COMPUTING SEMI-CLASSICAL QUANTUM DYNAMICS WITH
HAGEDORN WAVEPACKETS
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Abstract. We consider the approximation of multi-particle quantum dy  namics in the semi-
classical regime by Hagedorn wavepackets, which are produc ts of complex Gaussians with polyno-
mials that form an orthonormal L2 basis and preserve their type under propagation in Schedi nger
equations with quadratic potentials. We build a time-rever  sible, fully explicit time-stepping algo-
rithm to approximate the solution of the Hagedorn wavepacke t dynamics. The algorithm is based
on a splitting between the kinetic and potential part of the H  amiltonian operator, as well as on a
splitting of the potential into its local quadratic approxi mation and the remainder. The algorithm is
robust in the semi-classical limit. It reduces to the Strang  splitting of the Schedinger equation in the
limit of the full basis set, and it advances positions and mom enta by the Sermer{Verlet method for
the classical equations of motion. The algorithm allows for  the treatment of multi-particle problems
by thinning out the basis according to a hyperbolic cross app roximation, and of high-dimensional
problems by Hartree-type approximations in a moving coordi nate frame.

Key words.  semi-classical, quantum dynamics, splitting, hyperbolic  cross, Hagedorn functions

AMS subject classi cations. 65M70, 65205, 81-08

1. Introduction.  We consider the time-dependent Schmdinger equation in sai-
classical scaling,
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where = (x;t) is the wave function depending on the spatial variablesx =
(X1;:::;xN) and the time t 2 R. Here, " is a small positive number representing

the scaled Planck constant andi is the imaginary unit. The Hamiltonian operator H,
which depends on", is written

H=T+V

with the kinetic and potential energy operators

X "2 @

T = —
j=1 2m; @%

and V = V(x);

where m; > 0 is a particle mass and where the real-valued potentiaV acts as a
multiplication operator on
For example, in quantum molecular dynamics, (1.1) is a Schoeinger equation for
the nuclei on an electronic energy surface in the time-depeatent Born{Oppenheimer
approximation (see, e.g., [19, 20, 13]). Heré&? is the mass ratio between electrons
and nuclei, of magnitude 10 4.
Numerical approaches to solving (1.1) face two principal diculties:
Highly oscillatory solutions: Typical solutions are wavepackets of width
oscillatory with wavelength ", with the envelope moving at velocity
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High dimension: For n particles, the spatial dimension in (1.1) isN = 3n.

Because of the highly oscillatory solution behaviour, gridbased methods need very
ne resolution for small " and hence become computationally expensive or infeasible;
cf. [14]. This also precludes the approximation of the waveunction on sparse grids in
higher dimensions, because the necessary smoothness re&guaients for this technique
are not met for small " [4].

On the other hand, it is knownpthat moving complex Gaussians g@proximate so-
lutions to (1.1) with an error of O('" ™) [6]. The model reduction from full quantum
dynamics to Gaussian wavepacket dynamics [10, 11] allows fa@omputationally e -
cient algorithms [3], but is often not accurate enough. Higker asymptotic accuracy
in " can be analytically proved for approximations of the wave function by complex
Gaussians times polynomials [7, 8]. For the proof, Hagedorf8] constructs particu-
lar, parameter-dependentL 2-orthonormal basis functions. In one space dimension,
they are just scaled and shifted Hermite functions, but in higher space dimensions
they are both more general and suitable than tensor productsf Hermite functions.
The main contribution of the present paper is to turn the Hagedorn functions into a
computational tool for the numerical solution of (1.1).

In Section 2 we brie y review Hagedorn's parametrization of Gaussian wave pack-
ets and his parameter-dependent orthonormal basis functins (see also [13, Chap. V]
for a self-contained concise review of Hagedorn's [6, 8] appach).

Section 3 describes our time-stepping algorithm working wth the Hagedorn func-
tions. It is based on a splitting into kinetic and potential energy in (1.1) and on a
further splitting into the local quadratic approximation a t the current classical posi-
tion and the non-quadratic remainder. The latter is treated by a Galerkin approach
with the Hagedorn basis for the current parameters, while tte kinetic and quadratic
part yield simple equations for the time evolution of the parameters. This approach
yields an explicit time-stepping algorithm that is robust for " ! 0 and enjoys a
number of remarkable properties.

Section 4 deals with the computation of the Galerkin matrix for the non-quadratic
remainder or of its action on coe cient vectors, which is all that is needed in a short
Lanczos iteration for computing the time-dependent Galerkn approximation. With
the use of a hyperbolic-cross reduction of the multi-dimen®nal basis set, the com-
putational work is reduced from KN to O(K (logK)N 1), where K is the maximum
number of basis functions and quadrature points along a sinig coordinate direction.

Section 5 presents numerical experiments. We give detailedomparisons with
the full and sparse Fourier method in dimension 2 and also preent some results of
computations in dimension 5.

In the present paper we concentrate on the conceptual and atgyithmic aspects of
the approach. Error analyses of (some of) the various apprdrations involved will
be given elsewhere.

2. Building blocks.

2.1. Hagedorn wavepackets.  We are looking for approximations to the Schred-
inger equation that are products of complex Gaussians with plynomials. Represent-
ing the polynomials in a basis of scaled Hermite polynomialss very appropriate in 1
space dimension [2], but in the multi-dimensional case, siply taking tensor products
of Hermite polynomials (be it with a moving frame of coordinates) turns out to lead
to a number of both theoretical and computational di cultie s. These are overcome in
an alternative extension to higher dimensions due to Hagedm [8]. While the beauti-
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ful theoretical properties of this approach are evident fran [8], it appears that so far
they have not been put to use in computational algorithms.
In Hagedorn's approach [6], a Gaussian wavepacket is pararnreed as'

' ola; p; Q; PI(x)

=(") idetQ) Pexp (x OTPQ Mx a0+ wp'(x o 1 (@1)

whereg2 RN and p 2 RN represent the position and momentum, respectively, and
Q and P are complexN N matrices satisfying the relations
Q"P PTQ=0 (2.2)
QP P Q=2il: (2.3)
Here QT denotes the transpose ofQ, and Q is the transpose and conjugate complex

matrix. As is explained in [8], these two equations imply tha both Q and P are
invertible, and PQ ! is complex symmetric with positive de nite imaginary part:

ImPQ *=(QQ) *: (2.4)

Conversely, every complex symmetric matrix with positive de nite imaginary part
can be written asPQ ! with Q and P satisfying (2.2),(2.3). We further note that
(2.2),(2.3) are equivalent to stating that the matrix

_ ReQ ImQ . T A 0 1
Y = ReP Imp 'S symplectic: Y'JY =J with J = R
Hagedorn constructs a completel 2-orthonormal set of functions
"k(x) =l s Qs PIX) 5
for multi-indices k = (Kky;:::;kn ) with non-negative integers k; . This is done recur-
sively as follows. Letx denote the position operator (acting on functions ofx by
multiplication with x), and y = i"r y the momentum operator, and introduce the
raising operator R and lowering operator L as
i
R=(Rj)= PP KX 9+Qk
[
L=(L;) = \9? PT(x 9+ Q'(y p
With hji = g =(0 :::1:::0) denoting the j th unit vector, set
"kt = 1971 Ri'«: (2.5)
k+ hjl - k]Tl j k- .

It then turns out that these functions are orthonormal. More over, we have

. 1 :
khiji = P=Lj «;
K;

1in the notation used here, Q and P correspond to A and iB of [6, 7, 8], respectively. This
notation is motivated by the equations of motion of Q and P, which then become the linearized
classical equations for position and momentum, respective ly.
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(the right-hand side is zero ifk; = 0), and the functions ' \ are polynomials of degree
jkj = ks +  + ky multiplied with the Gaussian ' . Since the above relations imply
8, (3.28)]

r_

X q= E(QR+6L):

we obtain the recurrence relation
r_
p—1, N 2 , P, N
Q K+1'wkni(®) ;5= w(x @« QC K knji(X) 5, (26
which permits us to compute the functions' ¢ at any given value x.
We will approximate solutions to the Schredinger equation (1.1) in the form

e X .
(Gt)  u(xt)= €507 ()" k[alt); p(t); Q(t); P (D)I(x) 2.7)
k2K

where the nite multi-index set K is such that for everyk 2 K, alsok hji2 K if kj >
0. In higher dimensions, the full cubek; K (j =1;:::;N) is not computationally
tractable and is replaced by a hyperbolic cross (1 +;) ::: (1+ ky) K or by the
cross of the axes wherd; > 0 only for a single componentj in eachk. The latter
corresponds to a Hartree-type approximation in a moving frane.

In the following sections we will give a fully discrete, expicit, and time-reversible
time-stepping algorithm to propagate the Gaussian parameers q(t); p(t); Q(t); P (t),
the phaseS(t), and the coe cients ¢ (t).

2.2. Splitting into bits and pieces. Our algorithm is based on the splitting
between the kinetic and potential operatorsT and V. We consider the free linear
Schmdinger equation

e _ X g
i"— = — (2.8)
and the potential equation
L@ )
T V(X) : (2.9)

The potential will be further decomposed into its quadratic part at the current position
g and the non-quadratic remainder.

We now describe the three main ingredients in the time-stepmg algorithm. Start-
ing with a Hagedorn wavepacket (2.7) as initial data for the Shredinger equation, we
make use of the following:

We can solve exactly the free linear Schredinger equation 4.8), with the
wavefunction remaining in the Hagedorn wavepacket form (27) with unal-
tered coe cients c.

For a quadratic potential, we can solve exactly the potentid equation (2.9)
with the wavefunction remaining in the Hagedorn wavepacketform (2.7) with
the same coe cients c.

For an arbitrary potential, we can compute the Galerkin approximation of
the potential equation (2.9) on the linear space spanned byhe functions"'
with xed parameters q;p; Q; P, letting the coe cients ¢ in the formulation
(2.7) vary.
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2.3. Kinetic part and quadratic potential. The following two propositions
are direct consequences of [8, Theorem 3.4].
Proposition 2.1. A time-dependent Hagedorn wavepacket (2.7) solves the free
Schmdinger equation (2.8) if
q(t) = q(0) + tM  *p(0)
Q(t)= Q)+ tM 'P(0)
S(t)= S(0) + 3tp(0)"M *p(0)
and p(t) = p(0), P(t) = P(0), c(t) = c(0). (Here, M =diag(m;) is the mass
matrix.)

Proposition 2.2.  Let U(x) be a quadratic potential. A time-dependent Hagedorn
wavepacket (2.7) solves the potential equation (2.9) witW = U if

p(t) = p(0) tr U(q(0)

P(t)= P(0) tr ?U(q(0))Q(0)

S(t)= S(0) tuU(a(0)
and q(t) = q(0), Q(t) = Q(0), c(t) = c«(0). (Here, r U denotes the gradient and
r 2U the Hessian matrix of U.)

2.4. Galerkin approximation for non-quadratic potentials . Let W(x) be
a given (non-quadratic) potential. We consider the potential equation (2.9) with
V = W. We let the Gauss parametersq; p; Q;)I(3 xed and consider the linear space

Mg;pQPl= fv2L2RY) : v(x)= o' [@:pQPIX); «2Cg
k2K

where' ¢ = ' ,[q;p; Q; P] are the Hagedorn functions (2.5) associated with the xed
Gaussian parametersqg; p; Q; P. The variational approximation on M [q; p; Q; P] can
be written:

At every time t, determine @u 2 M [q; p; Q; P] such that
8k2K; Hyg:;"i@u Wui=0: (2.10)

The following is then straightforward:
Proposition 2.3.  The Galerkin approximation (2.10) is equivalent to the linear
system of ordinary di erential equations

L dg _ X . .
| W - i fk C , k 2 K,
2K
where 7
fie = H(jWj' -i = "k(X)W(X)' - (x)dx: (2.11)
RN

If c(t) denotes the vector with componentsc(t), k 2 K, the solution of this problem
is thus given by the action of the exponential of the Hermitian matrix F = (fy):

c(t) =exp E F ¢(0):

We note that F = O("37?) if the quadratic Taylor polynomial of W at g vanishes.
The computation of the matrix exponential times a vector canthen be done e ciently
using just a few Lanczos iterations with F [12]. The e cient computation of the
multi{dimensional integrals in (2.11) is discussed in Sedbn 4.
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3. The time-stepping algorithm.

3.1. Abstract formulation. For given parameters ° = (o%; p°; Q%; P?; S°) and

coe cients c® = (cQ)k2k , We denote
by T¢( °;c°) the solution to the free Schmdinger equation given by Prgposi-
tion 2.1,
by Ui ( 2; c®) the solution of the quadratic-potential equation given by Propo-
sition 2.2,
and by W¢( °;c°) the propagator given by Proposition 2.3.

A noteworthy fact is that with both propagators U; and W, the parametersq
and Q remain constant. Moreover, the propagatorsU, and W; commute. This can
be straightforwardly seen from the expressions in Proposions 2.2 and 2.3.

The algorithm is based rst on the splitting between the kinetic and potential
operators, and secondly on a splitting of the potential into its quadratic part at the
current position and the remainder.

For a given stepsize t, the time-stepping algorithm is described brie y as follows:

1. Half-step of kinetic part . We de ne the parameters ( % ;c°) by ap-
plying the propagator T -, starting from ( °;c%). This yields updates ¢'*2,
Q'*?, and S*7% .

2. Full step of potential part . We split the potential V(x) into its quadratic
Taylor expansion around g*=2 and the corresponding remainder term: We
de ne the potentials

U2(x) = V(@) + 1 V(@) (x  g72)+ %(X g V(@A) (x  g?)
as the local quadratic approximation to V (x), and the remainder
W2(x) = V(x) U¥2(x):

We determine the parameters ( %% ;c) by applying the propagator
U . associated with the quadratic potential U2 starting from ( % ; c°).
This yields updatesp?, P! and S¥7%+ .
We determine the coe cients ¢! using the propagator W ; associated
with the non-quadratic remainder W =2 starting from c°.
3. Half-step of kinetic part . We de ne the parameters ( ;c') by applying
the propagator T -, starting from (%% ;c'). This yields updates ¢', Q*,
and S?.

3.2. Properties. The algorithm is of second order accuracy in the parameters

g; p; Q; P; Sand ¢« and enjoys a number of attractive conservation and limit properties:
The algorithm is time-reversible. This is due to the fact that U; and W;
commute, and that in the potential stage, the positions g and the width
matrix Im PQ ! =(QQ ) ! remain unchanged.
The algorithm preserves the symplecticity relations (2.2)and (2.3) between
the matrices Q and P, since it is a composition of exact ows with no or
a quadratic potential, and Q and P are not modi ed in the step with the
non-quadratic remainder.
The algorithm preserves thel ? norm of the wavepacket, since the Hagedorn
functions ' ¢ are orthonormal and the propagation of the coe cients (c) is
unitary.
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For the position and momentum parametersq and p, the algorithm coincides
with the Sermer-Verlet algorithm [9] applied to the corre sponding classical
equations of motion: in the kinetic part, we have the momentun p® unchanged
and g*=2 = ¢°+ -1 p°, whereas in the quadratic potential part, ¢'=2 is constant
while pt = p®  tr V(g'™).

In the limit of taking the full basis set '\ with all k 2 NN, the variational

approximation used in the remainder propagator becomes exd. Since U

and W; commute, the second step in the previous algorithm asymptdtally

tends to the solution of the potential equation (2.9) in L2. Hence, in this
limit the algorithm converges towards the Strang splitting (or symmetric Lie-

Trotter splitting) exp( + tH) exp( +-tT)exp( & tV)exp( F-T) of
the Schredinger equation.

The algorithm is robust in the classical limit " ! 0: The propagator of the
non-quadratic remainder, W ¢, is O("**2 t) close to the identity operator,

since W= is at least cubic in (x g*?). Hence the approximation in the
potential part becomes exact for" ! 0, while the kinetic part is anyway
solved exactly for all .

3.3. The practical time-stepping algorithm. We now give a full algorithmic
description. Assume that the stepsize t is given, and let the realN -vectors (", p",
the complexN N matrices Q", P", the real scalarS", and the complex coe cient
vector ¢" = ¢; ., be such that

igno X .
un:eIS = CE-k[qn;pn;Qn;Pn]
k2K
is an approximation to the solution of the Schredinger equaion (1.1) attime t" = n t.
To compute the approximation u"** at time t"** we proceed as follows:
1. Compute g"*1 72, Q"*1=2 and S"*1 7% via

t
2

Q"2 = Q"+ %M tpn (3.1)

—o- t
Sn+l—2, - Sn + T pnT M 1pn :

qn+1 =2 - qn + M 1pn

2. Compute p"*1, P"*1 and S"*172* via

pn+l - pn tr V(qn+l :2)
Pn+1 - Pn tr 2V(qn+1 =2)Qn+1 =2 (32)
Sn+1 =2+ _— Sn+1 =2; tvV (qn +1 =2) :

3. Update the coe cient vector ¢"*! = (Ck"+1)k2|< as
i _
A" ozexp(  t-F"1T2) (3.3)
Here, F"*1=2 = (f\ )i 2k is the Hermitian matrix with entries

fk‘ - H E+l:2jWn+1:2j. I:]+l:2i; (34)
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where' |17 = 1 [q"*1=2; p1*1; QN*1=2; P+l ] are the Hagedorn basis func-
tions and

Wn+l=2(x): V(X) Un+l=2(x)

is the remainder in the local quadratic approximation to V, given at q =
" by UM2(x) = V(@) + rV(@(x 9+ 3(x @Tr2V(@(x o)
Note that f actually depends only ong"*' =2 and Q"*' =2, but not on p"*!
and P"*1 | since the imaginary parts in the arguments of the Gaussian ancel
out in (3.4).

4. Compute @"*1, Q"*1, and S"*! via

- t
qn+l - qn+l—2+ 7M lpn+l

Qn+1 - Qn+l=2+ %M 1Pn+l (35)

Sn+1 - Sn+l:2;+ + 2

t pn+l T M lpn+l :

4. Computing the contribution of the non-quadratic remaind er. Inthe
above algorithm, Step 3 treating the non-quadratic remaincer of the potential is the
computationally most expensive part of the algorithm, since it requires the computa-
tion of the multi-dimensional integrals (3.4) and of the action of the matrix exponential
in (3.3). The latter can be done e ciently by Lanczos iterati ons as studied in [12] and
rst proposed in [17]. SincekFk = O("372), only few Lanczos iterations are needed.

Here we describe two approaches to compute the Galerkin maitx for the non-
quadratic remainder, F = (N (jW j' -i)k 2« , Of (3.4) or its action on a coe cient
vector ¢ = (ck)kek , as is needed in the Lanczos iteration. The second approach
appears particularly promising for higher-dimensional problems.

4.1. Computing the matrix elements by Gauss-Hermite quadra D ture.
Formulas (2.1) and (2.6) show that with the change of variabkesx = q+ = "jQjy with
jQj = (QQ )2 we can write

k(X)) (x) = jdetQ "N k(y) (y)
with the "-independent functions  given recursively by
oy) = Nl Vi (4.1)

P —— P~ — P —
Q K1 wni(y) oy = 2Qy «() QU K wnji(y) o0 42

We note that (y) = pk(y)e! ¥i*=2 \ith some polynomial px (y) of degreek; +  +ky .
With thesezfunctions we thus have

L TRIWE = )W k) )y

We use multi-dimensional Gauss-Hermite quadrature for thelatter integral; cf. [1,
p.174]. We denote by , and ! ,, the quadrature points and weights, respectively,

z X
Nf(y)dy P'mf(m):

R m
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We have n =( m,;::; my ), Where the ; are the zeros of theM th degree Hermite
polynomial Hy . The weights are
p_
!m:Wm1 i Wiy with Wi:m:

Here hy 1 is the (M  1)-th Hermite function, which is computed in a stable way
via the recurrence relation (4.1){(4.2) with N =1 and Q = 1. Then, the quadrature
formula is exact for all f (y) = el yjzp(y) with p(y) a polynomial of degreeupto M 1
with respect to every coordinate. In this way we compute the matrix elements of (3.4):
L L X — J
H Wit i h " jWij'vien = Tm k(m)W(@+  "iQj m) ~(m):

m

In higher dimensions, instead of the full tensor grid with M N quadrature points, one
can use sparse Gauss-Hermite quadrature witld(M 2(log M )N 1) evaluations of the
potential; cf. [13, Sect. 111.1.2].

4.2. Computing the action of the Galerkin matrix. An alternative ap-
proach to computing the product of the matrix F = (H jW ' -i) with a vector c,
as is required in the Krylov subspace approximation to exp( t+F)cin (3.3), is now
described. This is applicable if the potential W is given as (or approximated by)

xR
W (Xq;::0Xn) = e Pr(Xa) iip (xn)

r=1
with univariate polynomials pl.
First we assume the case of a full tensor set of multi-indice& = f0;:::; 1N
in (2.7). We consider the matrix of the jth coordinate function (for j =1;:::;N),
X;=(xk) with x =Hjxj i for k;® 2K:

Since the Gauss-Hermite quadrature here is exact, we have

X;j=U ;U with ;=diag( ) and
U=(um)  with um =P Tm ( m):

By the orthogonality of the Hagedorn functions ' - and again by the exactness of the
Gauss-Hermite quadrature for their inner products, the matrix U is unitary: U U = |

commute, and for any univariate polynomial p, the matrix

P =(pl.) with p.=Hyjp(x)j ‘ien for k;" 2K

is given by
P = p(X;):
Therefore, we obtain that the Gauss-Hermite quadrature appoximation F F =
HejWj' - icH K 2K is given as
x 1 N
F=W(Xg:;Xn)= rpr(Xa)iiipr (XN (4.3)

r=1
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Using the recurrence relation (2.6) and the orthogonality d the Hagedorn functions,
it turns out that the action of X; on a vector c = (c)k2k is readily computed:

r r_

N oPr N oP N
Xjok joy =aar 5Q Ko g 4+ 5Q K+loeg ;. (44)

for all k 2 K. This remarkably simple formula enables us to computeX; cin O(N # K)
operations. With (4.3), we can thus

computeBc in O(N #K d) operations,
Pr Pu . i
whered = [_; i1 degp is the sum of all polynomial degrees.
We can use the approximation (4.3) with (4.4) also whenK is not the full multi-
index set with M N elements, but a hyperbolic cross with # = O(M  (logM)N 1)
elements.

5. Numerical experiments. We consider the following settings for the simu-
lations:
(&) The torsional potential is

X
V(x) = (1 cosk;)):
i=1

As initial value we take the normed Gaussian wavepacket in Hgedorn's
parametrization (2.1) with the identity matrix Q = Iy and P = il y, lo-
calized aroundq=(1;0;:::;0)T and with p=0.

(b) The modi ed Henon-Heiles potential as in [15] and [18] isde ned as:

— 1)(\1 2 ,X ! 2 1 3 2(y2 2 2
V(x) = > RS (Xj X 41 3t 16 (X + X{41)
j=1 j=1
with harmonic part coe cients ; =1 and the mixing coe cient =0:2.

In the caseN = 2, we take the initial conditions from [15], i.e., a normed
Gaui§i§m Wavspa_ckeﬁvmq =(1:8;0)", p=(0;1:2)", and with the matrices
Q=2 diag( 0:56, 0:24), P = iQ !in Hagedorn's parametrization (2.1).

5.1. Comparison with the Fourier method. The periodicity and the smooth-
ness of the torsional potential make it ideal for comparisontests with the Fourier
method. We take a uniform grid with (27)? pointson[ ; J?. Inthe cases =0:1;0:01
the choicer = 11 together with the Strang-splitting in time gives a good approxima-
tion to the solution of the time dependent Schredinger equaion, whereas = 10 3
needs a Fourier resolution ofr = 12. We take the Fourier solution as reference for
a comparison with the solution obtained by the Hagedorn waveackets. We x the
time-step t = 0:01 and approximate by sparse Hagedorn wavepackets (2.7) whit
K= f(k;k2) : (1+ k)1 + ky) Kgwith K =8, i.e.,, we use 20 basis functions.
We compute the values of the solutions at the Fourier grid ponts. If we compare
these values directly, we expect a phase-error of order (t)?=. If we compare the
absolute values of the two solutions, we have only the error foorder ( t)?, and this
is the quantity we plot against time in Figure 5.1. On the right side of this gure we
compare the absolute values of the Fourier solutions at leder =10 and r = 12 at
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=0:1;0:01;0:001. We note that contrary to the Fourier method, the method based
on the Hagedorn wavepacket improves for small.

10°

> L,
PR P T IR TR A PUC TP DU JUPY 1 [—

107!

1072

Fig. 5.1 . Time evolution of the maximum error in the absolute values of the wave function:
Hagedorn with 20 basis functions (left) and Fourier with ~ (2")2 basis functions for r =10 (right).

Fig. 5.2 . Fourier: total energy conservation for =10 3 at resolutions r = 10 (left) and
r =12 (right); the kinetic and the potential energy (dotted line) oscillate.

Fig. 5.3 . Hagedorn: energy deviation and evolution (right at =10 3).

We observe from Figure 5.2 that even though the total energy $ well conserved
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at the level r = 10, the resolution of the full grid Fourier method must be increased
tor =12 in the case =0:001 in order to get a correct energy exchange. Moreover,
at resolution r = 11, the picture of the energies looks very much like the righ part of
Figure 5.2, even if the maximum error is about 7. On the contrary, the Hagedorn
wavepacket with 20 basis functions gives a better approximgon of the energies as
Figure 5.3 shows.

Raising the dimension of the spaceN makes the costs of the full-grid Fourier
method prohibitive. An alternative is to consider the Fourier method on sparse grids
[4]. However, as is explained in detail in [5], this alternaive su ers from an aliasing
problem that makes it incompatible with small and hence is not well suited for a
semi-classical approximation. We illustrate this fact in Figure 5.4. Here, we take as
reference the full grid Fourier method at levelr = 10 using (21°)? = 1048576 points.
We display the maximum error at the grid points that are common to the full grid
and to sparse grids at levels 13, 14, and 15, having, respeetily 77 825, 163 841,
and 344 065 points. We see that for smaller, we need to increase the resolution of
the grid. Hence, even if it lessens the curse of dimensionglj the sparse grid Fourier
method is not well suited for small [4].

10*
10?
10°
1072
107
107°
1078

10410

—12
1075 5 10 15 20

Fig. 5.4 . Maximum error in the sparse Fourier method: level 13 for = 0:1 (left) and levels
14 and 15 for =0:01 (right).

We focus on the modi ed Henon-Heiles potential for the rest ¢ the numerical
experiments. Similar results arise in the case of the torsioal potential.

5.2. Convergence in time. A sparse Hagedorn wavepacket is now propagated
with di erent time-steps. The solution computed with the sm allest time-step G1
2 1'=9:765625 10 ° serves as reference solution and is compared to the solutisn
obtained with other time-steps. Given enough observation pints in the space domain,
we look at the maximum error in the absolute values of the wavefunction at time
t =1and t =5. The plots for dierent are indistinguishable in Figure 5.5. The
temporal convergence is of order 2, uniformly in .
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Fig. 5.5 . Convergence in time at t =1 and t =5: indistiguishable error curves for di erent

5.3. Variable number of basis functions. Sparse Hagedorn wavepackets with
di erent numbers of basis functions are now propagated withthe xed time-step 10 2.
The solution computed with the largest set of basis functiors (i.e., 645, hyperbolic
cross with K = 27) serves as reference solution and is compared to the solutie
obtained at other resolutions. Given enough obervation paits in the space domain,
we look at the maximum error of the absolute values at timet =1 and t = 5. We
notice that the convergence improves with smaller . However, we do not observe
satisfactory convergence for long times, unless is very small.

Fig. 5.6 . Maximum error versus number of basis funtionsat t=1 andt=5.

5.4. Computations in dimension N = 6. Let us end with two plots of the
evolution of the energies in dimensionN = 6. First, we extend our considered two
dimensional Henon-Heﬂe_s mod?J._VVepta_ke initial valuesq = (1:8;0;:::0)7, p =
(0;1:2,0;:::;0)7, Q= " 2 diag( 0:56, 0:24;1;:::;1), P = iQ !. In this case, we
plot the total, the potential and the kinetic energy (dotted line) on the left of the
Figure 5.7. TBe_right side of the Figure 5.7 has parameters siilar to [16]. Now, we
have = 1= 80 and the initial data given by q = (2;:::;2)"T, p = 0 and identity
matrix Q. Both computations are done with :Qlo 2, a time-step 10 2 and a sparse
Hagedorn wavepacket withK = f (ky;:::;kn) : jN:l (1+kj) KgandK =8, hence
with 138 basis functions.
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Fig. 5.7 . Energy evolution for the two benchmarks in dimension N =6 at =10 2.

REFERENCES

P. Davis, P. Rabinowitz, Methods of Numerical Integration . Academic Press, 1975.

E. Faou, V. Gradinaru, Gauss-Hermite wavepacket dynamics: Convergence of the spe ctral and
pseudo-spectral approximation . IMA J. Numer. Anal., to appear.

E. Faou, C. Lubich, A Poisson integrator for Gaussian wavepacket dynamics . Comput. Vis.
Sci. 9 (2006), 45{55.

V. Gradinaru, Strang splitting for the time dependent Schiedinger equat ion on sparse grids.
SIAM J. Numer. Anal. 46 (2007), 103{123.

V. Gradinaru, Fourier transform on sparse grids: code design and applicat ion to the time
dependent Schiedinger equation on sparse grids . Computing 80 (2007), 1{22.

G.A. Hagedorn, Semi-classical quantum mechanics I: the ~ ! 0 limit for coherent states .
Comm. Math. Phys. 71 (1980), 77{93.

G.A. Hagedorn, Semi-classical quantum mechanics. IV. Large order asympto tics and more
general states in more than one dimension . Ann. Inst. H. Poincae Phys. Treor. 42 (1985),
363{374.

G.A. Hagedorn, Raising and lowering operators for semi-classical wave pac kets. Ann. Physics
269 (1998), 77{104.

E. Hairer, C. Lubich, G. Wanner, Geometric numerical integration illustrated by the Serm  er-
Verlet method . Acta Numerica 12 (2003), 399{450.

E.J. Heller, Time dependent approach to semi-classical dynamics . J. Chem. Phys. 62 (1975),
1544{1555.

E.J. Heller, Time dependent variational approach to semi-classical dyn amics. J. Chem. Phys.
64 (1976), 63({73.

M. Hochbruck, C. Lubich, On Krylov subspace approximations to the matrix exponentia | op-
erator . SIAM J. Numer. Anal. 34 (1997), 1911{1925.

C. Lubich, From Quantum to Classical Molecular Dynamics: Reduced Mode Is and Numerical
Analysis . EMS Zsrich, 2008.

P.A. Markowich, P. Pietra, C. Pohl, Numerical approximation of quadratic observables of
Schiedinger-type equations in the semi-classical limit . Numer. Math. 81 (1991), 595{630.

H.-D. Meyer, U. Manthe, L.-S. Cederbaum, The Multicon gurational Time-Dependent Hartree
Approach . Chem. Phys. Lett. 165 (1990), 73{78.

M. Nest, H.-D. Meyer, Benchmark calculations on high-dimensional Henon{Heiles  potentials
with the multi-con guration time dependent Hartree (MCTDH ) method. J. Chem. Phys.
117 (2002), 10499{10505.

T.J. Park, J.C. Light, Unitary quantum time evolution by iterative Lanczos reduct ion. J. Chem.
Phys. 85 (1986), 5870{5876.

A. Raab, H.-D. Meyer, A numerical study on the performance of the multicon gurati on time-
dependent Hartree method for density operators . J. Chem. Phys. 112 (2000), 10718{10729.

D.J. Tannor, Introduction to Quantum Mechanics: A Time-Dependent Persp  ective. University
Science Books, Sausalito, 2007.

S. Teufel, Adiabatic Perturbation Theory in Quantum Dynamics . Lecture Notes in Mathematics
1821, Springer-Verlag, Berlin, 2003.



