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Abstract

We consider the linear Schredinger equation on a one dimerignal torus and
its time-discretization by splitting methods. Assuming a non-resonance condi-
tion on the stepsize and a small size of the potential, we shothat the numerical
dynamics can be reduced over exponentially long time to a ctdction of two di-
mensional symplectic systems for asymptotically large mods. For the numerical
solution, this implies the long time conservation of the enegies associated with
the double eigenvalues of the free Schredinger operator. fie method is close to
standard technigues used in nite dimensional perturbation theory, but extended
here to in nite dimensional operators.

MSC numbers : 65P10, 37M15, 37K55

1 Introduction

In this paper, we consider the time-discretization of the Inear Schmedinger equa-
tion by splitting methods and analyze the long time behavior of the corresponding
\numerical" solution. Since no approximation in space is male, the problem is
in nite dimensional, and the classical theory used in the cae of ordinary di er-
ential equations cannot be applied. In particular, the longtime behavior of the
solution cannot be understood by the use of classical backwd error analysis,
see [7, 11]: In the nite dimensional case, a stability argunent is invoked by
assuming that the numerical solution lies in a compact set ofthe phase space
over very long time. In in nite dimension, the corresponding assumption would
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require the a priori control of the regularity of the numerical solution over long
time (see [3, 10] for the case of the non-linear wave equation

In the case of splitting methods, exponential methods or stadard methods
for highly oscillatory equations, it is well known that for some values of the step-
size resonances appear, making the a priori assumption of iform conservation
of regularity irrelevant. In this work, we consider one of the simplest possible sit-
uations: The case of a splitting method applied to the linearperiodic Schredinger
equation with an analytic and small potential in one space dimension. Moreover,
we will consider the splitting scheme as a multiplicative synplectic perturbation
of the free linear Schredinger propagator, and show the qusi-persistence of the
conservation properties over exponentially long time with respect to the size of
the potential.

Before going on, let us mention that another possible way to nalyze these
problems could be using modulated Fourier expansions: Sed][where the tech-
niques used to analyze the exact solutions of non linear wavequations are clearly
aimed at being applied to numerical analysis.

Let us consider the linear Schmedinger equation in one spak dimension

i%t(x;t) = %(x;t)+ V(x)' (xt); with ' (x;0) =" °(x); (1.1)
where ' (x;t) is the complex unknown wave function depending on the space
variable x 2 T := R=2 Z and the time t 0. The potential V is a real function
and the function ' © is the initial value of the wave function at t = 0. In the
following, we write = @ the Laplace operator inx so that the equation (1.1)
reads

i@ (t)=H (t); "©="9% with H= + V: (1.2)

For a given time steph > 0, we consider the approximation scheme
"(h)" exp(h)exp( ihV)' (0) (1.3)

where by de nition, exp(ih ) ' is the solution (t) at the time t = h of the
equation

i@ ()= (t); with  (0)=1 (1.4)
and similarly exp( ihV)' is the solution (t) at the time t = h of the equation
i@ (t)=V (t); with 0)=" (2.5)

If the potential is smooth enough, it can be shown that the appoximation (1.3) is
a rst order approximation of the solution of (1.1), see [12]and [2] (where the non-
linear case is studied). Moreover, notice that the propagadr associated with (1.3)
is L2-unitary and so the scheme conserves the2-norm as the exact propagator
associated with (1.1) does. Splitting schemes are widely &sl to approximate the
solution of (1.1) (see e.g. [5, 9] and the references thergims they are simple
to compute using fast Fourier transform: The free Schmdirger part (1.4) can
be computed easily in terms of Fourier coe cients, while the solution of (1.5) is
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treated as an ordinary di erential equation on the corresponding grid. Notice
also that the Lie splitting scheme (1.3) is conjugated to the Strang splitting so
that the long time behavior of these two schemes are equivate (see Remark 2.5
below).

In the nite dimensional case, the behavior of splitting methods for hamilto-
nian systems is now well understood, see for instance [7]. particular, the use of
the Baker-Campbell-Hausdor formula shows that for a su ci ently small step-
size depending on the highest eigenvalue of the problem, the exists a modi ed
hamiltonian for the propagator (1.3). The numerical ow can thus be inter-
preted as the exact solution of a hamiltonian system, at leasfor exponentially
long time with respect to the stepsize. This result holds true for the linear and
the non-linear case. When moreover the system is integrabjethe techniques
of classical perturbation theory apply, and it can be shown hat the modi ed
hamiltonian associated with a symplectic numerical methodremains integrable,
and that invariant tori persist over exponentially long tim e (see [7], Chapter X,
and the classical references therein).

It is worth noticing that in in nite dimension, the persiste nce of invariant tori
for hamiltonian PDEs is a very di cult problem even for the ex act solutions, and
many progresses have been made very recently. For the case thie non-linear
Schredinger equation, we refer to [1] and [6] for results inthis direction.

In our case, though the initial equation is linear, the splitting propagator can
be viewed as a non-linear function of the in nite dimensiond operators  and
V, and we use techniques similar to the one used in classical gerbation theory
to put the propagator (1.3) under a normal form that will give information on
the long time behavior of its solution.

The idea is to consider for a xed time step h the family of propagators

L( )=exp(ih)exp( ihV); 2 R; (1.6)

and to assume thatV is analytic. For =0, we see thatL(0) is the free linear
Schredinger propagator. The corresponding solution can le written explicitly in
terms of Fourier coe cients. The dynamics is periodic in time and there is no
mixing between the di erent Fourier modes. The regularity of the initial value
is preserved.

In the case of the splitting scheme (1.6) when the perturbaton parameter
is small enough we show that after a linear change of variableealized by aL ?-
unitary operator satisfying exponential decay conditionson its coe cients, the
propagator L( ) can be put under a normal form and written as an almost X-
shapedL ?-unitary operator, up to exponentially small terms with respect to the
small parameter . The coe cients of such an operator vanish, except possibly
on the diagonal and the co-diagonal and for asymptotically &rge modes with
respect to . This implies the existence of two-dimensional invariant gaces in
the new variables, made of functions with zero Fourier coe dents except possibly
at the indexesk and k for a givenk 2 N. This result is valid for modesk
where > 0 and for exponentially long time with respect to



To show this result, we use the following non-resonance coitibn on the
stepsize (see [7, 13]): there exist> 0 and > 1 such that

1 @hk
h

It can be shown that for a givenhg > 0 close to 0, the set of time step$ 2 (0; hg)
that do not satisfy (1.7) has a Lebesgue measuré)(h{,*l) for somer > 1 (see
[7, 13]). The precise results are given in the next section.

Using this almost X-shaped representation, we can analyzehe long time
behavior of the humerical solution and show that the dynamic can be reduced
to two dimensional linear symplectic systems mixing the twomodesk and k
for k . This implies in particular the quasi-conservation of the regularity
of the initial solution for these asymptotically large modes.

8k2Z;, k60; jKj 1.7)

2 Statement of the results

In this section, we give a precise formulation of the result ad its consequences
for the long time behavior of the solution. We then give a sketh of proof and
the major ingredients used in the recipe. We conclude this sgion by showing
with numerical experiments the necessity of the non-resonace condition.

2.1 The results

For a function 2 L?(T), the associated Fourier coe cients, for n 2 Z, are given
by the formula 7
"= 1 o (x)dx:
2 7
In all this paper, we identify a function and its Fourier coe cients on T,
this means that we write for all n 2 Z, , for ", and I3',dentify the collection
( n)n2z with the function itself. We denote byk k =( ,,,j nj?)¥? the L2
norm on T. We also identify operators acting onL?(T) with operators acting on
12(Z). Such an operatorS can thus be characterized by its complex coe cients
(Si)ijy2zz- = ( n)n2z 2 C#, the product ' = p> s dened by the
sequence’ = (' n)n2z Of C# with components ' , = k27 Snk k. provided
the summation makes sense. For example, the bounded operatde ned as the
multiplication by V acting on L?(T) is identi ed with the bounded operator (also
denoted V) whose coe cients are given for all (i;j ) 2 Z2 by Vi = \ j -
For two operators A and B, the product AB is the operator whose coe cients

are given formally by the de nition
X
8(i;j)22% (AB)j =  AgBy: (2.1)
k2z

For a given operator S = ( Sjj )i;j 2z, we denote byS its adjoint with coe cients

8(i;j)22% S =§j
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where the bar denotes the complex conjugation. We say that is symmetric if
it satises S= S, and that S is L?-unitary if it satises S S =1d.
For an operator S and 2 R*, we de ne set

kSk = sup e’k JjSj (2.2)
ki 2z

and we de ne A as the space ofs with nite analytic operator norm kSk < 1 .

The spaceS denotes the subspace of symmetric operators @f .
We de ne moreover the set of X-shaped operators X made of the elements
of X 2 A for which we have

Xk 60=)j ki=jj
For functions on T, we de ne

k k =sup e¥j j
k22

for a given positive number , and set
Uu:=f jkk<lg
the corresponding function spacé of functions on T with nite analytic norm.

Hypothesis 2.1 We assume that there exists a functio’/ and \ > 0 such that
V is analytic on a complex domain containing the closure of T+ i( v; v)
and such that for allx 2 T, V(x) = V(x) 2 R. Therefore, if My denotes the
maximum of the function jVj on , then we have for alin 0, kV"k y M.

For a given K > 0 we de ne the set of indexes
lk = f(k;)22% j jki K or |j Kag (2.3)
We then setX X the set of operators that arealmost X -shapedin the sense where
X 80=) jki=jj or (ki’) 2l

The aim of this paper is to prove the following conjugation result for the
propagator:

Theorem 2.2 Assume thatV satis es Hypothesis2.1 and let L( ) be de ned
by (1.6). Assume > 0 and > 1 are given. There exist positive constants
0o, and c depending only onV, v, and , such that for all stepsizeh 2

1The notation k k is not ambiguous: If an operatorW is induced by a function, i.e. if W; = N i
for (i;j ) 2 Z? and for a function  with Fourier coe cients "v, n 2 Z, then we havekWk =k k .



(0; 1) satisfying (1.7), there exist families of L 2-unitary operators Q( ) and ( )
analytic in  for j j< ¢ such that for 2 (0; o),

Q()2A ,4 and ( )2XK_ with K= (2.4)
where =1=32( +1)) > 0,

1=2 ih 1=2.
k() ldk __, and k() €k __, h™% (25

such that the following equality holds:

QUIL()Q() =( )+ R(): (2.6)
Moreover, the remainder term R( ) satis es, for 2 (0; o),

KR( )k o exp( ¢ ) 2.7)

=5

Roughly speaking, the preceding result shows that after a uitary change

of variables close to the identity in some analytic operatornorm, the dynamics

can be reduced, up to exponentially small terms, to the actia of ( ) which

decouples into 2 2 symplectic systems for each modes k. This is valid for

asymptotically large modesjkj . More precisely, if' is a function and if
= ( ), we have forjkj ,

ko al) b() T«
k () () " «

where the 2 2 matrix in this equality is close to the diagonal matrix with entries
e k? and is unitary. This implies that we have for all k such that jkj ,

(2.8)

R N (2.9)

Combining the conservation law (2.9) of ( ) with the exponential estimate (2.7)
will allow us to derive long time bounds for the iterates of L ( ).
In the following, for a function ' , we use the notation

j'i3=1j 02 and 8k2ZnfOg, j jZ=j ki’+] «i? (2.10)

to denote the energies at the frequencykj.
Moreover, for s > 0 we introduce the norn?

K kg, =sup((X+ k)% ji): (2.11)
sl ko
Using the preceding remark and the estimates on the remaindeterm, we can

show the following corollary, which yields long time resuls for the approximated
solution:

*Note that k' k_, < 1 implies that ' is in the Sobolev spaceH® *=* " for all " > 0. If for
instance k' ks,l < 1 for somes> 1=2then' 2 L2,

6



Corollary 2.3 We use the notations of the previous Theorem. Fon 2 N, we
set' "= L( )" O,

(i) There exists a constantC > 0 depending only onV, v, and such that for
all h 2 (0;1) satisfying (1.7), all 2 (0; ¢), n exp(c =2),and' %2 L%(T),

'%, C ¥k %: (2.12)

8k2N; Kk S AP
(i) Assume thats > 1=2 is given, and lets® be such thats s®° 1=2. Then
there exists a constantcs depending only onV, v, , ands, such that for all
h 2 (0;1) satisfying (1.7), all 2 (0; ¢), n exp(c =2), and ' 9 such that
k' Oks,1 < +1 , we have

sup 1+ K J ik % e 2k Ok (2.13)
0k sit

(i) Forall 2 (0; v=5), there exist positive constants ¢ and C (depending only
onV, v, , and )such thatforall h2 (0;1) satisfying (1.7), all 2 (0; o),
n explc =2), 2(; g)and' %2 U,

k

sup €X' Mk it Y Cc ¥k % : (2.14)

0 k

Remark 2.4 We could also diagonalize the 2 2 matrix in (2.8). As the eigenval-
ues are close t&" *, we could obtain this way a quasiperiodic behavior of the nu-
merical solution in suitable coordinates, with frequencie of the formk?+ O( ).
However, aseM* is a double eigenvalue of the limit matrix, this would not imply
the continuity of the transformation in terms of the small parameter . [ |

Remark 2.5 The same results hold true for the family of Strang splitting prop-
agators
exp(ih =2)exp( ihV )exp(ih =2)

which are conjugated to the Lie splitting schemes (1.6) by the operator expfh =2)
that de nes an isometry between all A spaces. [ |

Remark 2.6 The choice of y=4 and =5 in Theorem 2.2 is made for conve-
nience in the proof, and could be replaced by any number of thdype v

with 0 < < . This would only change the values of the constants in the
statements. ]

2.2 Sketch of proof

The proof of Theorem 2.2 is divided into several steps. We desibe here the
main arguments:



(i) Operator formal series. We rst seek the operators Q( ) and ( ) as
formal series of the form
X X
Q()= "Qn and ()= "

n O n O

where for all n 2 N, the coe cients of the operators Q, and | satisfy exponen-
tial decay conditions of the form (2.2) and where the equatio

QU)HL()IRC) =( ) (2.15)

is satis ed in the sense of formal series. Note that a®/ is a bounded operator,
the formal seriesL ( ) is in fact a power series in .

In order to ensure the fact that Q( ) and ( ) are unitary operators, we
introduce the \logarithm" formal series

S=Q (i@Q) and X = (@)

and we look for symmetric coe cients in the formal seriesS( ) and X ( ). Writ-
ing down the equations for the coe cients, we see that for alln 0, S, and X,
have to satisfy an equation that reads

S, €' sem™ +X,=G, (2.16)

where G, is symmetric and depends orV, Sy and X, for p=0;:::;n 1. The
study of the homological equation (2.16) is thus the cornertone for the recursive
construction of the operators. The goal of the rst part of Section 3 is to make
explicit the recursive equalities (2.16).

(i) Solution of the homological equation. In the second part of Section 3,
we consider the equation

S eh sd +x=06

where G is a given symmetric operator. In terms of coe cients, as the Laplace
operator is a diagonal operator with entries k2, k 2 Z, this equation can be
written

1 et NS+ Xy = Gy

for (k;”) 2 Z2. We see that in the case wherek? = 2, the value of X, is
imposed. This is the reason for the de nition of X-shaped opeators. Moreover,
a problem of small divisors may appear wherh(k? “?) is close to a multiple of
2 . The use of the condition (1.7) allows in principle to determine a solution
1
X T e Hoe
for k> 6 “2. However, the condition (1.7) and the previous equality do rot imply
that S is in a space of exponentially decaying matrice\ for a suitable if G
is. This is due to possibly unbounded coe cients k + * in the term jk? 7.
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This is the reason for the introduction of the set of indexeslk in (2.3) and the
correspondingl g -solution of the homological equation (see De nition 3.1 bdow).
This explains the nal form of the propagator ( ).

Thanks to the non-resonance condition (1.7), we are now abl® state a result
for the Ik -solutions of the recursive homological equations, see Ppwosition 3.2.
In particular, we obtain the estimates (3.18) which are famiiar in backward error
analysis and in classical perturbation theory.
(i) Estimates and optimization of the constants. Sections 4 and 5 are the
most technical ones and show the precise estimates of the Theem. Usinglk -
solutions of the recursive homological equations, we can pre analytic estimates
for the coe cients S,, and X,: see Proposition 4.1. We obtain that for largen,
the analytical norms of these coe cients are bounded by

(K n)"

up to some constants, and for suitable positive coe cients and . Though these
series diverge, we can de ne for a xed indexN, the corresponding truncated
series and operatorQNI( ) and [NI( ) that satisfy the equation (2.15) up to
a remainder term RIN]( ) depending onN. We then use these estimates to give
a bound for the remainder term, see Proposition 5.3. Roughlyspeaking, the
remainder term is bounded in a suitableA space by

(K NN

for 2 (0; o) and up to some constant. We then takeK and N proportional to
a negative power of to obtain an exponential estimate of the form (2.7).

(iv) Proof of Corollary 2.3. Section 6 is devoted to the proof of this corollary.
The idea is to use the almost X-shaped form of ( ) and the estimate (2.7) of
the remainder term R( ). We divide the phase space into the space§’ |' ¢ =
0; jkj Kgandf' j'x =0; jkj>K g If g denotes theL?-orthogonal
projection onto the latter space, the almost X-shaped stru¢ure of ( ) implies
that[( ); k]=0 so that these spaces are invariant by ( ). The ingredients
to show the results are the following two key estimates: If fo all n 2 N, we set

"=Q( ) ", then we prove that forn exp(c =2) we have

80 k K; j"iki % Cexp( c =2k %

for a constant C depending only onV, v and the parameters appearing in the
non-resonance condition (1.7) . This shows the extremely gmd conservation of
the energies at a given mod&k K = in the \new" variables, and yields

easily the estimates of the corollary for ". In order to get back to the original

variables, we have to control the modes with indexes greatethan K by showing
that for n exp(c =2),

kk "k k « % Cexp( ¢ =2)k %

where C does not depend on . The results are obtained by combining these two
estimates, and by using the fact that for a smooth function, the termk x %k is
small for big K =



2.3 Numerical experiments

We consider the case where the potential function and the irtial wave function

are given by
3 2
VX)= ———— and 'O%(x)= ———:
(x) 5 4cosk) (x) 2 cosi)
We use two di erent time steps:
2
h=0:2 and h= Wzo:l%:::: (2.17)

The rst time step satis es the non-resonance conditior® (1.7) while the second
one is obviously resonant. We use fast Fourier transformatins to compute the
solution of (1.3). In Figure 1, we take 2 + 1 = 129 Fourier modes. We make 16
iterations, and we set = 0:1. We plot the rst 5 energies ' "jx, k =0;:::;4
in logarithmic scale. We see that if the non-resonance contion is not satis ed,
the conservation properties are lost.

In Figure 2, we use 2 + 1 = 513 Fourier modes and plot all the energies for
10° iterations with = 0:01. We see the growth of high order modes (recall that
the L2-norm is conserved).

g-1f ] 4
< <
2 2
R A A A AR 65
ks ks
j=2 j2]
o 3t B o
B ]
4+ 1
I e s
0 2 4 6 8 10 )
Iterations X 10° Iterations X 10°

Figure 1. Energies of the 5 rst modes in logarithmic scale, = 0:1. Non-resonant
stepsize (left) and resonant stepsize (right)

3 Formal series and homological equation

3.1 Operator formal series

We now start the proof of Theorem 2.2. In this Section, we conigler all the
operators as formal series operators in. We show rigorous estimates in the

SWe thank Z. Shang who showed us this fact.
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o

LMY
2 4 6 8 10
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-10
0

Figure 2: Energies in logarithmic scale, = 0:01. Non-resonant stepsize (left) and
resonant stepsize (right)

P P
next section. LetA( )= , o "ApandB( )= | , "Bn be two formal
series whose coe cients respectively are oplgratorsAn and B,. The product

A( )B( )= C( )isthe formal seriesC( )= [ o "C, with coe cients
X
Ch= AkBn ki n G
k=0

where the product betweenAy and B,  is the operator product de ned in (2.1).
Similarly, we can de ne the action of the derivative in  on formal series by

X
@A( )= "(n+1)Ans
n 0

P
for a formal seriesA( )=, o "An.
Recall that L( ) is given by (1.6). As a formal series in , we write
X n
L()=  —€" ( ihv)™
-

We thus have the equalities

i@L( )=€e" hve™ L() and L()= €N

We now seek formal serieQ( ) = P no 'Qnand ()= P no " on
satisfying
Q()HL()QC) =( ) (3.1)
such that
Q()Q()=1d and ( ) ( )=1Id; (3.2)

and where ( ) is an X-shaped operator.
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Taking the derivative i@ of the equation (3.1) yields
(@QLQ QL(i@Q) +hQe" ve™ LQ =i@ ;
whence
Q (I@QL L(@Q) Q+he™ ve™ L=Q (@) Q (33
We introduce the operators
S=Q (@Q) and X = (@) :

The formal seriesQ and can be reconstructed from the seriesS and X using
the initial conditions Q(0) =1d and (0)= &P
Note that if the formal series S and X are symmetric,Q and are unitary (i.e.
satisfy (3.2)). Moreover, if X an X-shaped operator, will also be X-shaped.
Assuming S is symmetric, the equation (3.3) can be written (we use =
QLQ ) | |
SL LS+he" vem L=0Q XQ=1LQ XQ

whence, asV ande "V commute, and asL L =1d,
S LSL=hV Q XQ: (3.4)

Our ;prmal series problem ngl hence be the following: Find érmal series
S()= o "ShandX( )=, o "Xnpsuchthatforalln O0,S, =S,
X, = Xp and X, is a X-shaped operator, satisfying the equation

S() LO)SCHL()=hv Q ()X()Q() (3.5)
where the operatorQ satis es
I@Q()=Q()S(); and Q(0)=Id: (3.6)

The operator will then be reconstructed using the formulae

i@ ( )=( )X(); and (0= € : (3.7)

3.2 Coecients

We now write the previous formal series equations in terms othe coe cients of
the operator formal series. The equation (3.6) can be writte: For all n 0,

xXn
i(N+1)Qn+1 = QkSn «: (3.8)
k=0

The equation (3.7) yields similar equalities for , and X,,. Note that we impose
Qo=1and o= ¢
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Let us write the coe cients of the equation (3.5): For all n 2 N,

X ihv )P . . ihv ) X
S, ge h geh # = Ohv QpXqQr: (3.9)
p+g+r=n P r: p+qg+r=n
Assuming that Sy and X are determined fork =0; ;n 1 and that they

are symmetric, the equation (3.9) can be written
S, eM s +XxX,= %hv
X i P . ' r
+ V) in g LV g xQr : (3.10)

_ p! r!
fp+ag+r=njgéng

Since the summation set is symmetric inr and p, the right hand side of this
equation is symmetric.
We thus see that for all n, we have to solve a homological equation

Sy e ™ g +X,= Gy (3.11)

where G, is symmetric, and where we seelS, and X, symmetric with X, a
X-shaped operator.
Let us rst consider the equation (3.10) for n = 0. We have

Sp e ™ e + Xo= hv: (3.12)

The operator is diagonal with entries k2, k 2 Z. Hence for ;") 2 Z?,
the previous equation can be written

(So)e (@ €M )= hvie  (Xo)e

so that we can choose fok? 6 2, under the condition that h(k? “2)is not a
multiple of 2
1
(So)k‘ = Wth‘ and (Xo)k‘ = 0 (313)
so that X is X-shaped. Fork? = *2 the previous equation degenerates, but we
can take
(So)k =0 and (Xo)k = hVj:

The previous equations de ne symmetric operatorsSy and Xg, and Xg is
X-shaped. By induction, the formal series problem of the preious subsection is
then solved. However, we cannot obtain estimates i\ -spaces for the operators,
even if h satis es the estimate (1.7). The reason for this is that usirg (1.7), the
equation (3.13) yields the following estimate, fork 6 °,

1(So) ] Nk F Ve

and the fact that V 2 A, does not implies that Sp 2 A for a suitable . This
is due to the possibly unbounded coe cientsk + .
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3.3 Solution of the homological equation

It is worth noticing that the above equation (3.11) is underdetermined. The
previous computations motivate the introduction of the following solutions of
the homological equation:

Denition 3.1  Let G be a symmetric operator andK > 0 be a real number.
Assume that h 2 (0; 1) satis es (1.7). Let us consider the equation:

S €' se" +Xx=¢G: (3.14)

We de ne as | ¢ -solution of the homological equation (3.14) the symmetricop-
erators S and X de ned for (k;1) 2 Z2 by
8

< 5. = ;G o
if (k;)21g andjkj& jj; . KT 1 ehk ) ke (3.15)
- Xk = 0;
. . L ( Se = 0;
otherwise, if (k;”) 21k or jkj = |'j; (3.16)
Xk = Gy,
wherelk is de ned in (2.3). [ |

With this de nition, the following theorem yields the corne rstone of the solv-
ing process:

Proposition 3.2 Let G2 S for a given > 0. Assume thath satises (1.7)
with the constants and . Let S and X be thel -solutions of the homological
equation

S el sd +Xx=06 (3.17)

for a given K 1. Then for all such thatO < , we haveS 2 S |
X 2S \X X, and the following estimates hold:

kSk

K 4 2
o kGk and kXk k Gk : (3.18)

Proof. The fact that kXk k Gk is clear from (3.16).
Using (3.15) and (1.7), we have fork;") 2 Ix and jkj & j'j,
S -ik®F Gk
But for (k;) 2 Ik, we easily see thatk + 'j 2K + jk "j. Hence we have
jKFE ko PEK + k)P

2k @K+ jk )P

8K 2k j2+2jk it

16K %k j*

14



and thereforejk? "2 22 K jk 'j%2 . This implies that for all (k;*) 2 Ik
with jkj & i,
K

. 22 ik j? kGk e Ik i

Sk
Hence, for all ;") 2 Z?,
jScjel ik KTz2 kGk jk ‘j2e Ik I
The fact that for all ( k;*) 2 Z2,

jk Cj2e kI

@

allows to conclude. []

In the next section, we will consider the recursive solutios of the collection
of equations (3.10) by induction onn using the | ¢ -solutions of the homological
equation and the previous Proposition.

4 Estimates for the coe cients

We now give estimates for the coe cients of the formal seriesS( ), X ( ) and
Q( ) given by the recursivel g -solutions of (3.10) fora xed K 1. Recall that
V is assumed to satisfy Hypothesis 2.1.

Let us rst consider the operators Sp and X given by the Ik -solution of
(3.12). Using Proposition 3.2, we have for all 0< v

K 4 2
kSokv My — e— and kXokV hMy : (4.1)

In particular, there exists a constant C depending only onV, v, and
such that

kSok _; K C and kXok _; hC: (4.2)

=3 =3
Moreover, sinceQq = Id, we have that kQgk 5= 1.
v=

The goal of this section is to prove the following result:

Proposition 4.1  There exist constantsCy 1 and Ko 1 depending only on
V, v, and suchthatforallK Ko, and all h 2 (0;1) satisfying (1.7), if we

denote by(S;); o0, (Qi)s o and (X3); o the operators obtained by the iterative
| k -solutions of (3.10), we have for allJ 1,

J
kS; k v=3 + kQ;k =3 CoK J and (4.3)

J
KXok h CoK J (4.4)

=3

where =2 and =4 +3.

15



Before giving the proof of this proposition, we rst give the following lemma
that provides a bound for the product of two operators with exponential decay
of coe cients away from the diagonal:

Lemma 4.2 Let Oand > 0. Let A2A andB 2 A . . Then the
products AB and BA are in the spaceA and we have the estimates

kABk C kAk kBk , and kBAk C kAk kBk , ; (4.5)

whereC =(1+ e )1 e ) 1> 1

Proof. By de nition, we have for (k;;m) 2 z3
jAci k Ak e 1 and jByj k Bk, e (* ) M (4.6)
This implies that for all ( k;m) 2 Z2,
i(AB)kmje!® ™ k Ak kBk , el M e Ik g (* I mi

27

The last sun;(can also be written after the change of index 7! ~ + m,

e k= mjg Jig Ti e Ik migt Jig Tlig T
‘22 ‘22

where we usedk mj j °j j k m jforall (k;m;") 2 Z3. We thus have

X

kABk k Ak kBk , e 1l

27
and we easily compute that
X . 1+e
i =
\ e 1 o 4.7)
2z
which yields the rst inequality in (4.5). The second is proved similarly. [ |
Proof of Proposition 4.1. Let J 1 be a xed integer. We set =
v(21+1) tandforj 2f0;:::;d+1g, j= v | =(JI+1 j).
In the following, for all operator A and forj 2f0;:::;J + 19, we set
KAk .. = kAk :
() j
Notethatif0 j k J+1,then kAk(k) k Ak(j). Moreover,kAk(O) = kAk y
and kAk(Jﬂ) = kAk L J=(20+1) k Ak L=
The inequalities (4.1) and the fact that Qg = Id yield with the previous notations:

K 4

2
kSokiyy  Mv— — ; KkXokg hMy and kQokg, =1:

We now seek recursive bounds for the normgS; k
j=0;:::5d.

kXjk . and kQ k(j) for

(i+1)’ @

16



The equality (3.8) and Lemma 4.2 ensure that, forn=0;:::;J 1, we have

X X
(n+1)kQn+1 k(n+1) kQk Sn kk(n+1) C kak(n) KSh kk(n+1) :
k=0 k=0

C

n+1
k=0

(4.8)

kQI’H‘l k(n+1) kak(k) kSI’] kk

(n k+1) -

Let us denote, forn 2 N ,
X ihv)P .
G% — %e ih Sqelh

( ihv)"

r!
fp+g+r=njgé ng
X
2 _
and G = QpXqQr

fp+g+r=njgéng
the two members of the right hand side of the equation (3.10).Lemma 4.2 implies

X 1 . .
1 f pa ih in ; r
ank(n) ﬁk(|hV) e Sqe” ( ihV) k(n)
fp+g+r=njgéng

X 1
C S k(inv )Pk

fp+ g+ r=njgéng

ih ih : .
" 1 ke ™ Sue" ( |hV)rk(n).

Since the coe cients of the diagonal operatorse ™ are of modulus one, Lemma
4.2 yields
X

1
1 2 = k(i p H r
ank(n) C | !r!k(th) k(n n kqu(n) k( ihV) k(n n
fp+g+r=njgé ng
c? * L (hV )P kSok k( ihv)k . :
oKV )R gy KSaK gy kO TRV) ) -
fp+g+r=njgéng
Using the hypothesis onV, we obtain foralln=1;:::;J,
X p+r
1 2 (hMy) .
ank(n) C | Tkqu(qul). (4.9)
fp+g+r=njgéng
Similarly, for n=1;:::;J ,Xwe have
2
ank(n) kaXquk(n)

fp+a+r=njgéng
2C ank(n) kXok(n 1

X

2 .

+C kak(n 1 quk(n) erk(n 1"

fp+g+r=njp;q;ré ng

17



SinceC > 1, we can write

X
2 2 :
ank(n) C kak(p) quk(q) erk(r) : (4.10)
fp+gtr=njgéng
Now using Proposition (3.2) for the | ¢ -solution of (3.10) we have fom =1;:::;J,
K 4 1 5
kSnk(n+1) Py ank(n) + ank(n) (4.11)

and  kXpk  k Gik .+ KGZk

Ky T KKy
These estimates, together with (4.8), (4.9) and (4.10) giverecursive relations
between the coe cients (kS kj +1)0 i3, (KQ kj)o j 5 and (kakj)o i3
Let us de ne the numbers (§); o, (gj); o and (xj); o as follows:
K 4 2

(4.12)

=My— - 1 Q=1 and X =hMy;
andforalln2 N, with =K 4 2
X hMy )P*+T
$ = C? %squqrxq ;
fp+ g+ r=njgé ng pr:
c X*
Oh = — OkS k 1
n
k=0
X hM ., )P+ !
Xy = C2 O o+ e

pr!
fp+g+r=njgéng

By induction, using the equations (4.8), (4.9), (4.10) and @.11) we have that for
j=0;:::53,

ij kj +1 S ij kj g and ka kj Xj:
We then de ne the corresponding power se;i(es
s(t) = st
9( 0
q(t) = qntn.
9( 0
and X(t) = Xnt"
n 0

By de nition of the coe cients of these series, we have the fdlowing formal
identities:

1 C?eMvt 1) 5t) s C x(t)(qt)? 1)
aXt) C s(t)q(t);
X(t) = 4t);

where q° denotes the derivative ofq with respect to t. We then derive that q(t)

18



is solution of the following ordinary di erential equation

_ sC q(t)
M= Tz @ nr(q? D
The study of this equation will give us bounds on the coe cients ¢;. It is clear
with the previous equalities that for su ciently small t, the function s(t), q(t)
and x(t) are analytic in t. Moreover, the following Lemma, whose proof is given
in Appendix, gives a bound for the radius of convergence of th corresponding
power series:

and q0)=1: (4.13)

Lemma 4.3 Let us de ne

2 1)
v e 2

4 4

For all K Ko and h 2 (0;1) satisfying (1.7), the functions x, g and s are
analytic in ( r;r), and satisfy for allt 2 ( r;r) the estimates:

Ko =max 1; and r 1=20hMy C 3

P P p_
0< g(t) %3 hM v; 0;8< q(t) 75 and 0< x(t) STrShMV
End of proof of Proposition 4.1.: Let us consider the functionss(z), q(z) and

X(z) for complex numbersz. As the coe cients of the corresponding power series
are non-negative, we have for example for all su ciently smdl z, j5(z)] s(jz])

and similar inequalities for q(z) and x(z). The previous Lemma combined with
Cauchy estimates then shows that forj = J, we have

P P
55 55
s~ hM y(20hMy C 3 = TZO]C3J(hM v)
By (4.7) and the de nition of , we haveC  2eVv 1. The previous inequality
then yields (recall that = - ‘é— 2 :
5 Kk 4 2
S, . =~ = M \J/+1 223 v 3

and we easily see that there exists a positive constanC depending onV, v,

and such that
s; C'K (J+1) 2 (3+) 3.

As 1=(2J+1)=y we can modify C to obtain
S CJK (J+1) (2J +1)(2 +3) J+2 :

Now, since we havekS; k =3 k S; k(J+1) , we obtain the result with =2

and =4 +3 after m0d| cation of the constant C to becomeCy.
The proof of the other estimates for kX jk =3 and kQ;k , can be obtained

similarly from Lemma 4.3. This nishes the proof of Proposition 4.1 [ |

Remark 4.4 The coecients and given in Proposition 4.1 are clearly not
optimal. For simplicity, we did not try to optimize them, as w ell as the constants
Co and K. [ |
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5 Error estimates

5.1 Construction of the operators

AssumethatKk landN 1 are given. Let us de ne the following polynomials
in 2R:

X X
siNI( ) = s, and XM= "X, (5.1)
On N On N

where the coe cients S, and X, are de ned by the recursive | ¢ -solutions of
(3.8)-(3.10). Proposition 4.1 shows thatSINI( ) and X INI( ) are operators in
the spaceS | 3 for all 2 R. Lemma 4.2 then shows that the multiplication by

SINI( ) or XINI( ) de nes a continuous linear mapping fromA |, 4 to itself.
Let us denote by QNI( ) and INI() the maximal solutions in A |, -4 of the
following Cauchy problems

( i@QMNI( )= QNI )sINI(); g ( i@ M()= MNC)xN);
QNI(0) = 1d o N)o) = eh
(5.2)
Since 7! SINI(') (resp. 7! XINI()) is continuous from R to A | ,
QMNI( ) and [NI( ) are dened forall 2 R and belong to the spaceA | .
By construction, the spacesXX are invariant by multiplication. Combining

this and Lemma 4.2 we see that the multiplication by X INI( ) de nes a contin-
uous linear operator from X *f/ -, to itself.

jh M K
Ase’ 2X7_,andasX’ _, is closed fork k _,, we have
8 2R; NIy 2xX

SinceX INI( ) and SINI( ) are polynomial functions of , MNI( )and QINI( )
are convergent power series in on a neighborhood of 0.
Moreover, as for all the operator SINI( ) is symmetric, the function

7 z():= QM) QM)

is solution of the following Cauchy problem in some suitableA space:
i@z()=[z();sM( )
Z(0)=1d:

This implies that for all 2 R, Z( ) = Id and hence that QIN!( ) is a unitary

operator for all . A similar argument using the symmetry of X INI( ) shows
that [NI( ) also is a unitary operator.

Let us denote, for su ciently small,

1 1
QM()=" QM and W)=
n=0 n=0

20



where for alln 2 N, QLN] and LN] are in A, 4 (the series are absolutely con-

vergent in this space for su ciently small).
For all 2 R, we can de ne the following operator in a convenientA space

RNy = QM )L )HQMI() MIC): (5.3)

Using Lemma 4.2,RINI( ) 2 A _5 and in this space,RINI( ) is the sum of
the following absolutely convergent power series in a neigiorhood of 0:
Xl n X q #
i ih
RIM( )=~ qien LMyagmy  ms (s
n=0 p+gtr=n 9

SinceQo = QI = 1d, the equality (3.8) and the fact that QNI is de ned by
(5.2) ensure that
8n2f1:::;Ng,  Qn= QN

Moreover, the operators Sn)non and (Xn)n2n satisfy (3.10) for all n 2 N by
de nition. Hence we have in a suitable A space,

sINT | sINIL = hv (Q[N]) X[N]Q[N]+ o( N+1):
We deduce that
siNI | sINI| = hv (Q[N]) ( [N]) (i@ [N])Q[N]+ o( N1

by de nition (5.2) of N1 and the fact that this operator is unitary. Then, since
( N =¢(QNhL (N (RIN]) | we have

LsNl SNl = by (QV)) (i@ INNQIN]
+LQM) RMG@ MM+ o( N*):

SinceSIN! = (QIN]) (i@ QN1 = ( SIN]) | we derive that

Li@Q™) QM (@M) (@Q™)L = hv (@) (i@ ™M)QN)
+LQM) RMG@ MM+ o N*):

After left-multiplying this equality by QIN! and right-multiplying by ( QIN]) | we
get

QML(i@Q™)  (i@Q™)L(QM)
hQ[N]eih Ve ihVv (Q[N]) +|@ [N] = Q[N]L(Q[N]) R[N](|@ [N])+ O( N+l):
This equality expresses that

i@RIMNI = Q[N]L(Q[N]) R[N](i@ [N])+ o( N*1):
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Noticing that RINI(0)= &" &' =0, we derive by induction that
80 n N+1; @RrRN©=o0:
Therefore, (5.4) simpli es to

#
Ry e LobviQry B @9

n>N +1 p+tg+r=n

with absolute convergence inA | _s.

5.2 Estimate for the remainder term

We give now an estimate for the termRINI( ). We rst give estimates for the
coe cients of the formal series [N! and QIN!:

Lemma 5.1 Using the previous notations, there exists a constanC; 1 de-
pending only onV, v, and suchthatforallN 1,aln2 N ,allK Ky,
and all h 2 (0; 1) satisfying (1.7),

k LleV:4 h(C:K N )" and (5.6)
KRk _, (CiK N )" (5.7)
where =2 and =4 +3 are given in Proposition 4.1
Proof.  Since I = ¢&" | we havek MMk , =4 = 1. Moreover, since INT -

INIx 5, we have with (4.2) that k IVlk - hMy. Hence (5.6) holds fom = 1

with a constant C; depending only onV and v (notice that K Ko 1).
Assume now that (5.6) holds with some constantC,; and forallk n2 N . By
de nition of NI and the use Lemma 4.2, we have

C .
[N] v =12 (N] .
k n+1 V:4 n+1 k n ka:4kak\/:3-
k=0
Using the induction hypothesis and the estimate (4.4), we tlus have
mian;N )

K NI C, =12

n+1™ | =4 n+1 h(ClK N )n kh(COK k )k:

k=0
If we assume thatC; Cg, we have

mingn;N ) Kk
k NIk h(CiK N )”hCV:12 % K
1y =4 ! n+1 N
k=0
1 mir)(n;N)

h(CiK N )'(hC , 1) 1

+
n+1 ‘0

h(C:K N )"*?
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provided that C; C - and sinceK 1. This shows (5.6).
The proof of (5.7) is similar using the estimate (4.3) instea of (4.4). [

The previous Lemma yields the following estimates:

Proposition 5.2  Using the previous notations, for allK  Kg, all N 1, all
h 2 (0;1) satisfying (1.7) and all 2 R such thatj j (2C:K N ) 1, we have
kQINI( ) 1dk Ly 2CIK N (5.8)

and

k NIy €&n k., 2nCiK N ji: (5.9)

Proof. We have

QM) 1= g

n 1
This implies, using (5.7)
X
kQMI( ) ldk _, (i iC1K N )"
n 1

and the result follows straightforwardly. The second inequality is proved simi-
larly. [ |

We now give an estimate for the remainder term itself. We use he following
notation: For a function f de ned in a neighborhood of 0 inR and such that for
all n 2 N, the derivative f (M (0) is de ned, we set

BQ\IC
T (F)(x) = f(x) xP
p=0

f (P(0)
p!

(5.10)

where b c denotes the nearest integer towards minus in nity.

Proposition 5.3  Using the notations of Proposition 4.1, there exists a constant
C, > 0 depending only onV, vy, and such that for allh 2 (0;1) satisfying
(1.7), al N  1,all K Kgandall 2Rsuchthatjj (2Ci:K N ) ! we
have

KRINI( )k P () jK3 N3N (5.11)
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Proof. Using Lemma 4.2, the formula (5.5) yields for 2 R su ciently small,

[N]
kR ()kV:5 ) .
Xt X ih)d
iy @k _ kM ey ke
n N+1 p+g+r=n o
Xl
+ itk Mk
" n N+1 #
X X N h IN]
N+1J J C%C%mqn n % kV:SakV “ MO K,
n =
Xl
+ itk Mk e
n N+1
Using Lemma 5.1 we thus get
N
KRMICk )
#
X1 X hd
ji"CyCy (CiK N )P—My(CiK N )
R 20 12 D QFr=n C]!
X1
+h (j jC1K N )™
n N+1

For x 2 R such that jxj < (C:K N ) 1, we set

f(x)=(1 CK N x) ! and g(x)= eMvx:
The previous inequality can then be written

KRN (k5 CyCyTn(f 29)(j )+ hTn(F)( 1)

where Ty is dened in (5.10). Now for all p 2 N and all x 2 R such that
jXxj < (CtK N ) 1, we have

dPf PI(CiK N )P

e M= T oK N x)p
and
d°(f 2) (x) = (P+1)!I(C1K N )P
dxP (1 CiK N x)rt2’
and for the function g:
dpg pohMy Xx.
M(X) =(hMy)Pe :
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By de nition of Ty, and asf and g are smooth, we have foj j (2C:K N ) 1,

i ibNc+l bN c+1 (¢ 2
. i d (f “0)
T f2 _ Su ——— (t
j ijc+1 ch+1f

and Tn(F)(j 1) sup

—_— — (1) :
(bN C+ 1)' Jt] (zclK N ) 1 deN c+l ( )
As forjtj (2C1K N ) ! we have

doN et f () = ONCHDI(CK N ) ert
dxbNc+1 - (1 C1K N t)bNc+2

2(bNc+1)(2C1K N )PNe+t.

we derive that (notice that j j 1=2 1)
()G D) 2(2C1K N j j)PNert
(4CiK N NN
(16C2K 2 N2 )Nj jN:

Similarly, for jtj (2C1iK N ) ! we have
! !

de c+l (f 29) _ bU(CH' (bN c+ l)! dkf 2 ' de c+l kg
dxbN c+1 (t) = - ki(bNc+1 k)! dxk (t) dxbNc+l k (1)
and hence
de c+l (f Zg)

dbe c+l (t)

T (Nc+1) (K+D)I(CiK N )
KIBNc+1 K)! (L CiK N k2

(hMy )N erL kM.

k=0

Asjtj (2CiK N ) ! and as we can always assume thahMy My C;
with C; 1, the right hand side of the previous equation is bounded by

blkc+1

4eMMVECNE (N ¢ + 1) (chk-:-—llk)! 2C;K N
k=0
and hence by
p bly(c+1 K
4" e(C)™ (bNc+1)!I(bNc+1) 2CiK N
k=0

using the fact that jhMytj 1=2. The last factor is equal to
(2C1K N )bN c+2 1
2C1K N 1 '
SinceC;K N 1, this ratio is bounded by

(2C1K N )bNC+2:
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This yields

de c+1 (f Zg)

et (O A C)MNCL (BN + 1)(NC+1)(2C K N )oNCr2

and hence forj j (2C:K N ) 1,

_ bN c+2
TN(E29G ) 47§ PN 202K (bNc+1) L

j iN(geCik (2N) )N
j JN(23( +4) e3C]6_5K3 N3( +1))N:

Collecting the previous estimates, we get (5.11) for a suithle constantC,. =

We are now able to prove Theorem 2.2:

Proof of Theorem 2.2. Let h 2 (0;1) be a stepsize satisfying (1.7) and
consider positive numbers n and k such that
Kk +( +1)  1=4: (5.12)

For example, n = k =1=8max(; +1)=1=32( +1)) > 0is a possible
choice of parameters. We make this speci c choice to prove Teorem 2.2. For
these parameters, we set for all 2 (0; 1),

K= % and N =1=2C))¥* (5.13)

and we de ne
Q()=QM() ()= M) and R()=RMN():
Since y = k > 0andC; only depends onV, and , there exists ¢ 2 (0;1)
depending only onV, v, and such that for all 2 (0; o), we haveK =
N Kgand N =1=2Cq)¥ N 1. For such a , we have
(CiK N ) = k*

since k+ n 1with(5.12) and 1.
Therefore, Proposition 5.2 ensures that

1( k+ n) 1=2
kQ() Idk _, K* N

and
ih 1 ( + ) 1=2.
k( ) €" k y = h K N h :
Moreover, Proposition 5.3 ensures that

kR( )k | (C2C1 3(+1)= 1 (3 k+3( +1) N)N:

=5
As the exponent of in the right hand side of this inequality satis es
1 3 k+3( +1) v 14>0
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by (5.12), after a possible decrease ofy (depending only onV, vy, and
agair®), we can assume that

8 2 (0’ 0) C2C1 3(+1)= 1 (3 «+3( +1) n e 1:
Therefore, we get eventually that for all 2 (0; o),
=5 ;

1
kR( )k e N = eecyt*
\

and this nishes the proof of the Theorem. [

6 Proof of the corollary

Before starting the proof of Corollary 2.3, we give the follaving two lemmas:

Lemma 6.1 Let > 0. AssumethatR2A . Let' 2 L%T)andlet =R'.
Then for all k 2 Z, we have

j ki ] Gk k k CKkRk KKk
where k k is the L2-norm for functions and where k k is the norm (2.2) for
operators. Recall that the value of the constanC is given in Lemma 4.2

Proof. By de nition, we have for allxk 2 Z,

k= R’
27
Hence, we have with the Cauchy-Schwarz inequality
2 X X 2
k k Ricli
k2Z ‘;(z X
PN Lo 2
k Rk e 2k Ij je 2k ]
k222‘22 3
X X oo X .
k RK> 4 e Ik pi e & j .2 5:
k2z p22 27
Using (4.7), we see that
> , X X _
k k k Rk“C ji'ej2 e kI
27 k2z
k Rk® C2K K

and this yields the result using the fact that for all k 2 Z,
b kT g ko ke

4We recall that C, only depends onV, and by Proposition 5.3
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Lemma 6.2 Let > 0Oands 0 be real numbers. There exists a positive
constant C depending only on and s such that for all A2 A and all' such
that k' kS,1 < 1, we have

KA' ks;l CkAk K ks;l
Proof. By de nition of k ks,l (see (2.11)), we have

8k2N; jjk k' kS,1 a+k) s
We deduce that for all k 2 ZX

JA )] kAk e ¢ j
°z X
k Ak k'k_, e @+ =
T2z
so that
X oo 1+iki S
“1,:\S: ' . ) Jk J J J
@+ jkpZIA" ki k Ak k ks;1 ‘ e 141
2z
X ) . . N . S
KAK Kk e ki LHIK T*]
st 1+7]
N
k Ak K k_, e K i@+jk s
"oz
and it is clear that the last sum is nite and independent on k. [ |

We now begin the proof of the Corollary 2.3. We rst show (i), then (iii) and

nally (ii).
Proof of (i). It is clear that we have for all n 1,

k' "k = k' %:
With the notations of Theorem 2.2, let " = Q( )' ". As Q( ) is unitary we

hence also have
k "k =k % = k' %

Moreover, by (2.6), we have for alln 0O,

"= )+R() "

Now the fact that ( ) is an almost X-shaped unitary operator implies that for
0 k K= , we have

JC ) k=0 ik
We thus have forall0 k K,
Pl Mk =0 ™l () i
™) Mk
J RC) Mk
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Recall that jR( ) ”jﬁ = j(R() M2+ j(R() ™ «j2 Using lemma 6.1 with
= =5, we thus have

j "k

n

ik péc yskR( Ok ok "k
p§Cvz5exp( c )k %:
Hence forn exp(c  =2) we have by triangle inequality,
P Mk % 20 sexp( ¢ =K Ok: 6.1)

Forall0 Kk , this inequality shows the extremely good conservation of
the oscillatory energyj "jk.
Now using the estimate (2.5) and Lemma 6.1, we get for allrf; k) 2 N2,

T e = iad QU )" Mk

K "k

122 Ok
Therefore, for all n and k,

T PR T P B PR T P I PR B PR R
[ P R
2 2K O
We thus deduce that for alln  exp(c =2) and all k ,
i ik d Ok ik Ok v2 PR %
2 2K O + péc y=sexp( ¢ =2)k °k;
so that (2.12) is proved. [ |
Proof of (iii). Recall that is chosen in (Q o) and that K = with the
notations of Theorem 2.2. For a function' , we set
(k"X = . (e (6.2)
jkj>K

The structure of () implies that[ «; ( )] =0. Hence, we have
kk( )Vy)k=kk'k:

exp( ¢ ), sousing lemma

Moreover, Theorem 2.2 ensures thakR( )k y5

6.1 we have
kkR() k kR()k C_ ,sexp( c )kKk:
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Therefore, for all n 2 N, we have

kK n+1k k K "k = kK n+1k k K( )nk
k K n+1 ( )n k
k «R() "k

C,=exp( ¢ )k "k
C,=exp( ¢ )k %k:
Hence, we have by triangle inequality forn  exp(c  =2),
kk "k k x % C,=exp( ¢ =2k %k: (6.3)

Let 2 (0; v=5) and assume that' ° 2 U . Notice that we have
X
k%% =" j 92 k' %°C,: (6.4)
k2Z
Since 2= Q( )' °, Lemma 4.2 ensures that

k %k  C,= kQ( )k gk O -

Moreover, sincekQ( )k Y5 a+ (1):2) by Theorem 2.2, we derive that there
exists a constantC > 0 depending only onV, v, , ,and such that

8k22z; |9 CkO%e Ik

Therefore,

2 c2k °k2X e 2«

jkj>K

k « %

2 b3 .
Cxk%“e? 2 e?2ik
Hence, after a possible increase of, we get

k k °% Ck % exp( ):

Then, using (6.3) and (6.4), we get, after another possiblericrease ofC, for all
n explc =2),

kk "k Cexp( &® )k % (6.5)
where c®= min( ¢c=2; ) > 0 only depends onV, , ,and .
Moreover, the inequality (6.1) shows thatfor0 k andalln exp(c =2),

we have for all > 0,

e -0 P
KMl %% 2C,msexp(K ¢ =2)k %k;
so that if we set o= c®2> 0, we have for 2 (0; o),

ik Clexp( ® =2)k' %k (6.6)

e 0

k n; 0

sup e Jk

0 k

j
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with C0= péC =5 Since  c=2 o= cx2.

Recall that forall n2 N, " = Q( ) ". Using the decomposition
T=(d k) "+ k"
we thus have
T=Q()(d k) "+Q() k"

and therefore
T T=(Q()  ld)(id k) "+(Q() ) « ™ (6.7)
Using Lemma 6.1 and estimate (2.5), we get for 0 k ,

i ik

n:

Jk " "

Ik
JQC) ldd k) "ik+i(QC) 1d) k "jk
i (Q() ldId k) "k+C = Pk k "k:

On one hand, we have with (6.5) that for all 2 (0; ), all n exp(c =2)
and all k ,

k xk "ket® Cexp( &® =2)k' % (6.8)

since & %2
On the other hand, with Lemma 4.2 and Theorem 2.2, we have

KQ() Iddd «) "k C,o kad k) "k

and the inequalities (6.6) and (6.4) ensure that for alln  exp(c  =2),

kid k) "k pék Ok + C%xp( & =2)k' %k
Ck' %k
after a possible increase o€ (still dependingonlyonV, v, , and ).
As a conclusion, after another possible increase &, we getforalln  exp(c  =2),
all k andall 2 (0; o),
A O (6.9)
Eventually, we getforalln  exp(c =2), all k and all 2 (0; o)
e " "k " %l
e I M b Mk ve* i Mk Ok ve g % gt O
C Pk %
after a last increase ofC, using (6.9), (6.6) and the fact that
k® "% k % "% C,4 k%
by Lemma 4.2. This proves (2.14) and hence (iii). [ |

Proof of (ii). With the notations of Theorem 2.2 and Corollary 2.3, we assune
that h 2 (0;1) satisfying (1.7), 2 (0; o) and s > 1=2 are given real numbers.
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Theorem 2.2 and Lemma 6.2 ensure that there exists a positiveonstant cg
depending only onV, v, , ands such that

8k2N; %k ok %k, (1+K) =

Note that, since s > 1=2, we have

X 1=2 X 1=2
k%= % 1+p) * K%y, <+1
k2N p2N ’
and similarly «
2 .0
ki k% = %
k>K , X
c2k' Oks;1 1+ k) >
"
ek %k, o (1+1t) Sdt
ST K 1
2s 1)
0,2 K
ok ks;l 2s 1
2s 1)
1 0,2
ok ks;l 2s 1
which reads

Kk K Ok Cskl Oks-l (s 1=2)

after a possible increase of the constants.
Another possible increase of the constants allows us to write, using (6.3), that
forn exp(c =2),

k k "k C,=exp( ¢ =2k °%k+k g %

— v 0 v 0 1=2).
csexp( ¢ =2k %k, + ook Ok, (s 172).
and nally
kk "k ¢ © P Oks;1 : (6.10)
Note that cs only depends onV, , ands.

Moreover, by (6.1),we have, for 2 (0; o), n exp(c =2)and0 k K =

L+K%) "k i % Cexp( ¢ =)+ )k °%k;

where C depends only onV. After a possible increase oftcs, we can assume that
forall 2 (0; gJandalln exp(c =2),

sup (X+K)°Sj "k i O csexp( ¢ =)k %k: (6.11)
0 k
This implies that for all n  exp(c =2) and all k such that 0 k , we
have after a possible increase ofs,
@+ K% M ok kg, (6.12)
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On one hand, we have with (6.10) and after another increase ahe constant cg,
foralln exp(c )andallk ,

Kk "k@+ k¥ o & e
and, since ¢ 1, for suchk and n, we get
Kk "k(@1+ K ok %, : (6.13)
On the other hand, with Theorem 2.2 and Lemma 6.2, we get for dln 2 N,
kQ() 1d)(d k) "ko, C FPk(d k) kg,

where C depends only onV and s® With the inequality (6.12), this yields, after
a possible increase of the constants,

KQ() 1d)(d k) "kyo, G K %k, (6.14)
Hence, since for allk andalln exp(c =2),
I ki ik it ik

J(QC) lo)d k) "k+IQ() d) k ik
we derive, with (6.13) and (6.14), Lemma 6.1 and Theorem 2.2that for such n
and k,

@+ M § Mk
¢ K %, +C skQ() Mk ko "K(L+ k)s’
e Pk k "k;

after a possible increase of the constants.
In addition to this last inequality and (6.11), the fact that for all k 2 N,

@+ R% % %k o Pk Ok

which is a consequence of Theorem 2.2 and Lemma 6.2, ensureg thiangle
inequality, that for all n exp(c =2) and k ,
@+ K i i %

@+RT I "k b e @ RS ] Ok v @+ R %k

Cs lZZk- Oks-l :
after a possible increase of the constants, still depending only onV, v, ,
and s. This proves (2.13) and hence (ii). [ |

7 Appendix

Proof of Lemma 4.3. W? consider the di erential equation
qt) = f(&a)
a0 = 1
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with
$C Y

1 C2 (Mvt 1)+(Y2 1)

(recall that s = My h). This equation has a unique analytical solution: there

exists a numberR > 0 such that fort 2 ( R;R), q(t) expands in power series

of t (see for instance [8]). We can assume thaR is maximal in this sense. Let
2 1 1 =2

In 1+ — and D= 1+ -— 1

hMy 4C 2 4C?

For0O t T wehave C2?eMvt 1) Zlandifl Y 1+D, then

C2(Y2 1) 3. Therefore,

0Ot T o)
O Y 1 D

This implies that g is an increasing function oft as long ast 2 (0;T) and
g(t) D +1. Notice that, for t 0, we have O< q(t) 1.

Moreover, the fact that K Ko 1 (see Lemma 4.3) implies thatl 4 and
hence we have

f(Y)=

T=

0<f(Y) 2%C (D +1): (7.1)

2 n 1+ 1 1 )
hMy 4C?2 4hMy C 2°
If forall t 2 (O;R), 1< q(t) < 1+ D, we must have in view of (7.1),T <R. To
the contrary, there exists ty in (0; R) such that q(ty) = 1+ D. We can therefore
choosety 2 (0;R) in such a way that for all t 2 (0;t5), 1< q(t) < 1+ D.
Assume thatt, T, then

T=

(7.2)

Z,
y(tp) y(0)=D . f(uiy(u)du  25C (D +1)tp

using (7.1) Hence we have

¢ ___ b
D ~ 25%C (D +1)
A+ &) 1

1
1+ 2)z 2hMyC

1 1
16C2 1+_é2 hM C

N

1 1

4hMy C 25C °

Hence, we have
1

R>to  Soamy C 3

(7.3)

34



To the contrary, if t; T then we have using (7.2)
_r .
4hMy C 2

AsC 1 1, this implies that (7.3) holds in any case. This determinesthe value
of r <R inthe Lemma. Now ast 7! q(t) is an increasing positive function, so is

t7! gqt) = f(t; a(v)).
With the previous notations, in any case, we have with (7.1) tat for all t 2

(nrr)

R>T

hM vC (D +1 p_
a(t) v 1( . ) 5hM yC :
1 7 3

We have already seen that for allt 2 (O;r), 1 q(t) D+1 73 And it
follows from the estimation on q° that

0 _
q( r)=1 q{s)ds 1 rp5hM vC > 08:
r

This proves the estimates onq(t). The estimates for x(t) and s(t) are then
obtained straightforwardly. [ |
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