A probabilistic approach to high-dimensional least-sguar
approximations.

Nicolas Champagnat, Christophe Chipof and Erwan Faolf

December 22, 2008

Abstract

Least-squares problems set on high-dimensional spaces aensidered. The solution is ap-
proximated employing a Monte Carlo method that takes the aveage of a random variable
de ned as the solutions of random small least-squares prokbims drawn as subsystems of the
original problem. The conditions that ensure convergence iad consistency of the method are
discussed, along with an analysis of the computational cosin speci ¢ instances. The proposed
algorithms generalize and improve the statistical analyss of distributed multipoles (SADM)
approach put forth by Chipot et al in [6] for the derivation of distributed atomic multipoles
from the quantum-mechanical electrostatic potential.
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1 Introduction

The main objective of this work is to derive and analyze new saemes for the numerical approx-
imation of least-squares problems set on high dimensionalpaces. This work originates from
the statistical analysis of distributed multipoles (SADM) algorithm introduced by Chipot et al.
in [6] for the derivation of atomic multipoles from the quantum-m echanical electrostatic poten-
tial mapped on a grid of points surrounding a molecule of inteéest. The central idea consists
in drawing subsystems of the original large least-squaresrpblem and compute the average of
the corresponding distribution of solutions as an approximation of the original solution. This
method not only provides a numerical approximation of the sdution, but also a global statistical
distribution that re ects the accuracy of the physical model being utilized.

Interestingly enough, it turns out that this kind of approac h can be extended to many situa-
tions arising in computational mathematics and physics. The principle of the SADM algorithm
is in fact very general, and can be adapted to derive e cient dgorithms that are robust with
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the dimension of the underlying space of approximation. Ths in turn provides new numeri-
cal methods of practical interest for high dimensional leassquares problems, where traditional
methods are impossible to implement.

The goal of the present contribution is twofold:

Introduce a general mathematical framework, and analyze tle consistency, convergence
and cost of the proposed algorithms in an abstract setting ad in speci c situations where
calculations can be made explicit (Wishart or subgaussian tribution). The main out-
come is that the subsystems drawn from the original system hee to be chosen rectangular
and not square (as initially proposed in the SADM method) to yield convergent and e -
cient algorithms.

Apply these results to revisit and improve the SADM method. This is mainly achieved in
Section 5 by considering a simple, three-point charge modedf water.
Let us now describe more precisely the problematic:

Let( ; )be aprobability space equipped with a measure . For a given arbitrary function

We seek an approximation off (x) in the sense that ideally, we would like to solve the problem
of nding =( j){.; 2 R", minimizing the function

n | )@ 2 .
R" 3 a 7! kf (x) 8 (0K, :

j=1

(1.1)

The actual quality of the least-squares approximation is gven by the size of the residue

k ( )kLZ() where fora=(a)/',; 2 R",

X
(a)(x) = f(x) a j(x): 1.2)
j=1
Many minimization problems arising in mathematics and in physics can be stated under this
form, for instance:

(@ =[ a;bh" with two real numbers a and b > a, and equipped with the measure d (x) =
(b @) "dx where ok is the Lebesgue measure oR". Taking : ! R"*! dened by
ix)=x; foralli2fl;:::;ngand ,+1 1, the problem is equivalentto nding 2 R

and 2 R" minimizing the function

2

kf (x) h ;x ik L2 (ab]")

whereh ; i is the standard Euclidean product in R". This is nothing else than a multi-
variate linear interpolation.

Similarly, any polynomial approximation problem in L ?([a;b"; ), where is a weight
function, can be written in the form (1.1) by taking as ; a basis of polynomials in dimen-
sion n.

(b) Taking = R" equipped with a given n-dimensional Gaussian measure leads to many
di erent situations: The approximation by Hermite functio ns in R" if ; are polynomials,
the approximation of f by Gaussian chirps signal12] in the case where j (x) are oscillating
functions of x, or alternatively approximation by Gaussian wavepackets finctions [10] in
the context of molecular dynamics.



(c) Consiger = f1;:::;Mgwith M >>n equipped with the uniform probability measure
M ! i'vll i. In this case, an applicationf is represented by a vectorb 2 RM , whereas
is represented by a matrixA with n columns andM lines. The problem is then equivalent
to the problem of nding 2 R" that minimizes

2

kKA b

where k k2 is the Euclidean norm onRM .

(d) Consider = R" 0 equipped with the measure where and are probability
measures onR" and © respectively. Taking f (x;! 9 = h(x)+ X (! ) where X (! 9 is a
given random variable on % and j(x;! 9 = x; for j = 1;:::;n yields the problem of
minimizing h i

. . . . 2
min E kh;x i f(x! O)kLZ(Rn) (1.3)

which corresponds to the linear regression of a function olesved with some independent
noise. For example, ifh(x) = ha;xi with a 2 R" and E(X) = 0, the solution of the
problem (1.3)is = a.

The problem (1.1) is equivalent to solving the linear equation
h; T i L2 = h;fi L2

where =( i), andh; Ti_2isthen n matrix with coecients h; ji_z,i;j =1;:::;n.

If the family ( i(x))", de nes a full rank set of elements of 1?(), the matrix h; Ti . is

invertible, and the solution of the previous equation reads
=h; Tid hifige: (1.4)

Apart from speci ¢ situations, where, for instance, the ; can be assumed orthogonal, the
numerical approximation of (1.4) is extremely costly with respect to the dimension of and
n (see for instance 4]). Typically, discretization of problems of the form (a) yields a problem
of the form (c) with m = N" where N is the number of interpolation points in [a; b needed
to approximate the L2 integrals. For n = 30, this method is not tractable in practice, even if
N =2.

To avoid this curse of dimensionality, an alternative would consist in approximating the
integrals in the formula (1.4) by using Monte Carlo methods. In large dimension, the matri
h; Ti_. is, however, often ill-conditioned, and obtaining a corre¢ approximation of the inverse
of this matrix might require in practice a very large number of draws to minimize the error in
the value of

In [6], Chipot et al. propose an alternative algorithm coined statistical analysis of distributed
multipoles (SADM). The aim of their work is to derive atomic m ultipoles from the quantum-
mechanical electrostatic potential mapped on a grid of poitts surrounding a molecule of interest,
following a dierent pathway than the conventional least-squares scheme embodied in1(1).
In the setting presented above, this corresponds to a probte of the form (c), where ( ),
represent the unknown multipoles borne by then particles, and j (x), the electrostatic potential
decaying as the inverse ofjx  X;jj, wherexs;:::;X, denote the positions of the particles. The
space is made of M points in the three-dimensional space (located away from tle atomic
positions) with M >> n . Instead of solving directly the problem (1.1), Chigot et al. draw
n points x() amongst the M points in , solve the n  n problem f (x(V) = = 1, ;(xM) j,

the latter are Cauchy-like distributions (with seemingly in nite expectation) centered around
the exact solution of the original least-squares problem.
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Retaining the idea of drawing subsystems of the original prblem, we develop and analyze in
this work a new probabilistic method for the approximation of the solution to the least-squares
problem (1.1). Roughly speaking, it can be described as follows:

Solve them n least-squares sub-problem by minimizing the function

R"3 7! X if (x() X - (x()y2 15
Lot ey) i ()] (1.5)
i=1 j=1

Take the average of the random variable .

Let us mention that taking m = n in the previous algorithm leads in all the explicit examples
we consider to a random variable with in nite expectation, which partly explains the Cauchy -
like distributions observed in [6] with the SADM method.

In the following Section 2, we introduce a rigorous de nition of this algorithm.

In Section 3, we rst consider the case where the problems 1.5) are solvable almost every-
where. This will be typically the case of the linear interpolation in the situation (b) . In such
a situation, we show that the consistency and convergence dhe algorithm relies on integra-
bility conditions on the inverse of the smallest eigenvalueof the random matrices appearing in
the subproblems (L.5). Strikingly, apart from very speci ¢ situations |  viz. the Wishart case
studied in Subsection3.5 and the sub-gaussian case studied in Subsectiof.2, the validity of
such conditions turns out to represent very di cult open pro blems on random matrices, see for
example [L4] and referencegherein. We also examine the numerical cost of the algorithmn the
case Wishart matrices.

In Section 4, we consider the more general and realistic situations wherthe random matrices
associated with (L.5) are not assumed to be invertible almost everywhere, and onmust condition
the solution of (1.5) to avoid poorly conditioned scenarios (for example, this $ always the case
in situation (c)). We then study the cost of the algorithm in the speci c instances where the
random variable can be expressed in terms of random matrices with sub-Gaussi entries.

Note that in the previous cases, the cost of the algorithm depnds only onn and m, but not
on the dimension on . Moreover, in contrast with the classical Monte Carlo approximation of
the integrals involved in (1.4), we show that its numerical cost depends on the residu& ( )kLZ,
where is the solution of the problem (1.1) and where has been de ned in (L.2). In other
words, it is cheaper for a higher quality of the least-squars approximation (1.1) (see e.g. 11]
for similar results). Our method, therefore, appears to be 6 noteworthy practical interest in
situations where is \large" and the matrix h; Ti . is ill-conditioned, but the quality of
approximation given by the least-squares problem remains god.

We conclude by supplying numerical examples in Sectiorb. In particular, Section 5.2 is
devoted to showing that the SADM method of [6] can be improved by considering sub-problems
with m >n, in lieu of m = n as was initially introduced. This is illustrated in the para digmatic
case of the three-point charge model of water.

2 Principle of the algorithms

We propose to replace the problem {.1) by the following new problem. For a given number
m n, let X be m idenpendent and identically distributed (i.i.d.) random v ariables in
with common law and let X denote the vector X ) ;:::; X (M), We de ne the functions
F: ™I Rmand : ™! L (R™;R") by the formulae

8i=1;:::m; Fi(x® ;i x(My=f(x) (2.1)



and _
8i=1;::;;m; 8j=1;::n 5 (xB5nxMy= (x®): (2.2)

We then de ne the random vector in R" as the point where the function
TKF(X)  (X) K

reaches its minimum, wherek k2 is the standard Euclidean norm onR™. s, therefore, the so-
lution of the least-squares problem associated with vectoF (X ) and matrix ( X ). Equivalently,
if T(X)( X)is invertible,

= ROOFX):=(C T) * DX)FX): (2.3)
The expectation of is then given by the formula
z
=E = (") 'TRE®;nxMyd (x®) d (x(M): (2.4)

m

Our algorithm consists in approximating the previous expetation value by a Monte Carlo
method. More speci cally, we approximate by

1 X
N = ﬁ i; (25)
i=1
where ;i 1 are i.i.d. realizations of the random vector 2 R", obtained by (2.3) from i.i.d.

realizations of the randomn m matrix X.
In practice, the invertibility of T (X) ( X) cannot be guaranteed | and obviously not for

are almost surely (a.s.) distinct, or can lead to ill-conditioned problems.

In a more general setting, we, hence, restrict ourselves toealizations of X , such that matrix
( X) is su ciently well conditioned, in the following sense: Let s;(( X)) denote the smallest
eigenvalue of the symmetric positive matrix (X )T ( X). Next, we will only consider realizations
of X, such that s;(( X)) is greater than some threshold , which may depend onn and m. In
this case, rather than approximating (2.4), we will estimate the conditional expectation

=E =E[ jsa((X))> ] (2.6)

by
N

N = i
N

@2.7)

where the ; are obtained from a sequence of i.i.d. realizations of the redom vector 2 R"
in (2.3), from which have been removed all realizations such thas; ( ( X)) . Note that (2.5)
is a particular case of .7) for =0, provided that P(s;(( X)) =0)=0.

Such a method will be of interest in terms of computational cet if m is on the order of
magnitude of n (in all the applications considered herein,m = n+2 or m = 2n will be
su cient) and if P(sy(( X)) > ) is not too small | because drawing a realization of X such
that s;(( X)) > requires in average a numbeP(s;(( X)) > ) ! of realizations of X .

From the perspective of precision, this method will performwell if the variance of con-
ditionally on fs;(( X)) > g has an appropriate behavior with respect ton and m, and if

de ned in (2.6) provides a good approximation of the solution of the origiral least-squares
problem. We will give various conditions that warrant the latter requirements.



For the ease of presentation, we rst consider in SectiorB the case where we can take =0,
i.e. where the matrix ( X)T ( X) is invertible almost everywhere. We study the consistency
of the algorithm, give the condition of convergence of the Mate Carlo method, and analyze
the cost of the numerical scheme. In the particular instancewhere matrix ( X )T ( X) has the
Wishart distribution, we provide precise estimates, and anoptimal choice of the parameterm.
In Section 4, we extend these results to the more general case where 0.

3 The invertible case

In this section, we assume that (X)T ( X) is a.s. invertible. In this case, the random variable
given by (2.3) is a.s. well de ned.

3.1 Notations

Foragivenm nmatrix A=(aj)1 i m1 j n, we dene s;(A) as the least singular value of
A, i.e. the smallest eigenvalue ofAT A. Note that the eigenvalues of AT A are nonnegative. We
denote by k kF the Schur-Frobenius norm onn  m matrices

, XX
kBk_ = b :
i=1 j=1

whereB = (B )1 i n1 j m. Withthis notation, we have forany m nmatrix A=(aj )1 i mz1 j n

k(ATA) lATki =Tr(( ATA) TATAATA) H=Tr(( ATA) D) S ?A): (3.1)
1
We also write k kp, p2[1+1]the usual LP norm on R™. Forany n m matrix B =
(Bj)1 i n1j mandanyv=(vy;:::;vm) 2 R™, we have
, XX
kBvk;, = by vj b vk
i=1 1 jk m
1 X L, X
> hf Vi) + bR iv; Vi
ik [HHS
k BK> kvk, kvk, k Bk> kvk’; 3.2
KUK KVK, F KVKe (3-2)

where we used the inequalityjby by j %(tﬁ + 1)
Let ( X) be the random matrix de ned by (2.2). For q 2 we de ne

1 T

K = E—
a() si(( X))

(3.3)
Note that K () depends on n and m.
Armed with this set of de nitions, we easily get the followin g estimate:

Lemma 3.1 Letp2 [1;1 ] and assume thatg 2 LP() . Let G be the function associated with
g by (2.1) and R(X) be the random matrix de ned in (2.3).

(@) Assume thatp 2 (1;1 ] and that Kq() < +1 whereqis such thatq '+ p *=1. Then

we have 0 q
EkR(X)G(X)k2 nm  Kgq() kgkLp() : (3.4)



(b) Assume thatp 2 (2;1 ] and thatK4() < +1 whereqis such that2q *+2p 1=1. Then

we have )

Loy (3.5)

EKR(X)G(X)k.  nm?Kq() kgk

Proof.  Using (3.2) and (3.1), we have
kR(X)G(X)Kk, pﬁsl(( X)) 1zsz(X)kl:

Taking the expectation and using Helder's inequality, we get

p_q— p 1=p
EKR(X)G(X)k, N Kgq() EKG(X)k]

Now, Y 7! (EjYjP)**P de nes a norm on the set of random vectors on with nite p-th-order
moment. We, hence, obtain

_ X Lo.op 1sp
EKGOOK. P= E - jg(x M)
i=1
Ejg(X D)jP " = mkgk
i=1
and this yields Point (a). Point (b) is obtained from similar computations. [ ]

Lp()

3.2 Consistency

Formula (2.4) proposes an alternative solution = E to the solution given by (1.4) of the
least-squares problem {.1). We now provide estimates between these two solutions.

A precise general error estimate depends on the tackled proéém. Here, we give a very
general result. We recall that (a) denotes the residue {.2) associated with the function f and

Proposition 3.2 Leta=(a)j.; 2 R" be given. Letf 2 L%2() and given by (2.4). Assume
that (a) 2 LP() withp2 (1;+1 ], and that Kq() < +1 whereKq4() is de ned by (3.3) and
g '+ p '=1. We then have the following estimate

q_—_—

k ak, Ek ak, "nm Kg() k (ak

, , (3.6)

LP()
P
Proof. Let g(x) = jn:1 a j(x) and G the function de ned by (2.1). As ( X)T ( X) is
invertible, it is clear that
R(X)G(X) = a:

Hence we can write
a= R(X) (a)(X): 3.7)

Sincek ak2 Ek akz, the inequality (3.6) is then a consequence of Lemma&.1(a). W

Note that this result implies that E is well de ned as soon as (0) = f 2 LP() and
Kq() < 1 for somepand g, suchthatp 1+ g ! =1. With this prerequisite, the Monte Carlo
method converges.

Note also that the result with p = 2 applied to the solution  given by (1.4) of the original
least-squares problem {.1) shows that the error between given by our method and the original
solution is on the order of magnitude of the residuek ( )k that determines the quality

of the least-squares approximation itself.

L)



Another consistency result can be inferred in the limitm ! +1 . Let us assume thatf and
i,1 | nbelong to L?(). We observe that

Looxym(xyy = 27 x®y | (x) (3.8)
m ' m - ' ! '

convergesP-a.s. to (h; Ti_z)j whenm! +1 . Similarly,

LR = 2 ) (x 00 (3.9
m : mk:1I :

convergesP-a.s. to (h;f i 2);. Consequently, if matrix h; Ti_. is invertible,
1 - 11 T
— T(X)(X — (X)'F(X 3.10
S TO(X) S OX)TFR(X) (3.10)
convergesP-a.s. to given by (1.4 whenm! +1 .

3.3 Convergence

For Monte Carlo approximations of an n-dimensional vectorY having nite variance, the con -
dence region corresponding to the asymptotic con dence lesl is known to be an ellipsoid (see
for instance [1]), the diameter of which is for the Euclidean norm of the form
p
C =N

where the constant C depends on and n, N is the number of draws in the Monte Carlo
approximation and is the largest eigenvalue of the covariance matrix ofY

Cov(Y):= E[(Y EY)XY EY)'I

Though less accurate but simpler, it is also possible to corigict con dence regions of asymp-
totic level less than of the form [a;;b1]  ::: [an;by], by taking each [a;;b] as a con dence
interval of asymptotic level =n for the i-th coordinate Y; of Y. In particular, one can choose

1 £t
2 _.
p— e “Zdu= —: (3.11)
2 x(n) 2n
Since, for allx > 0,
Z +1 Z +1 X2:2
e v=2qy 1 ue “=2qy= : (3.12)
X X X X
we have p_
n_ 2
x(n; )2 2log—p—= _ 1 (3.13)

In this case, the diameter for the Euclidean norm of the con dence region is, therefore, bounded

2x(n; ) Tr(Cov(Y))=N: (3.14)
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The con dence regions obtained via this route are only asymfotic of level for large N.
Note that obtaining non-asymptotic estimates would be possble upon using Berry-Essen-type
inequalities | see for instance [ 13].

As has been seen above, the e ciency of the Monte Carlo methodor the estimation of s
controlled by Tr(Cov( )). The next result gives bounds on this quantity.

Proposition 3.3 Letp2 (2;+1 ] and assume that the residue( ) 2 LP() . Assume moreover
that Kq() < +1, see(3.3), whereqis such that2p *+2q ' =1. Then we have

2

Tr(Cov( )) nm?Kq() k ( Loy

(3.15)
Proof. Dene g = ( ) and denote by G the function de ned by (2.1). Using (3.7), we
calculate that ) )

Tr(Cov( ))= Ek  E k;, = EKR(X)G(X)k,:

The result, hence, follows from Lemma3.1 (b). [ |
Note that in the casep=+ 1 , we haveq = 2.
In Propositions 3.2 and 3.3, assumptions of the formK4() < +1 were used, whereK 4()
is given by (3.3). These assumptions correspond to the integrability condion on functions

s1(( X)) 2. The following proposition provides a condition to ensure he integrability of these
functions.

Proposition 3.4 Let Y be a random variable satisfying the following estimate: The exist
constants > O and > O such that

8 0 PY ) (): (3.16)

Then, for any O0<r< r
E(Y T) T = (3.17)
Proof. This result follows from the following integration by parts, where Rol h(x)dP(Y 2

[0;x)) denotes the Stieltjes integral of the measurable functim h with respect to the Stieltjes
measure on [Q1 ) associated with the non-decreasing functiorx 7! P(Y 2 [0; x)).
1

E(Y ")= x "dP(Y 2 [0;x))
0
Z,
= rx " IP(Y 2 [0;x))dx
0
Z,
r x " Y(x) ~1)dx:
0
e Za ro1 1 r
N - =
0x (( x) 1)dxr1:,
which implies (3.17). [ ]

In subsection3.5, we show that condition (3.16) holds for the random variableY = s;(( X))
and for some and depending onn and m, in the case where (X)T ( X) is a Wishart
matrix. In the end of section 4, we also present results in the case where X ) is a matrix with
independent sub-Gaussian entries, using recent results &udelson & Vershynin | see [ 14].
In more general situations, this condition is related to di cult problems on random matrices,
which, to our knowledge, have not been solved yet.
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3.4 Computational cost of the method

Let " be a required precision for the approximation of = E by the Monte Carlo simulation
(2.5). For large N, using (3.14), we must take

N 4x(n; )2 2Tr(Cov( )):

Moreover, at each step, the algorithm requires that matrix (X)T ( X) and vector ( X)TF(X)
be evaluated and matrix ( X)T ( X) inverted. The cost of these operations is of ordeCn?m,
where C is independent ofm and n.

Using (3.13), we see that the cost of the algorithm if of order

C" 2mn?logn Tr(Cov( )):

Under the hypothesis of Proposition3.3, this computational cost can be written

2

C" ?m3n3lognK 4() k ( KLy

(3.18)
for2p 1+2q ! =1. It may be observed that this cost depends only onn and m | and not the
dimension of . Moreover, it depends on the least-squares rsidue of the problem (L.1). In the
event where thef is close to a linear combination of functions ;, the algorithm is, therefore,
cheaper.

Remark 3.5 Note that if denotes the solution of the least-squares probleifi.1), we have

x
k ()k +k (j Ej)jk

k (E )k 0
j=1

LP() LP() :
Using (3.6), it can be seen that if the functions j 2 LP() with p> 2, and if Kq() < +1 for
p 1+ g !=1, then there exists a constantC, depending onn such that

k ()k Cak ( )k

Le() Le() -

As a consequence, the cost of our algorithm is driven by the glity of the original least-squares
approximation in Problem (1.1).

3.5 The case of Wishart matrices

Let us now consider the case where =R",
d x)=(2 ) "2exp(k xkz =2)dxy ;1 :dXp

and j(x) = x; forj 2f1;:::;ng| ie. linear interpolation. In this case, random vectors
X () are standard n-dimensional Gaussian vectors, the matrix (X)is am n matrix with
i.i.d. standard Gaussian entries and the law of the matrix (X)T ( X) is the so-called Wishart
distribution | see e.g. [1].

The joint distribution of its eigenvalues is known explicitly and can be found for example
in [1, p.534]. In particular, ( X)T ( X) is a.s. invertible if m  n. The explicit density of
the eigenvalues has been used to obtain estimates on the lavf the smallest eigenvalue of such
matrices in [7, 8]. The particular result we are going to use is summarized in emma 3.3 of ],
and reads with our notation as follows. Forallm n 2,letk=m n+1. The density p(x)
of s;(( X)) then satis es

Lome ™ 2x% 1 p(x) Lpme 2% 1, 8x> 0 (3.19)

10



where )
_2z M),

Lom = ————5—; 3.20
(K ©20
where is the well-known Gamma function, de ned for all x> 0 by
Z + 1
(x)= e 't* dt

0
Lemma 3.6 Forall m n 2, the random variableY = s;(( X)) satis es (3.16) for
_m n +1 _ E
2 2
and = 62%2
Moreover, the constant above is the smallest such that3(16) holds for all " > 0 for some
constant .

Proof.  The proof of this result makes use of the following bounds fothe Gamma function [5,
Lemma 2.7]. For allx > 0,

P_—— P

2x* e X< (x+1)= x(X)< 2x

1 1
X+ 7@ Xt oy

These inequalities can be plugged into .20 to get that, for all "> 0,

2 (il
Pe((X) ) e
2

32"z (e
Z(pret z(2)2 te?
et o () 2e?
N — n
2 (2) 4 2%
Now,
(H7  m 1% m 1 k 2% m 1
0 2 Ya T
(7 2 n
k2 m 1 1 em 1)
e 2 B — = - —
2 e 2
Combining this inequality with the factsthat m 1 1 and 1=2 yields
et em 1), em |,
P(s1(( X)) ) P? 22 w2
Because of 8.19, we have that p(x) Lnmx *asx! 0. Therefore, one easily sees that
= k=2 is the minimal value of for (3.16) to holds. [ |

Using this result and Proposition 3.4, we immediately obtain the following:

Proposition 3.7 Let m>n be given and assume that the random matrix X )T ( X) associ-
ated with the function de ned in (2.2) follows a Wishart distribution. Let g be such that

1 g<k=m n+1: (3.22)
Then we have o2 ,
m q q

Kq() W 1 K (3.22)

whereK 4 is de ned in (3.3).

11



Combining this result and the result of Proposition 3.3, if ( ) 2 LP() with p > 2, the
convergence of the algorithm is ensured iKq < 1 in (3.15 with 2p 1+1q ! =1. This means,

(see B.2D)

or equivalently

p+2.
5

If for example ( )2 L' (), m n+2 wil be sucient.

Assume still that () 2 L (). Using ( 3.22 with g= 2, it can be seen in view of (3.18
that the cost of the algorithm is bounded by

m>n +

" m 2 1 2
C 2n3m3IognF 1 k (k. :
for some constantC independent ofn and m. Using the notation = k=2, we can rewrite this
cost in term of as
o 2.3 (n+2 1)* 2,
C n“logn (71)k (k.

To determine the optimal choice ofm, let us now try to nd the optimal number  that minimizes
this cost. The derivative of this expression with respect to has the same sign as

8( 1) (n+2 1R 1=472? 2n+2) +n 1

Since this quantity is negative if = 1=2, the only root of this polynomial greater than 1 is
given by P

_n+2+ n?2+8.

= 1 :
which is the optimal choice of in terms of computational e ort. This yields an optimal choi ce
m 2 +n 1. Note that for large n, we have n=2 and m 2n.

With this optimal choice, the computational cost of the algorithm can be written as

Cn" 2k ( K with C, Cn°logn as n! +1: 3.23
Ll

Considering a similar calculation with g= 1, we can easily see that the consistency error of
Proposition 3.2 for this choice of parameters can be bounded by

Cok (a)k,, with CY C%h as n! +1:

4 The general case

Let us now consider the general case where X )T ( X) is not assumed to be a.s. invertible.

Let > O be given. We denote byE (resp. Cov ) the expectation (resp. covariance
matrix) conditionally on the event fs;(( X)) > g. As an approximation of the solution of the
least-squares problem, we will examine the conditional expctation

=E () (4.1)

12



4.1 Consistency, convergence and computational cost

We rst generalize the consistency results given in Propogion 3.2:

Proposition 4.1 Let &, j =1;:::;n ben numbersa;. Assume that (a) 2 LP() for some
p2 (1;+1], then
p_ -
nm 1 1=q
<A Bl gy o Faooe <@
whereqis such thatq '+ p 1=1.If (a)2 L%() , then we have
p_
nm
k ak, E k ak, P =B (X)) )k (a)kLl()
Proof.  Noticing that )
Ek (a)(X)k
E k (@)(X)k" L.
@M Bexy )
the proof is exactly the same as that put forth in Lemma 3.1 and Proposition 3.2. [ |

The previous result implies in particular that conditional expectation (4.1) is always well
dened for > 0assoonad 2 LP()forsome p2[1;+1]. Indeed, (0)=f and

1 -
® S((X)7

foranyq 1.
The following result generalizes Proposition3.3 to the case where > 0. Its proof is very
similar to that of Proposition 3.3. We will, hence, omit it here.

Proposition 4.2  Assume that the function ()2 LP() for p2 (2;+1 ]. We have

nm?2 1 (P 2)=p 2
e O pexy 7 Faoores KO e @2
with the conventionspp 2)=1if p=+1.
If ( )2L?%) ,we have the estimate
Tr(Cov () nm* K (K2 (4.3)

L2()

P(s:(( X)) )
It is always possible to resort to the trivial inequality
8r, > 0; E (sa(( X)) ") '

to infer explicit bounds from the previous two results. To attain a more accurate estimate, we
may use the following easy generalization of Propositior8.4, given here without proof.

Proposition 4.3 Fix 0 and assume that random variableY satis es the following estimate:
There exist constants and such that

8 ;o P(Y ) () (4.4)

Then, foranyr6 ,if 0< < 1

ECY "jY ) (4.5)




We now consider the cost of the algorithm: Let () denote a random variable having the
law of conditioned onfs;(( X)) g. The cost of the algorithm is determined by

the number N of simulations of () needed to ensure that the diameter of the con dence
region for the Monte Carlo method for the estimation of E( ( ))= E ( )= is smaller

than a given precision". To control this, we use the upper bound on the con dence regin

diameter given by (3.14), where is the level of con dence of the approximation;

the average number of draws of the random variableX needed to simulate a realization
of (), which is 1=P( (X) ). Note that a draw corresponds to simulating a nm-
dimensional random variable, which are considered to bear aost proportional to nm.

the computation of the n  n matrix ( X)( X)T, which is of order n?m | all other
computational costs, including the cost of the computation of s;(( X)) or the inversion
of ( X)T ( X), are of a smaller order with respect to the dimensionn of the problem,
provided that m n.

Consequently, the cost of the algorithm is bounded by
CNP(s1(( X)) ) Ynm+ n?m)
for some constantsC > 0. As
N 4x(n; )* 2Tr(Cov ());
because of 8.13), the cost can be bounded by
C" 2n’mlognP(si(( X)) ) Tr(Cov ( )):

Thus, if ( )2 LP()for p2 (2;+1 ], because of Proposition4.2, the cost is bounded by

p_2

for some constantC > 0. Similarly, if () 2 L?(), it is bounded by

C" 2®milognP(sn(( X)) )1 +% E

2

C" 2n®milognP(sn(( X)) ) ? Kk ( Koy

We, hence, can see that the choice of an optimal threshold has to be balanced to optimize

the ratio between E s1(( X)) " and probability P(s,(( X)) ) at some appropriate powers.

4.2 The sub-Gaussian case

We conclude this section by considering the case where =R",

d (x)= Ld (x)

on R. This is tantamount to the case of an approximation of the function f on R" by a linear
combination of functions depending on only one variable.

In this case, it is clear that all the entries of matrix ( X) are i.i.d. Let us assume that these
random variables aresub-Gaussian i.e.

8t> 0, (fx2R:jh(x)j>tg) 2exp( t?°=R?)

for someR > 0. Such is the case, in particular ifh is bounded or if has compact support and
h is continuous on the support of . In [14, Thm. 1.1], Rudelson & Vershynin have recently
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proved that, under this assumption, there exist constantsA and B depending only onR such
that, forall m nandall > O,

Ps((x) Cm Phar  a)m w2y gen. (4.6)

Writing just like in Subsection 3.5k for m n +1, it can be seen that

p__
C k
P((X) ") p——p— + e BTt
-
B Ap +eBm=k k.
m n 1 '

(4.4), therefore, holds forY = s;(( X)) and

p— P——
- B’m?(" m n 1)28 2Bm=k .
0 - sz ’
_ (1+ k=Bm)?A
Cm "n 12

and =

N X

Note that, since ¢ = (1 + Bm=k)%e 2™k < 1, the inequality in (4.4) is not trivial and
supplies some information on the law ofs;( ( X)).

As in Subsection3.5, the inequality (4.5) can be combined with the results of Propositions4.2
and 4.1 to obtain a precise error estimate and convergence bounds ithis case.

Such computations are, however, cumbersome because the aptl choice of cannot be
determined explicitly. The result in terms of order of computational cost in n, nevertheless,
appears to be relatively una ected by the choice of | i.e. it acts only on the constant
factor. For instance, under the assumption that () 2 L* (), because of Proposition 4.3, the
computational cost is smaller than

w 2.3 2 m? 1 + () !
C" “n”lognk ( )k, T () )E1 &= 1
If one chooses = g and if one assumesthat (o ) ! Oasn! +1 , observing that
CPm+ P2 k=Bm2A  Cm
B k2 k2

the cost is bounded from above by
m4
( D
for > 1. We recognize the same cost as in Subsectid5. The optimal choice of , therefore,

behaves am=2 asn! +1 | and for this choice we indeed have ( o ) ! 0, which validates
the previous computation. Therefore, for this choice of paameters, the cost is bounded by

C" 2ndlogn k (K,

C" 2nlognk ( )k,

for some constantC > 0. One can check that any other choice of yields the same order inn
asn! +1 ,should one choose n=2.
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It ought to be noted that these bounds do not allow one to pick = 0. As far as we know,
this seems to be an open and di cult question to prove that (4.6) holds without the right-
hand-side, additive terme B™ . In particular, it requires additional assumptions to hold | e.g.
random variable h(Y), where Y has law , has no atom,i.e. that (fh=yg)=0forall y2 R
(otherwise, the matrix ( X) could have m n identical rows, and, thus, have a rank less than
n, with non-zero probability).

5 Numerical examples

Let us now illustrate the method through numerical examples considering rst the case of linear
approximation in a domain of the form [0; 1]". We will then compare our approach with the
original SADM method developed in [g].

5.1 Toy problem

We rst consider here the case where =][0;1]", and

X
f(x)= Xi(1+ rxi):
i=1 5
wherer > 0 is a parameter. We seek an approximation i”:1 a x; of f (x), and use the algorithm
described above with =0 and m = n+ 2. In Figures 1 and 2, we plot the evolution of the

rst component of y for N =1to N =2:10°, in those cases wher@ =3, n =10, n = 30 and
n = 60. We observe that the rate of convergence is similar in thee four cases.

Figure 1: Convergence of for n = 3 (left) and n = 10 (right).

asf asf
4W"\—\-\_v% AFJ—MWI—
35} a5

Figure 2: Convergence of for n = 30 (left) and n = 60 (right).

In Figure 3, we setn = 10. On the left, we plot the evolution of the rst componentof
dened with m=n+2for N=1to N =10%forr =5, r =1 and r =0:1. As expected, this
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rst component tends to 1, and with a better rate of convergence for smallr. On the right, we
plot the evolution of  in the case wherer = 0:1, but with m = n. Convergence is not reached.

o0 7000 300 W00 500 o000 700 w0 500 T 00 00 W S0 w0 70w 800 3000 100

Figure 3. Left: Convergence of forr =5 (line), r = 1 (dashed line) and r = 0:1 (dotted line).
Right: Result for m = n.

5.2 Improvement of the SADM method

The statistical analysis of distributed multipoles (SADM) algorithm put forth in [ 6] corresponds
to a problem of the form (c), where ( j){'.; represent the unknown multipoles borne by the
n particles, and ;(x) = 15jx X;jj the electrostatic potential functions, where x1;:::;Xn
denote the positions of the particles. The space is made oM points in the three-dimensional
Cartesian space, lying away from the atomic positions, withM >>n .

However more computationally intensive than the least-sqares scheme, this pictorial ap-
proach provides a valuable information as to whether the atanic multipoles are appropriately
de ned, depending on how spread out the corresponding distbutions are. For instance, descrip-
tion of the molecular electrostatic potential of dichlorodi uoromethane (CCl ;F,) by means of a
simple point-charge model yields a counterintuitive C |X * bond polarity | where X = ClI
or F, blatantly violating the accepted rules of electronegdivity di erences. Whereas the least-
squares route merely supplies crude values of the charge bwr by the participating atoms, the
SADM method o ers a diagnosis of pathological scenarios, ke that of dichlorodi uoromethane.
In the latter example, the charge centered on the carbon atonis indeterminate, as mirrored by
its markedly spread distribution [6]. The crucial issue of buried atoms illustrated here in the
particular instance of CCI,F, can be tackled by enforcing arti cially the correct bond polarity
by means of hyperbolic restraints B]. Violations of the classical rules of electronegativity d er-
ences may, however, often re ect the incompleteness of thdectrostatic model | e.g. describing
an atomic quadrupole by a mere point charge. Addition of atonic dipoles to the rudimentary
point-charge model restores the expected, intuitive C* |X bond polarity [6].

In this section, we revisit the prototypical example of the three-point charge model of water.
The molecular geometry was optimized at the MP2/6-311++G(d; p) level of approximation.
The electrostatic potential was subsequently mapped on a dd of 2,106 points surrounding the
molecule, at the same level of theory, including inner-shélorbitals. All the calculations were
carried out with the Gaussian 03 suite of programs P]. Brute-force solution of the least-squares
problem (1.1), employing the Opep code P], yields a net charge of 0.782 electron-charge unit
(e.c.u.) on the oxygen atom | hence, a charge of +0.391 e.c.u. borne by the two hydrogen
atoms, with a root-mean square deviation between the pointtharge model regenerated and the
quantum-mechanical electrostatic potential of 1.09 atom¢ units, and a mean signed error of
51.1 %. This notoriously large error re ects the incompleteness of the model | a simple point
charge assigned to the oxygen atom being obviously unable tdescribe in a satisfactory fashion
the large quadrupole borne by the latter.
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On account of the C,, space-group symmetry of water, only one net atomic charge wad,
in principle, need to be determined | the point charges borne by the two hydrogen atoms
being inferred from that of the oxygen atom. Inasmuch as the 8DM scheme is concerned,
this symmetry relationship translates to a single equationto be solved per realization or exper-
iment. Without loss of generality, two independent parameters will, however, be derived from
the electrostatic potential, the point charges borne by thetwo hydrogen being assumed to be
equal. Furthermore, in lieu of solving the individual C3.,,5 Systems of 2 2 linear equations,
incommensurable with the available computational resoures, it was chosen to select randomly
500,000 such systems.

The running averages of the charge borne by the oxygen atom arshown in Figure4 as a
function of the number of individual realizations, for the SADM algorithm with n = Ng points
and its proposed enhancement, using 2, 4 and 8 additional gipoints per realization | with the
notations utilized in the previous section, the latter translates tom = Ng+2, Ns+4 and Ng+8.
From the onset, it can be seen that the SADM scheme yields the arst agreement with the target
value derived from the least-squares problemX.1), and that inclusion of supplementary equa-
tions to the SADM algorithm rapidly improves the accord. However minute, this improvement
is perceptible as new grid points are added to the independémealizations. Equally perceptible
is the convergence property of the running average, reach@nfaster an asymptotic value upon
addition of grid points. Congruent with what was established previously, the present set of re-
sults emphasizes that the SADM method cannot recover the vale derived from the least-squares
equations. They further suggest that convergence towardshe latter value will only be achieved
in the limit where the number of added points coincides with the total number of grid points
minus the number of parameters to be determined | i.e. one unique realization.

-0.782 4 -0.782 —
5  ET
S -0.784 S -0.784 +2
o i 18 i N*+2 7
8 H 1.8 ]
O -0.786] o -0.786 b
t | Ly 1
00 25 10° 5010° 00 25 10° 5.0 10°
experiments experiments
P — e P m— e
3 b I T
S -0.784W S 0.784F N +8
< F e [ ]
8 F {18
o 0786 Jor-0786F ]
Eoo Ly E N S L
00 25 10° 5010° 00 25'10° 5.0 10°
experiments experiments

Figure 4. Running average of the point charge,Qqo, borne by the oxygen atom of water (N =
2 parameters) as a function of the number of independent rea@ations, wherein systems of 2 2
(SADM), 4 2,6 2and 10 2 linear equations are solved. The thick, dark horizontal Ine at
Qoo = 0.782 e.c.u. corresponds to the solution of the least-squas problem.

Not too surprisingly, closer examination of the corresponéhg charge distributions in Figure 5
reveals that as additional grid points are added to the individual realizations, not only does the
width of these distributions narrow down, but the latter are progressively reshaped. As was
conjectured in [6], the SADM algorithm yields Cauchy distributions, which is apparent from
Figure 5. Improvement of the method alters the form of the probability function, now closer
to a normal distribution. Interestingly enough, the slight ly skewed shape of the distributions,
particularly visible on their left-hand side | as a probable manifestation of the incompleteness of
the electrostatic model, precludes perfect enveloping byhie model distributions, either Cauchy{
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or Gaussian{like.
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Figure 5: Normalized distributions of the charge, Qqo, borne by the oxygen atom of water (Ng =
2 parameters) obtained from 500,000 independent realizatins, wherein systems of 2 2 (SADM),
4 2,6 2and 10 2 linear equations are solved (black curves). The light and drk curves
correspond, respectively, to numerically tted Cauchy and Gaussian distributions.

Put together, the present computations reinforce the conalisions drawn hitherto, contra-
dicting in particular the illegitimate assumption that the SADM and the least-squares solutions
might coincide [6]. From a numerical standpoint, however, the results obtaired from both strate-
gies appear to be reasonably close, thereby warranting thathe SADM algorithm should not
be obliterated, as it constitutes a valuable pedagogical tol for assessing the appropriateness of
electrostatic models.

6 Conclusion

In this work, a probabilistic approach to high-dimensional least-squares approximations has
been developed. Originally inspired by the SADM method introduced for the derivation of
distributed atomic multipoles from the quantum-mechanical electrostatic potential, this novel
approach can be generalized to a wide class of least-squang®blems, yielding convergent and
e cient numerical schemes in those cases where the space opproximation is very large or
where the problem is ill-conditioned.

This novel approach constitutes a marked improvement over he SADM method. Complete
analysis of the numerical algorithm in general cases, in tens of both computational e ort
and optimal error estimation, relies on open and di cult iss ues prevalent to random matrix
problems.
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