points are available, the interaction matrix of a normalised point which is [Feddema et
al., 1991; Espiau et al., 1992]
Lx =



−1/Z
0
x/Z
xy
−(1 + x2 ) y
2
0
−1/Z y/Z 1 + y
−xy
−x



(4.19)

Therefore, Ls has the form

−1/Z1
0
x1 /Z1 x1 y1 −(1 + x21 ) y1
 0
−1/Z1 y1 /Z1 1 + y12
−x1 y1
−x1 


 ..
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.. 
Ls =  .
.
.
.
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2
 −1/Zk
0
xk /Zk xk yk −(1 + xk ) yk 
0
−1/Zk yk /Zk 1 + yk2
−xk yk
−xk


(4.20)

Note that the real interaction matrix depends on the depth distribution of the points
cs used in the control law is
which is generally unknown. The model of interaction matrix L
∗
defined as the matrix evaluated at the desired state L s by using the normalised coordinates
from the desired image (x∗ , y ∗ ) and assuming that in the desired configuration the points
c∗s . This type of
are coplanar at a depth Z ∗ . This model of matrix is hereafter noted as L
approximation is usually sufficient as already seen in Section 4.2.2.
The proportional control in (4.11) is then

 + + +
c∗ (s − s∗ )
c∗ L
c∗ L
v = −λ L
s
s
s

(4.21)
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c∗ is a k × 6 matrix of rank 6 then
Assuming that L
s
c∗s = I6
c∗s + L
L

(4.22)

so that the control law can be modelled as

c∗s + (s − s∗ )
v = −λL

(4.23)

c∗ is near Ls the convergence is ensured thanks to the positivity condition
Note that if L
s
in (4.13).

4.6

Experimental results

This section shows two experiments using the approach presented in this chapter. The
experiments have been done with a six-degrees-of-freedom robot manipulator formed by
three translational axis and three rotational joints. A colour camera has been attached
to the end-effector of the robot. The camera sensor has squared pixels of 8.3µm×8.3µm
and a focal length of 8.5 mm. The images are digitised by a Corona-II card at 768 × 582
pixels.
For the experiments, a LCD projector has been positioned about 1 m aside the robot.
The focal has been set so that the pattern gets acceptably focused in a range of distances
between 1.6 and 1.8 m in front of the projector. In this range of distances the objects are
placed for realising the experiments.
Two experiments are now presented. In both cases non-textured objects for which
classic visual servoing is unable to work have been used. The first is a planar object while
the second consists of an elliptic cylinder in order to test the approach in front of objects
exhibiting a curved surface.

4.6.1

First experiment: planar object

Firstly, a large non-textured white plane has been positioned in front of the robotic cell.
The desired position of the robot has been defined so that the camera on the end-effector
gets parallel to the plane at a distance of Z ∗ = 90 cm.
In order to learn the desired position a flat target with 4 landmarks forming an square
of known dimensions has been attached to the plane as shown in Figure 4.9. Then, classic
2D visual servoing has been used for getting the camera at the desired distance and parallel
to the plane. Once the desired position has been reached and stored, the target has been
removed and the projector has been turned on so that the coded pattern is projected onto
the object plane as shown in Figure 4.10.
The desired image corresponding to this robot configuration is shown in Figure 4.11a.
In this image a total number of 370 coloured spots out of 400 have been successfully
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Figure 4.9: Target used for positioning the robot parallel to a plane.

decoded. Afterwards, the robot end-effector has been displaced −5 cm along its X axis,
10 cm along Y , −20 cm along Z, and rotations of −15 ◦ about X and −10◦ about Y have
been applied. The image perceived in this configuration is shown in Figure 4.11b. In this
case, the number of decoded points is 361. Matching points between the initial and the
desired images is straightforward thanks to the decoding process of the pattern. Both
images shown in Figure 4.11 are the ones resulting of the RGB binarisation procedure
described in Section 4.5.2.
The goal is then to move the camera back to the desired position by using visual
servoing. At each iteration, the visual features set s in (4.15) is filled with the matched
points between the current and the desired image. The model of interaction matrix used
both in the task function definition (4.18) and the control law (4.23) are computed at each
iteration with the desired image point coordinates corresponding to the coloured dots
appearing both in the current and desired image. Furthermore, the depth of all the points
in the desired configuration has been set to its right value of Z ∗ = 90 cm. The result of
the servoing is presented in Figure 4.11c-d. Concretely, the camera velocities generated
by the control law are plotted in Figure 4.11c. Note that the norm of the task function
decreases at each iteration as shown in Figure 4.11d. As can be seen, the behaviour of
both the task function and the camera velocities is satisfactory and the robot reaches the
desired position with no problems.

4.6.2

Second experiment: elliptic cylinder

In the second experiment a non-planar object has been used. Concretely, the elliptic
cylinder shown in Figure 4.12 has been positioned in the workspace. In this case, the
desired position has been chosen so that the camera points to the object’s zone of maximum
curvature with a certain angle and the distance between both is about 60 cm. The desired
image perceived in this configuration is shown in Figure 4.13a. The number of successfully
decoded points is 160. Then, the robot end-effector has been displaced −20 cm along X,
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Figure 4.10: First experiment: projection of the coded pattern onto a planar object
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Figure 4.11: First experiment: planar object. a) Desired image. b) Initial Image. c)
Camera velocities (ms/s and rad/s) vs. time (in s). d) Norm of the task function vs. time
(in s).
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−20 cm along Y and −30 cm along Z. Afterwards, rotations of −10 ◦ about X, 15◦ about
Y and 5◦ about Z have been effectuated. This defines the initial position of the robot
end-effector. The image perceived in this configuration is shown in 4.13b. In this case,
the number of decoded points is 148.
The results of the visual servoing are plotted in Figure 4.13c-d. The desired image
is reached again at the end of the servoing. However, the camera velocities generated
by the control law are more noisy and less monotonic than in the previous experiment.
Furthermore, the task function takes more time to cancel. We suppose that this is due
to the fact that the modelling assumptions taken in this experiment were quite far from
the real case. Note that the model of interaction matrix used in the control law is not
only based on the point distribution of the desired image, but also considers that all the
points are coplanar at depth Z ∗ = 60 cm. Since the object has a high curvature, the
points used in the task function are non-coplanar so that the interaction matrix used is
false. Recently, Malis et Rives proved that the depth distribution of a cloud of points
used in visual servoing plays an important role in the stability of the system [Malis and
Rives, 2003]. Nevertheless, this example confirms that visual servoing is usually quite
robust against modelling errors [Chaumette, 1998]. Furthermore, during the robot motion
some of the pattern points were occluded by the robot itself. Therefore, the control law
has shown to be robust against occlusions.

4.7

Conclusions

This chapter proposes to use deported structured light in order to provide visual features
and to perform classic image-based visual servoing for robot positioning. The motivation
of our approach comes from the fact that most part of applications in robotics using
structured light are based on 3D data provided by the sensor. There are really few works
using image-based visual servoing based on features provided by structured light. The use
of classic image-based visual servoing has the advantage that there are a lot of techniques
available and their behaviour has been pretty studied. Furthermore, when using imagevisual servoing a convergence condition is available, something which does not happen
when using 3D visual servoing.
Our approach is based on attach a camera to the end-effector of the robot for perceiving
its environment. Furthermore, a LCD projector is placed aside the robot for illuminating
the working area with a coded pattern. One of the aims of projecting light patterns is
obtaining visual features when dealing with uniform or non-textured objects. Furthermore,
including a coding strategy in the pattern allows correspondences between the image and
the pattern to be robustly recovered as ambiguities are removed. Thus, matching visual
features between the initial image, intermediate images captured during the robot motion,
and the desired image becomes straightforward.
A pattern containing a m-array of coloured spots has been used for illustrating this
approach. The choice of this pattern has been made taking into account its easy segmentation and fast decoding, which fits on the visual servoing requirements of sampling rate.
Concretely, the computing time has kept in about 35 ms per iteration. To our knowledge,
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Figure 4.12: Second experiment: projection of the coded pattern onto an elliptic cylinder.
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Figure 4.13: Second experiment: elliptic cylinder. a) Desired image. b) Initial Image. c)
Camera velocities (ms/s and rad/s) vs. time (in s). d) Norm of the task function vs. time
(in s).
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this is the first work using coded structured light in a visual servoing framework. Therefore, we consider this approach a first step which shows the potentiality of coded light in
visual servoing applications.
A classic image-based approach based on points provided by the coded pattern has
been used. Experiments have shown that good results are obtained when positioning
the robot with respect to planar objects. Furthermore, thanks to the large number of
correspondences provided by the coded pattern, the system has shown to be robust even
in presence of eventual occlusions. On the other hand, the results when using non-planar
objects are not so good. This is a well known problem in classic 2D visual servoing. For
example, assumptions about the depth distribution of the points play an important role
in the convergence [Malis and Rives, 2003]. The advantage of using coded light is that the
pattern can be changed in order to obtain other visual features so that any of the existing
2D visual servoing approaches can be used. Indeed, the use of different types of visual
features will change the behaviour of the robot [Chaumette, 1998]. For example, with the
current pattern, image moments of the point distribution [Tahri and Chaumette, 2004] or
the extended-2D visual servoing [Schramm et al., 2004] could be used in order to improve
the behaviour. For improving the behaviour of the system when positioning with respect
to non-planar objects, the depths could be estimated by triangulation, even if it would
require to calibrate the projector. Another solution would be to use 2D 1/2 visual servoing
as in [Malis and Chaumette, 2000].
The main constraint of the current approach is that the pattern used is not rotation
invariant. This means that in order to properly decode the pattern it cannot appear
too much rotated in the image. Hence, if the camera is considerably rotated around the
optical axis from the initial to the desired position, no correspondences can be found. This
problem does not appear in the presented experiments since no large rotations around the
optical axis were used when defining both the desired and the initial robot configuration.
In order to remove this constraint a pattern which is rotation invariant can be used, as
the one proposed in [Salvi et al., 1998] at the expense of a more costly segmentation and
decoding procedure.
The work developed in this chapter can be improved with new research perspectives
proposed in Chapter 6.
Finally, we insist on the fact that structured light allows us to choose the visual features
which will be used in the control law. In the following chapter we show that a good choice
of the projected pattern can optimise the control law of the visual servoing approach.

Chapter 5
A structured light sensor for
plane-to-plane positioning
In this chapter we address a robot positioning task by using an onboard structured light
emitter. The case of a deported structured light emitter has been studied in the previous chapter. The onboard case is pretty challenging as the modelling of the variation on
the visual features due to the camera motion is more complex. Therefore, an important
modelling effort is developed in this chapter. A dedicated structured light sensor for planeto-plane positioning is proposed. The sensor has been designed in order to optimise the
visual control loop and to obtain nice properties like decoupling, stability and good camera trajectory. Several sets of visual features are presented providing stability analysis,
simulations and experimental results.

5.1

Introduction

The previous chapter has shown that a deported source of coded structured light can
provide robust visual features to complex or non-textured objects. This can be a very
useful solution in robotic cells for manipulating static objects for which extracting its own
visual features is difficult.
On the other hand, in case of certain robotic tasks, moving objects or in mobile
robotics, the use of a deported source of light can be unappropriated. In these cases,
the use of an onboard structured light emitter linked to the camera seems a better solution. However, the current dimensions and weight of LCD projectors prevent them to be
placed on the end-effector of robot manipulators or in some mobile robots. This technologic constraint is expected to be removed in a near future by miniaturising the devices
and diminishing their cost. By the time, as already mentioned in Section 4.4.1, most part
of robotics applications using onboard structured light are based on laser technology. In
this case, the available patterns are dots, lines, circles and grids. However, most part
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of applications combining structured light and cameras in robotics use these devices for
obtaining range measures by triangulation. For example, the underwater robot in [Kondo
and Tamaki, 2004] uses two laser pointers and a camera for obstacle avoidance and docking maneuvering. In [Sun et al., 2004], a climbing robot uses two laser pointers and a
camera for obtaining its orientation with respect to the window pane that it is cleaning.
Finally, we can mention the robot manipulators in [Clocksin et al., 1985; Amin-Nejad et
al., 2003] taking profit of onboard laser planes and cameras for reconstructing surfaces for
welding and trimming operations. It should be notice that these examples and a lot of
applications taking profit of structured light rely on an accurate calibration of the devices
for obtaining 3D reconstructions. At the same time, we note that, in most cases, the
task to perform could be formulated as a visual servoing task. Then, the calibration of
the devices could be softened thanks to the closed-loop control based on visual feedback.
As a clear example, we can cite the robot in [Kahane and Rosenfeld, 2004] for automatic
tile mosaicking. In this application the robot adds tiles in a wall by visually guiding the
gripper by using an onboard camera and five laser planes. Even if a control loop based
on visual feedback is used, the analytic expression of the interaction matrix related to the
visual features is not calculated. We think that with a stricter formulation of the visual
task the system behaviour could be easily improved.
Although the important potentiality on performing positioning or navigating tasks in
robotics by combining onboard structured light and visual servoing, there exist few works
exploiting this type of approach. For example, Andreff et al. [Andreff et al., 2002] used
an onboard laser pointer in their eye-in-hand configuration for depth control. Similarly,
Krupa et al. [Krupa et al., 2003] coupled a laser pointer to a surgical instrument in order
to control its depth to the organ surface, while both the organ and the laser are viewed
from a static camera. Urban et al. [Urban et al., 1994] used two onboard laser planes an
a camera for positioning a 2 degrees of freedom (dof) robot end-effector with respect to
car batteries. In general, most of the applications only take profit of the emitted light in
order to control one or two dofs and to make easier the image processing. There are few
works addressing the issue of controlling several dofs by using visual features extracted
from the projected structured light. The main contribution in this field is due to Motyl
et al. [Motyl, 1992; Khadraoui et al., 1996], who modelled the interaction matrix of the
visual features obtained when projecting laser planes onto planar objects and spheres.
The objective of this chapter is to implement a positioning task with visual servoing
and using onboard structured light in an eye-in-hand configuration. In this case, and
contrary to the previous chapter, the structured light will be used not only for providing
visual features in non-textured or uniform objects, or under adverse lighting conditions,
but also for showing that an adequate design of the structured light sensor can be used for
obtaining a robust control law. By robust we mean that the system is able to reach the
goal from any initial state even if modelling and calibration errors have been made. The
robustness can be checked through stability analysis. There are several design strategies
which are intended to produce robust control laws like designing a decoupled control law
and producing smooth camera velocities.
Certainly, during the last years, many works in visual servoing have been directed on
developing approaches for which the convergence of the system is largely ensured even if
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the initial position is far from the desired one [Andreff et al., 2002; Malis and Chaumette,
2002; Schramm et al., 2004]. As mentioned before, a suitable design strategy consists in
searching for decoupled visual features, so that each one only controls one dof. Even if such
control design seems to be out of reach, there are several works concerning the problem
of partially decoupling dofs. For example, hybrid techniques are based on controlling
rotational dof in the cartesian space while the translational ones are controlled by image
information [Deguchi, 1997; Malis and Chaumette, 2002]. However, they require partial
pose estimation of the object at each iteration. On the other hand, some pure imagebased techniques have succeed to decouple rotational dof from translational ones near the
desired state [Corke and Hutchinson, 2001; Tahri and Chaumette, 2004]. Concerning the
stability analysis, most part of techniques for which it has been possible to find analytical
conditions are hybrid approaches like in [Andreff et al., 2002; Malis and Chaumette, 2002]
or more recently, the extended-2D visual servoing [Schramm et al., 2004]. Usually, the
global stability analysis of pure image-based techniques is too complex even in absence of
calibration errors.
Another important research topic in image-based visual servoing is to improve the
camera trajectory in the cartesian space. It is well known that even if an exponential
decrease of the visual error is achieved, it does not necessarily imply a suitable camera
trajectory. This is mainly due to strong non-linearities in the image jacobian. Important
efforts have been done in order to improve the mapping from the feature space to the
camera velocities [Mahony et al., 2002; Tahri and Chaumette, 2004].
In this chapter we contribute to these research topics by using a dedicated structured
light emitter which allows the plane-to-plane positioning task to be optimised. This task
consists in moving the camera so that it gets parallel to a planar object. This classic task
has been chosen in order to show that structured light can be useful for obtaining nice
properties like decoupling, stability and good camera trajectory.
First of all, we develop a method for a better estimation of the object plane parameters by using the structured light pattern. Then, several image-based approaches are
formulated leading to a decoupled approach which is less time consuming and less sensitive to image noise than a position-based approach based on the object pose estimation.
Furthermore, its robustness against calibration errors is demonstrated analytically and
experimentally. In addition to this, a linear map from the task function to the camera
velocities is made, producing a suitable camera trajectory.
The chapter is structured as follows. The structured light sensor proposed to fulfill
the plane-to-plane virtual link and its modelling is presented in Section 5.2. Then, Section 4.2 reviews the plane-to-plane task function definition, presents the control law and
the procedure used to analyse its stability. Afterwards, four visual servoing approaches
exploiting the projected light are presented. First, Section 5.4 deals with several positionbased approaches based on reconstructing the object pose by triangulation. Then, a simple
2D approach based on image points coordinates is shown in Section 5.5. After that, in
Section 5.6 a 2D approach based on the area corresponding to the projected pattern and
combinations of angles extracted from the image is analysed. The last approach is based
on a robust non-linear combination of image points which is presented in Section 5.7. Some
experiments showing the behaviour obtained with each one of the proposed approaches are
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shown in Section 5.8. Finally, despite the sensor has been developed to cope with planar
objects, the behaviour of the last approach in presence of several non-planar objects is
tested in Section 5.10. The chapter ends with conclusions.

5.2

A proposal of structured light sensor for planeto-plane positioning

We present an eye-in-hand system with a structured light sensor attached to the camera.
The goal of the task here addressed consists in positioning the camera parallel to a planar
object. Such type of task, namely plane-to-plane positioning, aims to fix a virtual link
between the camera image plane and the object plane. With this classic task we aim to
demonstrate that using a suitable structured light emitter, the performance of the visual
servoing scheme can be optimised in terms of decoupling, stability and camera trajectory.
The structured light sensor is based on laser pointers since they are low-cost and easily
available. Theoretically, three non-collinear points are enough to recover the parameters
of the equation of a planar object. Consequently, we initially designed a sensor composed
of three laser pointers. Nevertheless, we found that better results can be obtained by using
four laser pointers in order to decouple visual features.
Therefore, the structured light sensor that we propose consists of four laser pointers
attached to a cross-shaped structure as shown in Figure 5.1a. The direction of the lasers
have been chosen to be equal so that four points are orthogonally projected to the planar
object, see Figure 5.1b. This causes that the projected shape enclosed by the four points
is invariant to the distance between the object and the laser-cross. This invariance will
be very useful as will be shown in following sections. The symmetric distribution of the
lasers in the cross structure will be also useful for decoupling the visual features.
Consequently, the model of the proposed sensor is as follows. The laser-cross has
its own frame {L} so that all the lasers have the same orientation vector L u = (0, 0, 1).
Furthermore, the lasers are placed symmetrically so that two of them lie on the X L axis
and the other two on the YL axis. All the lasers are positioned at a distance L from the
origin of the laser-cross frame. The structured light sensor is modelled assuming that it is
ideally attached to the camera of the robot manipulator as shown in Figure 5.1b . As can
be seen, in this model, the cross-laser frame perfectly coincides with the camera frame,
so that the structured light sensor is placed just in the camera origin and the lasers point
toward the direction of the camera optical axis. Whenever the camera and the planar
object are parallel, the projected laser points exhibit a symmetric distribution onto the
object surface and also in the camera image, see Figure 5.2, which will allow us to find
decoupled visual features.
Note that these assumptions have been only taken for modelling issues. However, it
is perhaps not always possible to perfectly align the laser-cross with the camera frame
because of the structure of the robot or because the optical centre position is not exactly
known. That is why the study of the robustness against misalignments between the camera
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and the laser-cross will be a key point when analysing the different approaches presented
in this chapter.
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Figure 5.1: System architecture. a) The proposed structured light sensor. b) Ideal configuration of the robot manipulator, camera and structured light sensor.
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Figure 5.2: Camera image when it is parallel to the object at a given depth.

Next section presents the modelling of a laser pointer and the image jacobian corresponding to the projected point onto a planar object. Afterwards, the whole model of the
proposed structured light emitter is presented under ideal conditions and different types
of calibration errors.
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Laser pointer modelling

In visual servoing, given a set of visual features s extracted from an image, its variation
due to the relative camera-object velocity (kinematic screw ) is expressed in the well known
equation
ṡ = Ls v
(5.1)
being v = (Vx , Vy , Vz , Ωx , Ωy , Ωz ) the camera velocity screw assuming a static object, and
Ls the image jacobian known as interaction matrix.
Given a 3D point X = (X, Y, Z) fixed to the observed object, its normalised coordinates x = (x, y) resulting of the perspective projection x = X/Z are the most widely
used features in image-based visual servoing. The interaction matrix of a fixed point of
coordinates (x, y) is [Espiau et al., 1992; Feddema et al., 1991]
Lx =



−1/Z
0
x/Z
xy
−(1 + x2 ) y
2
0
−1/Z y/Z 1 + y
−xy
−x



(5.2)

note that the only 3D information included in the interaction matrix is the depth of the
point which appears in the translational components.
The analog case when working with structured light consists in using a laser pointer
so that the intersection of the laser with the object produces also a point X as shown in
Figure 5.3. When the laser pointer is linked to the camera in an eye-in-hand configuration,
the time variation of the observed point x depends also on the geometry of the object since
X is not a static physical point. Therefore, some modelling of the object surface must be
included in the interaction matrix.

Figure 5.3: Case of a laser pointer and a planar object.

In this work we focus on the case of planar objects, which are modelled according to
the following explicit equation
(5.3)
n> X + D = 0
being n = (A, B, C) the unitary normal vector to the plane and D its distance to the
origin of the camera frame. Hereafter, we take the convention that C > 0 which implies
that D < 0 since the object is in front of the camera.
Motyl et al. were the first on formulating the interaction matrix of a projected point
onto a planar object [Khadraoui et al., 1996]. In their case, the projected point was the
result of the intersection of two laser planes with the planar object. Note that a laser
pointer (straight line in the space) can be modelled as the intersection of two planes, so
that it is equivalent to projecting two intersecting laser planes. The interaction matrix

5.2 A proposal of structured light sensor for plane-to-plane positioning

105

proposed by Motyl et al. has the disadvantage of depending on 12 3D parameters: 4
parameters for every one of the two laser planes (normal vector and distance to the origin)
plus 4 parameters for the planar object. Furthermore, the explicit depth Z of the point
does not appear in the interaction matrix.
In a more natural way, the laser pointer can be modelled with a vectorial equation as
follows (all the parameters are expressed in the camera frame)
X = Xr + µu

(5.4)

where u = (ux , uy , uz ) is an unitary vector defining the laser direction, X r = (Xr , Yr , Zr )
is any reference point belonging to the straight line, and µ is the distance from X r to X.
By deriving the above expression and taking into account that both X r and u do not
change when the camera moves we find that the time derivative of the projected point is
(5.5)

Ẋ = µ̇u
then, deriving the normalised coordinates x and using the above result we can write
ẋ =

Ẋ
X
1
x
− 2 Ż = µ̇u − Ż
Z
Z
Z
Z

(5.6)

from (5.5) we have that Ż = µ̇uz so that
ẋ =

µ̇
(u − xuz )
Z

(5.7)

In order to calculate µ̇ let first express µ in function of the 3D parameters. By substituting X in (5.3) by its expression in (5.4) we have
µ=−

1
n> u

(n> Xr + D)

(5.8)

deriving this expression we obtain
µ̇ = −

1
n> u

(ṅ> Xr + Ḋ) +

which can be reduced to
µ̇ = −

1
n> u

n> Xr + D >
ṅ u
(n> u)2

(ṅ> (Xr + µu) + Ḋ)

(5.9)

(5.10)

and finally, applying (5.4) the time derivative of µ is
µ̇ = −

1
n> u

(ṅ> X + Ḋ)

(5.11)
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Taking into account the time derivatives of the planar object parameters [Urban et al.,
1994]

 

ṅ
03×3 [n]×
v
(5.12)
=
n> 01×3
Ḋ
where [n]× is the antisymmetric matrix associated to vector n, the interaction matrix of
µ is

1  >
Lµ = − >
n (X × n)>
(5.13)
n u

The equivalence of this formula to the one presented by Samson et al. [Samson et al., 1991]
and the one provided by Andreff et al. [Andreff et al., 2002] is shown in appendix A.
By using the time derivative of µ, Equation (5.7) can be rewritten as follows
ẋ = −

1
n> u

(u − xuz )

(ṅ> X + Ḋ)
Z

(5.14)

note that the time derivative of x is expressed in function of 7 3D parameters, namely Z,
n and u. The only parameters concerning the laser configuration are the components of
its direction vector u. This result can be still improved by expressing u as follows
u = (X − Xr )/kX − Xr k

(5.15)

applying this expression in (5.14) and after some developments ẋ becomes
(Xr − xZr )
ẋ = >
n (X − Xr )

Ḋ
+ ṅ> x
Z

!

(5.16)

Note that the expression does not longer depend on the orientation of the laser u but on
its reference point Xr . Furthermore, if the reference point X r is chosen as Xr = X0 =
(X0 , Y0 , 0), which corresponds to the intersection of the straight line modelling the laser
and the plane Z = 0 of the camera frame, the expression simplifies to
X0
ẋ = >
n (X − X0 )

Ḋ
+ ṅ> x
Z

!

(5.17)

Applying the time derivatives of the plane parameters in (5.12) into (5.17) the interaction matrix of a projected point is
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Lx



−AX0

1 Z
=

Π0 −AY
0
Z

−BX0
Z
−BY0
Z


−CX0
X0 ε1 X0 ε2 X0 ε3
Z



−CY0
Y0 ε1 Y0 ε2 Y0 ε3
Z
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(5.18)

>

Π0 = n (X0 − xZ)

(ε1 , ε2 , ε3 ) = n × (x, y, 1)

(5.19)

note that Π0 is the distance of the reference point X 0 to the object. With respect to
the interaction matrix given by Motyl et al. [Khadraoui et al., 1996], the number of 3D
parameters concerning the laser pointer has been reduced from 8 to 3, i.e. X 0 , Y0 and Z.
The orientation u of the laser remains implicit in our equations. Concerning the planar
object, the number of parameters has been reduced from 4 to 3 since D has been expressed
in function of the image coordinates (x, y), the corresponding depth Z, and the normal
vector to the planar object n.
The rank of Lx is always equal to 1, which means that the time variation of the x and y
coordinates are linked. As already pointed out by Andreff et al. [Andreff et al., 2002], the
image point x moves always along a straight line (hereafter called epipolar line). Andreff
et al. did not specify the interaction matrix of a projected point, but the interaction
matrix of the distance of the point to a certain origin of the epipolar line. Furthermore,
the interaction matrix related to this feature was expressed in a frame centred in the laser
reference point (similar to X0 ), and was expressed in function of the angles defining the
normal of the planar object, the angle between the laser pointer and the camera optical
axis, and the distance between the camera centre and X 0 . The main problem concerning
the feature used by Andreff et al. is that a convention must be taken to chose the sign of
the distance from x to the origin of the epipolar line.

5.2.2

Model of the structured light sensor

This section presents the parametric model of the system composed by the camera and
the structured light sensor composed of 4 laser pointers. The parameters of the model
are the ones appearing in the interaction matrix of every projected point, which are here
summarised
• Reference point of each laser pointer (X 0 , Y0 , 0).
• Normalised image point coordinates x = X/Z of every projected point.
• Depth Z of the projected points.
The reference points X0 are determined by the actual pose of the laser-cross with
respect to the camera frame. The 3D coordinates X of the projected points can be
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calculated from X0 , the orientation of the lasers u and the object pose. Concretely, from
the equation of the line modelling a laser pointer and the equation of the planar object


X = X0 + µu
0 = n> X + D

(5.20)

we can obtain the depth of the projected point
Z = −

uz (n> X0 + D)
+ Z0
n> u

(5.21)

and the real normalised coordinates of the image point
xreal =

ux X0
+
uz
Z

yreal

uy
Y0
+
uz
Z

=

(5.22)

The following subsections present the values of the model parameters under different
types of relative poses between the camera and the laser-cross. First of all, the ideal case
is presented where the laser-cross frame is perfectly aligned with the camera frame. Afterwards, the parameters of the model are calculated under different types of misalignment
between the camera and the laser-cross.

Ideal model
First of all, let us consider that the structured light sensor is perfectly attached to the
camera so that the laser-cross frame perfectly coincides with the camera frame. In such
a case the model parameters are shown in Table 5.1. The (x, y) and Z parameters have
been calculated taking into account that the ideal orientation of the lasers coincides with
the optical axis direction so that C u = L u = (0, 0, 1).

Table 5.1: Ideal model parameters
Laser

X0

Y0

x

y

Z

1
2
3
4

0
−L
0
L

L
0
−L
0

0
−L/Z2
0
L/Z4

L/Z1
0
−L/Z3
0

−(BL + D)/C
(AL − D)/C
(BL − D)/C
−(AL + D)/C
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Model considering laser-cross misalignment
In this case, we are interested in calculating the model parameters when the laser-cross is
not perfectly aligned with the camera frame and not perfectly centred in the camera origin.
Such a misalignment is represented in Figure 5.4 and it can be modelled according to a
frame transformation matrix C ML which passes from points expressed in the laser-cross
frame to the camera frame. The model parameters under these conditions are developed
in Appendix B.
CR

L

Yc
Zc
CT
L

Xc

YL

ZL

{C}
{L}
XL

Figure 5.4: Model of misalignment of the laser-cross

5.3
5.3.1

Task definition and stability analysis
Task definition

The goal of our task is to bring the camera to a position where it is parallel to the object.
This task corresponds to fixing a plane-to-plane virtual link between the camera image
plane and the planar object. Such a virtual link belongs to the class N = 3 since this is the
number of dof constrained by the link [Espiau et al., 1992]. Concretely, 2 translational and
1 rotational dofs are constrained. This can be seen by stacking the interaction matrices
of at least three projected points and evaluating it for n = (0, 0, 1)





Lx = 




0
0
0
0
0
0

0 X01 /Z 2 y1 X01 /Z −x1 X01 /Z1
0 Y01 /Z 2 y1 Y01 /Z −x1 Y01 /Z1
0 X02 /Z 2 y2 X02 /Z −x2 X02 /Z2
0 Y02 /Z 2 y2 Y02 /Z −x2 Y02 /Z2
0 X03 /Z 2 y3 X03 /Z −x3 X03 /Z3
0 Y03 /Z 2 y3 Y03 /Z −x3 Y03 /Z3

0
0
0
0
0
0










(5.23)

The rank of the above matrix is 3 if the points are not collinear. This means that there
are three types of camera motion, namely V x , Vy and Ωz , which will produce no changes
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in the image. For the case of a general relative pose camera-object it can also be seen by
expressing the above matrix in a frame attached to the object as explained in Appendix C.
The interaction matrix expressed in the object frame has the following form (see the
appendix for the details)





o
Lx = c Lx · c To = 




0
0
0
0
0
0

0 −X01 /(Π01 Z1 ) X01 η1 /Π01 X01 ξ1 /Π01
0 −Y01 /(Π01 Z1 ) Y01 η1 /Π01 Y01 ξ1 /Π01
0 −X02 /(Π02 Z2 ) X02 η2 /Π02 X02 ξ2 /Π02
0 −Y02 /(Π02 Z2 ) Y02 η2 /Π02 Y02 ξ2 /Π02
0 −X03 /(Π03 Z3 ) X03 η3 /Π03 X03 ξ3 /Π03
0 −Y03 /(Π03 Z3 ) Y03 η3 /Π03 Y03 ξ3 /Π03

0
0
0
0
0
0










(5.24)

with
ηi =
ξi =

A(Bxi + ACyi )
1 − A2
yi +
C
C(1 + C)
2
1−B
B(Ayi + BCxi )
xi +
C
C(1 + C)

The rank of o Lx is 3 and the kernel is generated by the following base
{(1, 0, 0, 0, 0, 0) , (0, 1, 0, 0, 0, 0) , (0, 0, 0, 0, 0, 1)}

(5.25)

As can be seen, for any relative pose camera-object there are three dofs of the planar
object which cannot be perceived by the camera.

5.3.2

Stability analysis

One interesting aim in visual servoing is concerned on studying whether the control law
(see Section 4.2.2)
cs )+ C(s − s∗ )
v = −λ(CL
(5.26)
is able to regulate the task function

e = C(s − s∗ )

(5.27)

to the desired state e∗ = 0 or not. Assuming that C is constant the derivative of e is
ė = CLs v

(5.28)

The behaviour of e is described by the closed-loop equation of the system, which is obtained
by plugging the control law (5.26) into (5.28)
cs )+ e
ė = −λCLs (CL

(5.29)

5.3 Task definition and stability analysis
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cs is
Note that Ls is the actual interaction matrix in a certain instant of time t, while L
the value of the model used in the control law. The closed-loop equation will be noted
hereafter as
ė = −λM(e)e
(5.30)
The aim of the stability analysis is to study if the desired state e ∗ = 0 is an stable
equilibrium point which is reached when time approaches infinity.
Let us remember the following basic definitions:

Equilibrium point:

e∗ = 0 is said to be an equilibrium point if ė = 0 when e = 0.

Stability: the stability of an equilibrium point is classically defined in the Lyapunov
sense. The equilibrium point in the origin is said to be stable if
∀ > 0 ∃δ > 0 s.t. ke(0)k < δ ⇒ ke(t)k < , ∀t

(5.31)

Asymptotic stability: the equilibrium point e ∗ = 0 is asymptotically stable if it is
stable and if it is attracting so that
lim e(t) = e∗ = 0

t→∞

(5.32)

Hereafter we will focus only on the asymptotic stability since it ensures that the equilibrium is reached. The stability analysis of the control law allows us to determine whether
e∗ = 0 is reached from any starting point (global asymptotic stability) or only when the
initial state is nearby the equilibrium (local asymptotic stability).
If the explicit expression of e in function of time can be obtained by solving the differential equation (5.30), then it can be checked if the task function zeroes when time
approaches infinity. However, in most cases it is not possible to obtain such explicit solution. Alternatively, necessary and sufficient conditions for the local asymptotic stability,
and sufficient conditions for the global asymptotic stability are hereafter recalled.

Local asymptotic stability
The local asymptotic stability of the equilibrium point e ∗ = 0 is analysed by evaluating
the closed-loop equation of the system (5.30) around e ∗
ė∗ = −λM(e∗ )e∗

(5.33)

cs )+ evaluated in the desired state. Since
where M(e∗ ) is the product of matrices CLs (CL
∗
M = M(e ) is a constant matrix, it can be diagonalised as M = TDT −1 being T a
constant frame transformation and D a constant diagonal matrix. Noting f = T −1 e∗ we
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obtain the following differential equation
ḟ = −λDf

(5.34)

f (t) = f (0)exp−λDt

(5.35)

having as solution
therefore, every component of f (t) is defined by
fi (t) = fi (0)exp−λdi t

(5.36)

where di is the ith element of the diagonal of D. Every solution f i (t) will converge to 0
as time approaches infinity
lim fi (0)exp−λdi t = 0
(5.37)
t→∞

if and only if Re(di ) > 0. Note that if f (t) = 0 when t → ∞ so does e(t). Therefore, since
the elements di on the diagonal of D are nothing but the eigenvalues of M, the necessary
and sufficient condition for the system (5.30) to be locally asymptotically stable is that the
eigenvalues of M(e∗ ) must have all positive real part.
Global asymptotic stability
The global asymptotic stability analysis of non-linear systems is usually done through
the Lyapunov indirect method, which provides sufficient conditions. Lyapunov’s indirect
method states that given a non-linear system of the form
ẋ = f (x)

(5.38)

with a unique zero solution at x = 0, a sufficient condition for this equilibrium point to
be globally asymptotically stable is the existence of a scalar function V(x) which must
accomplish:
• V(0) = 0
• V(x) > 0 ∀x 6= 0
• V(x) continuous and differentiable
• V̇(x) < 0 ∀x
if V(x) accomplishes all this properties then it is said to be a Lyapunov function.
Therefore, in order to demonstrate that the task function e converges to 0 for any
initial state, it is necessary to find a Lyapunov function V(e). We assume of course that
in the initial state the object is not at the infinity and its orientation is less than 90 ◦ , since
then the lasers do not project onto the object and the task function cannot be measured.
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First of all, it is necessary to prove that our differential system
ė = −λM(e)e

(5.39)

has a unique equilibrium point at e = 0. This is true if and only if det(M) 6= 0 ∀e, since
then, the kernel of M is empty. As in [Malis and Chaumette, 2002], we use the following
Lyapunov candidate function
1
V(e) = e> e
(5.40)
2
Note that this function is always positive and it only zeroes when e = 0. Its derivative is
V̇(e) = e> ė = −λe> Me

(5.41)

Therefore, if M is positive definite then V̇(e) < 0 and V(e) is a Lyapunov function.
Matrix M is positive definitive if and only if its symmetric part
S=

1
(M + M> )
2

(5.42)

has all positive eigenvalues. Therefore, this is a sufficient condition to ensure the global
asymptotic stability of the equilibrium point e ∗ = 0.
Note that this sufficient condition ensures that the norm of the task function kek
decreases at every iteration towards 0, since the Lyapunov function that has been chosen
can be expressed as
1
V(e) = kek2
(5.43)
2
therefore, if V(e) decreases to 0, so does kek.

5.4

Object plane parameters approach

The first visual servoing approach that we present is a pure position-based method. Indeed,
we can use the triangulation capabilities of the system composed by the camera and the
lasers in order to reconstruct up to 4 points of the object so that its pose can be recovered.
In such case, the 3D parameters of the reconstructed plane can be directly used in the
closed-loop of the control scheme so that a position-based approach is performed.
Let us consider that the four parameters of the planar object A, B, C and D can be
precisely estimated at each iteration. The feature vector s could be built up by using these
four 3D parameters. However, since the number of controlled dof is 3, a feature vector of
the same dimension is going to be defined. The equation of the object can be noted as a
relationship between the depth of a point and its normalised image coordinates as follows
1
= P1 + P2 y + P 3 x
Z

(5.44)
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with P1 = −C/D, P2 = −B/D and P3 = −A/D. By using the time derivatives of n and
D in (5.12) the interaction matrix of s = (P 1 , P2 , P3 ) is calculated obtaining



P1 P3 P1 P2 P12 −P2 P3
0
Ls =  P2 P3 P22 P1 P2 P1
0
−P3 
2
P3
P2 P3 P1 P3
0
−P1 P2

(5.45)

which in the desired state it has the following value



0 0 1/Z ∗2
0
0
0
L∗s =  0 0
0
1/Z ∗
0
0 
∗
0 0
0
0
0 − 1/Z 0

(5.46)

On the other hand, the depth of the points belonging to the planar object can be also
expressed as
Z = γ + βY + αX
(5.47)
where γ = −D/C, β = −B/C and α = −A/C. In this case, the interaction matrix of the
parameters s = (γ, β, α) is



α β −1
−γβ
γα
0
Ls =  0 0 0 −1 − β 2
βα
−α 
2
0 0 0
−βα
1+α
β

(5.48)

Note that in this case the level of decoupling between the 3D features is higher. Furthermore, if we look at the interaction matrix in the desired state



0 0 −1 0 0 0
L∗s =  0 0 0 −1 0 0 
0 0 0
0 1 0

(5.49)

we can see that it does not depend on the depth as in the case of s = (P 1 , P2 , P3 ) shown
in (5.46). Therefore, in this case the dynamics of the object parameters around the desired
state vary linearly with respect to the camera motion. That is why we prefer to use the
object plane representation based on s = (γ, β, α). Since the dimension of s is 3 the
control law is
cs + (s − s∗ )
v = −λL
(5.50)

In order to estimate the object plane parameters it is necessary to reconstruct the four
3D points X projected by the lasers. Then, the equation of the plane best fitting the four
points can be calculated by means of least squares. First of all, it is necessary to calculate
the 3D point coordinates of every projected laser. The simplest way is to triangulate the
points by using the corresponding image normalised coordinates and the laser orientation
u and the laser origin X0 . Nevertheless, it is possible to reduce the number of parameters
concerning the laser calibration by using the information provided by the desired image.
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Remember that the 3D point X projected by a certain laser of orientation u and origin
X0 must accomplish the following relationship
X = xZ = µu + X0

(5.51)

Given an image point x∗ from the desired image the following relationships are extracted
from the above equation
 ∗ ∗
 x Z = µ ∗ ux + X 0
y ∗ Z ∗ = µ ∗ uy + Y 0
(5.52)

∗
∗
Z = µ uz

Then, from the last equation we have that µ ∗ = Z ∗ /uz so that plugging it onto the others
we get
x∗ Z ∗ = Z ∗ ux /uz + X0
y ∗ Z ∗ = Z ∗ uy /uz + Y0

(5.53)

so that the origin of the laser X0 can be expressed as follows
X0 = Z ∗ (x∗ − uxz )
Y0 = Z ∗ (y ∗ − uyz )

(5.54)

where uxz = ux /uz and uyz = uy /uz .
By using the above definitions, the equations in (5.53) can be written for the current
image as
xZ = Zuxz + Z ∗ (x∗ − uxz )
yZ = Zuyz + Z ∗ (y ∗ − uyz )

(5.55)

From (5.47) the depth is related to the object parameters as
Z=

γ
1 − αx − βy

(5.56)

so that the equations in (5.55) can be expressed in terms of the object parameters as
follows
αxZ ∗ (x∗ − uxz ) + βyZ ∗ (x∗ − uxz ) + γ(x − uxz ) − Z ∗ (x∗ − uxz ) = 0

αxZ ∗ (y ∗ − uyz ) + βyZ ∗ (y ∗ − uyz ) + γ(y − uyz ) − Z ∗ (y ∗ − uyz ) = 0

(5.57)

Then, using these equations for every one of the four laser pointers the following system
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of non-linear equations is obtained

αx1 Z ∗ (x∗1 − uxz ) + βy1 Z ∗ (x∗1 − uxz ) + γ(x1 − uxz ) − Z ∗ (x∗1 − uxz )



∗ ∗
∗ ∗
∗ ∗


 αx1 Z (y1 − uyz ) + βy1 Z (y1 − uyz ) + γ(y1 − uyz ) − Z (y1 − uyz )
..
.


∗ (x∗ − u ) + βy Z ∗ (x∗ − u ) + γ(x − u ) − Z ∗ (x∗ − u )

αx
Z

4
xz
4
xz
4
xz
xz
4
4
4


αx4 Z ∗ (y4∗ − uyz ) + βy4 Z ∗ (y4∗ − uyz ) + γ(y4 − uyz ) − Z ∗ (y4∗ − uyz )

= 0
= 0
.
= ..

(5.58)

= 0
= 0

Note that there are 8 equations for 5 unknowns which are
ξ = (α, β, γ, uxz , uyz )

(5.59)

Therefore, all the four lasers are assumed to have the same orientation. The system can
be numerically solved by a minimisation algorithm based on non-linear least squares like
Gauss-Newton or Levenberg-Marquardt. Nevertheless, it cannot be analytically ensured
that the algorithm always converges to the right solution. Under calibration errors and
image noise, it is possible to reach local minima. Therefore, demonstrating analytically
the global asymptotic stability of this position-based approach seems out of reach.
In the following subsection simulations using this position-based approach are presented.

5.4.1

Simulation results

The simulations have been performed by taking into account a sampling time of ∆t =
40 ms and the camera intrinsic parameters obtained from the experimental setup (see
Section 5.8). The laser-cross has been simulated using L = 15 cm according to the real
experimental setup. The desired position has been chosen so that the camera is parallel
to the plane at Z ∗ = 60 cm. The initial position the camera is at a distance of 105 cm
from the plane and the relative orientation camera-object is defined by α x = −30◦ and
αy = 15◦ according to the specification given in Appendix A. The gain λ has been set to
0.12.
Ideal system
A first simulation has been done by taking into account a perfect alignment of the lasercross with the camera frame. Furthermore, it has been assumed that the camera intrinsic
parameters are perfectly known and all the lasers have the same direction (which coincides
in this case with the optical axis direction). The initial and desired image simulated under
these conditions are shown in Figure 5.5. As can be seen, the epipolar lines of the lasers
1 − 3 and 2 − 4 are perfectly orthogonal and intersect in the central point of the image.
cs is estimated at each
non-constant control law: Figure 5.6 shows the results when L
iteration by using the reconstructed object plane parameters. Figure 5.6c shows the co-
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Figure 5.5: Simulation of the ideal system when using 3D visual servoing. The initial
point distribution is shown with the red dots. The desired point distribution is depicted
by the circles. The epipolar lines are painted in blue.

ordinates of a fixed point expressed in the camera frame along the simulation. The fixed
point has been set as the initial position of the camera origin. Note that the camera trajectory is almost a straight line in the cartesian space as can also be observed in Figure 5.6d.
This is possible since the object pose is perfectly reconstructed under the ideal conditions.
Furthermore, the task function has a pure exponential decrease since L s = Ls and the
closed-loop equation of the system becomes
ė = −λe

(5.60)

cs = L∗s
constant control law: the results when using the constant control law based on L
in (5.49) are plotted in Figure 5.7. As can be seen, even if the camera trajectory is no
longer almost a straight line, the lateral displacements of the camera are quite small. On
the other hand, both the task function components and the camera velocities are strictly
monotonic thanks to the linear link existing between them near the desired position (as
can be seen in the form of L∗s ).
System including laser-cross misalignment and image noise
A second simulation including calibration errors and image noise has been performed.
First, the laser-cross has been displaced from the camera origin according to the translation
vector (4, 10, 9) cm. Then, the laser-cross has been rotated 12 ◦ about its Z axis, 9◦ about
Y and −15◦ about X. The rest of model assumptions still fit (all the lasers have the same
relative direction and perfect camera calibration). However, random gaussian noise with
standard deviation of 0.5 pixels has been added to the images at each iteration.
The initial position of the camera is still at 105 cm from the object but their relative
orientation is defined by αx = −25◦ and αy = 15◦ . The initial and desired image are
shown in Figure 5.8. Note that the large misalignment of the laser-cross is evident in
these images. However, note that all the epipolar lines intersect in a unique image point.
This only happens when all the laser pointers have the same direction.
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Figure 5.6: Ideal system: simulation using s = (γ, β, α) and the non-constant control law.
a) e = s − s∗ vs. time (in s). b) Camera velocities (ms/s and rad/s) vs. time. c) Fixed
point coordinates in the camera frame. d) Scheme of the camera trajectory.
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Figure 5.7: Ideal system: simulation using s = (γ, β, α) and the constant control law. a)
e = s − s∗ vs. time (in s). b) Camera velocities (ms/s and rad/s) vs. time. c) Fixed point
coordinates in the camera frame. d) Scheme of the camera trajectory.

As can be seen in Figure 5.9 and Figure 5.10 the behaviour of both control laws when
using s = (γ, β, α) is robust against large misalignment of the laser-cross. The image
noise mainly affects the components of the task function e 2 and e3 while e1 remains almost
insensitive to it.

Remark: the success of the position-based approach in front of large calibration errors
relies on the iterative minimisation of the non-linear system of equations which leads to a
robust depth estimation of the four projected laser points. During this simulation we have
detected certain sensitivity of the numeric algorithm in front of image noise. Therefore, a
robust algorithm of minimisation must be used.
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Figure 5.8: Simulation of the system including large laser-cross misalignment. The initial
point distribution is shown with the red dots. The desired point distribution is depicted
by the circles. The epipolar lines are painted in blue.
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Figure 5.9: System including large laser-cross misalignment and image noise: simulation
using s = (γ, β, α) and the non-constant control law. a) e = s − s ∗ vs. time (in s). b)
Camera velocities (ms/s and rad/s) vs. time. c) Fixed point coordinates in the camera
frame. d) Scheme of the camera trajectory.
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Figure 5.10: System including large laser-cross misalignment and image noise: simulation
using s = (γ, β, α) and the constant control law. a) e = s − s ∗ vs. time (in s). b) Camera
velocities (ms/s and rad/s) vs. time. c) Fixed point coordinates in the camera frame. d)
Scheme of the camera trajectory.

5.5

Image points approach

The simplest 2D visual servoing approach that can be defined consists in using the image
coordinates of the four projected points. According to the ideal model, if the laser-cross is
aligned with the camera frame, the coordinates x 1 , y2 , x3 and y4 of the four points remain
always to 0. Therefore, we can chose as visual features the following vector
s = (y1 , x2 , y3 , x4 )

(5.61)

Since the number of visual features k = 4 is greater than the number of dofs that must
be controlled (m = 3), matrix W is chosen so that its rows are the basis of the row space
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cs
generated by L




0 0 1 0 0 0
W= 0 0 0 1 0 0 
0 0 0 0 1 0

(5.62)

cs + , the control law in (5.26) becomes
Then, setting C = WL

+

cs + L
cs WL
cs + (s − s∗ )
v = −λ WL

(5.63)

and the closed-loop equation of the system in (5.29) when using image points is
+

cs + L
cs e
cs + Ls WL
ė = −λWL

(5.64)

A constant interaction matrix is used in the control law, which is obtained by using
the parameters of the ideal model presented in Table 5.1 (see Section 5.2.2), evaluated in
the desired position where n = (0, 0, 1) and D = −Z ∗ .


0

cs = L∗ =  0
L
s
 0
0

0 L/Z ∗ 2 L2 /Z ∗ 2
0
0
−L2 /Z ∗ 2
0 −L/Z ∗ 2
0 −L/Z ∗2 L2 /Z ∗2
0
0 L/Z ∗ 2
0
−L2 /Z ∗ 2


0
0 

0 
0

(5.65)

In the following subsections three studies of stability are faced. First, we show that
the global asymptotic stability of the ideal model cannot be proved. Afterwards, the local
asymptotic stability of the system is analysed taking into account certain types of lasercross misalignment. Finally, the local asymptotic stability in front of errors in the camera
intrinsic parameters is also studied.

5.5.1

Global asymptotic stability under perfect conditions

The general expression of Ls is obtained by using the ideal model parameters in Table 5.1
(see Section 5.2.2) which are expressed in function of the object parameters. The obtained
matrix is


LAC
(BL+D)2
 LAC
− (AL−D)2
Ls=
− LAC
 (D−BL)2
LAC
(AL+D)2

LBC
(BL+D)2
LBC
− (AL−D)
2
LBC
− (D−BL)2
LBC
(AL+D)2

LC 2
(BL+D)2
LC 2
− (AL−D)
2
LC 2
− (D−BL)2
LC 2
(AL+D)2

L(B 2 L+BD+LC 2 )
(BL+D)2
BL
AL−D
2
−LC 2 )
− L(BD−LB
(D−BL)2
BL
AL+D

LA
− BL+D
2

2

+LC −AD)
− L(LA(AL−D)
2
LA
D−BL
2
+LC 2 +AD)
− L(LA(AL+D)
2


L2 AC
− (BL+D)
2
L2 BC 

(AL−D)2 
2
L AC 
− (D−BL)
2
L2 BC
(AL+D)2

(5.66)

A sufficient condition for the system to be globally asymptotically stable is that the
product of matrices M in the closed-loop equation is positive definite. The positiveness
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of M is ensured if all the eigenvalues of its symmetric part S are positive.
When using the constant control law based on L ∗s the analytic expression of the eigenvalues are too complex. On the other hand, if a non-constant law based on estimating
Ls at each iteration is used (reconstructing the object pose parameters involved by triangulation), M is the identity so that the global asymptotic stability of the ideal model is
ensured for any initial object pose.
In presence of calibration errors, the global asymptotic stability analysis becomes too
complex. That is why we use instead the local asymptotic stability analysis.

5.5.2

Local asymptotic stability analysis under laser-cross
misalignment

The local asymptotic stability analysis is based on studying the real part of the eigenvalues
of the matrices product appearing in the closed-loop equation (5.64) evaluated in the
desired state

+
cs + Ls (e∗ ) WL
cs + L
cs
M(e∗ ) = WL
(5.67)

where Ls (e∗ ) is the real interaction matrix at the desired state which takes into account the
actual pose of the laser-cross. We take the model parameters presented in Appendix B in
order to obtain such an interaction matrix. The study of stability when using an estimation
cs at each iteration becomes too complex. The case of using the constant control law
of L
based on L∗s is considered in the following sections.

Misalignment consisting of a translation
In this case we assume that the cross-laser frame has the same orientation as the camera
frame, but that its centre has been displaced according to the vector C TL = (tx , ty , tz ).
In this case the parameters in Table B.1 are evaluated for A = B = 0, C = 1 and D = −Z ∗
in order to obtain the expression of L s (e∗ ) which is




Ls (e∗ ) = 


0
0
0
0

y
0 L+t
Z ∗2
x
0 − L−t
Z∗2
L−ty
0 − Z∗2
x
0 L+t
Z ∗2

(L+ty )2
Z∗2
ty (L−tx )
− Z ∗2
(L−ty )2
Z∗2
ty (L+tx )
Z∗2

y )tx
− (L+t
Z ∗2 2
x)
− (L−t
Z ∗2

(L−ty )tx
Z ∗2 2
x)
− (L+t
Z ∗2

0
0
0
0







(5.68)

The system is locally asymptotically stable if and only if the eigenvalues of M(e ∗ ) have
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all positive real part. The eigenvalues of M(e ∗ ) are
σ1 = 1
σ2 =
σ3 =

t2x + t2y + 2L2 +

q
(t2x + t2y )2 + 6L2 (t2x + t2y )
2

q 2L
2
2
2
tx + ty + 2L − (t2x + t2y )2 + 6L2 (t2x + t2y )
2L2

Imposing their positivity the following constraint arises
t2x + t2y < 2L2

(5.69)

which means that the local asymptotic stability is only ensured when the projection
√ of
the laser-cross centre into the camera plane Z = 0 is included in the circle of radius 2L
centred in the camera origin (see Figure 5.11 for a schema). Note that the component t z
of the misalignment does not affect the local asymptotic stability. Therefore, a displace-

Z=0

Yc
2L

Hx
Hy

Zc

Xc

Hz

Figure 5.11: Region of local asymptotic stability for the projection of the laser-cross onto
the image plane

ment of the laser-cross from the camera origin can strongly affect the global asymptotic
stability of the system when using image points since even the local asymptotic stability
is constrained.
Misalignment consisting of individual rotations
Let now test the stability of the system when the laser-cross is centred in the camera
frame, but rotated with respect to one of the axis. If the three rotations are considered at
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the same time, too many parameters appear and no analytical results arise.
In the first case, the laser-cross is rotated an angle ψ around the X axis of the camera
frame. The interaction matrix Ls (e∗ ) is calculated according to the model parameters in
Table B.2. The eigenvalues of M(e∗ ) are
σ1 = 1
1 + cos ψ
σ2 =
2 cos ψ
1
σ3 =
cos2 ψ
it is easy to see that all the eigenvalues are positive if the rotation angle ψ is expressed in
the interval (−π/2, π/2). Note that there is a singularity for ψ = −π/2 and ψ = π/2, since
in those configurations the lasers do not intersect the object and therefore the servoing is
not possible.
When a rotation θ is done around the Y axis the same eigenvalues are obtained.
Finally, the eigenvalues corresponding to the case of a rotation φ around the Z axis are
σ1 = cos φ
σ2 = cos2 φ +
σ3

p

cos2 φ(cos2 φ − 1)
p
= cos2 φ − cos2 φ(cos2 φ − 1)

The positivity of the first eigenvalue imposes that φ ∈ [−π/2, π/2]. In the second and
the third eigenvalue, the square root is always of a negative number, so that the real part
of both eigenvalues is cos 2 φ, which is always positive.
In conclusion, the approach based on image points is locally asymptotic stable with
respect to individual rotations of the laser-cross around the principal axis of the camera
frame.

5.5.3

Local asymptotic stability analysis in presence of camera calibration errors

This section presents the local asymptotic stability analysis of the system when the lasercross is perfectly aligned with the camera frame but the calibrated intrinsic parameters of
the camera are not the real ones.
We model the intrinsic parameters of the camera according to the following matrix

f ku 0 u0
A =  0 f k v v0 
0
0
1


(5.70)
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where (u0 , v0 ) is the principal point in pixels, f the focal distance (in metres), and (k u , kv )
the conversion factors from metres to pixels for the horizontal and vertical camera axis,
respectively. This matrix expresses how the normalised coordinates x = X/Z of a 3D
point projects onto a certain pixel x p of the image as follows
xp = Ax

(5.71)

e of the real intrinsic parameters is available, an estimation x
e
When only an estimation A
of the real normalised coordinates x is obtained from the pixel coordinates
e −1 xp
e=A
x

(5.72)

e −1 Ax
e=A
x

(5.73)

This estimation is related to the real normalised coordinates by

e −1 A will be noted as follows
Hereafter, the elements of A


f ku
 fee
 ku
b −1 A = 
A
 0

0

0

f kv
fee
kv
0

u0 − u
e0
e
e
f ku
v0 − ve0
fee
kv
1






K
0
U
u
0

 =  0 K v V0 


0
0
1

(5.74)

We assume that Ku > 0 and Kv > 0 since f , ku and kv are positive by definition.
With this notation, the estimated normalised coordinates are related to the real ones
as
x
e = K u x + U0
ye = Kv y + V0

(5.75)

and therefore, its time derivatives are

x
ė = Ku ẋ
so that

yė = Kv ẏ

(5.76)

Lx = K u Lx
Ly = K v Ly

(5.77)

By using the equations above, it is easy to calculate the interaction matrix L s corresponding to the visual features set e
s measured under a bad camera calibration. Then, the local
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asymptotic stability analysis must be applied to the closed-loop equation of the measured
task function e
e
+

cs e
ė
e = CLs (e
e) CL
e
(5.78)


For the case of e
s = (e
y1 , x
e2 , ye3 , x
e4 ) it can be found that the product of matrices M(e
e) in
the closed-loop equation of the system evaluated in the desired state becomes
 K +K
u
v

2
M(e
e∗ ) = 
0
0

0

0




Kv 0 
0 Ku

(5.79)

whose eigenvalues are in this case the elements of the main diagonal, which are always
positive if Ku > 0 and Kv > 0, which is true if fe > 0, e
ku > 0 and e
kv > 0. Therefore, the
local asymptotic stability of the system when using the image point coordinates is ensured
e are positive.
if the elements of the main diagonal of A

5.5.4

Simulation results

The system based on the set of visual features s = (y 1 , x2 , y3 , x4 ) has been simulated
under the same conditions than the ones exposed in Section 5.4.1.

Ideal system
In Figure 5.12 the results of the ideal system when using normalised image points is
presented. In this case, the decrease of s − s ∗ is not pure exponential and the rotational
velocities generated by the constant control law based on L ∗s are non-monotonic.

System including laser-cross misalignment and image noise
The system under the calibration errors described in Section 5.4.1 has rapidly diverged
when using s = (y1 , x2 , y3 , x4 ). This result was already expected from the local asymptotic
stability analysis of this set of visual features when laser-cross misalignment occurs.

5.5.5

Linear combination of image points

As it has been said, in order to fulfill a plane-to-plane virtual link we only need k = 3
independent visual features. In the approach based on image points redundant information
has been used since the number of visual features was greater than the number of controlled
dofs. One might think about linearly combining the image points coordinates in order to
obtain a set of 3 visual features.
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a)

b)
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Figure 5.12: Ideal system: simulation using s = (y 1 , x2 , y3 , x4 ) and the constant control
law. a) e = s − s∗ vs. time (in s). b) Camera velocities (ms/s and rad/s) vs. time. c)
Fixed point coordinates in the camera frame. d) Scheme of the camera trajectory.
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For example, let us define the following set of visual features
x4 −x2 y1 +y3 x2 +x4

f=



(5.80)

The interaction matrix for the desired position is



0 0 2L/Z ∗2
0
0
0
L∗f =  0 0
0
2L2 /Z ∗ 2
0
0 
2
∗2
0 0
0
0
−2L /Z
0

(5.81)

which seems much more decoupled than the interaction matrix corresponding to the image
points approach in (5.65).
Let us generalise the definition of the set of 3 visual features f as a linear combination
of s of the form
f

= Qs

(5.82)

Q̇ = 0
so that the interaction matrix in the desired state has the general form



0 0 D1 0
0 0
L∗f =  0 0 0 D2 0 0 
0 0 0
0 D3 0

(5.83)

Note that L∗f can be decomposed as



D1 0
0
L∗f =  0 D2 0  W = DW
0
0 D3

(5.84)

On the other hand, by deriving (5.82) we have
ḟ = Qṡ = QLs v

(5.85)

L∗f = QL∗s

(5.86)

DW = QL∗s

(5.87)

so that
Therefore, the following equality holds

and post-multiplying both sides for L ∗s +
DWL∗s + = QL∗s L∗s +

(5.88)
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since L∗s L∗s + = Ik we have

Q = DWL∗s +

(5.89)

The time derivative of the task function when using s can be expressed as
es = C(s − s∗ ) ⇒ ės = Cṡ = CLs v = WL+
s Ls v

(5.90)

Similarly, for the case of f we have
+
ef = f − f ∗ ⇒ ėf = ḟ = Lf v = QL+
s Ls v = DWLs Ls v

(5.91)

Note therefore that the dynamics of both tasks are related as follows
ėf = Dės

(5.92)

Therefore, the system dynamics of e f are identical to the dynamics of es but including
a constant factor. Therefore, using a linear combination of visual features which obtains
a diagonal interaction matrix in the desired state does not affect the behaviour of the
system.
In the following sections new sets of visual features are proposed aiming to improve the
performance of the system in terms of stability against calibration errors and decoupling.
As it will be seen, the features are based on non-linear combinations of the image points
coordinates. Therefore, matrix Q will depend on the state so that it will be no longer
constant and therefore, the dynamics of e will change.

5.6

Normalised area and angles approach

In this section we analyse the performance of a set of visual features consisting of non-linear
combinations of the image points [Pagès et al., 2004].
The first visual feature is based on the area of an element of the image. Such visual
feature has been largely used for depth control [Mahony et al., 2002; Tahri and Chaumette,
2004; Corke and Hutchinson, 2001]. In our case, we take into account the area enclosed
by the four image points, which can be formulated as follows
a=

1
((x3 − x1 )(y4 − y2 ) + (x2 − x4 )(y3 − y1 ))
2

(5.93)

The interaction matrix of the area can be easily derived by using the interaction matrices
of the image point coordinates appearing in the formula above. The interaction matrix
evaluated in any state where the camera is parallel to the object (A = 0, B = 0, C = 1)
at a certain depth Z (D = −Z) will be hereafter denoted as L k . For the case of the area
this matrix is
k
(5.94)
La = ( 0 0 2ak /Z 0 0 0 )

131

5.6 Normalised area and angles approach

Note that the area ak observed in any position where the camera is parallel to the object
is known. According to the ideal model it depends on the lasers positions which are
symmetrically placed around the camera and pointing towards the same direction than
the optical axis. Concretely, we have
ak =

Ak
Z2

(5.95)

where Ak is the 3D area enclosed by the four points onto the object surface whenever the
camera is parallel to the object. Since the four laser pointers are orthogonally projected,
the 3D area is constant for any position where the camera and the object are parallel.
Concretely, we have that
Ak = 2L2
(5.96)
Therefore, the interaction matrix in (5.94) can be rewritten as
k

La = ( 0 0 4L2 /Z 3 0 0 0 )

(5.97)

Note that the dynamics of the area are strongly non-linear.
The 2 visual features controlling the remaining dofs are selected from the 4 virtual
segments defined according to Figure 5.13.
xp

3

yp

l32

l34

α3
2

α2
l12

i




α4
α1

4
αj

l14

j




k

1

Figure 5.13: At left side, virtual segments defined by the image points. At right side,
definition of the angle αj .

An interesting feature is the angle between each pair of intersecting virtual segments.
The angle αj corresponding to the angle between the segment l jk and the segment lji (see
Figure 5.13) is defined as
−
−
k→
u ×→
vk
sin αj = →
−
→
−
k u kk v k

→
−
−
u ·→
v
, cos αj = →
−
→
−
k u kk v k

(5.98)

Then, developing the inner and outer products, the angle is obtained from the point
coordinates as follows
αj = arctan

(xk − xj )(yi − yj ) − (xi − xj )(yk − yj )
(xk − xj )(xi − xj ) + (yk − yj )(yi − yj )

(5.99)
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Knowing that the derivative of f (x) = arctan(x) is f˙(x) = ẋ/(1 + x2 ), the interaction
matrix of αj can easily be calculated.
Then, by choosing the visual features α 13 = α1 −α3 and α24 = α2 −α4 , the following
interaction matrices are obtained for the case whenever the camera is parallel to the object
k

Lα13
k
Lα24

= ( 0 0 0 2L/Z
0
0 )
= ( 0 0 0
0
2L/Z 0 )

(5.100)

Note that by using the visual feature set s = ( a, α 13 , α24 ) the interaction matrix is
diagonal (for any state where the camera and the object are parallel) so that a decoupled
control scheme is obtained with no singularities. However, it can be also noted that the
non-null terms of the interaction matrix are inversely proportional to the depth Z or
a power of the depth Z 3 . This will cause the camera trajectory to be not completely
satisfactory. As pointed out by Mahony et al. [Mahony et al., 2002], a good visual feature
controlling one dof is the one whose error function varies proportionally to the variation
of the dof.
Let us start by searching a feature a n whose time derivative only depends on constant
values. Since the time derivative of a depends on the inverse of the depth, we can search
a feature of the form an = aγ so that the depth is cancelled in its time derivative. Then,
taking into account all this, the required power γ can be deduced as follows
an = aγ ⇒ ȧn = γaγ−1 ȧ =

2γAγ
· Vz
Z 2γ+1

(5.101)

In order to cancel the depth it is necessary that
2γ + 1 = 0 ⇒ γ = −1/2

(5.102)

√
so that we find an = 1/ a as in [Mahony et al., 2002; Tahri and Chaumette, 2003]. The
interaction matrix of an evaluated in the desired state is in fact valid for any camera
position where it is parallel to the object since it only depends on constant values and not
on the depth
√
k
(5.103)
L∗an = Lan = ( 0 0 −1/( 2L) 0 0 0 )
Following the same method we can find that defining
√
α13n = α13n / a
√
α24n = α24n / a

(5.104)
(5.105)

we obtain the following interaction matrices for the new normalised features
L∗α13n

= Lα13n

= ( 0 0 0

√
2

L∗α24n

=

= ( 0 0 0

0

k

k
Lα24n

0 0 )
√
2 0 )

(5.106)
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These normalised visual features are related to the object parameters (A, B, C, D) as
follows
an

α13n

p
(A2 L2 − D 2 )(B 2 L2 − D 2 )
√
= −
2LCD


4LBD(L2 (A2 + B 2 ) − 2D 2 )
= an arctan
L4 (A2 + B 2 )2 + 4D 2 (D 2 − 2B 2 L2 )

α24n = an arctan



4LAD(L2 (A2 + B 2 ) − 2D 2 )
L4 (A2 + B 2 )2 + 4D 2 (D 2 − 2A2 L2 )



(5.107)

Similarly, they are related to the object representation (γ = −D/C, β = −B/C, α =
−A/C) by
an

p
(α2 L2 − γ 2 )(β 2 L2 − γ 2 )
√
= −
2Lγ

α13n = an arctan

α24n = an arctan





4Lβγ(L2 (α2 + β 2 ) − 2γ 2 )
L4 (α2 + β 2 )2 + 4γ 2 (γ 2 − 2β 2 L2 )
4Lαγ(L2 (α2 + β 2 ) − 2γ 2 )
L4 (α2 + β 2 )2 + 4γ 2 (γ 2 − 2α2 L2 )





(5.108)

If a Taylor approximation of first order is made about A = B = 0 or α = β = 0, the
following relationships appear
an

≈

α13n ≈
α24n ≈



1
1
−D
√
= √ γ
C
2L 
2L

√
√
−B
= − 2β
− 2
 C
√
√
−A
2
=
2α
C

(5.109)

Therefore, when the camera is nearly parallel to the object, the features based on normalised area and angles are proportional to the object parameters (γ,β,α). That is why
the features s = (an , α13n , α24n ) are decoupled in the desired state.
Given this set of visual features we have m = k = 3 so that C = I 3 and the control
law is
cs + (s − s∗ )
v = −λL
(5.110)
and therefore the closed-loop equation of the system is
+

cs e
ė = −λLs L

(5.111)
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When using a constant control law, the estimation of the interaction matrix is simply
√

0 0
0 0 −1/( 2L) √0
cs = L∗ = Lks =  0 0
L
0
2 √0 0 
s
0 0
0
0
2 0


5.6.1

(5.112)

Global asymptotic stability under perfect conditions

Unfortunately, the interaction matrix in function of the object parameters corresponding
to the ideal model is very complex. For example, we show the non-null elements of the
general interaction matrix for an expressed in the object frame (see Appendix C)
o

L an

=

0 0

oL

an (Vz )

oL

an (Ωx )

oL

an (Ωy )

0



(5.113)

C 2 L2 D(A2 B 2 L4 − D 4 )
(A2 L2 − D 2 )2 (B 2 L2 − D 2 )2
4L2 CBD 2 ((1 + C)(D 4 − L2 D 2 ) + A2 L4 (1 − A2 + C(1 + B 2 )))
o
Lan (Ωx ) =
(1 + C)(A2 L2 − D 2 )2 (B 2 L2 − D 2 )2
4L2 CAD 2 ((1 + C)(D 4 − L2 D 2 ) + B 2 L4 (1 − B 2 + C(1 − A2 )))
o
Lan (Ωy ) = −
(1 + C)(A2 L2 − D 2 )2 (B 2 L2 + D 2 )2
o

Lan (Vz ) = 4

The interaction matrices for α13n and α24n are still more complicated because of the
definition of their time derivatives
α̇13n = an · α̇13 + α13 · ȧn

α̇24n = an · α̇24 + α24 · ȧn

(5.114)

Note that when the camera is not parallel to the object α 13 and α24 are different to 0.
Then, the general interaction matrices depend on arctan functions.
Trying to analyse the global asymptotic stability of the system when using the constant
control law based on matrix (5.112) becomes too complex. We could only ensure the global
asymptotic stability of the ideal system when using a non-constant control law based on
cs = Ls at each iteration. In this case, the closed-loop equation of
perfectly estimating L
the system is
ė = −λe
(5.115)
obtaining a pure exponential decrease of the task function.
Hereafter we focus on the image-based approach based on s = (a n , α13n , α24n ) and
the constant control law. We show its robustness against to calibration errors through the
local asymptotic stability analysis.
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5.6.2

Local asymptotic stability analysis under laser-cross
misalignment

Misalignment consisting of a translation
The interaction matrix for the desired position including a misalignment of the laser-cross
consisting of a translation C TL = (tx , ty , tz ) has been computed taking into account the
model parameters in Table B.1 at Appendix B obtaining


0 0

Ls (e∗ ) =  0 0
0 0

√
− 2L2

0
0

√
3 2ty
−√
4L

√
3 2tx
4L

2
0

√0
2



0

0 
0

(5.116)

Note that the misalignment parameters only affect the normalised area a n . On the other
hand, α13n and α24n are invariant to such type of misalignment near the desired state.
Then, the product of matrices in the closed-loop equation (5.111) becomes M(e ∗ ) =
cs + that is
Ls (e∗ )L


y
3tx
1 − 3t
4L
4L
M(e∗ ) =  0
(5.117)
1
0 
0
0
1

Note that the eigenvalues of M(e∗ ) are equal to the elements of the main diagonal. Therefore, the eigenvalues are all equal to 1. It means that the local asymptotic stability of
the system when using this set of visual features is not affected by a misalignment of the
laser-cross consisting of a translation. Therefore, the stability domain of this set of visual
features is much larger than the approach based on image points.
Misalignment consisting of individual rotations
Let us now consider how does a rotation of the laser-cross around one of the axis of the
camera frame affect the local asymptotic stability of the system.
Given the case of a rotation ψ around the X axis the eigenvalues of M(e ∗ ) are

σ1
σ2
σ3

p
2 cos ψ 1/ cos ψ
=
cos2 ψ + 1
p
2 cos2 ψ 1/ cos ψ
=
cos2 ψ + 1
p
= cos ψ 1/ cos ψ

which are all positive and definite if ψ ∈ (−π/2, π/2).

The same eigenvalues are obtained for the case of a rotation θ around the Y axis of
the camera.
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Finally, when a rotation φ is applied around the Z axis, the eigenvalues of M(e ∗ ) are
σ1 = 1

p
cos2 φ − 1
p
= cos φ − cos2 φ − 1

σ2 = cos φ +
σ3

Note that the real part of the two last eigenvalues is cos φ so in order to ensure their
positivity we must have φ ∈ [−π/2, π/2].

It can be stated that the local asymptotic stability of the approach based on the
normalised area and angles is not affected by individual rotations of the laser-cross around
the camera axis.

5.6.3

Local asymptotic stability analysis in presence of camera calibration errors

We now present the local asymptotic stability analysis taking into account in the real
interaction matrix both the real and the estimated intrinsic parameters of the camera. As
explained in Section 5.5.3, it is necessary to study the dynamic behaviour of the measured
task function e
e evaluated in the desired state
+

∗

cs e
ė
e∗
e = −λLs (e
e∗ )L

(5.118)



In this case, the interaction matrix in the desired state e
e∗ is


0 0 −

∗
Ls (e
e )= 0 0


0 0

√
2(Ku +Kv )
4L

0

0

√2LKv ∗
Ku Z

0

0

cs
so that the product of matrices M(e
e∗ ) = Ls (e
e∗ )L


Ku + K v

2


∗
0
M(e
e )=


0

+

√
2 Ku L
Z∗


0

0 

(5.119)

0

is

0
√
2LKv
√
Ku Z ∗
0

0
0

0






0


√
2Ku L 
Z∗

(5.120)

Note that the eigenvalues are the elements of the main diagonal and are positive if K u > 0
and Kv > 0, which is true if fe > 0, e
ku > 0 and e
kv > 0.
Therefore, the system based on the normalised area and angles is robust against camera
e are positive.
calibration errors if the elements of the main diagonal of A
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5.6.4

Simulation results

The simulations described in Section 5.4.1 have been also done taking into account the set
of visual features s = (an , α13n , α24n ) and the constant control law based on L ∗s .
Ideal system
The results obtained according to the ideal system specification are shown in Figure3 5.14.
The decrease of the task function is strictly monotonic as well as the camera velocities.
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Figure 5.14: Ideal system: simulation using s = (a n , α13n , α24n ) and the constant control
law. a) e = s − s∗ vs. time (in s). b) Camera velocities (ms/s and rad/s) vs. time. c)
Fixed point coordinates in the camera frame. d) Scheme of the camera trajectory.

Note that the camera velocities and the camera trajectory are pretty similar to the ones
obtained by the position-based approach in Section 5.4.1 when using the constant control law. This similarity was expected from the analytic approximate behaviour deduced
in (5.109).
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System including laser-cross misalignment and image noise
Figure 5.15 presents the results obtained by the current image-based approach for the simulation conditions described in Section 5.4.1. Note that the system is almost unaffected by
the large laser-cross misalignment, as already expected from the local asymptotic stability
analysis results in presence of this type of calibration errors. Again, the results are very
similar to the ones obtained by the positioned-based approach when using the constant
control law.
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Figure 5.15: System including large laser-cross misalignment and image noise: simulation
using s = (an , α13n , α24n ) and the constant control law. a) e = s − s ∗ vs. time (in s). b)
Camera velocities (ms/s and rad/s) vs. time. c) Fixed point coordinates in the camera
frame. d) Scheme of the camera trajectory.
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5.7

A decoupled image-based approach

The aim of this section is to obtain a set of 3 visual features which decouples as much
as possible the controlled dof not only near the desired position (as in the case of the
normalised area and angles) but for any camera-object pose. With such a decoupling
we also aim to demonstrate the global asymptotic stability of the system when using the
constant control law based on L∗s . Moreover, we expect a set of visual features which have
the same robustness against calibration errors demonstrated for the previous features.
−1
Let us take a look at the interaction matrices of y 1−1 , y3−1 , x−1
2 and x4

Ly1−1 =
Ly3−1 =
Lx−1
=
2
Lx−1
=
4
with



−K1 −K2 −K3 − K2 (BL+D)
−1
C



K1 K2 K3 − K2 (AL−D)
C




K1 K2 K3 −

K2 (BL−D)
C

−1

K1 =

A
LC

B
LC

K2 =

K1 (BL−D)
C

K1 (AL−D)
C

−K1 −K2 −K3 − K2 (AL+D)
C
K3 =

K1 (BL+D)
C

K1 L

K1 L


+ 1 −K2 L

K1 (AL+D)
C





+ 1 −K2 L

1
L



It is obvious that simple combinations of such features can lead to a decoupled system.
We have chosen the following set of visual features
−1
y1−1 − y3−1 , y1−1 + y3−1 , x−1
2 + x4

s =
=



whose interaction matrix is

2A
− LC

Ls = 0
0

y3 − y 1
,
y1 y3

2B
− LC
0
0

y1 + y 3
,
y1 y3

− L2
0
0

x2 + x 4
x2 x4

− 2BD
LC 2 2
)
− 2(1−A
C2
− 2AB
C2



2AD
LC 2
2AB
C2
2(1−B 2 )
C2


(5.121)

0
2A
C
− 2B
C





(5.122)

which is always rank 3 unless for degenerated cases. Note that the rotational part is
decoupled from the translational one for any camera-object pose. To our knowledge, there
are no other image-based approach where the interaction matrix has such a high order of
decoupling for any state.
In the ideal case, that is, when no calibration errors occur, the visual features are
related to the object parameters as follows
s = (s1 , s2 , s3 ) =



B
A
2D
, −2 , −2
−
LC
C
C



(5.123)
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Therefore, these features are proportional to the parameters of the object plane expressed
as
Z = γ + βY + αX
(5.124)
so that
s1 =

2
γ, s2 = 2β, s3 = 2α
L

(5.125)

Furthermore, taking into account the Taylor developments in (5.109), the new visual
features are related to (an , α13n , α24n ) by
√
√
√
s1 ≈ 2 2an , s2 ≈ − 2α13n , s3 ≈ 2α24n

(5.126)

Therefore, under ideal conditions, the image-based approach based on these features behaves as the position-based technique presented in Section 5.4 and very similar to the
image-based approach based on (an , α13n , α24n ). Hence, a new way to implicitly estimate
the object pose has been found from a non-linear combination of the image point coordinates. In absence of calibration errors the equations in (5.125) could be used to obtain
the object parameters (γ, β, α) and execute the position-based approach without need to
solve the system of non-linear equations in (5.58).
Another interesting characteristic of these features is that the interaction matrix can
be expressed in terms of the task function components. Usually, in most part of 2D visual
servoing approaches this is unfeasible. By using the normalised image points coordinates
for the ideal case (presented in Table 5.1), the components of e = s − s ∗ = (e1 , e2 , e3 ) can
be expressed as follows
e1 =

B
A
−2(D + CZ ∗ )
, e2 = −2 , e3 = −2
LC
C
C

(5.127)

√
1 − A2 − B 2 . Hence, we have a
We remember that n is a unitary vector so that C =
system of 3 equations and 3 unknowns (A, B and D) whose unique solution is
A=−

e2
e1 L + 2Z ∗
e3
, B=− , D=−
h
h
h

with
h=
and therefore

(5.128)

q
e22 + e23 + 4

(5.129)

2
h

(5.130)

C=

Using these equivalences, the interaction matrix can be expressed in terms of the task
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function components as follows


e3
L


Ls (e) = 
 0
0

e2
L

0
0

− L2
0

− e2 (e1 L+2Z
2L

∗

)

− 21 e22 − 2
− 21 e2 e3

0

e3 (e1 L+2Z ∗ )
2L
1
2 e2 e3
2 + 12 e23

0




−e3 

e2

(5.131)

Note that all the terms in the interaction matrix are known. This allows us to decide
cs
which model of interaction matrix is used in the control law obtained by setting W = L
so that C = I3 and
cs + e
v = −λL
(5.132)
cs estimated at each iteration. Note that in this case the elements of the interaction
• L
matrix can be obtained from the task function, without reconstructing the object
parameters by triangulation. The main advantage of such a control law is that
if the interaction matrix is perfectly estimated the task function will have a pure
exponential decrease. However, the camera velocities may be inadequate due to the
non-linearities visible in (5.131).
cs = L∗ being
• L
s




0 0 −2/L 0 0 0
cs = L∗ =  0 0
L
0
−2 0 0 
s
0 0
0
0 2 0

(5.133)

In this case, the control law becomes simpler and can be calculated faster (it is not
required to calculate the pseudoinverse at each iteration). Note that this matrix
does not contain any non-linearities neither depth information, like in the set of
visual features based on the normalised area and angles. In this case however, this
result has been achieved without need to normalise the features as before. Then,
since each visual feature varies proportionally to the dof which controls, if the task
function has a good decreasing, which will be studied in the following subsection,
suitable camera velocities will be produced [Mahony et al., 2002].

5.7.1

Global asymptotic stability under perfect conditions

The closed-loop equation of the system is again
cs + e
ė = −λLs (e)L

(5.134)

We now present the global asymptotic stability analysis when using two different control laws.
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Non-constant control law
In this case we compute the real interaction matrix at each iteration from the task function
cs = Ls (e). Then the product of matrices M in the control law is the identity.
value so that L
Therefore, the equilibrium point is unique and the closed-loop equation becomes simply
ė = −λe

(5.135)

which ensures a pure exponential decrease of the task function. However, the camera
velocities produced by the non-constant control law can be not very suitable due to the
strong non-linearities in Ls (e)+ .

Constant control law
When using the constant diagonal matrix in (5.133) in the control law, the product of
cs + = Ls L∗s + is the following 3 × 3 matrix
matrices M = Ls L


1

M=
0
0

BD
2
LC
2
B +C 2
2
C
AB
C2

whose determinant is

AD
LC 2
AB
C2
A2 +C 2
C2





1
=
 0
0

e2 (e1 L+2Z ∗ )
4L
e22
4 +1
e2 e3
4

h2
1
=
det (M) = 2 =
C
4

e3 (e1 L+2Z ∗ )
4L
e2 e3
4
e23
4 +1





p
e22 + e23 + 4
4

(5.136)

(5.137)

which is always non-null, and therefore, the equilibrium point e = 0 is unique. The
global asymptotic stability analysis can be done by using the Lyapunov method, but only
sufficient conditions are provided. However, thanks to the nice decoupled form of the
interaction matrix, we can solve the differential system in function of time corresponding
to the closed-loop equation of the system
cs + e(t)
ė(t) = −λLs (e(t))L

(5.138)

This differential system can be decomposed as follows



λ
e1 (t) 4L + e2 (t)2 L + e3 (t)2 L + 2Z ∗ e2 (t)2 + e3 (t)2
4L
λ
ė2 (t) = − (e2 (t)3 + 4e2 (t) + e2 (t)e3 (t)2 )
4
λ
ė3 (t) = − (e3 (t)3 + 4e3 (t) + e3 (t)e2 (t)2 )
4

ė1 (t) = −

(5.139)
(5.140)
(5.141)
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The following solutions are obtained according to the developments presented in Appendix D.1
e1 (t) =
e2 (t) =
e3 (t) =

2e1 (0) 2bZ ∗ arctan (u(t))
−
a(t)
a(t)L
2e2 (0)
a(t)
2e3 (0)
a(t)

(5.142)
(5.143)
(5.144)

with
a(t) =

q


e22 (0) + e23 (0) (exp2λt −1) + 4 exp2λt

q
b =
e22 (0) + e23 (0)

u(t) =

b(a(t) − 2)
b2 + 2a(t)

(5.145)
(5.146)
(5.147)

Let us start by demonstrating the global asymptotic stability of the rotational subsystem defined by (5.140) and (5.141). The subsystem formed by e 2 (t) and e3 (t) is globally
asymptotically stable if
lim e2 (t) = 0, lim e3 (t) = 0
(5.148)
t→∞

t→∞

Both functions clearly tend to 0 when time approaches infinity since lim t→∞ a(t) = ∞.
Moreover, it is easy to show that e2 (t) and e3 (t) are strictly monotonic functions by taking
a look at their first derivative
2λei (0) exp2λt e22 (0) + e23 (0) + 4
ėi (t) = −
a(t)3



(5.149)

with i = {2, 3}. Note that the functions e 2 and e3 are monotonic since the sign of their
derivatives never changes and it only depends on the initial conditions. Furthermore, they
are strictly monotonic since their derivative only zeroes when t → ∞ or when the function
at t = 0 is already 0. Therefore, for any initial condition, e 2 (t) and e3 (t) always tend
towards 0 strictly monotonically.
The global asymptotic stability of the translational subsystem depends on the behaviour of e1 (t). It is easy to show that e1 (t) converges to 0 for any initial state since
limt→∞ u(t) = 2b
limt→∞ a(t) = ∞



⇒ lim e1 (t) = 0
t→∞

(5.150)

The monotonicity of e1 (t) is not so easy to proof. In fact, depending on the initial
conditions, e1 (t) can be not monotonic showing some extrema. In Appendix D.2 it is
shown that e1 (t) either is always monotonic or it has a unique extremum before converging
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monotonically to 0. Furthermore, sufficient conditions are given so that it is possible to
check from the initial state of the system and the desired depth Z ∗ if either e1 (t) will be
monotonic during all the servoing or it will have a peak.

5.7.2

Camera trajectory

Thanks to the decoupled form of the interaction matrix in (5.122) we have obtained the
analytic functions describing the behaviour of the task function e(t). Furthermore, when
using the constant control law based on L ∗s we can also obtain the functions describing
the camera trajectory. In this case, the control law maps the task function components
e1 (t), e2 (t) and e3 (t) to the camera velocities as follows
v = −λL∗s + e
where

L∗s +

so that






=




0
0
0
0
0
0
−L/2
0
0
0
−1/2 0
0
0
1/2
0
0
0




Vz (t)













(5.151)









L
= λ e1 (t)
2
1
Ωx (t) = λ e2 (t)
2
1
Ωy (t) = −λ e3 (t)
2

(5.152)

(5.153)

Then, we can express the coordinates of a fixed point X in the camera frame in any
instant of time t when the camera moves according to v(t) = (V(t) Ω(t)) by using the
well-known kinematic equation
Ẋ(t) = −V(t) − Ω(t) × X(t)

(5.154)

Since the constant control law only generates velocities for V z , Ωx and Ωy , the above
equation can be rewritten as

 Ẋ(t) = −Ωy (t)Z(t)
Ẏ (t) = +Ωx (t)Z(t)

Ż(t) = −Vz (t) + Ωy (t)X(t) − Ωx (t)Y (t)

(5.155)

where Vz (t), Ωx (t) and Ωy (t) are the expressions in (5.153). If we choose as fixed point
the initial position of the camera (X(0) = (0, 0, 0)), we can solve the system of differential
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equations obtaining



e3 (0) exp−λt 

λt 2 ∗
2
λt
2
2

exp
b
Z
h(0)
arctan
(u(t))
−
e
(0)Lb
exp
h(0)
−
b
−
2a(t)
X(t)
=

1

h(0)2 b3






+ b3 Z ∗ (a(t) − 2)








e2 (0) exp−λt 
λt 2 ∗
2
λt
2
2
Y (t) =
exp
b
Z
h(0)
arctan
(u(t))
−
e
(0)Lb
exp
h(0)
−
b
−
2a(t)
1

h(0)2 b3






+ b3 Z ∗ (a(t) − 2)










− exp−λt  2 ∗ 
λt
λt
∗

 Z(t) =
a(t)
−
2
exp
exp
−1
+
e
(0)L
(a(t)
−
2)
2Z
−b
Z
1
h(0)2
(5.156)

Note that X(t) describes how the camera moves farther from its initial position. The
expressions of X(t) and Y (t) have the same form, the only difference is that X(t) depends
on e3 (0) while Y (t) does on e2 (0). The study of the derivative of X(t) (and similarly for
Y (t)) shows that both X(t) and Y (t) are monotonic functions. The demonstration is as
follows. Let us look at for example at the derivative of X(t)





λe3 (0) expλt  2 ∗ 
λt
∗
λt
b
Z
exp
−1
+
2Z
2
exp
−a(t)
+
e
(0)L
(2
−
a(t))
1
h(0)2 a(t)
(5.157)
noting that the sign depends on e3 (0) and will not change if
Ẋ(t) =





b2 Z ∗ expλt −1 + 2Z ∗ 2 expλt −a(t) + e1 (0)L (2 − a(t)) ≥ 0

(5.158)

By using the definition of e1 (t) in (5.127) the above condition can be rewritten as



 2D(0)
(2 − a(t)) ≥ 0
b2 Z ∗ expλt −1 + 4Z ∗ expλt −
C(0)

(5.159)

which is always true since D(0) < 0, C(0) > 0, Z ∗ > 0, expλt ≥ 1 and a(t) ∈ [2, ∞) (as
shown in Appendix D.1).
Concerning Z(t), its derivative can change of sign, so its monotonicity is not ensured.
Indeed, Z(t) will be monotonic under the same conditions that e 1 (t) is monotonic too.
When e1 (t) is not monotonic, a unique peak will appear also in Z(t).
The final coordinates of X are obtained by calculating the limit when time approaches
infinity
lim X(t) = e3 (0)G

(5.160)

lim Y (t) = e2 (0)G

(5.161)

t→∞

t→∞

lim Z(t) =

t→∞

e1 (0)L − 2Z ∗ + h(0)Z ∗
h(0)

(5.162)
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with


 
2
2 ∗
−2b Z h(0) arctan
+ b + πb Z h(0) + 2be1 (0)L (2 − h(0))
b
(5.163)
Note that by using the definition of e 1 in function of the object parameters in (5.127) and
that h = 2/C we have
lim Z(t) = D(0) + Z ∗
(5.164)
1
G= 3
2b h(0)



2

∗



t→∞

where D(0) is the initial distance between the object plane and the camera origin.
In summary, we can state that a complete analytic model describing the behaviour of
the system when using the constant control law has been obtained.

5.7.3

Local asymptotic stability analysis under laser-cross
misalignment

The closed-loop equation of the system in presence of calibration errors becomes strongly
coupled so that it is not possible to develop the global asymptotic stability analysis under
these conditions. We present instead the local asymptotic stability analysis when the
laser-cross is not aligned with the camera frame.

Misalignment consisting of a translation
By using the model parameters in Table B.1 we can calculate the interaction matrices of
the inverses of y1 , x2 , y3 and x4 for the desired state taking into account that the lasercross is displaced C TL = (tx , ty , tz ) from the camera origin. Then, the interaction matrix
of s can be computed obtaining


0 0


Ls (e∗ ) =  0 0
0 0

2L
t2y −L2
y
− t22t
2
y −L
x
− t22t
2
x −L

0
−2

x ty
− t2t
2 −L2
x

x
− t2Lt
2 −L2
y
2tx ty
t2y −L2

2

0



0 

0

(5.165)

The local asymptotic stability analysis of the system under this type of misalignment
cs + which is
consists in studying the product of matrices M(e ∗ ) = Ls (e∗ )L



M(e∗ ) = 

L2
L2 −t2y
L
− Lt2y−t
2
y
tx L
− L2 −t2
x

0
1

ty
− Lt2x−t
2
x

tx L
L2 −t2y
ty
− Lt2x−t
2
y

1





(5.166)
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The eigenvalues of M(e∗ ) are
σ1 =
σ2 =
σ3 =

L2
L2 − t2y

p
L2 − t2x + t2x (t2x − L2 )
L2 − t2x
p
L2 − t2x − t2x (t2x − L2 )
L2 − t2x

so that imposing the positiveness of σ 1 we have that L2 − t2y > 0 which means that
|ty | < L

(5.167)

When imposing the positiveness of σ 2 and σ3 we must deal with two hypothesis, one
assuming L2 − t2x > 0 and the other L2 − t2x < 0. Let us develop both hypothesis:
• hypothesis 1 : L2 − t2x > 0. Imposing the positiveness of σ2 and σ3 according to this
assumption leads to

since

L2 − t2x > 0 ⇒ Re(σ2 ) = Re(σ3 ) = 1

(5.168)

p
p
√
t2x (t2x − L2 ) = t2x (−t2x + L2 ) i

(5.169)

• hypothesis 2 : L2 − t2x < 0. In this case, imposing the positiveness according to the
second hypothesis we obtain
L2 − t2x < 0 ⇒ σ2 > 0 ⇔ L2 − t2x +

p
t2x (t2x − L2 ) < 0

(5.170)

which is never true as can be seen by developing the condition as follows
p
t2x (t2x − L2 ) < −L2 + t2x

t2x t2x − L2 < (t2x − L2 )2
t2x < t2x − L2
0 < −L2

(5.171)

Therefore, the right hypothesis is
L2 − t2x > 0

(5.172)

|tx | < L

(5.173)

which imposes that
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Note that the stability domain when using these visual features is a little bit more
restricted than when using directly image point coordinates and therefore, than when
using the normalised area and angles approach. Concretely, the misalignment of the
centre of the laser-cross projected onto the camera plane Z = 0 must be included in the
square circumscribed by the circle t 2x + t2y < 2L2 , which was the error tolerated when using
image points (see Figure 5.16).
Yc

L
L

Xc

2L

Figure 5.16: Local asymptotic stability areas for the projection of the laser-cross centre
onto the plane Z = 0.

Misalignment consisting of individual rotations
First of all, let us consider a single rotation ψ of the laser-cross around the X axis of the
camera frame. In this case, matrix L s (e∗ ) is calculated from the model parameters in
cs + are
Table B.2. Then, the eigenvalues of M = L s (e∗ )L
σ1 = 1

σ2 = f (L, Z ∗ , ψ)
σ3 = f (L, Z ∗ , ψ)
the explicit expressions of σ1 and σ2 are too complex to be included here. In Figure 5.17a
the distribution of σ2 in function of the rotation ψ and the depth to the object Z ∗ for
L = 0.15 m is plotted. In Figure 5.17b a particular case of σ 2 for Z ∗ = 1.1 m. As can
be seen, the positiveness of σ2 is ensured for almost all angle values. The same plots are
shown in Figure 5.18 for σ3 . As can be seen, the positiveness of this eigenvalue is not
always ensured and depends on the rotation angle.
In the case of a rotation θ of the laser-cross around the Y axis of the camera, also two
complex eigenvalues appear, whose distributions are plotted in Figure 5.19 and Figure 5.20,
showing that the rotation around the Y axis is better tolerated by the system.
Finally, if a rotation φ around the Z axis of the camera is applied to the laser-cross,
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Figure 5.17: a) Rotation around X axis σ 2 in function of ψ (degrees) and Zg = Z ∗ b) σ2
in function of ψ (degrees) for the case Zg = 1.1 m
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Figure 5.18: Rotation around X axis a) σ 3 in function of ψ (degrees) and Zg = Z ∗ b) σ3
in function of ψ (degrees) for the case Zg = 1.1 m
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Figure 5.19: Rotation around Y axis a) σ 2 in function of θ (degrees) and Zg = Z ∗ b) σ2
in function of θ (degrees) for the case Zg = 1.1 m
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Figure 5.20: Rotation around Y axis a) σ 3 in function of θ (degrees) and Zg = Z ∗ b) σ3
in function of θ (degrees) for the case Zg = 1.1 m
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the eigenvalues obtained from M are
1
cos φ
= 1 + i tan φ

σ1 =
σ2

σ2 = 1 − i tan φ

(5.174)

imposing the positiveness of the first one, we have that the rotation must be included in
φ ∈ [−π/2, π/2]. Note that the other eigenvalues are complex numbers and that their
real part is always positive. Therefore, rotation of the laser-cross around the optical axis
of the camera does not affect the local asymptotic stability of the system.
In summary, the approach based on this non-linear combination of image points is less
robust against individual rotations of the laser-cross than the image points based approach
and the normalised area and angles approach. In the following section we show how to
overcome this problem by improving the set of visual features.

5.7.4

Making features robust against laser-cross misalignment

In this section we present a simple method to enlarge the robustness domain of the features
against laser-cross misalignment. The goal is to define a corrected set of visual features
s0 which is analytically and experimentally robust against laser-cross misalignment. Figure 5.21 shows the image point distribution in the desired state when different types of
misalignment take place (the 4 lasers have the same relative orientation). As can be seen,
a general misalignment of the laser-cross produces that the polygon enclosing the 4 points
in the desired image appears rotated and translated from the image centre as shown in
Figure 5.22a.
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Figure 5.21: Effects of laser-cross misalignment in the desired image. a) Ideal image.
b) The laser-cross is horizontally displaced or rotated around Y C . c) The laser-cross is
vertically displaced or rotated around Y C . d) Laser-cross rotated around ZC .

In fact, the set of visual features s = (a n , α13n , α24n ) is robust against laser-cross
misalignment since both the area and the angles are invariant to the location and orientation of the polygon enclosing the 4 points in the image. Therefore, the corrected set of
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visual features s0 must be also unaffected by this type of planar transformation. The idea
consists in defining an image point transformation composed of a planar transformation
and a translation which minimises the misalignment observed in the image. This image
transformation will be constrained as follows: in absence of laser-cross misalignment, the
corrected set of visual features s0 must be equal to the uncorrected one s. Hence, in the
ideal case the results concerning the global asymptotic stability and camera trajectory
concerning s will also hold for s0 .
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Figure 5.22: Image points correction. a) Desired image under a general misalignment of
the laser-cross. b) Image points after applying the transformation T. c) Image points
after transformation T and translation −x g .
First of all, we eliminate the misalignment exhibited by the polygon in Figure 5.21d
which is produced when the laser-cross is rotated around the optical axis. Let us define
the following unitary vectors
x42 =



x42
y42



x∗ − x∗2
, x13 =
= ∗4
kx4 − x∗2 k



x13
y13



=

x∗1 − x∗3
kx∗1 − x∗3 k

(5.175)



(5.176)

Then, a simple 2D transformation matrix of the form
T=



x24 x13

−1

1
=
x42 y13 − x13 y42



y13 −x13
−y42 x42

is defined so that T uses the desired image points in order to align the unitary vector
corresponding to x4 − x2 with the image axis Xp and the unitary vector corresponding to
x1 − x3 with the image axis Yp . Let us note the transformed image points as follows
x00i = Txi

(5.177)

The result of applying the transformation matrix T to the misaligned image points of
Figure 5.22a is shown in Figure 5.22b. Then, it only rests to define a translation vector
which is able to centre the polygon in the image (see Figure 5.22c). The most intuitive
choice is the centre of gravity of the polygon x g . However, the choice of a suitable expression for xg is not trivial as it could be supposed. First of all, x g must be computed from
the current image. Secondly, we remember that in absence of laser-cross misalignment s 0
must be equal to s so that x0i = x00i = xi . Hence, under ideal conditions T must be the
identity, which is true according to (5.176), and x g must be 0. Hence, we could intuitively
set xg = (1/4)(x1 + x2 + x3 + x4 ). However, according to the ideal model parameters
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(see Table 5.1), the general expression of the laser image points in function of the object
parameters are
LC
x1 =
0
y1 = −
BL + D
LC
x2 = −
y2 =
0
AL − D
(5.178)
LC
x3 =
0
y3 = −
BL − D
LC
y4 =
0
x4 = −
AL + D
Therefore, we have that
1 00
L2 AC
(x1 + x002 + x003 + x004 ) = −
4
2 (A2 L2 − D 2 )

(5.179)

which is only zero when the camera is parallel to the object. Instead of this, we propose
to use


1 x001 + x003
xg =
(5.180)
y200 + y400
2
Note that this expression is also a measure of the polygon centre of gravity according to
Figure 5.22b. Moreover, in the ideal case x g is actually 0 for any object pose. Then, the
corrected image points are obtained as follows
x0i = Txi − xg

(5.181)

The corrected set of visual features s 0 is therefore
s0 =

0

0

0

0

0

0

y1−1 − y3−1 y1−1 + y3−1 x2−1 + x4−1



(5.182)

The global asymptotic stability of the ideal model is also ensured when using s 0 . In the
following sections the robustness of s 0 with respect to laser-cross misalignment is proved
analytically. Furthermore, the corrected visual features avoid a potential problem of the
uncorrected set s. Certainly, since the definition of s involves the computation of 1/y 1 ,
1/x2 , 1/y3 and 1/x4 , a division by 0 may be reached due to the laser-cross misalignment.
Note that this problem does not longer appear in s 0 since the corrected image points are
symmetrically distributed around the image centre.

5.7.5

Robust visual features: local asymptotic stability analysis under laser-cross misalignment

The study of the global asymptotic stability of the system when using the corrected set
of visual features s0 and the constant control law is again too complex. As in the previous
approaches, we instead analyse the local asymptotic stability in front of different types
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of laser-cross misalignment. Hence, we intend to prove the robustness of the new set of
visual features in front of such calibration errors.

Misalignment consisting of a translation
Let us first analyse the case when the laser-cross is aligned with the camera frame, but it
is displaced from the camera origin according to C TL = (tx , ty , tz ). The real interaction
matrix for this laser-cross pose evaluated in the desired state L s0 (e∗ ) must be calculated.
First we evaluate the interaction matrices in the desired state of the point coordinates
y1 , x2 , y3 and x4 using the model parameters in Table B.1 evaluated according to the
desired state A = B = 0, C = 1 and D = −Z ∗ . These parameters are also used in order
to calculate the 2D transformation defined in (5.176) and in (5.180) in the desired state.
The expressions obtained for T and x g are
T=



1 0
0 1



,

xg =

tx
,
Z∗

yg =

ty
Z∗

(5.183)

The interaction matrix of the corrected set of visual features in the desired state is
then


4ty 2tx
2
−
0
0 0 −


L
L
L
(5.184)
Ls0 (e∗ ) =  0 0
0
−2
0 0 
0 0
0
0
2 0
and the product of matrices in the linearised closed-loop equation of the system M =
cs0 + is
Ls0 (e∗ )L

ty tx 
1 2

L L 
M= 0 1
(5.185)
0 
0

0

1

whose eigenvalues are the elements on the main diagonal which are all equal to 1. Therefore, the local asymptotic stability of the system in front of a displacement of the laser-cross
is always ensured when using s0 and the constant control law.

Misalignment consisting of individual rotations
We now present the local asymptotic stability analysis when the laser-cross is centred in
the camera origin but it is rotated around one of the camera axis. Let us first consider a
rotation ψ ∈ (−π/2, π/2) around the X axis. The 2D transformation based on T and x g
can be obtained from the model parameters in Table B.2.
T=



1 0
0 1



,

xg = 0,

yg =

sin ψ
cos ψ

(5.186)
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and the interaction matrix in the desired state taking into account this laser-cross pose is


0 0 −



Ls0 (e∗ ) = 
 0 0

2 cos ψ
L

−

0

0 0

0

−2Z ∗ cos ψ sin ψ
L cos ψ
2 cos ψ
−
cos ψ
0

0 0





0 0 


(5.187)

2 0

so that the product of matrices in the closed-loop equation of the system is


 cos ψ
M=
 0
0

Z ∗ cos ψ sin ψ
L cos ψ
1
0



0 

0 
1

(5.188)

Note that all the eigenvalues (in this case the elements of the main diagonal) are positive
since ψ ∈ (−π/2, π/2).

In case that the laser-cross is rotated an angle θ ∈ (−π/2, π/2) around the Y camera
axis (model parameters in Table B.3), the 2D transformation in the desired state is
T=



1 0
0 1

while the interaction matrix in the
is

 0

∗
Ls0 (e ) =  0

0



,

xg = −

sin θ
,
cos θ

yg = 0

(5.189)

desired state taking into account this laser-cross pose

2
−2Z ∗ sin θ
0 −
0 −
0 
L
L cos θ

(5.190)
0
0
−2
0
0 

2 cos θ
0
0
0
0
cos θ

so that the product of matrices in the closed-loop equation of the system is


1 0 −


M= 0 1
0 0

Z ∗ sin θ 
L cos θ 

0
1

(5.191)

Note that all the eigenvalues are also positive.
Finally, let us study the case when the laser-cross is rotated an angle φ around the
optical axis of the camera (model parameters in Table B.4. In this case we have that
T=



cos φ sin φ
− sin φ cos φ



,

xg = 0,

yg = 0

(5.192)
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2
L
0
0

0 0 −


Ls0 (e∗ ) =  0 0
0 0

0

0

0




−2 cos φ 2 sin φ 0 
2 sin φ 2 cos φ 0

(5.193)

while the product of matrices in the closed-loop equation of the system is



1
0
0
M =  0 cos φ sin φ 
0 − sin φ cos φ

(5.194)

The eigenvalues are
σ1 = 1

p
cos2 φ − 1
p
= cos φ − cos2 φ − 1

σ2 = cos φ +
σ3

Note that the real part of σ2 and σ3 is cos φ so that in order to ensure its positiveness it
is only necessary that φ ∈ [−π/2, π/2].

Therefore, the system based on the corrected set of visual features s 0 is locally asymptotically stable if the laser-cross is not aligned with the camera frame.

5.7.6

Robust visual features: local asymptotic stability analysis in presence of camera calibration errors

We now present the local asymptotic stability analysis in presence of calibration errors in
the intrinsic parameters of the camera. as explained in Section 5.5.3, it is necessary to
study the closed-loop equation of the measured task function e
e that in this case is
∗
cs + e
ė
e = −λLs (e
e∗
e∗ )L


The interaction matrix in the desired state e
e∗ is


v
0 0 − 2K
L
∗

e )=
Ls (e
0 0
0
0 0
0



0
0
0
−2Kv
0
0 
0
2Ku 0

cs
so that the product of matrices M(e
e∗ ) = Ls (e
e∗ )L


+

(5.195)

(5.196)

is


Kv 0
0
M(e
e∗ ) =  0 K v 0 
0
0 Ku

(5.197)
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Note that the eigenvalues are the elements of the main diagonal and are positive if K u > 0
and Kv > 0, which is true if and only if fe > 0, e
ku > 0 and e
kv > 0. Similarly to the
0
previous image-based approaches, the system based on s is also robust against camera
e are positive.
calibration errors if the elements of the main diagonal of A

5.7.7

Simulation results

We now present the simulation results obtained by the corrected set of visual features s 0
according to the conditions described in Section 5.4.1.
Ideal system
As has been shown, under ideal conditions, the interaction matrix of s 0 can be evaluated
from the task function. The results obtained with the non-constant control law based
cs are plotted in Figure 5.23. Both an exponential decrease
on a perfect estimation of L
of the task function and a monotonic behaviour of the camera velocities are observed.
Furthermore, the camera trajectory is almost a straight line in the space. Note that,
as expected, the results coincide with the ones obtained by the position-based approach
presented in Section 5.4.1. Unlike the position-based approach, this image-based approach
does not require the minimisation of the non-linear equations.
The behaviour of the system when using s 0 and the constant control law based on L ∗s
is shown in Figure 5.24. Note that both the task function components and the camera
velocities are strictly monotonic as expected from the analytic results. We remark that
these results also coincide with the ideal behaviour of the position-based approach based on
the constant control law presented in Section 5.4.1. In addition to this, the results of s 0 are
also very similar to the ones given by the image-based approach using s = (a n , α13n , α24n ).
This result was already expected from the Taylor approximations shown in (5.126).
Remember that the behaviour of the system when using the constant control law
under ideal conditions can also be obtained from the analytic expressions of the task
function e(t), the camera velocities V z (t), Ωx (t), Ωy (t) and the trajectory X(t) developed
in Appendix D.1 and in Section 5.7.2. Given the initial object pose parameters n and D
and the desired state defined by n = (0, 0, 1), D = −Z ∗ , the task function components at
t = 0 can be evaluated by using Equation (D.16), Equation (D.11) and Equation (D.12).
The initial conditions found are the following
e1 (0) = 8.5953
e2 (0) = 0.5359
e3 (0) = 1.1547
The functions e1 (t), e2 (t) and e3 (t) and the corresponding camera velocities V z (t), Ωx (t),
Ωy (t) in (5.153) have been evaluated in the interval t ∈ [0, 30] s and are plotted in Figure 5.25a-b. The coordinates of the initial position expressed in the camera frame obtained
analytically in (5.156) have been also evaluated in the same interval. The resulting curves
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Figure 5.23: Ideal system: simulation using s 0 and the non-constant control law. a)
e = s − s∗ vs. time (in s). b) Camera velocities (ms/s and rad/s) vs. time. c) Fixed point
coordinates in the camera frame. d) Scheme of the camera trajectory.
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Figure 5.24: Ideal system: simulation using s 0 and the constant control law. a) e = s − s ∗
vs. time (in s). b) Camera velocities (ms/s and rad/s) vs. time. c) Fixed point coordinates
in the camera frame. d) Scheme of the camera trajectory.
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are plotted in Figure 5.25c and the trajectory of this fixed point in the camera frame is
shown in Figure 5.25d. Note that the task function decrease, the camera velocities and
the trajectory predicted by the analytic model coincide with the simulation results in
Figure 5.24.
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Figure 5.25: Ideal system: analytic behaviour when using s 0 and the constant control
law. a) e1 (t), e2 (t) and e3 (t) evaluated at t ∈ [0, 30] s. b) Camera velocities V z (t) (m/s),
Ωx (t) and Ωy (t) (rad/s) evaluated at t ∈ [0, 30] s. c) Coordinates of a fixed point (initial
position) in the camera frame (in m). d) 3D plot of the same point (’o’ and ’*’ are the
initial and the final point respectively.

System including laser-cross misalignment and image noise
The behaviour of the system when using s 0 and the non-constant control law in presence
of large calibration errors and image noise is shown in Figure 5.26. Note that the system
is almost unaffected by the calibration errors. We find again that the results are nearly
the same that the ones obtained by the position-based approach.
When using the constant control law based on L ∗s , the system is also robust against
the laser-cross misalignment, as expected from the local asymptotic stability analysis in
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Figure 5.26: System including large laser-cross misalignment and image noise: simulation
using s0 and the non-constant control law. a) e = s − s ∗ vs. time (in s). b) Camera
velocities (ms/s and rad/s) vs. time. c) Fixed point coordinates in the camera frame. d)
Scheme of the camera trajectory.
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presence of such errors. The results are plotted in Figure 5.27. Note that under laser-cross
misalignment the simulation results of this approach are still pretty similar to the ones
obtained by s = (an , α13n , α24n ).
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Figure 5.27: System including large laser-cross misalignment and image noise: simulation
using s0 and the constant control law. a) e = s − s ∗ vs. time (in s). b) Camera velocities
(ms/s and rad/s) vs. time. c) Fixed point coordinates in the camera frame. d) Scheme of
the camera trajectory.
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In order to validate the theoretical results and to confirm the simulation results of the
different approaches presented in this chapter, real experiments have been carried out.
The experimental setup consists of a six-dofs robot manipulator with a camera with focal
length 8.5 mm coupled to its end-effector. The images are digitised at 782 × 582 pixels
and the pixel dimensions are about 8.3µm×8.3µm. The laser-cross has been built so that
L = 15 cm. Such a parameter has been chosen taking into account the robot structure
so that the laser-cross can be approximately positioned according to the ideal model, i.e.
aligned with the camera frame.
The visual features corresponding to the desired state are calculated through the following learning stage. The camera is positioned with respect to the planar target, already
presented in Figure 4.9, by using classic 2D visual servoing. Once the desired position
is reached, the lasers are turned on obtaining the desired image point distribution from
which the desired visual features s ∗ are calculated. This target plane is only used once
for obtaining the desired point distribution. Afterwards, the experiments are made with
another planar surface containing no visual marks.
The aim of the experiments is to test the behaviour of the control loop when both
the laser-cross is positioned according to the ideal model specifications and when a large
misalignment between the camera and the laser-cross takes place. Furthermore, during the
real experiments a coarse calibration of the camera intrinsic parameters has been used and
the direction of all the lasers is not exactly equal, so that the robustness of the approaches
against this kind of modelling errors is also tested.

Laser-cross approximately aligned with the camera
In the first experiment, the laser-cross has been approximately aligned with the camera.
The desired depth is Z ∗ = 60 cm, while in the initial position the camera is at a distance
to the plane of 105 cm and its orientation is defined by α x = −20◦ and αy = 20◦ . The
image corresponding to the initial state and the desired image point distribution is shown
in Figure 5.28a. On the other hand, Figure 5.28b shows the trace of the laser points in
the image from the initial state to the final one.
Indeed, a perfect alignment of the camera and the laser-cross is not possible since we
do not exactly know neither the camera origin location nor the orientation of its axis. This
is evident by looking at the initial and desired images. As can be seen, the laser points
do not exactly lie onto the image axis and their traces from the initial to the desired
position (which shows us the epipolar line of each laser) are not perfectly parallel to the
axis. Furthermore, it is neither possible to ensure that all the 4 lasers have the same exact
orientation (which causes that the epipolar lines do not intersect in a unique point).
The position-based approach has not been implemented since it is equivalent to the
2D approach based on s0 . Furthermore, the latter has the advantage that it is less time
consuming since no numerical minimisation of non-linear equations is required.
First of all, Figure 5.29 presents the system response when using image points as visual
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features. As can be seen, since the laser-cross misalignment is small enough, the system
converges showing a nice decrease on the visual feature errors and the norm of the task
function (even if it is not a pure exponential decrease, as expected from the expression of
L∗s which depends on 1/Z ∗ ). On the other hand, note that the camera velocities generated
by the constant control law are not monotonic, specially the rotational ones.
Figure 5.30 shows the results when using the set of visual features based on the normalised area and angles. As expected, both the task function and the camera velocities
better fit an exponential decrease. Furthermore, a linear mapping from task function space
to camera velocities is almost exhibited.
Very similar results are obtained with the corrected version of the decoupled set of
visual features s0 , which are presented in Figure 5.31. In this case, the results when
using the constant control law are plotted. We can observe the monotonic decrease of the
task function and the camera velocities as predicted by the analytic model. No major
differences are appreciated with respect to the approach based on normalised area and
angles.
In Figure 5.32 the results when using s 0 and the non-constant control law are shown.
In this case, a pure exponential decrease of the task function is expected. Note however,
that the actual behaviour is not monotonic, which implies that this type of control law is a
bit more sensitive to the lasers directions and the camera calibration errors. Nevertheless,
the system converges with no major problems. Note also the non-monotonic camera
velocities generated by the control law. We must also mention that when using the nonconstant control law the computation time required at each iteration is higher since the
cs must be calculated.
pseudoinverse of the estimated L
Large misalignment between the camera and the laser-cross
The same experiment has been repeated by introducing a large misalignment between the
laser-cross and the camera. Concretely, the laser-cross has been displaced from the camera
origin about 6 cm in the sense of the −X axis of the camera frame. Furthermore, it has
been rotated about 7◦ around the Z axis (the rotation introduced about the X and Y axis
are much smaller). Such a large misalignment is clearly observed in the initial and desired
image points distribution shown in Figure 5.33a. The final image is shown in Figure 5.33b.
Under these conditions, only the approaches based on normalised area and angles,
and the corrected version of the decoupled set of visual features have succeeded. On
the other hand, the image-based approach based on s = (y 1 , x2 , y3 , x4 ) has diverged as
expected from the simulation results. In Figure 5.34 the results when using the constant
control law based on s = (an , α13n , α24n ) are shown. On the other hand, when using
the corrected set of visual features, the original image is transformed at each iteration
producing the image trace plotted in Figure 5.33c. Then, Figure 5.35 presents the results
when using s0 . As can be seen, even with such a large misalignment of the laser-cross,
both approaches still obtain almost a monotonic decrease in the task function as well as
an almost monotonic decrease in the camera velocities. Therefore, the large convergence
domain of these approaches expected from the analytic results is here confirmed.
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a)

b)

Figure 5.28: Experiment using an approximated alignment. a) Initial image (solid dots)
including image axis and the desired position of each laser point (circles). b) Final image
with the trace of each laser point from its initial position to its final position.
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Figure 5.29: Approximated alignment: experiment using s = (y 1 , x2 , y3 , x4 ) and the constant control law. a) s − s∗ vs. time (in s). b) Norm of the task function vs. time. c)
Camera velocities (ms/s and rad/s) vs. time.
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Figure 5.30: Approximated alignment: experiment using s = (a n , α13n , α24n ) and the
constant control law. a) e = s − s∗ vs. time (in s). b) Norm of the task function vs. time.
c) Camera velocities (ms/s and rad/s) vs. time.
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Figure 5.31: Approximated alignment: experiment using s = (y 10 −1 − y30 −1 , y10 −1 +
y30 −1 , x02 −1 + x04 −1 ) and the constant control law. a) e = s − s ∗ vs. time (in s). b)
Norm of the task function vs. time. c) Camera velocities (ms/s and rad/s) vs. time.
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Figure 5.32: Approximated alignment: experiment using s = (y 10 −1 − y30 −1 , y10 −1 +
y30 −1 , x02 −1 + x04 −1 ) and the non-constant control law. a) e = s − s ∗ vs. time (in s).
b) Norm of the task function vs. time. c) Camera velocities (ms/s and rad/s) vs. time.

When using s0 and the non-constant control law, the system has not been able to
converge to the desired position since the robot has reached a joint limit. This fact has
been also observed when using other initial positions. It seems that the non-linearities
in the camera velocities produced by such a control law become stronger due to errors
in the lasers directions when the laser-cross is largely misaligned. Hence, some of the
demanded robot motions are unfeasible or usually bring the robot very close to some
joint limits. Therefore, we confirm that designing decoupled visual features which vary
proportionally to the corresponding controlled dof is a good strategy to obtain suitable
camera trajectories [Mahony et al., 2002].
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a)

b)

c)

Figure 5.33: Experiment using a large misalignment. Initial image (solid dots) including
image axis and the desired position of each laser point (circles). b) Final image with the
trace of each laser point from its initial position to its final position. c) Corrected image
from the initial to the desired position (the dashed lines show the image axis).
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Figure 5.34: Large misalignment: experiment using s = (a n , α13n , α24n ) and the constant
control law. a) e = s − s∗ vs. time (in s). b) Norm of the task function vs. time. c)
Camera velocities (ms/s and rad/s) vs. time.
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Figure 5.35: Large misalignment: experiment using s = (y 10 −1 − y30 −1 , y10 −1 + y30 −1 , x02 −1 +
x04 −1 ) and the constant control law. a) e = s − s ∗ vs. time (in s). b) Norm of the task
function vs. time. c) Camera velocities (ms/s and rad/s) vs. time.
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Summary

In this section we briefly summarise the different approaches presented along the chapter
for plane-to-plane positioning. The analytic results concerning the stability under ideal
conditions and under calibration errors are summarised in Table 5.2. The results provided
in the table take into account the control based on the interaction matrix evaluated in the
desired state L∗s . When using a non-constant control law, the global asymptotic stability
has only been proven when the estimation of L s at each iteration is perfect, that is, when
the conditions of the ideal model hold and there are no calibration errors.
Position-based approach: the input of the control law are the parameters of the object
plane equation γ, β and α. The interaction matrix of such parameters shows a nice
decoupling from the rotational to the translational part. Calculating these parameters
requires to solve at each iteration a system of non-linear equations. This can be done
numerically with a minimisation algorithm which can be sensible to fall into local minima.
Therefore, the convergence of the approach cannot be proven. Nevertheless, the camera
trajectory obtained is almost a straight line and the task function shows an exponential
decrease under ideal conditions.
Image points approach: the inputs of the control law are the image point coordinates
(y1 ,x2 ,y3 ,x4 ). The stability of the system is not ensured in presence of a displacement of
the laser-cross with respect to the camera centre. Furthermore, the camera velocities are
non-monotonic.
Normalised area and angles approach: the input of the control law are the geometric image-based features (an , α13n , α24n ), which have shown a strong robustness against
calibration errors both analytically (through the local asymptotic stability analysis) and
experimentally. Simulations and experiments have shown that both the task function and
the camera velocities are monotonic. However, due to the complexity of the features no
analytic results concerning the global asymptotic stability have been provided.
Decoupled features approach: the input of the control law are the image-based features

−1
s = y1−1 − y3−1 , y1−1 + y3−1 , x−1
(5.198)
2 + x4

This set of features decouples the rotational from the translational dof in all the workspace
and the interaction matrix can be entirely expressed in terms of the task function approach.
This is possible since these features are proportional to the object parameters γ, β and α.
It has been possible to demonstrate the global asymptotic stability under ideal conditions
when using both a constant control law based on L ∗s and when using an estimation of Ls
(which does not require to reconstruct the object). When using the non-constant control
law a pure exponential decrease of the task function is obtained under ideal conditions.
In the case of the constant control law, a monotonic decrease is obtained for the visual
features controlling the rotational subsystem, and the behaviour of the feature controlling
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the depth is either monotonic or it presents a unique peak. The system is however quite
sensitive to laser-cross misalignment.
Corrected decoupled features approach: a simple planar transformation applied to
the image allows the robustness domain in presence of calibration errors to be enlarged.
The corrected set of visual features s 0 has nice robustness properties and obtains the same
results than the uncorrected version under ideal conditions.
Table 5.2: Stability analysis of the different approaches

Visual
Features

Ideal system:

Laser-cross misalignment:

stability

local asymptotic stability

Global
√

Local
√

(y1 , x2 , y3 , x4 )

?

√

(an , α13n , α24n )
s

?
√

√

s0

√

√

(γ, β, α)

5.10

√

intrinsic
errors:
local as.
stab.

(tx , ty , tz )

Rot(X,ψ)

Rot(Y,θ)

Rot(Z,φ)

?
t2x + t2y < 2L2
√

?
√

?
√

?
√

?
√

√

√

√

√

|tx,y | < L
√

restricted
√

√

√

√

√

?
√

Positioning task with respect to non-planar
objects

The number of pure image-based approaches able to deal with non-planar objects is quite
reduced and they usually have some limitations. In some cases, they are model-based since
they are only valid for certain objects. As example we have the approaches presented by
Espiau et al. [Espiau et al., 1992] which allow the camera to be positioned with respect
to cylinders and spheres. There are other approaches that are considered model-free. For
example, a typical example are the approaches based on image points, but they require an
estimation of the depth distribution [Benhimane and Malis, 2003; Schramm et al., 2004].
Furthermore, such estimation must be accurate enough for ensuring the convergence [Malis
and Rives, 2003]. Another example is the contour approach presented in [Collewet and
Chaumette, 2000] which does not require depth information and it is able to deal with
non-planar objects. However, the object’s curvature must be weak and only binary objects
have been taken into account.
The structured light emitter proposed in this chapter has been designed for positioning
the robot with respect to planar objects. However, it is interesting to see what happens
when the object is actually non-planar. In the following sections, the case of quadric
objects is considered. This type of objects have been addressed because some analytic
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predictions can be formulated. Furthermore, simulations and experiments illustrating this
case are shown.
In next section we investigate whether it is possible to cancel the task function of the
decoupled image-based approach proposed in this chapter when the object is a quadric.

5.10.1

Non-planar objects: can the task function cancel?

The decoupled image-based approach is based on the following set of visual features
−1
s = (s1 , s2 , s3 ) = y1−1 − y3−1 , y1−1 + y3−1 , x−1
2 + x4



(5.199)

where s1 controls the depth and s2 and s3 the orientation of the camera with respect to a
planar object. Taking into account that x = Y/Z and the lasers distribution around the
camera provided by Table 5.1, the normalised image points corresponding to the lasers
are
y1 = L/Z1
y3 = −L/Z3

x2 = −L/Z2
x4 = L/Z4

(5.200)

Let us hereafter consider two cases: when the object is unknown and when a model of
the object is available.

Unknown object model
A possible strategy when the object model is unknown is to consider like if it was a planar
object. In this case, all the four laser points are supposed to lie at a depth Z ∗ , which is
the depth included in the model of interaction matrix used in the control law. Under this
modelling assumption, the desired laser point distribution in the image is
y1∗ = L/Z ∗
y3∗ = −L/Z ∗

x∗2 = −L/Z ∗
x∗4 = L/Z ∗

(5.201)
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Therefore, the task function components e = s − s ∗ can be expressed as
e1 =
e2 =
e2 =



1
1
1
1
1
−
−
− ∗ = (Z1 + Z3 − 2Z ∗ )
∗
y1 y3
y
y3
L

 1
1
1
1
1
1
+ ∗ = (Z1 − Z3 )
+
−
∗
y1 y3
y
y3
L
 1

1
1
1
1
1
+
−
+
= (Z4 − Z2 )
x2 x4
x∗2 x∗4
L

(5.202)
(5.203)
(5.204)

According to (5.203) and (5.204) the following conditions hold
e2 = 0 ⇔ Z 1 = Z 3

(5.205)

e3 = 0 ⇔ Z 2 = Z 4

(5.206)

which implies that
e1 = 0 ⇔ Z 1 = Z 3 = Z ∗

(5.207)

In summary, the task function cancels when Z 1 = Z3 = Z ∗ and Z2 = Z4 . The question is:
can the task function cancel when the object is non-planar and no model of it is available?
We address this problem by taking quadric objects into account. A quadric can be
expressed by the following equation
λ1 o X 2 + λ 2 o Y 2 + λ 3 o Z 2 − M = 0

(5.208)

being M > 0 and noting that (o X, o Y , o Z) is a vector expressed in the canonic frame
of the quadric {O}. For a comprehensive taxonomy of the different quadrics we refer
to [Audin, 2002].
It is easy to demonstrate that, for any quadric object, there is at minimum a position
of the camera where the task function cancels. Let the camera frame {C} have the same
orientation that the canonic frame {O} and the origin of {O} being expressed in the camera
frame as C (0, 0, Oz ). Figure 5.36 illustrates this case when the quadric is an sphere.
In this particular configuration, the quadric is expressed in the camera frame by the
equation
λ1 X 2 + λ2 Y 2 + λ3 (Z − Oz )2 − M = 0
(5.209)
The (X, Y ) coordinates of the laser points projected on the object are provided by the
lasers distribution in Table 5.1 being
X1
X2
X3
X4

= 0
= −L
= 0
= L

Y1
Y2
Y3
Y4

= L
= 0
= −L
= 0

(5.210)
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Figure 5.36: Example of relative pose between the camera and a sphere for which the task
function cancels.

The depth of the points are obtained from (5.209) and there are two solutions
p

λ3 (M − λ1 X 2 − λ2 Y 2 )
λ3

(5.211)

p
λ3 (M − λ1 X 2 − λ2 Y 2 )
Z = Oz +
λ3

(5.212)

Z = Oz ±
Considering the first solution

the depths of the laser points are obtained by using (5.210)
1p
λ3 (M − λ2 L2 )
λ3
1p
λ3 (M − λ1 L2 )
= Oz +
λ3

Z1 = Z 3 = O z +
Z2 = Z 4

(5.213)

Therefore, in this position, the task function components e 2 and e3 are always cancelled for
any type of quadric object with depth distribution described by (5.212). Then, according
to (5.202) the task function component e 1 is
e1 =

1
2
(Z1 + Z3 − 2Z ∗ ) =
L
L



1p
Oz − Z ∗ +
λ3 (M − λ2 L2 )
λ3

(5.214)

which is 0 only when the camera is at the right distance of the quadric, given by
Oz = Z ∗ −

1p
λ3 (M − λ2 L2 )
λ3

(5.215)
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In this case the laser depths are
Z1 = Z 3 = Z ∗
Z2 = Z 4 = Z ∗ +


p
1 p
λ3 (M − λ1 L2 ) − λ3 (M − λ2 L2 )
λ3

(5.216)

If the second solution in (5.211) is considered the depth distribution of the object is
Z = Oz −

p

λ3 (M − λ1 X 2 − λ2 Y 2 )
λ3

(5.217)

and the depths of the laser points are
1p
λ3 (M − λ2 L2 )
λ3
1p
= Oz −
λ3 (M − λ1 L2 )
λ3

Z1 = Z 3 = O z −
Z2 = Z 4

(5.218)

As can be seen, in this case e2 and e3 are also 0. The task component e1 is
e1 =

2
1
(Z1 + Z3 − 2Z ∗ ) =
L
L



Oz − Z ∗ −

1p
λ3 (M − λ2 L2 )
λ3



(5.219)

being 0 when the object frame origin is in front of the camera at a distance
Oz = Z ∗ +

1p
λ3 (M − λ2 L2 )
λ3

(5.220)

Then, the laser depths are
Z1 = Z 3 = Z ∗
Z2 = Z 4 = Z ∗ +


p
1 p
λ3 (M − λ2 L2 ) − λ3 (M − λ1 L2 )
λ3

(5.221)

Note that, according to the laser points depth distribution in (5.213) and the symmetric
case in (5.218), it is clear that the four laser points are co-planar, like in the case of a
planar object, when λ1 = λ2 . This case appears for objects of revolution around the Z axis
like sphere, ellipsoids of revolution, hyperboloids of revolution and cones of revolutions.
Let us calculate the tangent plane of the quadric at the intersection point P with the
optical axis. The normal to this point is defined by
n=



∂Z
−
∂X

∂Z
, −
∂Y
P

, 1
P



(5.222)
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with P = (0, 0, ZP ). For both depth distributions in (5.212) and in (5.217) the normal is
n = (0, 0, 1)

(5.223)

Therefore, in this position, the camera optical axis has the same orientation than the
normal to the tangent plane at P. Furthermore, the depth Z P is
√
λ3 M
ZP = O z + √
λ3

(5.224)

when the depth distribution is given by (5.212) or
√
λ3 M
ZP = O z − √
λ3

(5.225)

when given by (5.217).
In summary, it has been proven that for any quadric, there is at least one position
of the camera for which the task function is cancelled even if the model of the object is
unknown and it is supposed to be planar. Furthermore, in this position the camera gets
parallel to the object tangent plane at the intersection point between the optical axis and
the object. Nevertheless, we do not know whether the visual control approach is able to
move the camera to such position for any initial state.

Model of the object available
In this case, as the model of the object is available, the true desired visual features can be
calculated and some information about the object shape can be included in the interaction
matrix.
Let us consider a concrete example: the goal is to get positioned in front of a quadric
object like in the example illustrated in Figure 5.36. Then, the true depths of every
projected laser point in the desired state are given either by (5.212) or by (5.217). With
these depths, the desired visual features can be calculated by taking into account that
y1∗ = L/Z1∗
y3∗ = −L/Z3∗

x∗2 = −L/Z2∗
x∗4 = L/Z4∗

(5.226)

In order to include some information about the object shape in the interaction matrix
let us use the following procedure. We remember that the interaction matrix of every
projected point is
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Lx



−AX0

1 Z
=

Π0 −AY
0
Z

−BX0
Z
−BY0
Z


−CX0
X0 ε1 X0 ε2 X0 ε3
Z



−CY0
Y0 ε1 Y0 ε2 Y0 ε3
Z

(5.227)

>

Π0 = n (X0 − xZ)

(ε1 , ε2 , ε3 ) = n × (x, y, 1)

(5.228)

which includes the normal n = (A, B, C) to the object in the projected laser point. In the
case of planar objects, it has been considered that the normal to every projected point
was equal. If the object is non-planar and its model is known, the actual normal to each
laser point can be used. Let
n1
n2
n3
n4

=
=
=
=

(A1 ,
(A2 ,
(A3 ,
(A4 ,

B1 ,
B2 ,
B3 ,
B4 ,

C1 )
C2 )
C3 )
C4 )

(5.229)

be the object normals to each projected laser point. These normals can be used for
calculating the interaction matrices L y1 , Lx2 , Ly3 and Lx4 . And from them, the interaction
matrix of the decoupled set of visual features
−1
s = (s1 , s2 , s3 ) = y1−1 − y3−1 , y1−1 + y3−1 , x−1
2 + x4

is obtained


A1 C3 +A3 C1
1 C3
 A3−LC
1 −A1 C3
Ls= C
LC1 C3
A2 C4 −A4 C2
LC2 C4

B1 C3 +B3 C1
−LC1 C3
B3 C1 −B1 C3
LC1 C3
B2 C4 −B4 C2
LC2 C4

−2
L

0
0



C3 B1 Z1 +C1 B3 Z3
Z1 A1 C3 +Z3 A3 C1
LC1 C3
−LC1 C3
Z1 A1 C3 +Z3 A3 C1
C3 B1 Z1 −2LC1 C3 −C1 B3 Z3
LC1 C3
−LC1 C3
Z4 B4 C2 −Z2 B2 C4
2LC2 C4 +C4 A2 Z2 −C2 A4 Z4
LC2 C4
LC2 C4

(5.230)



A1 C3 −A3 C1
C1 C3
A1 C3 +A3 C1 

C1 C3
B4 C2 +B2 C4
−C2 C4

(5.231)

From this expression it is possible to calculate the model of interaction matrix used
in the control law by using the normals and depths corresponding to the desired state.
Note that the interaction matrix is no longer decoupled unless all the normals are equal
to (0, 0, 1) which is the case of a planar object.
The following sections investigates several examples through simulations and some
experiments.
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Case of a sphere

A sphere of radius R is represented in its canonic frame {O} by the well known cartesian
equation
o 2
X + o Y 2 + o Z 2 − R2 = 0
(5.232)
In this case, there are infinite camera positions for which the task function is cancelled.
Concretely, the task function can be cancelled for any position where the optical axis
direction contains the sphere centre which must be at the coordinates C (0, 0, Oz ) with
Oz = Z ∗ +

p
R 2 − L2

(5.233)

Several simulations are hereafter presented showing the behaviour of the image-based
decoupled approach. The first two simulations assume that the model of the sphere is not
known. Therefore, the desired visual features and the control law are calculated assuming
a planar object. The third simulation shows the behaviour of the system when the model
of the sphere is known.

First simulation: unknown sphere
The first simulation consists in positioning the camera with respect to a sphere of radius
R = 0.4 m. The camera initial pose can be described with the aid of Figure 5.36. The
origin of the camera in the initial state in the sphere frame is given by o (0, 0, 1.4) m. Then,
the orientation of the camera with respect of the sphere is defined by the angles α x = −8◦
and αy = −6◦ which are expressing the orientation of the optical axis with respect to the
plane o Z = 0.
The model of the sphere is supposed to be unknown and the desired visual features
and the control law are calculated assuming a planar object placed at the desired depth.
The initial relative pose camera-sphere is represented in Figure 5.37a. Note that only the
visible part of the sphere surface is represented. The initial laser point distribution on the
image as well as the desired image point distribution are shown in Figure 5.37b. At the
end of the simulation, the camera reaches the position shown in Figure 5.37c.
The behaviour of the task function and the camera velocities during the simulation is
shown in Figure 5.37d-e. As can be seen, the behaviour is quite similar to the one obtained
with a planar object. The main difference is that the rate of convergence of the rotational
subsystem controlled by e2 and e3 is faster. This is due to the curvature of the object
which provokes larger variations in the task function than if a planar object was used.
About the camera trajectory, Figure 5.37f shows the coordinates of the initial position in
the camera frame along time. As can be seen, the major variation occurs in depth, while
lateral displacements are quite reduced.
In order to evaluate the correctness of the final position we present numeric results
corresponding to the final state in Table 5.3. As can be seen, the camera actually reaches
a position where it is parallel to the tangent plane of the sphere at point P, as shown by
the very small values of αx and αy and the normal to Π. Note that the task function can
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a)

b)

d)

c)

e)

f)

Figure 5.37: Positioning with respect to an unknown sphere (only a portion of the sphere is
represented). a) Initial position. b) Initial image point distribution (solid dots) including
the laser epipolar lines and the desired image point distribution (circles). c) Camera
trajectory till the final position. d) Task function vs. time (in s). e) Camera velocities (in
m/s and rad/s). f) Camera initial position (in m) expressed in the camera frame vs. time
(in s).
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be considered numerically cancelled.
Furthermore, in order to check if the camera has reached the type of position studied
in Section 5.10.1, the expected laser depths and the expected depth Z P∗ to point P are
also shown in Table 5.3. The expected laser depths have been calculated with (5.221).
The expected depth ZP∗ has been calculated by using (5.220) and then (5.225). As can be
seen in the table, the depths corresponding to the final state of the simulation are equal
to the ones predicted analytically.
Table 5.3: Final results when positioning with respect to an unknown sphere.
c (0, 0, 1)

Normal to Π:
(αx , αy ) with respect to Π:

(−2.905e − 5◦ , −4.444e − 5◦ )

ZP :

0.5709 m

ZP∗ :

0.5708 m

Task function e:
Lasers depths:
Expected laser depths:

(0.6823e − 3, −0.0012e − 3, 0.0016e − 3)
(0.6001, 0.6001, 0.6001, 0.6001) m
(0.6, 0.6, 0.6, 0.6) m

Second simulation: unknown sphere including a fixation point
As said before, in the case of a sphere, there are infinite positions where the task function
can be cancelled so that the camera gets parallel to the sphere tangent plane to a certain
point P. We now investigate whether it is possible to choose such point P. We consider
that a given point of the sphere can be tracked during the camera motion. Therefore, this
point can be used as fixation point and the goal consists in centering point P in the image
so that the camera gets parallel to the tangent plane in P. Again, we suppose that the
model of the sphere is unknown. We suggest two ways of achieving such a task:
• Stacking the interaction matrix L x of the fixation point in the interaction matrix of
the decoupled image-based approach.
• Centering the fixation point by using a secondary task.
The first option has the disadvantage that the decoupling of the plane-to-plane positioning
approach is lost. Furthermore, simulations have shown that a better camera trajectory
is obtained if a secondary task is used according to the redundancy approach by Espiau
et al. [Espiau et al., 1992]. According to the redundancy approach definition, if the real
interaction matrix is known at each iteration, only camera motions belonging to its kernel
will be allowed for the secondary task. However, when a static estimation of the interaction
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matrix is only available, as in our case since L ∗s is used, the secondary task can slightly
perturb the primary one. Nevertheless, with this formalism we reduce the influence of the
secondary task over the plane-to-plane positioning goal. Note that given the kernel of L ∗s
the camera motions that the secondary task can generate are V x , Vy and Ωz . The control
law taking into account the secondary task is
 +


 +
cs (s − s∗ ) + λ2 I6 − L
cs + L
cs L
cx (x − x∗ )
v = −λ1 L

(5.234)

cx is the interaction
where x are the normalised coordinates of the fixation point and L
matrix in (5.2) evaluated for the desired state, i.e. when the point is centred in the image.

The same conditions described in the previous simulation have been used in this case.
Figure 5.38a shows a representation of the initial position of the camera with respect
to the sphere and the fixation point drawn in green. The initial and final image point
distribution as well as the initial position in the image of the fixation point are represented
in Figure 5.38b. As can be seen in Figure 5.38c, the camera trajectory differs from the
one obtained without fixation point since the final position is no longer the same. Note
also that the behaviour of the task function shown in Figure 5.38a slightly differs from the
previous simulation.

The correctness of the final position of the camera is analysed from the results given
by Table 5.4. As can be seen, the camera actually gets parallel to the tangent plane Π
and the laser depths and the depth ZP are the expected ones. Furthermore, the secondary
task is also fulfilled as can be seen in the final error of the fixation point.

Table 5.4: Final results when positioning with respect to an unknown sphere and a fixation
point.
Normal to Π:
(αx , αy ) with respect to Π:

c (0.0001, −0.0001, 1.0)

(0.0057◦ , 0.0040◦ )

ZP :

0.5709 m

ZP∗ :

0.5708 m

Task function e:
Lasers depths:
Expected laser depths:
Fixation point error (pixels):

(0.764e − 3, 0.149e − 3, −0.216e − 3)
(0.6001, 0.6001, 0.6001, 0.6001) m
(0.6, 0.6, 0.6, 0.6) m
(−0.0103, −0.0071)
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a)

b)

c)

d)

e)

f)

g)

Figure 5.38: Positioning with respect to an unknown sphere and a fixation point. a) Initial
position. b) Initial image point distribution (solid red dots) including the laser epipolar
lines, the initial position of the fixation point (solid black dot) and the desired image point
distribution (circles). c) Camera trajectory till the final position. d) Task function vs.
time (in s). e) Secondary task: fixation point error (in pixels). f) Camera velocities (in
m/s and rad/s). g) Camera initial position (in m) expressed in the camera frame vs. time
(in s).
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Third simulation: known sphere
In this case, the conditions described in the first simulation have been adopted. However,
it has been assumed that the model of the sphere is known. This allows the real desired
visual features to be calculated. The depths of every projected point and the object
normals in these points are also available thanks to the object model in the desired state.
Concretely, the laser points depths in the desired state are
Z1∗ = Z2∗ = Z3∗ = Z4∗ = 0.6402 m
and the normals are

(A1 ,
(A2 ,
(A3 ,
(A4 ,

B1 ,
B2 ,
B3 ,
B4 ,

C1 )
C2 )
C3 )
C4 )

(5.235)

= (0, −0.5, 0.866)
= (0.5, 0, 0.866)
= (0, 0.5, 0.866)
= (−0.5, 0, 0.866)

(5.236)

With these parameters, the interaction matrix of the decoupled set of visual features
in (5.231) is


0
0
−2/L
0
0
0
L∗s =  0
7.69
0
−6.93
0
0 
(5.237)
7.69
0
0
0
6.93 0
By using the real desired visual features and the control law based on the model of
interaction matrix above, the simulation results are the ones shown in Figure 5.39. As
can be seen, the task function decrease and the camera velocities are smoother as when
assuming the object as planar. This improvement is due to the real normal vectors included
in the interaction matrix.
a)

b)

c)

Figure 5.39: Positioning with respect to a known sphere. a) Task function vs. time (in s).
b) Camera velocities (in m/s and rad/s). c) Camera initial position (in m) expressed in
the camera frame vs. time (in s).

The numeric results of the positioning task are shown in Table 5.5. As can be seen, in
this case the camera gets parallel to the tangent plane at the intersecting point between
the optical axis and the object at the desired depth Z ∗ = 0.6 m. Note that the final laser
depths are also the ones calculated in the desired state.
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Table 5.5: Final results when positioning with respect to a known sphere.
c (0, 0, 1)

Normal to Π:

(−0.0284◦ , −0.0214◦ )

(αx , αy ) with respect to Π:
ZP :

0.6 m

ZP∗ :

0.6 m
(0.0005, −0.0008, 0.0011)

Task function e:

5.10.3

Lasers depths:

(0.6292, 0.6291, 0.6293, 0.6293) m

Expected laser depths:

(0.6292, 0.6292, 0.6292, 0.6292) m

Case of an elliptic cylinder

An elliptic cylinder is a quadric having one λ i = 0 and the other two of the same sign as
M . For example, we can express an elliptic cylinder by setting λ 1 = k1 M and λ3 = k3 M
so that
k1 M o X 2 + k 3 M o Z 2 − M = 0
(5.238)
with k1 > 0 and k3 > 0. When k1 = k3 then a right circular cylinder, simply known
as usual cylinder, is obtained. An example of an elliptic cylinder generated by (5.238) is
shown in Figure 5.40.
cY

cY

cX
oY

{C3}

{C4}
cZ

cZ

cX

oZ

oX

cY

cY

cX
cZ

cZ

{C1}

{C2}
cX

Figure 5.40: Example of an elliptic cylinder.
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It is easy to show that there are two types of camera positions for which the task
function cancels. Both types of positions are represented in Figure 5.40. The frames {C 1 }
and {C3 } represents the cases when the camera is positioned with respect to the minimum
curvature regions of the elliptic cylinder. On the other hand, {C 2 } and {C4 } represents
camera positions where it is positioned with respect to the maximum curvature regions.
Furthermore, there are infinite positions where the task function is 0 as these cases are
valid for any position along the o Y axis.
The case described by {C1 } has already been demonstrated in Section 5.10.1 for a
generic quadric. The demonstration for {C 3 } is straightforward as it is a symmetric case.

The demonstration for the camera position {C 2 } is as follows. According to Figure 5.40
the frame transformation from {C2 } to {O} is defined by



−Ox
0 0 1
o
X =  0 1 0  cX +  0 
0
−1 0 0


(5.239)

with Ox > 0. Therefore, the quadric expressed in the camera frame {C 2 } is
k3 M X 2 + k1 M (Z − Ox )2 − M = 0

(5.240)

The expression of the depth closest to the camera origin is
Z = Ox −

1p
k1 (1 − k3 X 2 )
k1

(5.241)

which provides the depths of every projected laser point which are
1
Z1 = Z 3 = O x − √
k1
√
1 − k 3 L2
√
Z2 = Z 4 = O x −
k1

(5.242)

Therefore, the task function components e 2 and e3 are 0 for this camera position. Furthermore, e1 is 0 when Z1 = Z3 = Z ∗ which happens when
1
Ox = Z ∗ + √
k1
The demonstration for the cases represented by {C 4 } is homologous to this one.

(5.243)

Two simulations showing the task of positioning the camera with respect to an unknown elliptic cylinder are now presented. Then, a simulation taking profit of the cylinder
model is shown.
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First simulation: elliptic cylinder
An elliptic cylinder of parameters λ 1 = 1, λ3 = 0.25 and M = 0.09 has been defined. The
initial position of the camera expressed in the object frame is o (−0.8, 0, −1.4) m. The
orientation of the optical axis is defined by α x = −25◦ and αy = 15◦ which are expressed
with respect to the plane o Z = 0. The initial state of the simulation is represented
in Figure 5.41a. Note that the lasers are projected between the regions of maximum
and minimum curvature of the cylinder. The initial and desired image are plotted in
Figure 5.41b. The goal is again to move the camera to a position where the task function
cancels. The model of the cylinder is assumed to be unknown. Therefore, it is assumed
to be a planar object and the corresponding desired visual features and control law are
used. At the end of the simulation the camera reaches the position shown in Figure 5.41c.
The plots corresponding to the task function, camera velocities and camera trajectory are
shown in Figure 5.41d-f. As can be seen, the task function component most affected by
the object curvature is e2 which controls Ωx .
The accuracy of the positioning task can be analysed from the numeric results presented
in Table 5.6. As can be seen, the final value of e 2 is a higher order than e3 . This causes
that the normal to point P has a final error of about 5 ◦ in one of the components. We
think that the explanation is that the camera was converging to a position of the type {C 2 }
represented in Figure 5.40. However, once the camera has reached the position shown in
Figure 5.41c, it stabilises because Z 1 = Z3 and Z2 = Z4 . Nevertheless, the final value
of Z2 and Z4 is not the one predicted by (5.221) as can be seen in Table 5.6. It means
that the final position does not correspond, as clearly seen in Figure 5.41c, to any of the
positions shown in Figure 5.40. Therefore, even if the task is cancelled, the predictions
presented in Section 5.10.1 are not valid in this case.
This simulation shows that depending on the type of object, there might be more
positions where the task function gets cancelled but the normal to point P does not
exactly correspond to the optical axis direction.
Table 5.6: Final results when positioning with respect to an elliptic cylinder.
Normal to Π:
(αx , αy ) with respect to Π:

c (0.0870,

−0.0001, 0.9962)

(4.992◦ , −0.0075◦ )

ZP :

0.6 m

ZP∗ :

0.6 m

Task function e:
Lasers depths:
Expected laser depths:

(0.0054, 0.00004, −0.0000)
(0.6004, 0.6447, 0.6004, 0.6447) m
(0.6, 0.6804, 0.6, 0.6804) m
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Figure 5.41: Positioning with respect to an elliptic cylinder (only a portion of the object is
represented). a) Initial position. b) Initial image point distribution (solid dots) including
the laser epipolar lines and the desired image point distribution (circles). c) Camera
trajectory till the final position. d) Task function vs. time (in s). e) Camera velocities (in
m/s and rad/s). f) Camera initial position (in m) expressed in the camera frame vs. time
(in s).
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Second simulation: elliptic cylinder including a fixation point
In the second simulation a static point of the object surface has been included in the
control scheme. The aim is again to centre such point in the image by using a secondary
task. The initial conditions are the same as in the previous simulation. Figure 5.42a shows
the initial camera position and the fixation point over the quadric. As can be seen, the aim
is to force the camera to get positioned with respect to the zone of maximum curvature as
the fixation point lies onto the plane of symmetry o X = 0. The initial and desired images
are plotted in Figure 5.42b. The camera converges to the desired position according to the
trajectory shown in Figure 5.42c. The curves obtained during the simulation are presented
in Figure 5.42d-g.
The numeric results shown in Table 5.7 point out that the fixation point is able to
force the camera to reach the type of position denoted as {C 2 } and shown in Figure 5.40.
As can be seen, the normal of the tangent plane and α x and αy are better than in the
previous example. The task function final residual is also lower. Furthermore, the final
laser depths as well as the depth to point P are the ones predicted by the equations in
Section 5.10.1.
Table 5.7: Final results when positioning with respect to an elliptic cylinder and a fixation
point.
c (0.0105,

Normal to Π:

0.0000, 0.9999)

(0.5995◦ , 0.0023◦ )

(αx , αy ) with respect to Π:
ZP :

0.6 m

ZP∗ :

0.6 m

Task function e:
Lasers depths:

(0.7082e − 3, 0.0809e − 3, 0.1241e − 3)
(0.6001, 0.6802, 0.6000, 0.6803) m

Expected laser depths:
Fixation point error (pixels):

(0.6, 0.6804, 0.6, 0.6804) m
(0.0064, 0.0040)

Third simulation: known elliptic cylinder
In this case, the model of the elliptic cylinder is known. This allows the desired position to
be defined and calculate the desired visual features, the laser depths and the object normal
in every projected point. The desired position denoted as {C 2 } in Figure 5.40 has been
chosen. The desired laser depths which allow the camera to be at a depth Z P∗ = 0.6 m of
point P are
Z1∗ = Z3∗ =
0.6 m
(5.244)
Z2∗ = Z4∗ = 0.6804 m
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Figure 5.42: Positioning with respect to an elliptic cylinder and a fixation point. a) Initial
position. b) Initial image point distribution (solid dots) including the laser epipolar lines,
the initial position of the fixation point (solid black dot) and the desired image point
distribution (circles). c) Camera trajectory till the final position. d) Task function vs.
time (in s). e) Secondary task: fixation point error (in pixels). f) Camera velocities (in
m/s and rad/s). g) Camera initial position (in m) expressed in the camera frame vs. time
(in s).
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and the object normals to every laser point are
(A1 ,
(A2 ,
(A3 ,
(A4 ,

B1 ,
B2 ,
B3 ,
B4 ,

C1 )
C2 )
C3 )
C4 )

=
(0, 0, 1)
= (0.756, 0, 0.654)
=
(0, 0, 1)
= (−0.756, 0, 0.654)

(5.245)

With these parameters, the interaction matrix of the decoupled set of visual features
in (5.231) is


0
0 −2/L 0
0
0
L∗s =  0
0
0
−2
0
0 
(5.246)
15.39 0
0
0 12.47 0
By using the real desired visual features and the control law based on the model of
interaction matrix above, the simulation results are the ones shown in Figure 5.43. The
final position of the camera is quite similar to the one obtained in the first simulation.
Therefore, the camera is not able to reach the desired position.

a)

b)

c)

Figure 5.43: Positioning with respect to a known elliptic cylinder. a) Task function vs.
time (in s). b) Camera velocities (in m/s and rad/s). c) Camera initial position (in m)
expressed in the camera frame vs. time (in s).

The reason is found in Table 5.8. As can be seen, the position reached by the camera
also cancels the task function even if the laser depths are not the desired ones. Note that
the normal vector to point P is worst in this case as shown by the error in α x . This
example shows that taking profit of the object model for calculating the desired visual
features and making more complex the interaction matrix does not always improves the
results. This is because there are multiple positions different to the desired one where the
task function cancels.
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Table 5.8: Final results when positioning with respect to a known sphere.
c (0.1051,

Normal to Π:

(6.0310◦ , 0.0230◦ )

(αx , αy ) with respect to Π:
ZP :

0.5996 m

ZP∗ :

0.6 m
(−0.0024, 0.0008, −0.0090)

Task function e:
Lasers depths:

(0.5999, 0.6535, 0.5998, 0.6521) m

Desired laser depths:

5.10.4

−0.0004, 0.9945)

(0.6, 0.6804, 0.6, 0.6804) m

Case of a hyperbolic cylinder

A hyperbolic cylinder is a quadric having one λ i = 0 and the other two of different sign.
For example, it can noted by setting λ 3 = −k3 λ1 and
λ1 o X 2 − k 3 λ1 o Z 2 − M = 0

(5.247)

with k3 > 0. The type of hyperbolic cylinder generated by this equation is shown in
Figure 5.44.
oY
oZ
oX

Figure 5.44: Example of hyperbolic cylinder.

First simulation: hyperbolic cylinder
A hyperbolic cylinder of parameters λ 1 = −3, λ3 = 1 and M = 0.09 has been defined.
The initial position of the camera expressed in the object frame is o (0, 0, −1.4) m. The
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orientation is defined by αx = −2◦ and αy = 15◦ which are expressed with respect to the
plane o Z = 0. The initial state of the simulation is represented in Figure 5.45a. The initial
and desired image are plotted in Figure 5.45b. At the end of the simulation the camera
reaches the position shown in Figure 5.45c. As can be seen, the camera converges to the
closest region with minimum curvature. The plots corresponding to the task function,
camera velocities and camera trajectory are shown in Figure 5.45d-f.
The numeric results corresponding to the final position are presented in Table 5.9. As
can be seen, the final position of the simulation is pretty accurate as shown by the normal
to point P and the low task function error, as well as the final depth. This is possible
because the low curvature regions of the hyperbolic cylinder are almost planar.
Other simulations have stated that the camera only stabilises in the region of maximum
curvature when the initial orientation of the camera is defined by α x = 0. Note that this
position is the one for which Section 5.10.1 demonstrates that the task function is 0.
However, this simulation shows that this position is not attractive and the camera tends
to another final position.
Table 5.9: Final results when positioning with respect to an hyperbolic cylinder.
Normal to Π:
(αx , αy ) with respect to Π:
ZP :
Task function e:
Lasers depths:

c (0.0016,

−0.0001, 1.000)
(0.0945◦ , 0.057◦ )
0.5998 m

(−0.0031, 0.0002, −0.0023)
(0.5998, 0.5994, 0.5998, 0.5991) m

Second simulation: hyperbolic cylinder including a fixation point
In this case, the camera initial position is still o (0, 0, −1.4) m but its initial orientation
with respect to o Z = 0 is defined by αx = −18◦ and αy = 10◦ . A static point of the
quadric belonging to the plane of symmetry o X = 0 has been used as fixation point
as shown in Figure 5.46a. Then, the objective is that the camera gets positioned with
respect to the maximum curvature region of the hyperbolic cylinder as in the case studied
in Section 5.10.1. The initial and desired images are shown in Figure 5.46b. The camera
trajectory is shown in Figure 5.46c. The camera velocities and the trajectory are plotted
in Figure 5.42d-g. As can be seen, the system response shows few oscillations which
progressively weaken until reaching the convergence.
The information concerning the final position is shown in Table 5.10. As can be seen,
the approach based on the fixation point allows the desired position to be reached. Note
that the task function is cancelled and the laser depths and Z P correspond to the ones
predicted by (5.221) and (5.225), respectively, shown in Table 5.10.
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Figure 5.45: Positioning with respect to an hyperbolic cylinder. a) Initial position. b)
Initial image point distribution (solid dots) including the laser epipolar lines and the
desired image point distribution (circles). c) Camera trajectory till the final position. d)
Task function vs. time (in s). e) Camera velocities (in m/s and rad/s). f) Camera initial
position (in m) expressed in the camera frame vs. time (in s).
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Figure 5.46: Positioning with respect to an hyperbolic cylinder and a fixation point. a)
Initial position. b) Initial image point distribution (solid dots) including the laser epipolar
lines, the initial position of the fixation point (solid black dot) and the desired image point
distribution (circles). c) Camera trajectory till the final position. d) Task function vs.
time (in s). e) Secondary task: fixation point error (in pixels). f) Camera velocities (in
m/s and rad/s). g) Camera initial position (in m) expressed in the camera frame vs. time
(in s).
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Table 5.10: Final results when positioning with respect to an hyperbolic cylinder and a
fixation point.
Normal to Π:
(αx , αy ) with respect to Π:

(−0.182◦ , 0.012◦ )

ZP :

0.600 m

ZP∗ :

0.6 m

Task function e:
Lasers depths:
Desired laser depths:
Fixation point error (pixels):

5.10.5

c (−0.0318, 0.0, 0.9995)

(0.000745, 0.0000510, −0.0000071)
(0.6000, 0.5033, 0.6000, 0.5033) m
(0.6, 0.5031, 0.6, 0.5031) m
(−2.23e − 4, 0.0021)

Experiments with a non-planar object

This section presents two experiments where a non-planar object similar to an elliptic
cylinder has been used. Concretely, the object already presented in Figure 4.12 has been
used. As the exact model of the object is unknown no numeric results concerning the
accuracy of the positioning tasks are available. With these examples we want to show
that the decoupled image-based approach is able to converge even if the object has strong
curvature.

First experiment
In this example, the camera has been roughly positioned in front of the maximum curvature
region of the object at a distance of about c Z = 90 cm. Then, a rotation of 20◦ about
the c Y axis of the camera has been applied. The initial image perceived in this state is
shown in Figure 5.47a. The visual features obtained from the desired image learned with
a plane positioned at Z ∗ = 60 cm have been used in the control law. The task function
and the camera velocities obtained are plotted in Figure 5.47c-d. As can be seen, the task
function shows a nice decrease to 0, as well as the camera velocities. Note that the larger
rotational error appears in e3 which must cancel the large rotation used for defining the
initial position of the camera. The final image obtained in the experiment is shown in
Figure 5.47b.
Further experiments have shown that the system is able to converge whenever the
lasers are projected onto the object in the initial state.
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Figure 5.47: Experiment with a non-planar object. a) Initial image. b) Final image
containing the lasers point traces. c) Task function vs. time (in s). d) Camera velocities
(in m/s and rad/s).
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Second experiment
In this example, a fixation point has been used. Therefore, this experiment shows the
behaviour of the system when a secondary task aiming to centre the point in the image is
simultaneously used. Then, the goal is to get parallel to the fixation point at a distance
of Z ∗ = 60 cm.
The initial image of the experiment is shown in Figure 5.48a. The fixation point
is the black spot. The image corresponding to the end of the experiment is presented in
Figure 5.48b, while the task function and the camera velocities are plotted in Figure 5.48cd. Note that this experiment shows that it is possible to position the camera with respect
to a single point of a quadric object by using the laser points. However, the orientation
error with respect to the tangent plane in the fixation point is unknown.
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Figure 5.48: Experiment with a non-planar object and a fixation point. a) Initial image
(the fixation point is the black spot). b) Final image containing the lasers point and
fixation point traces. c) Task function vs. time (in s). d) Camera velocities (in m/s and
rad/s).

5.11

Conclusions

This chapter has presented a solution to the classic plane-to-plane positioning task from the
combination of visual servoing and structured light. The projection of structured light not
only simplifies the image processing but also allows the system to deal with low-textured
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objects lacking of visual features. A structured light sensor for eye-in-hand systems has
been proposed. The sensor is based on four laser pointers attached to a cross-structure.
Such a configuration has been chosen in order to obtain an optimal distribution of image
points which is invariant to depth once the camera is parallel to the object. A positionbased approach and several image-based approaches have been presented. The former
is based on reconstructing the parameters of the plane equation of the object and has
shown pretty decoupling and robustness against calibration errors. However, it requires
to robustly reconstruct the parameters by solving a system of non-linear equations at
each iteration. This process may be sensible to image noise depending on the numeric
algorithm used. On the other hand, the image-based approaches have been analytically
compared through stability analysis in front of different types of misalignments and camera
calibration errors.
Two of the image-based approaches have shown a pretty robustness against calibration
errors. The first is based on the area and several angles extracted from the polygon
containing the four points in the image. Such features have been normalised in order to
obtain a linear mapping from the task function space to the camera velocities near the
desired state. Furthermore, they exhibit a nice decoupling near the desired state. The
good performance of these features has been experimentally demonstrated. However, the
high complexity of the analytic expressions of the features has avoided to obtain analytic
results concerning either the global asymptotic stability or the camera trajectory generated
by the constant control law based on the interaction matrix evaluated in the desired state.
On the other hand, a set of visual features based on non-complex non-linear combinations of the image point coordinates has also obtained very good performance. The
advantage of these features is that they decouple rotational from translational dof in all
the workspace (not only around the desired state as in the previous approach). This decoupling is possible because these image-based features are proportional to the object plane
parameters used in the position-based approach. By evaluating the interaction matrix for
the desired state it can be seen that these features also produce a linear mapping from the
task function space to the camera velocities around the desired state, without needing any
normalisation. Thanks to the decoupled form of the general interaction matrix, it has been
possible to prove the global asymptotic stability under ideal conditions (so that it is sure
that the system converges for any initial camera-object relative pose where the visibility
constraint holds), and the analytic expression of the camera trajectory in the space. The
advantage of this control law is that both the task function and the camera velocities are
monotonic producing good camera trajectories. The main drawback of this approach is
its sensitivity to large calibration errors like a large misalignment between the camera and
the laser-cross. However, its robustness has been improved (the analytic proof has been
provided) by defining a corrected version of the features based on a planar transformation
applied to the image. The corrected visual features have obtained the same robustness
against large laser-cross misalignment that the features based on the area and the angles.
The camera velocities produced by these two techniques in the simulations are almost the
same, since both sets of visual features are proportional when the camera is nearly parallel
to the object. In the real experiments under large calibration errors similar performances
have been obtained.
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An interesting characteristic of the image-based approach based on the decoupled features and the position-based approach is that the interaction matrix can be estimated
at each iteration from the feature vector. Hence, a non-constant law based on the estimated interaction matrix can be also used, obtaining a camera trajectory very similar to
a straight line even in presence of small calibration errors. The image-based approach
has the advantage that the feature vector is calculated only from image data and, unlike
the position-based approach, it does not require to solve a non-linear system of equations.
Experiments have shown that in presence of large calibration errors the robot is not always
capable of reaching the desired position since the velocities produced by the control law
become strongly non-linear. Therefore, it seems preferable to use the constant control law
which produces almost strictly monotonic velocities in presence of large calibration errors.
The behaviour of the decoupled image-based approach in presence of non-planar objects has also been studied. Concretely, quadric objects have been considered. Firstly,
the case of quadric objects of unknown model has been addressed. In this case, the object is assumed to be planar in order to define the desired visual features and the control
law. It has been analytically proven that there exist, at least, a position of the camera
for which the task function is cancelled. Furthermore, in this position the camera gets
parallel to the tangent plane of the intersection point between the optical axis and the
object. Simulations have shown, however, that in some cases, depending on the object,
the task can get cancelled in other positions where the accuracy of the positioning task
is not so good. Other simulations show that it is possible to force the camera to reach a
given desired position by using a unique fixation point corresponding to a physical point of
the object’s surface. Experimental results with a non-planar object validate the approach.
On the other hand, the case when the model of the quadric object is available has also
been addressed. In this case, the desired position can be analytically defined obtaining
the real desired visual features. Furthermore, information about the object curvature in
the desired state can be included in the interaction matrix. Simulations have shown that
in some cases this improves the results. However, the decoupling of the interaction matrix
is lost and the improvement is not ensured as shown by other simulations.
Finally, we remark that the level of decoupling achieved in this work is due to the fact
that the points are projected. Such decoupling has not been reached with visual features
extracted from the object itself. We have also shown that an appropriate choice of the
light pattern can be used for optimising the control law.

Chapter 6
Conclusions and further work
This chapter presents the conclusions and some perspectives opened by this work. The
scientific contributions of the thesis are first discussed. Afterwards, the list of publications
related to this work is presented as well as the scientific collaborations involved during its
preparation. Finally, further work and future perspectives are discussed.

6.1

Conclusions

This thesis has focused on the combination of visual servoing and structured light for
positioning a robot with respect to objects observed by a camera. Most part of techniques
in visual servoing rely on extracting visual features from the objects of interest. However,
these techniques are valid as long as the objects are textured, and good lighting conditions
are available, or if they have artificial landmarks. Therefore, there is a lack of approaches to
visual servoing which are able to deal with positioning tasks with respect to non-textured
objects or under adverse lighting conditions. Furthermore, every visual servoing technique
is dependent to the object appearance, which can be pretty complex in case of natural
objects.
The solution pointed out in this thesis is based on using structured light emitters for
projecting light patterns onto the objects. In this manner, visual features are always available independently of the object appearance. Furthermore, if the patterns are encoded,
correspondences between images taken under different points of view are robustly and
unambiguously found. Another research topic that has been treated is how to optimise
the control law in visual servoing thanks to the flexibility of structured light. In this case,
the projected pattern can be designed in order to optimise the control law in terms of
decoupling, stability and robustness against calibration errors. We remark that visual
servoing based on visual features provided by structured lighting is still a very unexplored
research area. Therefore, this thesis intends to investigate and contribute into this field.
Firstly, a comprehensive study on coding strategies for structured light has been presented. Coded structured light is typically used in active stereovision by using a camera
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and a video-projector placed aside. By taking the coding strategy used into account,
robust correspondences are found between the camera image and the projected pattern.
Subsequently, if the devices are calibrated, the illuminated object can be reconstructed by
triangulating the correspondences. This part of the work updates the survey presented
in [Batlle et al., 1998] and proposes a novel and more consistent classification of the existing techniques. One of the contributions of this study is the comparative evaluation of
a group of representative coded patterns by using a common experimental setup. The results allow the most common patterns to be compared in terms of resolution, i.e. number
of correspondences, accuracy and quality of the reconstructed objects. The extensive classification and explanation of each group of techniques bring valuable guidelines for easily
deciding which type of pattern must be used depending on the application requirements.
The survey on coded structured light has shown that techniques exploiting timemultiplexing obtain the highest resolution and accuracy since the number of patterns is
unrestricted and therefore more information can be projected. However, since a sequence
of patterns must be projected, this type of techniques are usually restricted to reconstruct
static objects. In many applications this constraint cannot be tolerated because either
the object is moving or the camera and the projector are not static. The most suitable
alternative for these cases are patterns encoded using spatial neighbourhood. In this cases
a unique image must be acquired as a unique pattern is projected. The survey comparison
states that the best results in terms of both resolution and accuracy are obtained with
stripe and multi-slit patterns. However, in order to obtain a robust coding scheme and fair
resolution it is usually necessary to use a considerable number of colours which increases
the sensitivity of the pattern in front of colourful objects. As result, a new colour encoded stripe pattern has been proposed which improves the resolution of typical one-shot
patterns by using less colours than usual. The new approach has been compared through
quantitative and qualitative results to similar patterns in order to validate it. The results
show that with the new pattern the resolution is 1.5 times greater than the one obtained
with a classic stripe pattern. Furthermore, the number of required colours is reduced to
the half. Moreover, the 3D reconstruction results show that the sub-pixel accuracy on
the determination of the correspondences is more accurate when using the new pattern.
However, as the new pattern still projects colour, its performance in presence of colourful
objects decreases as in any other similar pattern.
A second important contribution of this thesis is the study of the applicability of
coded structured light in a visual servoing framework. Up to our knowledge, there are no
previous works considering the projection of a coded pattern for visual servoing purposes.
The advantage of this approach is that the existing techniques of visual servoing can be
directly applied without any adaptation. Experiments have been carried out with a 6
dof robot with eye-in-hand configuration and a video-projector placed aside the robotic
cell. A pattern consisting of an array of coloured dots has been used in the experiments
for controlling the robot. The pattern provides robust correspondences among the dots
imaged from different points of view. Therefore, finding point correspondences between the
desired image and the initial and intermediate images becomes straightforward. A control
law based on the normalised coordinates of the image points assuming a constant depth
distribution has been used. Even with this simple control law, the robot has been able
to reach the desired position in the case of planar and non-planar objects. Nevertheless,
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the behaviour with the non-planar object has been less satisfactory, probably due to the
strong assumptions about the depth distribution of the points used in the control law.
The most important conclusion is that any of the classic image-based visual servoing
approaches can be used by projecting a suitable coded pattern. The advantage of using
coded structured light is that the system becomes independent to the object appearance.
This allows to deal not only with non-textured objects but also with objects too complex
for robustly extracting and tracking visual features. However, two main drawbacks have
been identified. Firstly, this approach is only valid when the desired image is known, as
in classic image-based visual servoing, and when the object remains in the field of view
of the static projector. Secondly, the number of existing coded structured light patterns
which can be used for controlling the 6 degrees of freedom is quite reduced. This is due to
that for visual servoing applications it is necessary that patterns are rotation invariant.
Finally, another potentiality of using structured light has been addressed. Concretely,
the ability of optimising the control law thanks to a specific design of the projected pattern has been investigated. For this purpose, the classic plane-to-plane positioning task
has been treated when using an eye-in-hand configuration. In this case, the dedicated
structured light has been placed onboard so that it remains linked to the camera. The
structured light emitter proposed for this task consists of four low-cost laser pointers attached to a cross centred in the camera frame. The first advantage of this configuration is
that the laser points distribution in the image when the camera is parallel to the object
plane at the desired depth is valid for any planar object independently of its texture. A
position-based and several image-based visual servoing approaches based on the 4 points
provided by the lasers have been formulated. The position-based approach has shown good
performance even if no analytic results concerning its stability have been obtained. However, it requires a non-linear optimisation step at each iteration for robustly estimating
the object parameters. On the other hand, a decoupled image-based approach based on a
non-linear combination of the image point coordinates has obtained great results. The visual features decouple the rotational part of the interaction matrix from the translational
one for any camera-object relative pose. Thanks to the decoupled form of the interaction
matrix, the global asymptotic stability under ideal conditions has been proven. In addition
to this, the robustness against misalignments between the camera and the structured light
emitter has been proven through the local asymptotic stability and experimental results.
Therefore, the main contribution of this part of the work is to provide a robust control
law thanks to a specific design of the structured light sensor. This type of results had
never been obtained with a visual servoing approach based on visual features extracted
from the object itself. As a drawback, we can mention that the validity of the proposed
sensor is ensured if the four lasers point towards the same direction. Such a perfect alignment is pretty difficult to achieve in real conditions. Nevertheless, experiments show that
good results are achieved even when the lasers have slightly different orientations. We
have also studied what happens when the decoupled image-based approach is used when
positioning the camera with respect to non-planar objects of known and unknown model.
Concretely, quadric objects have been considered. Analytic and simulation results show
that it is possible to cancel the task function with respect to these objects so that the
camera gets parallel to the tangent plane of the object in certain points. Furthermore, if
the object model is known, some information about the object’s shape can be included in
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the interaction matrix. This can improve the positioning task in some cases. However, we
remark that the decoupling achieved for the case of planar objects is lost. Nevertheless,
it seems that an appropriate orientation of the lasers taking into account the shape of the
object might lead to a partially decoupled interaction matrix.
Overall, the combination of structured light and visual servoing has been proved to
have a great potentiality for enlarging the application field on visual control. Indeed,
structured light and coded light patterns provide a rich variety of visual features which
can be specifically designed in order to optimise the control law.

6.2

Publications and scientific collaborations

The work developed in this thesis has produced few journal publications and several contributions to international conferences. In the following paragraphs the list of contributions
is presented. Finally, the scientific collaborations made during the thesis preparation are
summarised.
Publications
The following publications in international journals have been contributed:
• J. Salvi, J. Pagès and J. Batlle. Pattern codification strategies in structured light
systems. Pattern Recognition 37(4), pp 827-849, April 2004. (JCR 1 = 2.176)
• J. Pagès, J. Salvi, C. Collewet and J. Forest. Optimised De Bruijn Patterns for
One-Shot Shape Acquisition. Image and Vision Computing 23(8), pp 707-720,
August 2005. (JCR = 1.159)
The article in Pattern Recognition presents the comprehensive survey on coded structured light techniques and a benchmark of the more representative ones. Currently, google
scholar2 reports 13 citations to this article, being only 4 of them self references, even if it
was published in 2004.
The second article, recently published in Image and Vision Computing presents the
new coloured pattern for dense 3D reconstruction.
A new article describing the plane-to-plane visual servoing approach based on structured light is currently being reviewed:
• J. Pagès, C. Collewet, F. Chaumette and J. Salvi. Optimising plane-to-plane positioning tasks by image-based visual servoing and structured light. Submitted to
IEEE Transactions on Robotics on 17/06/2005. (JCR = 2.126)
1

Journal Citation Report (the bigger the more impact factor of the journal).
Corporation.
2
scholar.google.com

c Thomson
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In addition to this, during the thesis the following contributions to international conferences have been made:
• J. Pagès, C. Collewet, F. Chaumette and J. Salvi. Robust decoupled visual servoing
based on structured light. IEEE/RSJ International Conference on Intelligent Robots
and Systems, IROS 2005, pp. 2676-2681, Edmonton, Canada. 2-6 August 2005.
• J. Pagès, C. Collewet, F. Chaumette and J. Salvi. Plane-to-plane positioning from
image-based visual servoing and structured light. IEEE/RSJ International Conference on Intelligent Robots and Systems, IROS 2004, pp. 1004-1009, Vol. 1,
Sendai, Japan, September 28 - October 2, 2004.
• J. Pagès and J. Salvi. A new optimised De Bruijn coding strategy for structured light
patterns. IEEE International Conference on Pattern Recognition, ICPR 2004, pp.
284-287, Vol. 4, Cambridge, UK, 23-26 August 2004.
• J. Pagès, J. Salvi and C. Matabosch. Implementation of a robust coded structured
light technique for dynamic 3D measurements. IEEE International Conference on
Image Processing, ICIP 2003, pp. 1073-1076, Vol. 2, Barcelona, Spain, September
2003.
• J. Pagès, J. Salvi, R. Garcı́a and C. Matabosch. Overview of coded light projection techniques for automatic 3D profiling. IEEE International Conference on
Robotics and Automation, ICRA 2003, pp. 133-138, Vol. 1, Taipei, Taiwan,
14-19th September 2003.

Scientific collaborations
The thesis has been developed during the four years period of 2002-2005. According to the
joint thesis signed between the University of Girona and the University of Rennes I, the
thesis has been distributed between both centres. A big part has been made within the
VICOROB group in the University of Girona and a total of 15 months have been spent
in Rennes (France) according to the following stays:
• 3 months stay in the INRIA LAGADIC group (previously forming part of the VISTA
group). Period: 04/11/02 − 20/12/02 and 04/01/03 − 28/02/03. Supervisor: Dr.
François Chaumette.
• 6 months stay in the CEMAGREF of Rennes. Period: 05/01/04 − 30/06/04. Director: Dr. Christophe Collewet. Supervisor: Dr. François Chaumette.
• 6 months stay in the CEMAGREF of Rennes. Period: 10/01/05 − 08/07/05. Director: Dr. Christophe Collewet. Supervisor: Dr. François Chaumette.
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Perspectives

The domain of visual servoing based on structured light rests mainly unexplored. Therefore, the present thesis requires some further work and opens several perspectives of future
research.
First of all, some further work based on the proposed approach should be done in order
to solve some problems that have appeared. For example, during the experiments of robot
positioning by using points provided by the deported video-projector, we have realised that
a large number of points must be matched from the initial to the desired image in order
to success. It seems that the problem is related to the distribution of the points in the
desired image, which has an important repercussion on the conditioning of the interaction
matrix. As made in [Feddema et al., 1991], an optimal choice of the image points should
be studied in order to improve the matrix conditioning. Nevertheless, the problem should
be studied in depth in order to explain why a large number of correspondences are required
specially when the object is non-planar. In the case of planar objects it is known that the
control law is able to converge by using only 4 points. Furthermore, it is also interesting
to study the influence of taking a variable number of points at each iteration, because
it allows occlusions to be treated. Alternatively, other visual features should be used
for improving the control law like the image moments of the point distribution [Tahri
and Chaumette, 2004] or the extended visual servoing [Schramm et al., 2004]. Another
option that should be studied is the use of the point depths obtained by triangulating
correspondences between the camera image and the projected pattern. This is easy to do
as the correspondence problem is easily solved in our case.
Apart from this further work, the present thesis opens several perspectives of future
research.
Firstly, some perspectives for coded structured light are proposed. In this field, the use
of colour to get a large number of correspondences from a unique pattern is very extended.
However, in presence of highly saturated colourful objects, difficulties when distinguishing
all the projected colours appear. The current tendency is to define sophisticated grey-level
patterns for increasing the robustness against the object colours. However, since a unique
pattern is projected, either the accuracy decreases or a non-absolute coding scheme is
applied. The latter means that only several elements of the pattern are uniquely encoded
and the rest must be decoded by using propagation of neighbouring constraints. There
remains therefore the goal of designing an absolute-coded pattern using the minimum
number of grey levels. In this direction, a future work consists of studying the adaptation
of the pattern proposed in Chapter 3 to the case of grey-levels.
This thesis has presented a first step towards the use of coded light patterns in a visual
servoing framework. In the case of using a deported video-projector, several open issues
remain. Firstly, it is necessary to the design a new coding strategy which is able to generate
patterns being rotation invariant. These patterns will be very useful for visual servoing
purposes. On the other hand, it is interesting to identify which primitives must contain
the pattern in order to optimise the control law. It is well known that in classic imagebased visual servoing the use of some primitives can lead to singularities in the interaction
matrix or bad conditioning [Chaumette, 1998]. Avoiding this type of problems by using
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an appropriate pattern design is another advantage of the flexibility of coded structured
light. Another goal is to specifically design the pattern in order to optimise the control law
for specific tasks like it has been done for the case of the plane-to-plane positioning task.
The most ambitious perspective is to take profit of the projected pattern for performing
robust positioning tasks with respect to unknown non-planar objects. It is well known
that image-based approaches have problems of convergence with non-planar objects when
the depth distribution is not well estimated [Malis and Rives, 2003]. Therefore, the case
of non-planar objects is still matter of research. In our opinion, it seems feasible to use
patterns projecting 2D contours onto non-planar objects. 2D contours have been already
used in monocular vision for obtaining local surface reconstruction as in [Ulupinar and
Nevatia, 1993]. This type of techniques belong to the group of shape from contours or
silhouettes [Cipolla and Blake, 1992]. Contours have already been used in visual servoing
for the case of planar objects [Colombo and Allotta, 1999; Drummond and Cipolla, 1999;
Collewet and Chaumette, 2000]. The projected pattern could be designed in order to
provide the required 2D contours for obtaining the 3D information needed for positioning
the camera with respect to an unknown object. However, a more interesting alternative
would be to design an image-based visual servoing approach based on the deformation
parameters of these contours in the image as long as the robot moves.
The case of an onboard structured light emitter also presents many perspectives. Indeed, this type of configuration has to be considered since it is the one that must be chosen
in case of mobile robots. The first perspective is the use of non heavy projectors being
able to project encoded patterns. Nowadays, the dimensions, the weight and the cost of
video-projectors are being progressively reduced. Therefore, it is likely to predict that in
few years such type of devices will be suitable to be integrated in a robot end-effector
or in mobile robots. This will give a large flexibility when designing patterns for robot
positioning. Nevertheless, the use of structured light sensors based on lasers must be still
considered as a lower cost option. Therefore, different types of laser primitives other than
points like planes, circles or grids should be studied for performing more complex positioning tasks or taking non-planar objects into account. In this direction, the structured light
emitter could be specially designed in order to produce a robust control law similarly to
what it has been done in Chapter 5 for the case of plane-to-plane positioning. An important future work is, as already mentioned for the case of a deported projector, performing
positioning tasks with respect to non-planar objects. In this case, since the relative pose
between the camera and the structured light emitter remains fixed, 3D information of the
object can be obtained by calibrating these devices. However, it seems more interesting
to consider an uncalibrated or a coarsely calibrated structured light sensor and developing image-based visual servoing approaches based on the deformations of the projected
pattern which provide cues of the object curvature. This is the main unexplored area
of assisted visual servoing by means of structured light and opens an exciting research
direction which is expected to enlarge its application field.

Appendix A
Interaction matrix of µ
Samson et al. [Samson et al., 1991] modelled a general thin-field rangefinder which obtains
a measure of the depth to an object along a straight line. According to our notation, the
case studied by Samson et al. is represented in Fig. A.1.

µ

X

u

n

{R}

Figure A.1: Thin-field rangefinder schema

Note that n is the normal to the object at point X. The measure of the depth that the
sensor obtains is expressed in the rangefinder frame denoted as {R}. From the variation
of the distance µ due to the sensor motion found by Samson et al., we can extract the
following interaction matrix
R

Lµ = −


1  >
>
|
µ
(u
×
n)
n
n> u

(A.1)

where both n and u are expressed in the sensor frame.
In our case, when the system is composed by a camera and a laser pointer as shown
in Fig. A.2, both n and u are expressed in the camera frame, as well as the interaction
matrix of µ.
As shown in (5.13), the interaction matrix of µ expressed in the camera frame is
C

Lµ = −

1
n> u



n> | (X × n)>



(A.2)
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Figure A.2: Our camera-laser system modelling

In order to demonstrate the equivalence with the interaction matrix by Samson et al. it is
necessary to express X, n and u in a laser frame with origin equal to X 0 . Then from (5.4)
we have that point X in the laser frame is
X = µu

(A.3)

so that (A.2) expressed in the laser frame becomes the same than the interaction matrix
by Samson et al.
Andreff et al. also formulated the interaction matrix of µ [Andreff et al., 2002]. In
their case, the laser frame was chosen so that the Z axis coincides with the laser direction
as shown in Fig. A.3.

n

X

µ

ZL=u

{C}

{L}

Figure A.3: Camera-laser system modelling by Andreff et al.

The interaction matrix presented by Andreff et al. was expressed in function of α x and
αy . The former is the angle between ZL and nx = (A, 0, C), being nx the projection of n
to the plane YL = 0. Similarly, αy is the angle between ZL and ny = (0, B, C) which is the
projection of n to the plane XL = 0. The geometric interpretation of α x and αy is shown
in Fig. A.4. Taking into account the sign conventions of the angles and the constraint
C > 0, we have that
A = C tan αx
B = −C tan αy

(A.4)
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so that expressing C =

√
1 − A2 − B 2 the following relationship arise
tan αx
p
2
tan αx + tan2 αy + 1
tan αy
B = −p
2
tan αx + tan2 αy + 1
A =

ZL
nx

(A.5)

XL

YL

A>0

α

C>0
XL

ZL

α

B<0

C>0

ny

YL
Figure A.4: Geometric interpretation of α x and αy when they are positive.
The interaction matrix by Andreff et al. can be derived from the one by Samson et
al. in (A.1). If the parameters of this interaction matrix are expressed in the laser frame
proposed by Andreff et al. we have that u = (0, 0, 1) and

u×n =
n> u = C

i j k
0 0 1
A B C




−B
= A 
0

(A.6)

Then, the formula by Samson becomes
Lµ =

−A/C −B/C −1 µB/C −µA/C 0

so that taking into account the relationships in (A.4) we obtain
Lµ =



− tan αx tan αy −1 −µ tan αy µ tan αx 0

(A.7)



(A.8)

which is the form of the interaction matrix proposed by Andreff et al. [Andreff et al., 2002].

Appendix B
Model considering laser-cross
misalignment
This appendix presents the model parameters when the laser-cross center is displaced from
the camera origin and the orientation of the laser-cross frame is not the same that the camera frame. The camera intrinsic parameters are supposed to be perfectly calibrated. The
laser-cross misalignment is modelled according to a homogeneous frame transformation
matrix of the form

 C
RL C TL
C
(B.1)
ML =
03
1
which passes from points expressed in the structured light sensor frame to the camera
frame (see Fig. 5.4).
First of all, the orientation vector and the reference point of every laser in the camera
frame must be calculated taking into account the misalignment. We start from the values
of these parameters in the laser-cross frame, which coincide with the ideal parameters
shown in Table 5.1. Then, in the camera frame we have that for every laser
C
C

u =

C

Xr =

C

RL L u
L

(B.2)
C

RL X0 + TL

(B.3)

where L u = (0, 0, 1). Note that C Xr is a point belonging to the laser direction but it is not
the reference point of the laser according to our definition. Remember that the reference
point C X0 must lie on the plane ZC = 0. The equation of the line corresponding to the
laser direction can be expressed in function of C X0 as follows
C

Xr = µ C u + C X0

(B.4)
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so that since we impose that

CZ

0

= 0 then
µ=

The calculation of the

CX

0

CZ
Cu

r

(B.5)

z

is then straightforward
C

CZ

X0 = − C

rC

uz

u + C Xr

(B.6)

The model parameters taking into account the whole model of misalignment become
too complicated. Instead of this, we present the model parameters under individual types
of misalignment, namely a simple displacement of the laser-cross with respect to the
camera origin, and individual rotations of the laser-cross around the X, Y and Z axis,
respectively.

Displacement In this case, the laser-cross frame has the same orientation that the
camera frame (C RL = I3 ), but its origin has been displaced according to the vector
C

TL = (tx , ty , tz )

(B.7)

The model parameters are then the ones shown in Table B.1.

Table B.1: Model parameters under a translational misalignment of the laser-cross.
Laser

X0

Y0

x

y

1

tx

L + ty

tx /Z1

(ty + L)/Z1

2

−L + tx

ty

(tx − L)/Z2

ty /Z2

3

tx

−L + ty

tx /Z3

(ty − L)/Z3

4

L + tx

ty

(tx + L)/Z4

ty /Z4

Z
Atx + BL + Bty + D
C
Atx − AL + Bty + D
−
C
Atx − BL + Bty + D
−
C
Atx + AL + Bty + D
−
C
−

Rotation around the XC axis The laser-cross is centered in the camera origin, but
the laser-cross frame is rotated a certain angle ψ with respect to the X axis of the camera
frame. The rotation is restricted to the interval ψ ∈ (−π/2, π/2), otherwise the lasers
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projection is out of the camera field of view. The rotation matrix

CR

L

is then




1 0
0
Rot(X, ψ) =  0 cψ −sψ 
0 sψ cψ

(B.8)

where cψ = cos ψ and sψ = sin ψ. The model parameters under this type of misalignment
are shown in Table B.2.
Table B.2: Model parameters when the laser-cross is rotated around X C .
Laser

X0

Y0

x

1

0

L
cψ

0

2

−L

0

3

0

4

L

−

L
cψ
0

−

y

Z

Dsψ + LC
BL + Dcψ
sψ
−
cψ
LC − Dsψ
Dcψ − BL
sψ
−
cψ

BL + Dcψ
Bsψ − Ccψ
cψ(D − AL)
Bsψ − Ccψ
−BL + Dcψ
Bsψ − Ccψ
cψ(AL + D)
Bsψ − Ccψ

−

L(Bsψ − Ccψ)
cψ(D − AL)
0

L(Bsψ − Ccψ)
cψ(AL + D)

Rotation around the YC axis. Let us present now the case where the laser-cross is
centered in the camera origin, but it is rotated an angle θ ∈ (−π/2, π/2) with respect to
the Y axis of the camera frame. The rotation matrix C RL has the following form



cθ 0 sθ
Rot(Y, θ) =  0
1 0 
−sθ 0 cθ

(B.9)

where cθ = cos θ and sθ = sin θ. The model parameters are then the ones shown in
Table B.3.
Rotation around the ZC axis In case that a rotation of φ occurs around the Z axis
of the camera frame, the rotation matrix is



cφ −sφ 0
Rot(Z, φ) =  sφ cφ 0 
0
0
1

(B.10)

where cφ = cos φ and sφ = sin φ. In this case, the model parameters are shown in
Table B.4.
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Table B.3: Model parameters when the laser-cross is rotated around Y C .
Laser

X0

Y0

1

0

L

L
cθ

0

−

2
3

0

−L

4

L
cθ

0

x

y

sθ
cθ
Dsθ + LC
−AL + Dcθ
sθ
cθ
Dsθ − LC
AL + Dcθ

−

Z

L (Asθ + Ccθ)
cθ (BL + D)
0

L (Asθ + Ccθ)
cθ (−BL + D)
0

cθ (BL + D)
Asθ + Ccθ
−AL + Dcθ
−
Asθ + Ccθ
cθ (−BL + D)
−
Asθ + Ccθ
AL + Dcθ
−
Asθ + Ccθ
−

Table B.4: Model parameters when the laser-cross is rotated around Z C .
Laser

X0

Y0

1

−sφL

cφL

2

−cφL

−sφL

3

sφL

−cφL

4

cφL

sφL

x

y

Z

Lsφ
Z1
Lcφ
−
Z2
Lsφ
Z3
Lcφ
Z4

Lcφ
Z1
Lsφ
−
Z2
Lcφ
−
Z3
Lsφ
Z4

AsφL − BcφL − D
C
AcφL + BsφL − D
C
AsφL − BcφL + D
−
C
AcφL + BsφL + D
−
C

−

Appendix C
Kinematic screw frame
transformation
The objective of this appendix is to define a frame transformation which allows the kinematic screw typically expressed in the camera frame to be expressed in a frame attached
to the object. This can be done by using a transformation like
c

v = c To o v

(C.1)

where c v and o v are the kinematic screw expressed in the camera and the object frames,
respectively, and c To is the 6 × 6 transformation changing the basis frame. This transformation is then useful to express the interaction matrix L x in the object frame, which
can be used to check which type of object motions can be detected in the camera image
by using a certain set of visual features. The time variation of the visual features can be
expressed in two ways
ṡ =

c

ṡ =

o

Ls c v
o

Ls v

(C.2)
(C.3)

where c Ls and o Ls are the interaction matrices expressed in the camera and object frames,
respectively. Then, by plugging (C.1) into (C.2), we can write
ṡ = c Ls c To o v

(C.4)

so that according to (C.3) the interaction matrix expressed in the object frame is
o

Ls = c Ls c To

(C.5)
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The transformation matrix has the following form
c

To =



cR

[c Po ]× c Ro
cR
o

o

03



(C.6)

where c Ro is the rotation matrix from the camera frame to the object frame, and c Po is
the origin of the frame {O} expressed in the object frame {C}. [ c Po ]× is the antisymmetric
matrix associated to the vector c Po . In Fig. C.1 the frame transformation is represented.
Yo
Xo

u

T

Zo
cP
o

Yc
Zc

Xc

cR

o

Figure C.1: Frame transformation schema

Let us now present how to obtain the analytic expression of the rotation matrix c Ro
and the origin of the object frame c Po .

C.1

Rotation matrix

The constraint that is fixed to calculate the rotation matrix c Ro is that Zo must be equal
to Zc after applying the rotation (both Z o and Zc are expressed in the camera frame).
Note that this constraint implies that a single rotation θ is made around an unitary axis
u which is orthogonal to Zc and Zo . The rotation axis u can be calculated as follows
u = Zc × Zo = (0, 0, 1) × (A, B, C) = (−B, A, 0)

(C.7)

Therefore, the unitary vector u is


−B
1
 A 
u= √
A2 + B 2
0

(C.8)

The rotation θ can be calculated as follows
sin(θ) = kZc × Zo k ⇒ sin(θ) =
cos(θ) =
Z>
⇒ cos(θ) =
c · Zo

√
A2 + B 2
C

(C.9)
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C.2 Origin of the object frame

According to the Rodrigues formula, a rotation matrix can be written as
c

Ro = cos(θ)I3 + sin(θ)[u]× + (1 − cos(θ))u · u>

with

(C.10)




0
−uz uy
[u]× =  uz
0
−ux 
−uy ux
0

(C.11)

which leads to the rotation matrix



2

C.2


A
B 
C

AB
− 1+C
B2
1 − 1+C
−B

A
1 − 1+C
c
AB
Ro =  − 1+C
−A

(C.12)

Origin of the object frame

The origin of the object frame has been chosen to be equal to the projection of the focal
point along the optical axis of the camera onto the planar object. Such a point expressed
in the camera frame is


0
c

Po = 
0
(C.13)
−D/C

C.3

Frame transformation

Given the chosen c Po in (C.13) and the calculated rotation matrix c Ro in (C.12), the
frame transformation c To has the following expression


1−

A2
1+C




AB
 − 1+C



 −A


c
To = 

0





0




0

AB
− 1+C

A

ABD
− C(1+C)
2

2

−1−C)
− D(B
C(1+C)

DB
C

B

D(A −1−C)
C(1+C)

ABD
C(1+C)

− AD
C

−B

C

0

0

0

0

0

AB
− 1+C

A

0

0

AB
− 1+C

0

0

−A

1−

B2
1+C

1−

A2
1+C

1−

B2
1+C

−B

B
C
























(C.14)
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Then, the interaction matrix Lx expressed in the object frame is

0 0 − XZ0
1
o
c
c

Lx = Lx · To =
Π0
0 0 − YZ0

X0 η X 0 ξ 0
Y0 η

Y0 ξ

0




(C.15)

where
A(Bx + ACy)
1 − A2
y+
C
C(1 + C)
2
1−B
B(Ay + BCx)
ξ =
x+
C
C(1 + C)
Π0 = A(X0 − xZ) + B(Y0 − yZ) − CZ
η =

Therefore, according to ẋ = o Lx o v, if the object moved on o Vx , o Vy or o Ωz , the image
coordinates of the projected points would not change.

Appendix D
Stability analysis of the decoupled
approach
This appendix presents different issues concerning the stability analysis of the set of visual
features
s =

−1
y1−1 − y3−1 , y1−1 + y3−1 , x−1
2 + x4



(D.1)

when using the constant control law based on the interaction matrix evaluated in the
desired state L∗s .

D.1

Solving the differential system

The closed-loop equation of the system corresponding to the set of visual features (5.121)
when using the constant control law based on L ∗s can be written as the following differential
system


λ
e1 (t) 4L + e2 (t)2 L + e3 (t)2 L + 2Z ∗ e2 (t)2 + e3 (t)2
4L
λ
ė2 (t) = − (e2 (t)3 + 4e2 (t) + e2 (t)e3 (t)2 )
4
λ
ė3 (t) = − (e3 (t)3 + 4e3 (t) + e3 (t)e2 (t)2 )
4
ė1 (t) = −

(D.2)
(D.3)
(D.4)

The solutions of e1 (t), e2 (t) and e3 (t) can be found as follows. As expected, both ė 2 (t) (D.3)
and ė3 (t) (D.4) are not affected by e1 (t) (D.2). Hence, we can start by searching the
solutions of e2 (t) and e3 (t), which control the rotational dof of the system. First, we
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obtain the expression of ë2 (t) by deriving (D.3)
ë2 (t) = −



λ
ė2 (t) 3e22 (t) + e23 (t) + 4 + 2e2 (t)e3 (t)ė3 (t)
4

(D.5)

Afterwards, plugging ė3 (t) from (D.4) into (D.5)
ë2 (t) =


λ
−ė2 (t) 6e22 (t) + 2e23 (t) + 8 +
8

+λe23 (t)e2 (t) e22 (t) + e23 (t) + 4

(D.6)

−4ė2 (t) − λe32 (t) − 4λe2 (t)
λe2 (t)

(D.7)

From (D.3) the expression of e23 (t) can be expressed in function of ė 2 (t) and e2 (t)
e23 (t) =

then, by plugging it into (D.6) and after some developments we obtain


ė2 (t)
ë2 (t) − ė2 (t) 2λ + 3
e2 (t)



=0

(D.8)

which is a second order Liouville differential equation with two symmetric solutions
√

λ
e2 (t) = ± p
−(C1 exp2λt +2C2 λ)

(D.9)

where C1 and C2 are integration constants. By plugging (D.9) into (D.7) the solutions for
e3 (t) are directly obtained
e3 (t) = sgn(e2 (t)) p

p
λ(8C2 − 1)

−(C1 exp2λt +2λC2

(D.10)

where sgn(x) returns the sign of the given value. Then, by evaluating any of the two pairs
of solutions at time t = 0, C1 and C2 can be expressed in terms of the initial conditions
e2 (0) and e3 (0) leading finally to
e2 (t) =
e3 (t) =
with
a(t) =

q

2e2 (0)
a(t)
2e3 (0)
a(t)


e22 (0) + e23 (0) (exp2λt −1) + 4 exp2λt

(D.11)
(D.12)

(D.13)
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Finally, let us plug (D.11) in the definition of ė 1 (t) in (D.2) and solving a first order
differential equation with non-constant coefficients the following solution arises

e1 (t) =
with b =

2e1 (0)
−
a(t)

2bZ ∗ arctan



b(a(t)−2)
b2 +2a(t)

a(t)L



(D.14)

p
e22 (0) + e23 (0).

We note that function a(t) has the following properties
a(0) = 2
lim a(t) = ∞

t→∞

Furthermore, by looking at its derivative
λ exp(2λt) e2 (0)2 + e3 (0)2 + 4
ȧ(t) =
a(t)



(D.15)

it is always positive. Therefore a(t) is monotonic in t ∈ [0, ∞) and is bounded in the
interval [2, ∞).

D.2

Study of the behavior of the depth vs. time

We now study the behavior of the depth control which depends on e 1 (t). We are interested
on identifying under which analytic conditions it becomes a monotonic function. In order
to achieve it, we are going to identify the extrema of e 1 (t) by studying when the first
derivative zeroes. Then, we will search for sufficient conditions which ensure that the
derivative never zeroes so that e1 (t) is monotonic.
We remember that the expression of e 1 (t) is given by

e1 (t) =

2e1 (0)
−
a(t)

2bZ ∗ arctan



b(a(t)−2)
b2 +2a(t)

a(t)L



(D.16)

whose derivative
ė1 (t) = −



λ
e1 (t) 4L + e2 (t)2 L + e3 (t)2 L + 2Z ∗ e2 (t)2 + e3 (t)2
4L

(D.17)

From this expression it is evident that when b = 0 (e 2 (0) = 0 and e3 (0) = 0 so that the
camera is already parallel to the object) a linear differential equation is obtained so that
e1 (t) is monotonic. Otherwise, it is necessary to study the derivative of e 1 (t) which can
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be rewritten as

ė1 (t) = −







2 + a(t)2 + e (0)L b2 + a(t)2 + b2 Z ∗ a(t)
b
−2ȧ(t) −bZ ∗ arctan b(a(t)−2)
2
1
b +2a(t)
L (b2 + a(t)2 ) a(t)2

(D.18)

As shown in Appendix D.1, ȧ(t) is always positive and never zeroes, while the denominator of ė1 (t) is also positive. Therefore, ė 1 (t) only zeroes when
∗

−bZ arctan



b (a(t) − 2)
b2 + 2a(t)





b2 + a(t)2 + e1 (0)L b2 + a(t)2 + b2 Z ∗ a(t) = 0

(D.19)

By setting the following change of variable
u(t) =

b (a(t) − 2)
b2 + 2a(t)

(D.20)

the expression in (D.19) can be rewritten as
arctan (u(t)) = f (u(t))

(D.21)

with




u(t)2 e1 (0)L b2 + 4 − 2b2 Z ∗ + u(t)bZ ∗ b2 − 4 e1 (0)L b2 + 4 + 2b2 Z ∗
f (u(t)) =
bZ ∗ ((b2 + 4)( u(t)2 + 1 ))
(D.22)
Note that the derivative of e1 (t) only zeroes if and only if arctan (u(t)) intersects with
f (u(t)). Therefore, if we can find analytical conditions which avoid both functions to
intersect, e1 (t) will be monotonic under those conditions since its derivative never will
zero.
We first study the behavior of u(t). The following properties hold
u̇(t) = ȧ(t)

b b2 + 4



(b2 + 2a(t))2

u(0) = 0
lim u(t) = b/2

t→∞

(D.23)
(D.24)
(D.25)

and since a(t) is strictly monotonic increasing then u(t) is also strictly monotonic increasing
when b 6= 0 and it is bounded in the interval [0, b/2] for t ∈ [0, ∞).
The derivative of f (u(t)) is


u(t)2 b2 − 4 + u(t)8b + 4 − b2
˙
f(u(t)) = −u̇(t)
(u(t) + 1) ((b2 + 4) (u(t)2 + 1))

(D.26)

223

D.2 Study of the behavior of the depth vs. time

˙
˙
since u̇(t) is always positive and so is the denominator of f(u(t)),
the sign of f(u(t))
depends on the following polynomial
p(u(t)) = u(t)2 (b2 − 4) + u(t)8b + 4 − b2
which can be written as


b2 − 4 (u − u1 ) (u − u2 )

(D.27)

(D.28)

with u1 and u2 the roots of the polynomial

b+2
u1 = −
b−2
b−2
u2 =
b+2

(D.29)

When p(u(t)) < 0 then f (u(t)) increases and inversely. Note that depending on if b < 2 or
b > 2 the sign of p(u(t)) is affected. Let us study the sign depending on these conditions.

b¡2:

in this case b2 − 4 is negative, and u1 > b/2 and u2 < 0 as shown hereafter
u1 >

1
1
1 b+2
b2 + 4
⇔ − u1 < 0 ≡ +
<0≡
<0
2
2
2 b−2
2(b − 2)
u2 < 0 ⇔

b−2
<0
b+2

(D.30)

(D.31)

which means that when b < 2 there are no zero-crossings in the interval u ∈ [0, b/2].
Furthermore, the sign of the polynomial in this interval is always

b2 − 4 (u − u1 ) (u − u2 ) > 0
| {z } | {z } | {z }
<0

b¿2:

<0

(D.32)

>0

in this case b2 − 4 is positive, and u1 < 0 and u2 ∈ [0, b/2] since
u1 < 0 ⇔ −

b+2
<0
b+2


b−2

>0
 u2 > 0 ⇔
b+2
b
b2 + 4
b

 u2 <
⇔ − u2 > 0 ≡
>0
2
2
2(b + 2)

(D.33)

(D.34)
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Therefore p(u(t)) has a unique zero-crossing in the interval u ∈ [0, b/2] so that p(u(t)) is
always increasing in such interval because

b2 − 4 (u1 ) (u2 ) < 0
| {z } |{z} |{z}
<0 >0
>0

2
p(u = b/2) = b − 4 (b/2 − u1 ) (b/2 − u2 ) > 0
| {z } | {z } | {z }
p(u = 0) =

>0

>0

(D.35)

>0

Then, the behavior of f (u(t)) is determined by the following two cases (we remember
that b >= 0 and when b = 0 e1 (t) is always monotonic)
• b ∈ (0, 2]: f (u(t)) is monotonic decreasing when u(t) ∈ [0, b/2].
• b > 2: f (u(t)) has a global maximum in the interval [0, b/2] when u(t) = (b−2)/(b+
2).
In summary, the behavior of arctan(u(t)) and f (u(t)) in the interval [0, b/2] is represented in Fig. (D.1).
a)

b)

c)

f(u(t))

arctan(u(t))

0

b/2

u(t)

f(u(t))

0

b/2

u(t)

0

(b-2)/(b+2)

b/2

u(t)

Figure D.1: Schema of arctan(u(t)) and f (u(t)) when u(t) ∈ [0, b/2]. a) arctan(u(t)). b)
f (u(t)) when b ∈ (0, 2]. c) f (u(t)) when b > 2.
Note that two sufficient conditions can be defined in order to avoid the intersection of
arctan(u(t)) and f (u(t)):
• min(f (u(t))) > max(arctan(u(t)))
• max(f (u(t))) < min(arctan(u(t)))
According to the first condition we need the following expressions
min(f (u(t))) = f (u = b/2) =
max(arctan(u(t))) = arctan(b/2)
so that the condition is
Z∗ < −

e1 (0)L
b arctan(b/2)

e1 (0)L
b arctan(b/2)

(D.36)
(D.37)

(D.38)
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The second condition requires to distinguish between two cases
• b ∈ (0, 2]: max(f (u(t))) = f (u = 0) =


• b > 2: max(f (u(t))) = f u =

b−2
b+2



=

e1 (0)L(b2 + 4) + 2b2 Z ∗
bZ ∗ (b2 + 4)
bZ ∗ + 2Le1 (0)
2bZ ∗

while
min(arctan(u(t))) = 0

(D.39)

Therefore, the second sufficient condition is
e1 (0)L(b2 + 4)
2b2
2Le1 (0)
b > 2 → Z∗ < −
b

b ∈ (0, 2] → Z ∗ < −

(D.40)

If these sufficient conditions are true then no intersection between arctan(u(t)) and
f (u(t)) will occur, and therefore, e 1 (t) will be monotonic.
The sufficient conditions in (D.38) and in (D.40) are expressed in terms of the initial
state of the task function. They can be rewritten in terms of the initial object pose in the
camera frame obtaining two different cases. The first case corresponds to the condition
in (D.38) which is valid when the camera must go forward (Z ∗ < −D(0)). In such a case,
the sufficient condition to ensure that e 1 (t) is monotonic is
Z∗ <

−2D(0)
√

p
1−C(0)2
2
C(0) 2 + 1 − C(0) arctan
2


(D.41)

On the other hand, from (D.40) we obtain the sufficient condition valid when the camera
must go backwards since Z ∗ > −D(0)
D(0)
C(0)3
−2D(0)
p
b > 2 → Z∗ >
2C(0) − 1 − C(0)2

b ∈ (0, 2] → Z ∗ > −

(D.42)

In summary, we have obtained sufficient conditions depending on the initial state (or
the initial camera-object pose) which ensure that e 1 (t) will be monotonic. Even if these
sufficient conditions are not ensured, we can al least ensure that e 1 (t) will present a unique
peak since a unique intersection of arctan(u(t)) and f (u(t)) occurs.
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visuel, pp. 105–150. Traité IC2. W. Khalil (ed.), Hermès.
Chaumette, F. (2004). Image moments: a general and useful set of features for visual
servoing. IEEE Trans. on Robotics 20(4), 713–723.
Chazan, G. and N. Kiryati (1995). Pyramidal intensity-ratio depth sensor. Technical report 121. Center for Communication and Information Technologies. Department of
Electrical Engineering, Technion, Haifa, Israel.
Chen, C., Y. Hung, C. Chiang and J. Wu (1997). Range data acquisition using color
structured lighting and stereo vision. Image and Vision Computing 15, 445–456.

Bibliography

229

Chen, F., G.M. Brown and M. Song (2000). Overview of three-dimensional shape measurement using optical methods. Optical Engineering 1(39), 10–22.
Chesi, G., E. Malis and R. Cipolla (2000). Automatic segmentation and matching of planar
contours for visual servoing. In: IEEE Int. Conf. on Robotics and Automation. Vol. 3.
S. Francisco, CA, United States. pp. 2753–2758.
Cipolla, R. and E. Blake (1992). Surface shape from the deformation of apparent contours.
Int. Journal of Computer Vision 9(2), 83–112.
Clocksin, W. F., J. S. E Bromley, P. G. Davey, A. R. Vidler and Morgan C. G. (1985). An
implementation of model-based visual feedback for robot arc welding of thin sheet
metal. Int. Journal of Robotics Research 4(1), 13–26.
Collewet, C., A. Alhaj and F. Chaumette (2004). Model-free visual servoing on complex
images based on 3d reconstruction. In: IEEE Int. Conf. on Robotics and Automation.
Vol. 1. pp. 751–756.
Collewet, C. and F. Chaumette (2000). A contour approach for image-based control of
objects with complex shape. In: IEEE/RSJ Int. Conf. on Intelligent Robots and
Systems. Vol. 1. Takamatsu, Japan. pp. 751–756.
Collewet, C. and F. Chaumette (2002). Positioning a camera with respect to planar objects
of unknown shape by coupling 2-d visual servoing and 3-d estimations. IEEE Trans.
on Robotics and Automation 3(18), 322–333.
Colombo, C. and B. Allotta (1999). Image-based robot task planning and control using
a compact visual representation. IEEE Trans. on Systems, Man, and Cybernetics
29(1), 92–100.
Colombo, C., B. Allota and P. Dario (1995). Affine visual servoing: a framework for
relative positionning with a robot. In: IEEE Int. Conf. on Robotics and Automation.
Vol. 1. Nagoya, Japan. pp. 21–27.
Corke, P. I. and S. A. Hutchinson (2001). A new partitioned approach to image-based
visual servo control. IEEE Trans. on Robotics and Automation 17(4), 507–515.
Cox, I. J., S. L. Hingorani, S. B. Rao and B. M. Maggs (1996). A maximum likelihood
stereo algorithm. Computer Vision and Image Understanding 63(3), 542–567.
Crétual, A. and F. Chaumette (2001). Visual servoing based on image motion. Int. Journal
of Robotics Research 20(11), 857–877.
Davies, C. J. and M. S. Nixon (1998). A hough transform for detecting the location
and orientation of 3-dimensional surfaces via color encoded spots. IEEE Trans. on
systems, man and cybernetics 28(1), 90–95.
De la Escalera, A., L. Moreno, M. A. Salichs and J. M. Armingol (1996). Continuous
mobile robot localizatin by using structured light and geometric map. Int. Journal of
Systems Science 27(8), 771–782.

230

Bibliography

De Ma, S. (1993). Conics-based stereo, motion estimation and pose determination. Int.
Journal of Computer Vision 10(1), 7–25.
Deguchi, K. (1997). Direct interpretation of dynamic images and camera motion for visual
servoing without image feature correspondence. Journal of Robotics and Mechatronics
9(2), 104–110.
Dementhon, D. and L. S. Davis (1995). Model-based object pose in 25 lines of code. Int.
Journal of Computer Vision 15(1/2), 123–141.
DeSouza, G. N. and A. C. Kak (2002). Vision for mobile robot navigation: a survey. IEEE
Trans. on Pattern Analysis and Machine Intelligence 24(2), 237–267.
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Assisted visual servoing by means of structured light
This thesis treats about the combination of visual servoing and structured light. Classic
visual servoing assumes that visual features can be extracted from the images in order to
use it in a control loop. However, uniform or non-textured objects, or objects for which
extracting features is too complex or too time consuming cannot be taken into account.
This thesis proposes the use of structured light patterns for providing suitable visual
features independently of the object appearance.
Firstly, coded structured light patterns projected with LCD projectors are studied in
depth. These patterns are designed in order to simplify the correspondence problem between images and are mainly used in shape acquisition applications. The most relevant
coded patterns have been compared in a shape acquisition framework. From this exhaustive study we have been able to identify the advantages and constraints of the patterns.
Then, a new coded pattern improving the performance of similar existing techniques has
been proposed.
The use of coded structured light in visual servoing applications is a new research
area. An approach to visual servoing based on the projection of a coded pattern has been
proposed. In this case, a deported LCD projector is placed aside a robotic cell. The coded
pattern is projected on the working area were objects are placed. Then, an eye-in-hand
robot is able to get positioned with respect to the objects thanks to the visual features
provided by the pattern. The coded pattern is able to provide fast, robust and unambiguous point correspondences between images taken from different viewpoints. Experiments
show the validity of our approach. The advantage of using deported structured light is
that classic visual servoing techniques can be directly used as the projected visual features
remain static on the object surface.
A second application of structured light in visual servoing has been studied. In this
case, we want to show that structured light can be used for obtaining a robust control
law with nice properties like decoupling and good camera trajectory. The classic task of
plane-to-plane positioning has been chosen. An onboard structured light emitter based
on laser pointers has been designed. As the lasers are linked to the camera, the projected
points do not remain static on the object. This makes the modelling stage more complex.
Nevertheless, it is shown that a suitable distribution of the lasers around the camera
provides decoupled visual features. Furthermore, the control law is demonstrated to be
analytically robust against misalignments of the camera and the lasers. Experiments
with an eye-in-hand robot show that the proposed structured light sensor is suitable for
positioning the camera with respect to planar objects and several non-planar objects.
Keyworkds: visual servoing, coded structured light, correspondences, decoupled visual
features, positioning task, 3D reconstruction.

