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Abstract

In this paper, we are concerned with the numerical solutfdmghly-oscillatory Hamiltonian systems
with a stiff linear part. We construct an averaged systemsghsmlution remains close to the exact one
over bounded time intervals, possesses the same adiabdtitaaniltonian invariants as the original sys-
tem, and is non- stiff. We then investigate its numericakagjmation through a method which combines
a symplectic integration scheme and an acceleration tgabrior the evaluation of time-averages devel-
opped in ECC™ 05]. Eventually, we demonstrate the efficiency of our approachwo test problems
with one or several frequencies.
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1 Introduction

There are many different systems in nature whose evolutiacdurately described by Hamilton’s equations.
These are obtained from a variational principle and can bhealyg derived from a single scalar function,
called the Hamiltonian, which is an invariant of the proble®hysically, it represents the (constant) energy
of the system. Hamiltonian systems have the fundamentadepiy that their exact flow is a symplectic
transformation (see for instancell[WO06]) and often behave in a very remarkable way (as explained by
the celebrated theory of Kolmogorov, Arnold and Mosem63, Kol54, Mos62). These features motivate,
in accordance with the aims geometricintegration, the introduction adymplecticnumerical flows that
approximate the exact flow when, as occurs in practice, nreedl@xpression of the solution can be found.
Symplectic integration methods preserve the sympledticire of the Hamiltonian system and it has been
shown that they also preservenadifiedHamiltonian function over exponentially long intervalstiohe. The
theory sustaining this remarkable result, knowrbaskward error analysisHiLOOa, Rei99, is the key to
many theoretical results describing the qualitative biehavof numerical schemes applied to Hamiltonian
systems.



In this paper however, we are concerned more specifically Wémiltonian systems whose solution is
highly-oscillatory. A simple yet representative model of Hamiltonian systenosehsolutions are highly-
oscillatory in character is given by the second-order dhfféial system

X(t) + Q2x(t) = g(x(t)), (1.1)

where x(t) € R™*? s a function depending on timé > 0 and Q is a positive semi-definite matrix
with somelarge eigenvalues, and wherg(x) = —VU(x) derives from a potential functiot (x). The
corresponding Hamiltonian function is of the fork (x,X) = |[x||? + 3//Qx|[> + U(X) . In order to get
a bounded error propagation for the purely linear cases(0) with a given explicit numerical method, the
step sizeh must be restricted according to

hw < C,

where C is a constant depending on the numerical methodarnid the largest frequency iQ . In applica-
tions to molecular dynamics for instanéastforces crudely modelized here by the terf)?x (short-range
interactions) are much cheaper to evaluate slaw forces deriving fromU (long-range interactions). In
this case, it thus seems highly desirable to design nunmenietnods for which the number of evaluations of
slow forces is not (at least not too much) affected by thegmes of fast forces.

Another very undesirable consequence of the presencegsf fegquencies is the failure of backward
error analysis forhw >> 1, for which all bounds of error terms involve the produub . This prevents
one from drawing any conclusion from the existence of a medlifiystem and so an alternative theory has
to be proposed. Very recently, Cohen, Hairer and LubfCHIL03, CHLO5] have introduced the so-called
modulated Fourier expansiomwhich brings new light on the behaviour of highly-oscitlat Hamiltonian
systems. In their approach they consider the situation otiacks of frequencies i , where the first block
corresponds to the frequency zero and the other one is sopladarge parameter (this will constitute our
framework in this paper). Their contribution explains tle®d behaviour of certain Gautschi type methods
[Gau6l Deu79 GASSS99HL99, HLOOK], as far as preservation of the total energy and almostimves
of oscillatory energiesadiabatic invariant} is concerned. However, a careful study (sde\V06] Chapter
XIll.2.) shows that none of these methods has perfect enswggervation: for values of the stepsize such
that hw is close to a mutiple oft the errors become large. Very recently, Grimm and Hochbhasle built
up a new Gautschi type method which provably carries no resunstepsizeGH06. The counterpart of
this favorable feature is a loose reproduction of the enexgyange between oscillatory components.

Hence, the challenge for a numerical method is to approxradequately both the adiabatic invariants
and the energy exchange while avoiding resonnances. Imp#per, we will introduce a new numerical
method based on an averaged version of the original eqsatidnich stems from a preconditionning of
the Hamiltonian by the fast variables. This introduces grlieix representation of the highly oscillatatory
components which can averaged over a period (and somehewvedilbut) by artificially decoupling the
two time-scales present in the problem. In Secttpmwe shall justify the procedure and try to give it a
sound ground by comparing the exact solutions of the origipstem and the averaged one. As expected,
the error on the solution itself grows unbounded ratherlduicln contrast and quite strikingly, the error
on the Hamiltonian remains bounded over infinite time. Muegpthe adiabatic invariants of the original
system become true quadratic invariants of the averaged tbigefeature is the key to all further results
since it allows for the construction of a numerical methaoat fhreserves adiabatic invariants. This method
involves the computation of a highly-oscillatory integvethich constitutes the largest share of its cost and
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we shall accordingly address its numerical approximationSection3, we will consider the extension of

this procedure to the case of multiple frequencies and shawall results carry on easily. Finally, we will

demonstrate on two simple test problems the validity of deotetical results and hopefully the potential
of our method (Sectiod), which preserves the total energy and the adiabatic ewtgiand does not suffer

from any resonnance.

2 A simplified model with one frequency

As a first step, we consider, as it has become common in taeslittre (see for instancel[W06]), a Hamil-
tonian system of the form

X1 01(X1,X2) = =V1U (X1, X2),

, 1 (2.1)
Xo+ X = 02(X1, X2) = —V2U (X1, X2),

where x; € R™ and x, € R?, U(xy,X3) is a real-valued function and € (0, &) is a small parameter.

To this system is associated the Hamiltorian

xal , all? |, [l

H (X1, X2, X1, X2) = |2€2 5 5

In the whole paper, we will assume that the initial valugs, x?, x9, x9 satisfy the condition (of bounded
energy) for a given positive,

X1 I, %312
2¢2 2 2
where E > 0 is a fixed number, independent ef.
For theX sake of conciseness, we will often work with the caxtescaled) variableg, = x; + ixy
andy, = 22 & iv/€Xs , so that the equations can be rewritten as the system

VE

Ve e (0,¢g), <E, (2.2)

3(y1) + g1 (R(y1), uR(y2)),

Vo = =y G (R, HRE)),

Y1
(2.3)

where i denotes the real part of a complex number and where we hawtedkfor conveniencet = /€.
To this system is associatethe real-valued Hamiltonian of complex variables

||y2||

He(yn y2) =[Sy + +2U(R(y1), UR(y2)), (2.4)
and condition 2.2) now reads correspondingly
2
1SN+ ”y2H < 2E. (2.5)
'Here and in the sequel, the norm used is the Euclidean norneisgacesR™ and RY or C™ and CY .
2Through the equationg; = —z‘f,';'c ji=1,2.



Note that under assumptio.f) , the initial valuey® satisfies|yJ|| = O(u) . Eventually, we will some-
times use the “pre-conditionned” variables (sB&(7]) z; = y; and z, = e''/cy, , for which the system
takes the simple form

{ Z'1 = %(Zl) + igl(%(zl)1 U%(e_it/ab))’ (26)

Zy = ipefga(R(z1), WR(e/°2y).

The bounded energy condition is the same &a8)( Equations 2.6) are non-stiff (the term inl/e has
disappeared), but non-autonomous and associated witmbedependent Hamiltonian

Ke(t/e;21,20) = [|S(20)|* +2U (R(z1), k(e "/*25))). (2.7)

For brevity, we also write systen2.©) as
z=F(t/g,2) (2.8)

with z = (z1,22) € R™t¢ and whereF (1,z) = (F1(t, 2), F2(t, 2)) defined by
{ Fi(t,z2) = S(@)+igi(R(z1), kR(e 7 22)),
Fo(t,2) = ipe’"go(R(z1), WR(e "7 22),

is periodic inT € T . The main ingredient of the approach developped in thisigape replace systen2(8)
by the averaged one

(2.9)

) ) 1 T 1 27
Z = lim ?/o F(t,2)dt _E/o F(t,2)dt (2.10)

T—o00

which is now a standard non-stiff system. In the next sectienwill show that even if the solution of
(2.10 approximates the solution o2.©) only over bounded time intervals, it still hagdamiltonian struc-
ture, possesses trediabatic invariants of the exact solution of4.6) over unbounded time intervals, and
preserves the initial energy(2.7) up to € over long time under some mild assumptions on the potential
function U . System 2.10 thus becomes

. 1 [T »
2 = @) i / 01 (R(Z1), WR(e*Z5)) ds,
T Jo
| e (2.11)
7y = g / e°gy(R(Z1), UR(e*Z,) ds.
T Jo
As already mentionned, it is again Hamiltonian with Hanilam
1 27 »
(Ke)@1,22) = 3@+ [ UR@) (e Z2)) ds. (212)
0

Example 2.1 As an example, we consider the Fermi-Pasta-Ulam systenesasided in HLWO04, i.e. with
Hamiltonian

1 1 1
H(1, 02, p1,p2) = zp{pl + Epgpz + @ngg +U(q1,02) (2.13)

where



-1
1
U (g1, 92) 2 {(Ch,l — 02" + > (i1 — i) — @1 + G2.i))" + (g + Q2,d)4} :

=1

Computing exactly the integrals i{2.11) and going back to the original variables leads to the follogyi
expression for the averaged Hamiltonigi<) :

1
(K)(@1,02,p1,p2) = Ep'{pl + Ve (vq,V2), (2.14)
with
1 ! 3 3
Ve(Q1,02) = ) (g1, + Z(QMH —qu)' +ai ) + ZQ%J(Q%J +e7p3 ) + Z(ql,d)z(qg,d +€%p3 )
=1
g1
*+a > @it — 610)* (@21 + 024)* + 2 (P2i41 + P2,i)?)
i=1

d-1
3 3 3
+ @(Q%J +e%p3,)° + @52(D2,i+1 +p2i) + (05 4+ €7p3,0)° + 2 Z;(QZH-I +02,)°.

2.1 Approximation on bounded time intervals

Lemma 2.2 Let F(1,2) be the complex functio(2.9) of T € T and z € C™*¢. For z° € C"™*? and
€ € (0,&), let z(t) = (z1(t), zo(t)) be the solution 0{2.8)

7 =F(t/g,z), z(0)=2z"eCmt?
and let Z = (Z;(t), Z2(t)) be the solution of the average systérll)
Z =(F)(Z), Z(0)=2z"ecCm,

Assume that for alkg , the solutionsz(t) and Z(t) exist until atimeT > 0 and remain uniformly (w.r.t.
€) bounded. Then there exist a constahtdepending onl , |, and g, such that

Ve (0.T). [zt — Zui@)l| + ' [l22(t) - Zo(D)] < Ce. (2.15)
Proof. The arguments being standard, we only sketch he proof. We hav
2-7Z = F(t/e,z) — (F)(Z)
= (F)(2) — (F)(Z) + F(t/g,2) — (F)(2).

Now there exists a functior (t,z) = (J:(t,2),J2(1,2)) from T x C™*+? to C™*+¢ such that for all
1T andz € C"+¢,
F(T1Z) - <F>(Z) = aT‘](T1Z)’

where, usingZ.9), we have that||J2(t,z)|| < Cp for a constantC depending on bounds og, and on
Ko . It follows that

F(t/e,z) — (F)(z) = e%(J (t/g,2)) — €0, (t/¢, 2) - F(t/¢, 2),
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and we find for allt € (0, T)

z()—Z(t) =eJ(t/g,2)—¢d (0,20)+/t ((F>(z(s))—<F>(Z(s))—sazJ(s/e,z(s))-F(s/s,z(s))) ds
0

and this yields the result using the Gronwall Lemma, owinghfact that the functiorz — (F)(Z) is
uniformly Lipschitz with respect tce . [ ]

Solving .11 thus provides us with ai -close approximation of the solution d.Q) over finite time.
Going back toY -variables, and as a straight consequence of Le@i\&ave obtain the following

Corollary 2.3 For all € € (0,¢&y), assume that the solutiong(t) = (y1(t),y2(t)) of (2.3 and Z(t) =
(Z1(t), Zo(1)) of (2.11) with the same initial valuegy?,y9) € C™*4, exist until a timeT > 0. Define the
function Y (t) = (Y1(t), Ya(t)) = (Z1(t), e /cZ,(t)) . Then there exists a consta@ depending onT
and gy such that for all timet € (0,T) and all € € (0,g),

ly1(t) — Y1(®)[| + € /2|lya(t) — Ya(t)| < Ce. (2.16)

Note that we do not require the assumpti@rb) of bounded energy to hold true to derive this result.

2.2 Hamiltonian and adiabatic invariants over long-time intervals

Quite remarkably, the adiabatic invariants of the origisydtem are now exactly preserved along the exact
solution of systemZ.11).

Theorem 2.4 Let Z(t) = (Z,(t), Z>(t)) be the exact solution of the averaged Hamiltonian sygteadl).
Then, the quantity

d
1Z21% = 1Za,4],
=1
which can be interpreted as an adiabatic invariant, is preed as long as the solution exists, i.e.
[Z2(®) = [1Z2(0)]]-
Proof. Let X = R(Z;). We have
912,02 = 20z 20) = 2 é}t(l /27r 5 Z2go (X, pR(e™*Z ))ds)
gele2ll” = 22—112“0 202(X, 1 2 )
where Z; denotes the vecto(Z;)” . Noticing that
d i 1d i is— 1 —is is— —is
E%(G_ZSZQ)) = EE(E_MZQ +e"Zy) = —Ii(e Z —e"Zy) = (e ¥2Zy), (2.17)
it is straightforward to obtain
d 2 — 1 2n o~ —1is ouU —is — 1 —is s=2m —
ﬁHZ2H = E/o ;\S(He Zz,y)m(xvlﬁﬁ(e Zy))ds = - U (X, (e 22))]3:0 =0.
[ |

The following lemma considers the boundedness of the exdatian of (2.11), under the assumption
that U is a Lyapunov function.



Lemma 2.5 Let E > 0 be given, and fore € (0,¢), let (y?,y9) be initial values inC™+? satisfying
(2.5). Assume that the solutioZ = (Z;(t), Zo(t)) of (2.11) with initial values (Z1(0), Z2(0)) = (y{,y9)
exists until a timeT > 0, possibly infinite, and remains bounded by a const@nt

ve € (0,), VO<t<T, | Z(®)| <B.
Then we have the estimate
ve € (0,8), VO <t <T, [ Za(t)]? = [|Z2(0)|* < 2¢E. (2.18)
Moreover there exists a constaf@t such that
Ve € (0,&), vt >0, |Kc(t/g; Z(t)) — Ke(0; Z(0))| < Ce (2.19)

where K¢ (t/€, Z) is the Hamiltonian2.7) associated with the non-averaged sys(em)

Proof. Inequality .18 is a consequence of the previous theorem and of the condifibounded energy
(2.5). As Z(t) is the exact solution of2(11), the Hamiltonian function4.12) is preserved:

vt > 0, (Ke)(Z(1) = (Kc)(Z(0)).
Hence, we have
Ke (/g Z(1) — Ke(0;Z(0) = Ke(t/e; Z (1) — (Ke)(Z (1) — (Ke(0;Z(0)) — (Kc)(Z2(0))). (2.20)
By definition of K¢ (2.7) and of (K¢) (2.12), we have for ally € C*¢ and allt >0,

27
Ke(t/eY) — (Ke)(Y) = 20(R(YD),uRE YY) — = / U@R(YL), iR Yo)) ds (2.21)

mJo

Using the boundedness & (t) and estimated.18), we easily obtain for allt > 0 and s € (0, 2m) ,
U(R(Z1 (1), uR(e™ /= Z5(1))) — U(R(Z1 (1)), uR(e " Z(1))| < 2Muv/2¢E,

where M = max || V2U| over the compact sefZ € C™+?|||Z| < B}. Plugging this inequality into

(2.21) and @.20 then yields the result. [ ]

We can now pull the averaged solutiaf(t) back to the original variables. This leads to the following

Theorem 2.6 For € € (0,¢&), let (y?,y9) € C™*? be such that conditio(2.5) holds true independently
of £. Assume that the solutio (t) = (Z;(t), Z2(t)) of (2.11) with initial values (y{,y9) exists until a
time T > 0, possibly infinite, and is uniformly bounded with respectta (0, €y). ConsiderY (t) =
(Y1(t), Yo(t)) = (Z1(t), e /Z5(t)) : there exists a constan€ > 0 such that for all timet and all
€€ (0,g),
IY2@)I* = [Y2(0)]* < 2¢E (2:22)

and

[He (Y1 (1), Y2(1) — He(Y1(0), Y2(0))| < Ce, (2.23)
where Hc denotes the Hamiltonia(2.4).
Proof. Estimate 2.22) is an immediate consequence of Theoizrh In oder to showZ.23), we write

Zo(t
He(Y1(), Yo () = | 28( )|l

so that .23 appears as a consequencei§). [ ]

+ K¢ (t/g, Z, (1), Zo (1)) (2.24)



2.3 Semi-discrete solution

The results of the previous subsection motivate the seanch humerical approximation of the averaged
equations 2.11) in place of the non-averaged onegs3d]. The first step towards this objective is the dis-
cretization of integrals contained in equatiosl(l) . Given that the integrands are periodic functions, it
is well-known that Riemann sums are particularly suitedtfat. We shall thus consider the sequence of
problems associated with the Hamiltonians

N-1
KY(Z1,22) = 3@ + o 3 U (R, wRE R 22)), (2.2

n=0

for Z = (Z1,Z;) € C™*¢, which are approximations of HamiltoniatiKc)(Z1, Z,) , see 2.12. The
corresponding system reads

N-1
: .1 _j2nn
z) = @) +ig ;gl(%(zﬁ),u%(e ¥z),
| . N—1 ; n= ; (2.26)
2y = ing > e Way(RED), uRe W 2))).
n=0

In the sequel, we assume that the smooth functibfx) = U (X1, X2) is analytic in the sense that, for a
given constantB , there exist constant& and R such that

o
Yae Nt vyxeR™ with x| <B, ‘%U(x) < alK Rl (2.27)

where o] =a; + -+ 0,1 g and al = ay! - Opag! If A= (0q,...,0pra) -

2.3.1 Approximation over bounded time intervals

We estimate here the difference on finite time intervals betwthe solutionsZ (t) of (2.11) andZ™ (t) of

(2.26).

Lemma 2.7 Assume thatJ satisfies(2.27) and let (y?,yJ) € C™+? . Suppose that for alk € (0, ;) , the
solutions Z(t) of (2.11) with initial values (y?,y2), and ZV(t) = (ZN(t),z¥ (@), N > 1, of (2.2
with the same initial values exist until a tinie > 0. Suppose in addition that these solutions are uniformly
bounded with respect te and N , i.e.

vee (0,&), VN >1,vte (0,T), sup(|Z¥®],|Z®)]) <B, (2.28)

for B a constant (possibly depending only dn and on the initial values). Then, for a sufficiently small
€ , there exists a constar@ depending only orT and B such that

1Z1(®) — ZN @©) + | Z2() — Z5 (@®)]| < cp. (2.29)



Proof. Let F(t,Z) be defined byZ.9), and foralln =0,...,N — 1, lets, = %T" . We have

z, - z{¥ = (F)(2) — (F1)(@Z")
o N—-1

1 . 1 o
iz [ @@ RETZ ds —iT D ai(RED, uRET 2.
n=0

For x; € R™ and z, € C?, the functions — h(s, X1, z2) = g1 (X1, R(e~%°25)) is 2 -periodic and can be
expanded as a Fourier series

h(s, x1,22) = Z F]k(xh Zz)eiks,
kEZ

with smooth coefficientsh, (x,,z,) . Noth that, asU is real-valued, we havé_,, = h, forall k € Z .
Now, we get

21

N-1

1 , 1 .

R D N e Z) — o [ hREY), w23 ds
n=0

N-1
~ 1 .

= > @@z Yt
n=0

kez\{0}
Since . .
—~ .. 0 if k/N &2,
i Z ezksn — i Z e217mk:/N — . (230)
N = N ~— 1 if k/NezZ,

the previous sum reduces to
2" R(hjn(RZ1), uz)).

JEN*

For all k € Z , we have

= 1 2m » s
hy. (X1, Hzo) = _E/ e *sp,U (xl, UR(e 22)> ds.
0

Expanding the right hand side in € (0, /gp) , we find fork > 1,

(i, pz2) =
_ L kz_:l - /27r e~™"9,05U (x1,0) (R(e™"22), - , R(e™"22)) ds + H—kRk(xl, £25), (2.31)
21 o n!' J, k!
where

1 [ ‘ ‘ .
Ri(x1,€22) = o /0 e "°0,05U (x1,ER(e™""22)) (R(e™""22),- - , R(e"22)) ds

forsome0 < & < . In formula @.31), the integrand is a homogeneous polynomial of degrék — 1) <
n <k —1in e* multiplied by e~**  and hence, its average oV, 2] is equal to zero. Fok = jN



with j > 1 we deduce using?(28 and Q.Z?)

N Ny| — N N pB
v nz)| = B ez <k ()
where K and R depend onT . Plugging this estimate into the previous one, we conclinde for p
sufficiently small,

1 2w

Z h(R(Z1), uR(e~"*"Z3")) — h(R(Z{), uR(eZ3")) ds| < Cu",

2 Jo
where C depends orN and T and hence
1Zy = Z|| < [(F1)(@) = (F)E@™)| +cu.

Estimate 2.29 then follows from Gronwall Lemma. The counterpart fdp can be obtained in a similar
way. [ |

Combining this result with Corollarg.3yields easily the following

Theorem 2.8 Assume that) satisfies(2.27), and let (y?,y9) € C™*?. Forall € € (0,&,), assume that
the solutiony(t) = (y1(t), y2(t)) of (2.3) with initial values (y{,y9) exists until a timeT > 0. Assume
moreover that the solutiorz ¥ (t) = (Z(t), ZzY (1)) of (2.26 with N > 2 and with the same initial
values, exists until timél . Eventually, suppose that these solutions are uniformlynded, i.e. satisfy
(2.28 for € € (0,5) . Define the functiony N (t) = (YV (1), Y.V () = (ZN(t),e~**/ZL (t)) . Then for

sufficiently smalleg , there exists a constar® depending onT and gy but independent ofN > 2, such

that for all time t € (0, T) and all € € (0, &),

Iy (@) — YN @) + €72 ly2(0) — Y5V ()] < Ce. (2.32)

2.3.2 Hamiltonian and adiabatic invariants over long-timeintervals

Strictly speaking, the adiabatic invariants @fX1) are not any longeexactinvariants of 2.26). However,
we still are in the very favourable situation where the datity energies remain almost constant over long
intervals of time and it turns out that this result is of priimportance for our approach.

Theorem 2.9 Assume thatU satisfies(2.27). For all € € (0,g), let ZN(t) = (Z] (1), zY¥ (1)) be the
exact solution 0f(2.26) with initial values (y{,y9) satisfying(2.5). Suppose that the solutiorg™ (t) exist
until atime T > 0, possibly infinite, and that there exists a consté&tindependent o and N > 3,
such that

vo<t<T, [zM@®)] <B. (2.33)

Then there exist positive constartg and C depending only orE and B such that for alle € (0, &),
N >3
- N

. C
vesmin(yovas T, 1Z5' ®)I” = 11237 ©)]*| < Ce®. (2.34)

10



Proof. Let X(t) = %(Z{V(t)) andfor0<n<N-1,lets, = Q"T’r . Using €.17), we obtain for all time

2 — N*'N

= u%(% Zewn(z )92, WR(eZ3)) ),

N—-1 m
1 —18 6U —18
= N2 2 S(e Tz (K e Z)
n=0 j=1
N-1 d
— - is7 N
= N d U(X, uR(e™"Z5")) .

For fixed x; € R™, z, € C?, the functions — F(s, X1,22) = U(Xy, R(e~%2y)) is 2m -periodic and can
be expanded as a Fourier series

f(s,x1,22) = ka(xl- z5)e’ks,
keZ

with smooth coefficientsf?k(xl, z5).As U isreal valued,f_k = ka forall k e Z, f_k = ka Hence, we
get

1 ¥ g N-1
N2 ggy O R Z)) = 3 (ifi(X, uZéV)— 3 efhen,
n=0 keZ n=0
and, using 2.30),
iz 12 =23 NS (Fin (X, 1z)). (2.35)
2dt
j=1
Now, as in the proof of Lemma.7, estimatesZ.33) and @.27) imply
iN
_ KIZ
Fvoc iz = s IRvoc ez <k (M2

Owing to bound 2.33), we can assume thay, is such that for allu € (0, /€0) ,

N N
MESTANEY
R 2

N N
on (M) oo

for some constanC depending onK . Now, for given numbersa and r > 1, the exact solution of the
ODE x = ax" is given by

and hence we get fron2(35

‘—HZ2

x(t) = xo(1 — xi~(r — L)at) 71,

so that fort < 2(x;~'(r — 1)a)~!, we havex(t) < 2x, . Applying this estimate wita = CNuVR~,
r =N/2 > 1 and Xy = 2E¢€, we can show fromd.5) and .36) that there exists a constantindependent
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of € and N such that N

. Co N /gy (12
Vtgmm(mﬁ), |Zz5 (®)]]* < 4Eke.
Plugging this estimate int@®(36), we obtain similarly the existence of constartsand C such that
N

. c
vVt < min (W’T)’ \IIZéV(t)IF - ||Zév(0)”2‘ < Ce%.

This completes the proof. [ ]

Theorem 2.10 Assume that) satisfieg2.27). For N >3 and € € (0, gy), let ZV(t) = (Z{V(t), ZJ' (1))

be the exact solution of2.26) with initial values (y?,y9) satisfying(2.5). Assume thaZ "V (t) exists until
atime T > 0, possibly infinite, and satisfi€.33) for a constantB independent of and N . Define the
functions Y V(t) = (ZN (t),e~*/¢Z(t)) . Then there exist positive constargg and C such that for all
€€ (0,g) andall N > 3,

N

. C
vt<min (HNTO/Q_Q’T)’ Y2 @17 = 1YY )| < Ce?, (2.37)
and N
. C
vt < min (MNTO/?—?'T)’ [He (YN (0, Y5 (1) — He(y?, y9)| < Ce, (2.38)

where Hc¢ is the Hamiltonian(2.4).

Proof. The firstinequality follows from previous theorem. UsirZg44) and the preservation of Hamiltonian
(2.25, we obtain that

He(rY (. Y, 0) — Hoyhy9) = 2aU)(0) - 2au) (o) + 22O 127 O

where
N-—1
> U (R, uirEe W ZL)),

=0

- Nf (U (REM) wrE72)) - U (RED)uRET N Z)) ).
n=0

1
N

AU =U (éR(z{V), uR(e"=zy )) -

3

According to previous theorem, as long fi%< min (%T) the solutionZ™V(t) remains bounded
uNe
and satisfies the estimates 33 and @.34). Hence, as in the proof of Lemn2a5, we can show that

. e
vtsmin(e ) AU - (BU)O) < Ce
for a constantC independent ofN and €. We now get the result using@.(34). [ ]

12



2.4 Fully-discrete solution

We consider now the time discretization ¢&f.26) by a symplectic method. We denote By¥(Z) =
(FN(Z),F{(2Z)) the right-hand side of%26) and, for a given step sizé > 0, by ®X(-) a symplectic
integrator of orderr applied to this system. Finally, we define the numerical agipnation as the sequence

ZN0=y0 = (y},y9) e C™T, (2.39)
zNn = oN@zVnly, n>1. (2.40)

Theorem 2.11 Assume thaty satisfies(2.27), and lethyg > 0. For all € € (0,gy) and h € (0,hp), let
ZNm = (va’", Zév’”) be the numerical solution given by a symplectic integraﬁdf applied to the system
(2.26) with stepsizeh and initial values (y{,y9) satisfying(2.5).
Assume thaZ V" is well-defined for alln > 0 and is bounded by a constai& independent ot , h),
N>3andn>0:
vn>0, [zV"| <B. (2.41)

Then for hy sufficiently small, there exist positive constangsand C depending only orE and B such
thatforall € € (0,€9), N >3 and h € (0, hp),

N

C N2 N,0,2
vh< o e 128 -z s e (2.42)

Proof. For the sake of symplicity, we consider here the case of thipaomt rule. For a general symplectic
method, we can adapt the proof along the lined-Hif\ly06, Thm. 1V.2.2]. Sequence(40 thus becomes

ZNntl — 7N 4 hFN(ZN,n+1/2)
whereforalin, ZVn+1/2 ;= (zNnt14+7Nmy/2 | Premultiplying the second component of &g, " /%)*

leads to , ) N
N N. M1/24 %
ZYm 2 = |z + 2h @l RN (2 Ve 2y,

As in the proof of Theorerd.9, from bound 2.41) we can derive the estimate

N
uzy ) 043)

¥n >0, Z§’"+12Zé“"21<ChN< =

valid for some constant® and C depending onJ and B (compare with 2.36)). Using .33 again and
the hypothesis orJ , we easily see that there exists a constarguch that
VN 23,vn 20, 2,2 < @+ hoy 25
As a consequence, fdr < hy sufficiently small, there exists a constamt> 0 such that
n 2 ny2 nnyN—2
vn >0, 2357 < 1z (14 e Zg ) YY),

and finally

vn > 0,

Nyjn+12 N,02 = Ny N—2
Z," T <1230 exp (huNdNZZQ [ )

p=0

13



Now, recall that||Z2"||®

inequality, we thus have

1ZVm Y12 < 2Egexp (nhp.NGN(4E)N_2€N/2_1> ,

< 2E¢ and assume thatfgs = 0,...,n, we haveHZéV’pH2 < 4Eeg. Using last

so that for
nhpNa @E)N—2eN/2~1 < Jog 2 (2.44)

we have ||z} 1||> < 4E¢ . This proves by induction that for ah satisfying @.44), [|Z2""*!| = O(u) .
Eventually, plugging this bound int@ 43 shows that there exists a constamt>= 0 depending only orB ,
E, U and hy such that for alln satisfying @.44),

Nyn+12 N,02
1Z2 47 = 1z | < nhpVaVeNr2,

Lemma 2.12 Under the hypotheses of the previous theorem, there exsgiv@oconstantshy, ¢ and C,
depending only orE , B and U such that for alle € (0,&3), N >3 and h € (0, hgp),

Vnh < exp(c/h), K&z - kY@M <ch
wherer is the order of the symplectic integrator, and th@(Z) is the discretized Hamiltonia(2.25).

Proof. Assumption 2.27) and definition 2.25 imply that KéV(Z) satisfies analytic estimates of the form
(2.27) for some constants independent bh and €. The statement thus follows from classical results in
backward error analysis (see for instane@\\V06, Chap. IX] and references therein). [ ]

Going back to the original variables, we can define the apprations Y V- by the formula
vn>0, YN"=zN" and Y, =eminh/ez (2.45)
Combining previous results with Theoretrl 0, we then immediately get the following

Theorem 2.13 Assume that the hypotheses of Thea?ehi hold true for p = /€ and definey ¥, n > 0
by relation(2.45. Then, for hy sufficiently small, there exist positive constantsc,, C depending only
on E and B such thatforalle € (0,&5), N >3 and h € (0, hgp),

C(J)V N,n2 N,0,2 2
Vnh < P Y 17 = IY5 7)1 | < Ce?, (2.46)
and
. Cév C N,n N,0 r
vV nh < inf (SN—_z,exp(ﬁ)), [He(Y5™) — He(Y; )| < C(e+h") (2.47)

where r is the order of the symplectic integrator, aridc the hamiltonian(2.4).
Remark 2.14 With the previous notations, it is clear that Theor2rf extends straightforwardly to the fully

discretized solutionY V" | the error in the equatiorf2.32) being of order O(s + h™) over bounded time
intervals.
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3 Extension to the multi-frequency case

In this section, we consider the extension of previous tedol the case where different frequencies are
present in the system. The equations are simila2 tf) (the only difference being thag{ is now replaced by
amatrix 2A:

X1 = gi(X1,X2) = —ViU(xq,X2),
R N (3.1)
Xy + gA Xy = Qa(X1,X2) = —VaU(Xy,Xa),
where x; € R™ and x, € R%, and whereA is a d x d symmetric positive definite matrix with positive
eigenvalueswy, ..., wy . Similarly to (2.2), we assume that the initial values dependsom such a way that
AXY||? . :
vee e, S e g <.

Introducing variablesy; = x; + ix; andy, = %Al/QXQ + iy/eA~ /2, , system B.1) can be rewritten

as (compare.3))
yi = S(y1) +igi(R(y1), MA2R(y2)),

y2 = _i%y2 + iHA T 2g5(R(y1), AT 2R(y2)), ©2)
with Hamiltonian
He(yi,y2) = [S(n)|? + w +2U(R(y1), LA™ R(y2)). (3.3)
The condition on the initial values now takes the form
s+ A2 e @)
The equations can be simplified further by introducmg=y; and z, = e’%Ayg
2 = S@)+ig (@), LAV 2R(e712,),
{ Zy, = ipe'eAATY2g,(R(z1), PAT 2RI 2y), &9
and are then associated to the non-autonomous (complexijtbiaiam
Kc(t/g;21,22) = ||S(21)|° + 2U (R(z1), VEA™V2R(e ™5 2,))). (3.6)

As in the caseA = Id, we can write 8.5) in the form @.8) with a vector fieldF (t1,z) defined by 8.5 and
consider the corresponding averaged syst2hl, where the averaging operatdF ) is now defined by

(FY(2) = Tli_)moo % /OT F(t,Z)drt. (3.7)

15



The averaged system we consider can hence be written as

. T .
Z, = S(Z)+i lim % / g1 (R(Z1), LA~/ 2R(e~*4Z,))ds,
—00 0

Z, = iy lim = /O e AAT 29, (R(Z1), PAT 2 R(e734 Z,)ds.
This is once again a Hamiltonian system associated with drailtbnian
17T _isA p—
(Ke)(Z1,22) = [S@)|° +2 lim = /0 UR(Z1), pi(e**A™1/2Z,)) ds. (3.9

Note that after a possible change of unknowns and of functionwe can assume that the matr& is
diagonal In the sequel, the eigenvalues &f are assumed to satisfy a non-resonnance condition acgordin
to the following

Definition 3.1 For a given set of frequencies = (w1, ..., w;) € R?, the resonance moduld is defined
as
M={aezZ|o w +...+050; = 0}.

The vector of frequencies is said to non-resonant outsidé/ if
Jy,v>0, VacZ\M, o o >y|a™". (3.10)
The orthogonal of the resonant module is defined by
ME={BezZVae M, af, +---+as8; =0}

If the eigenvalues ofA satisfy such an assumption, then the lingit7 can be identified in terms of Fourier
coefficients of the integrand with indices i :

Lemma 3.2 Consider a functionG of 8 = (8;,...,8,) € T¢ and assume that it is analytic in a domain
T + i[—p, p]* where p > 0. Besides, assume that € R? is non-resonant outside\ . Finally, for
a € 7%, defineG(a) as the a -Fourier coefficient ofG . Then for all 8, € T¢, we have

T
im % / G(By +tw)dt = > G(aye™ . (3.11)
oo 0 aeM

Proof. Itis clear that for all timet > 0,
GO +tw) = > G(ae® + Y G(apei ot
keM kezI\ M
Integrating fromt =0 to t =T , and using 8.10), we immediatly get

1 T ~ io-0 2 Vi~
‘?/0 G(By +tw)dt— > G(a)e™®| < = " |af’|G(a).

=Ty
keM acZI\M

The analyticity of G guarantees that thé(a) 's are exponentially decreasing with respectad, ensuring
the convergence of the series in the right-hand side. Tloizskhe result with a rate of convergenceldfT .
[ |
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From a numerical point of view, the identification of the nesoce moduleM is far from obvious in general.
For this reason, we rely o3(8) rather than a discretization in space.

In the following, we will not address the question of conearge of the exact solution over bounded time
intervals for it is very similar to the single frequency ca®¢e will rather focus on adiabatic invariance and
discretization of the averaged system, since these aspdutst significant differences.

3.1 Hamiltonian and adiabatic invariants

A straightforward calculation shows thgiA'/2Z (t), > remains invariant along the exact solution 81gj:
Noticing that

(e—isA22 + eisA 2_2)

NI
&l

d —isA —
giﬁ(e Zs) =

[35Y

—iEA(e_iSAZQ _ eisAZ_2)
= AS(e 1Z,),

we indeed obtain (with the notatioX = R(Z,))

d .
at |AY2Z,|? = 2R(Z;AZy),

T
=2 lim = / &E(iZSAl/QeiSAgg(X,uéR(e‘iSAA‘l/QZQ)) ds),
T—oo T 0
T
=2 lim % / S(ue " AAY2Z,)VoU (X, pR(e™ A ATY22Z,)) ds,
— 00 0
— o i L —isAp—1/2 s=T _
= ZCFILmOO?[U(X,ué)‘E(e A 22))]520 = 0.

However, there are additional structural properties is Hituation: according taB[GG89, there exist
further adiabatic invariants foB(1) provided condition §.10) holds. It turns out that, for3(8), there exist
corresponding invariants which are linear combinatiorhefascillatory energie$Zs ;|2 .

Theorem 3.3 Assume thaty is analytic (compare.27) and that ® is non-resonant outsidé1 . Then, for
any B = (Bi1,...,Bq) in M*, the quantity

d
15(Z2) = Bj[Z2,°
j=1
is invariant along the solutiorZ (t) = (Z,(t), Z»(t)) of (3.8).

Proof. System 8.8) is Hamiltonian with potential(Kc)(Z) given by 3.9). The main ingredient of the
proof is again a Fourier expansion of the integrand function

s — U(R(Z1), uR(e " Al2Zy)),
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for given (Z1,Z5) . As before , we seiX = R(Z;) and introduce the variable@, @) ]Rii x T4 defined

by
_ ~1/2
r, = P Zo i,
vj=1,....d, { ;o= ey T2y (3.12)
0, = Arg(Z2;),
and the functionA : R x T¢ — R? defined by
A(r,0) = (r1cos6y,...,rgcos6,).
We can then write 4
U (X, uR(e “4A~12Z5)) = (Ux 0 A)(r, ¢ — s0) (3.13)

whereUx (Z3) = U(X, Zs) . Using R.27), itis easy to see that the functidh— (Ux o A)(r, 8) is analytic
in a domain containingl'® x [—p, p]¢ for somep > 0. Lemma3.2hence allows to identify the time average
of function (3.13, so that Hamiltonian3.9) reads

(Ke)(@Z1,25) = [S@)]° +2 Y Ux o A(r, a)ei™?
aeM

where U?O\A(r, a) denotes thea -Fourier coefficient of(Ux o A)(r, 8) . The differential equations for
Z, are now of the form, forj =1,...,d,

- 9(K
Zy; = —|(3<Z—;C>(zl,22)
7.]
. OUx o) or; - 09 \
= 2 +ia; (Uy 0 A) ——L )ei®
Ia;;( or,  az,, '1a(Uxe )azz)e

Ly (a(um) uo; 2z,

e Zoi N\
~ oy (Ux 0 ) 5205 )et?,
or; 1Z2,51 ’

.12
where we have omitted the argumeriis o) in the Fourier coefficients. A4) is real-valued, we have for
all a e Z% andr e R? ,
Uy o A(r, —a) = Uy o A(r, 0).

Hence, B
R(Z2Z20) = -2 Y a;S(Ux o B)(r a)e?)
OlEM+

where (M4, M_) is a symmetric partition ofM such thata € M ifand only if (—a) € M_ . Finally,
we obtain

d
d 1 -
v @) = 5D BiR(Z2,22,)
j=1
d —_— .
= — Z (Z Bjaj> %(UX o A)ew"‘z’) =0,
aeM4 =1
as B € M* . This shows the result. [ ]

18



Using the same procedure as in previous sections, we cantbiledellowing result (compare Theorem
2.10:

Theorem 3.4 Assume thaty is non-resonant outsideV . For € € (0,&), let (y{,y9) € C™*¢ satisfy
conditions(3.4) with E > 0 independent of. Let Z(t) = (Z1(t), Z>(t)) be the exact solution of3.8)
with initial values (y?,y9) . Assume thaZ (t) exists for all time, and is uniformly bounded with respect to
e € (0,€) . Define the functiorY (t) = (Y1 (t), Ya(t)) = (Z1(t), e ?/2Z4(t)) . Then there exists a constant
C > 0 such that for all timet and all € € (0,g),

IAY2Y, (1)1 = [AY2Y5(0))) < 2¢E

and
[He(Y1 (1), Ya(1) — He(y?, y9)| < Ce,
where He denotes the Hamiltonia8.3). Moreover , we have for all timé > 0,

I5(Y2(D) = 15(Y2(0)).

3.2 Semi-discrete solution

The specificity of the integrand in the definition of the Hawoniian Kc(Z1, Z,) allows to refine Lemma
3.2 Similarly to the proof of Lemma&.7, we set for® € T*, x; € R™ and z, € C¢,

h(8, x1,22) = U (X1, pR(e~PA™?2,))

where e"’A=1/2z, is the vector with components " (A)j_l/2227j ,for j=1,...,d. Fora € Z¢, the
Fourier coefficient

“ 1 4
h(a, x;,22) = @ /Td e " %h(8, x;,25) dO

can be expanded with respect foc (0, ,/€) asin @.31). By using the same argument as in the proof of
Lemmaz2.7, under the assumptio2.27), we have for boundec; and z, , and for alla € 7

(o, x1,22)| < c(Cplz2]) (3.14)

where |a| = |oy| + - - - + |agy| and for some constants and C depending on bounds or; and z; and
onU.

In the following, we define the functiog : [0,1] — R by &(u) = e G and ¢ : [0,1] — R, the
filter function, by ¢ = &/||&|| ., (0,1) -

Lemma 3.5 Assume thatw is non resonant outsideV , and that U satisfies(2.27). Assume thaBB is
a given constant. Then there exist positive constgnt> 0, Kk, p and C such that forallT > 0,
ue (0,,/%) and Z = (Z;,Z) suchthat||Z| <B,

1

T
‘f/ ¢($)KC(S.21-22) — (Kc)(Z1,2Z2)| < Cu[|Z2|| exp(—KT?), (3.15)
0

where K¢ (s, Z1, Z5) is the time-dependent Hamiltoni§B.6) and (K¢ )(Z1, Z2) the averaged Hamiltonian
(3.9.
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Proof. The proof of this result relies on a combination of techn&gused in CCC™ 05] with estimate
(3.14 on the Fourier coefficient of the integrand definific) . The fact thatZ, is bounded ensures the
convergence of the series, providegl is sufficiently small. [ ]

The next stage in the discretization GK¢) consists in approximating the integré.{5. To this aim, we
take T = N©oO, where 6 is a small parameter. We assume thatis non-resonant oustsidé1 and we
require thatd obeys the following non-resonnance condition

1— ei6a~w

| =¥ lal ™" (3.16)

IV, v >0 VaezZ\M, ‘

Note that if w is non-resonant outsidé1 , then for 6, > 0, the set ofd < §, satisfying this condition is
open and dense (0, ;) . Its measure is of siz«&é“rl for somea > 0 (see for instanceHLWO06, Chap.
X]D.

Lemma 3.6 Assume thatv is non-resonant outsideV , and let d be such tha{3.16) holds true. Assume
that U satisfieg2.27) and let B be a given constant. Then there exist positive constagisk. , p. and
C. suchthatforallN >3, p € (0,,/€) and Z = (Z1,Z) suchthat||Z| < B

1 N-1 1 N§

o D O(IKe(8,Z1,20) — = | Kels,Z1,2)ds

< _ Px .
SN NG C.H||Z2| exp(—Kk.N), (3.17)
n=0 0

where Sy = ij;ol é(n/N) and where K¢(s,Z1,2Z2) is the time dependent Hamiltonig3.6) and
(Kc)(Z1,Z2) the averaged Hamiltonia(B.9).

Proof. The proof is very similar to the proof of Theorem 2 iI@CC™ 05] and is therefore omitted. Note
that in estimate3.17), the constants depend @n, but are uniformly bounded i € (0, &y) . [ ]

In the following, we consider the solutioZ ™ (t) = (Z4V (t), ZJ' (t)) of the system associated with the
discretized Hamiltonian N
1 «— n
KcN(Z,,2,) = — —YKc(nd, Z1, Zy), 3.18
¢ (Z1,22) SN;::O(I)(N) c(nd, Zy,2Z5) (3.18)
for somed satifying condition 8.16). Proceeding as in Subsecti8rl, and using similar calculations as in
previous Lemma, we can prove that for a bounded soluEdn(t) , we have (using the fact thati; > 0)

d 2
gAY ZY @I < CRIAY2ZY (1)]] exp(~kN”)

for some constantp, C and Kk, provided thatw is non-resonant outsidé1 , and thate, is sufficiently
small. From this equation and provided that’ (0) = (y?,yY) satisfies 8.4), we obtain

Vt>0, [|AY2Z)(®)] < C(e"/? + tuexp(—KkN”))
for some constanC > 0. Eventually,

vt <exp(kN?), [[|AY2ZN @) — |AY2ZY )] | < Ce.
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Under the same assumptions, and using this result, we absctihat for all p € M+
vt <exp(kN?), [15(Z5' (1)) — 15(Z5'(0))| < Ce,
with a possibly modified constar® (which now depends o ).

Theorem 3.7 Assumew is non-resonant outsidéV , and letd be such tha{3.16) holds true. Supposé&
satisfies(2.27) and let N > 1. For all € € (0,&), let ZV(t) = (Z]V(t), Y (t)) be the exact solution
of the Hamiltonian system associated w18 with initial values (y9,y9) satisfying(3.4). Eventually,
assume that solutionZ V (t) exist for all time and satisfy|Z™V(t)|| < B for a constantB independent of

g and N . Define the functions V(t) = (ZN (t),e*/2Z (t)) . Then there exist positive constarks p
and C dependingond, U, E and B such that foralle € (0,€9) and N > 1

vt < exp(kN?), [[|AV2Y,Y (@))% — [AY2Y,Y(0))7]] < Ce,

and
vt < exp(kN?), [He(Y{N (1), Y5V (1) — He(Y{V(0), Y5 (0))] < Ce,

where Hc is the hamiltonian(3.3). Moreover, for all € M-, there exist constank, p and C such
that Vt < exp(KN”®)

YN (@), Y () — 150y, ¥9)| < Ce.

Proof. The proof combines all previous arguments. The conservaticthe Hamiltonian is a consequence
of the conservation oKéV and of equations3(15 and @.17). [ ]

3.3 Fully discrete solution

Finally, we consider the approximation of the solutigr’ (t) of (3.18 by a symplectic integratoth . For
n > 1, we define the numerical solutioA’V"" as the sequence

ZNO = yo GCerd’
zNn = oN@zN Y, n> 1.

Proceeding as in the proof of Theoreth1(1) and using similar arguments than before, we can show that
under the assumptions of Theor&n7, we have for sufficiently smalh < hy (compare 2.42)

vnh < exp(KN?), IAY2Z0m )% — A2z 0% | < ce

for some constantk, p and C independent ofN and h. Combining this estimate with the result given
by the Backward error analysis, we can show the following

Theorem 3.8 Under the hypotheses of Theorén?, we define the approximatio¥ V», n > 0 by the
relation (2.45. Then, forhg sufficiently small, there exist positive constarts p, ¢ and C such that for
all e (0,g9), N >3,and h e (0,hp),

¥nh <exp(kN?), [[|AY2YV")12 — |AV2Y N2 < ce,
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and
¥nh < inf (exp(kN?), exp(%)), IHe(Y™) = He (Y 0)] < Cle+hr)

where r is the order of the symplectic integrator, aiidc Hamiltonian(2.4). Moreover, if B € M* , there
exist positive constantg, p and C such

vnh < exp(KN?), [15(Y,"") — 15(Y," )| < Ce.

4 Numerical experiments

4.1 Single-frequency case: the FPU problem

We take over the Fermi-Pasta-Ulam proble2nl@ and solve it with the numerical scheme of sectibi
(i.e. we solve equation®(26) for N = 4 with the implicit midpoint rule). For comparison purposése
parameterm and the initial conditions considered are taken fra#h\[VO6], pp. 22. On Figured and2,
we have plotted (from left to right and from top to bottom) treillatory energied; , j = 1,2,3 and the
Hamiltonian (shifted by a constant value0.8 ) along the numerical solution obtained for= Z, 27 37 iz

with w = 50. Note that we have considered here the problem in its ofifgmanulation with Hamiltonian
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Figure 1: Numerical energies for the Fermi-Pasta-Ulamlgrab h = Z; (left) and h = ?)—g (right)

(2.13 and not the “averaged” equations with Hamiltoni@anl#). Several conclusions can be drawn from
this experiment:

e The total oscillatory energy (in red with constant valugis almost perfectly conserved, in agreement
with the theory which asserts that symplectic methods pvesguadratic invariants.

e The Hamiltonian of the problem is also very well preserveédstillates within a band of widtle , as
predited by Theorer.10

e The exchange of oscillatory energies between the stifhgpris adequatly reproduced, even for very
large stepsizes. This is remarkably better than some otk#rads proposed in the litterature (see the
method of Garcia-Archilla et alJASSS99for instance (method (C) page 481 &fl[W06)).
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Figure 3: Deviation of the total oscillatory energy and ewbthe Hamiltonian for the FPU-problem

e There is no resonnance for the valuestofconsidered. Figur8 shows the errors on the Hamiltonian
and the deviation of the total oscillatory energy versus for a large spectrum of values (fro to
51 ). Though these curves have been carefully computed witnéfisiant number of pointsi{ is kept
constant equal t@.2 and w varies), no resonance occurs. This is also in contrast witst lexisting
methods, where at least one of the too energies explodegaffiicydar values othr .

4.2 Multi-frequency case: a toy-problem from HLWO06]

We now consider a Hamiltonian of the form

: 1/, : 1
M) = (Bl + sl + 1A%l ) + UG, ) @)
where A = diag(A1, A1, A2, A3) = diag(1, 1,v/2,2) and

1 1
— 4 22 2
UX) = (C+Xg1+ X2+ Xa3+YXoy) + §X1X2,1 + §X1,
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with ¢ = 0.05 andy = 2.5. Following BGG89, one can show that the system has the following adiabatic
invariants: the total oscillatory energyy = I, + I, + I3 + I, and the energied; + I, + I, and I3 in
accordance with the resonance module ($#8/06]). On Fig. 4 we have reproduced the experiment of
[HLWO6] pp. 518-519 withe = 70~! and h = 10¢, using the method described in previous section with
T =80 and N = 120. It can be observed that the qualitative behaviour of thetes@ution is once again
very well reproduced. For a larger stepsiae= 1, the oscillatory energies are still preserved, although th
energy exchange is not as accuratly reproduced.
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Figure 4: Oscillatory energies along the numerical solutd(4.1) for T = 80, N = 120 and h = 10
(left) and h = 1 (right)

5 Conclusion

Both theoretical and experimental results demonstratestblging the averaged equations with a suitable
one-step method makes sense. The resulting numericaligeehis both robust and qualitatively correct.
However, one could argue that it is far from efficient: whil&autschi-type method typically requires one
evaluation ofg per step, our method necessitates ud® more : this may seem unacceptable. Neverthe-
less, one should keep in mind that, on the one hand, theseutatigns can be performed fully jparallel

on a multi-processor machine, and on the other hand, thagizes up tol00 larger can be used.
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