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Molecular Dynamics to compute phase space averages

o N

M o2
System energy: H(g,p) =) * -+ V(q1,---,qm)
i=1 v

2m

Thermodynamical properties (radial distribution, elastic constants, .. .):

./ 3M A(d,p)d(H(q,p) — Ho) dg dp
(A)yyp = 2K

/ 0(H(q,p) — Ho) dgdp
OxR3M

MD computations:

Awve = Jim 2 [ A@@.p)d~ 3 A(@,.p,)
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Outline of the talk

Rate of convergence of the time average to the spatial average?

Is it possible to improve the convergence rate?

— a new averaging scheme

What is the effect of the ?

Numerical experiments

-

—-p.3/32



Toy model: a particle in a harmonic potential
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Toy model: a particle in a harmonic potential

o N

1 1
H(q,p) = 5102 + §w2q2

Trajectory of the Newton’s equations:
q(t) = Cp cos(wt + @), p(t) = —Chw sin(wt + ¢)

Time average:

T
/ A(Cy cos(wt + ¢), —Cow sin(wt + ¢)) dt
0
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Toy model: a particle in a harmonic potential

o N

1 1
H(q,p) = 5102 + §w2q2

Trajectory of the Newton’s equations:
q(t) = Cp cos(wt + @), p(t) = —Chw sin(wt + ¢)
Time average:

l/o Alg(t), p(t)) dt = _/0 A(Co cos(wt + ¢), —Cow sin(wt + ¢)) dt

Fourier expansion of 8 — A(Cy cosf, —Cyw sin ):

A(Cy cosf, —Chw sinf) = Z aj exp(ik6)

- -
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Ergodic theorem

-

W@ =7 [ AaO.pw)d = 5 [ awexplik) explikr) de

keZ
‘ 1 eikwT 1
= agp+ Z a exp(zkgb)f T
k0
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Ergodic theorem

-

W@ =7 [ AaO.pw)d = 5 [ awexplik) explikr) de

kEZ
‘ 1 eikwT 1
= ag+ Z aj exp(zkgb)f T
k0
1 :
ao = - A(Cy cos,—Chw sinf)dd = (A)nvE
s

So

% /OT A(q(t),p(t)) dt = (A)nvE + O <%>
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Convergence rate improvement

|* A(q(t),p(t)) T

Averaging over initial conditions:

| t+T/2 |
t T

(4T = (;)2 /O e /O Y Aty 4 1) plts 4 1)) ds s
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Convergence rate improvement

Alq(t),p(t)) | T

‘ th -|—T/2 ‘
t1 T

Averaging over initial conditions:

(4T = (;)2 /O e /O Y Aty 4 1) plts 4 1)) ds s

Plug previous Fourier expansion:

2 ,T/2 pT/2
— (%) /O A Z ag exp(ikgb) exp(ikw(tl + tg)) dtl dtg

keZ

T/2
= ag+ Z aj exp(iko) (; / exp(ikwt) dt)
0

k0

2

1

= (Anve+0 (ﬁ) J
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Signal filtering (a first example)

o wem= () [ e st ey e
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-

Signal filtering (a first example)

(AY(T) = (%)2 /OT/2 /OT/2 A(q(ty +t2),p(t1 + t2)) dtq dts T

. : : 1
With window function xr(t) = Tl[O’T] (2):

(4)®)(T) = / A(q(t), p(6)) 12 % X2 (1) d

Averaging over initial conditions amounts to filtering of signal ¢t — A(t)

02 A
L] // N
N
4 N

0.1
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First result (M particles in 3D)

LNE fT/R TR
(AY®)(T) = (T) / / AQts+ . A1), P+ +0)) diy.. i
t1=0 tr=0

Under strong assumptions on the Hamiltonian H (complete integrability +
non resonance condition):

AOT) = (Awve+0 (77 )

Completely integrable system: there exists a symplectic map » such that

(a(t),p(t)) = ¥(ao, o + wi)

and v (ay, -) is periodic.

-
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Issues related to discretization

-

LNE [T/ T/
(AY®)(T) = (T) / / AQts+ . A1), P+ +0)) diy.. i
t1=0 tr=0

Discretization: with T'/k = Nt,

N—-1 N-—-1
k
<A>$w)m(5th) — Nk Z Z A qnl—l— +nk7pn1—|— —I—nk>
ni1= 0 ne=— 0

= Z C(k,N—-1,n)A(q,,p,) — lissues...
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Signal filtering: a better choice

-

Generalization of the filtering function:

WO = [ a.p0) i ()

with  fu(z) o zF 71 (1 —z)k1 (bell-shaped)

o |
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Signal filtering: a better choice

s

eneralization of the filtering function:

WO = [ a.p0) i ()

with  fu(z) o zF 71 (1 —z)k1 (bell-shaped)

Discretization: with T' = N ét,

N-1

A(q,,p,) fr (%)

N—-1 ]
5 (3)
— FA\N

J

(AE (6, T) = 1=

num

L fx is a polynomial function — recursive computation of (A}%’Z)m(ét, T) J
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Main result

o N

Assume we use a symplectic integration scheme (of order rg):

’<A>7(1]22m(5t7T) — (A nvEe| <C(k,rp) (% 4+ 5;5"“0>

® symplectic scheme: the numerical trajectory with H ~ the exact trajectory of a
hamiltonian dynamics Hs;;

Hgs; has that are very close to the invariants of H;

L I

the manifold sampled by the numerical trajectory is close to the manifold sampled by
the exact trajectory.

— For any arbitrary k, possible to design a filter such that polynomial
decay of the error (1/7%).

— This decay Is made possible because the values A (qj, pj) are
correlated in time.

o |
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Numerical experiments

-

® Kepler problem

General case: non-integrable Hamiltonian functions:
® Lennard-Jones crystal
® alkane chains

® a double well problem in 2D

o |
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Kepler problem

-

Hamiltonian function:

gL
2 |q
Observable:
A= |q]
Spatial average is known:
3+2FE,L2
(lahwve = —; VoN >

o |
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Kepler problem (period: 9.5)

(k)
g o (jal) 5 — (lal)

numnm

0.1
0.01
0.001
0.0001
1e-05
1e-06
1le-07
1e-08

5 10 15 20 25 30 35 40
T T
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Lennard-Jones crystal

-

Hamiltonian function:

Z P +ZZVLJ 5 — ail)

T J>1

® Periodic boundary conditions,

® 288 particles in [-3.17; 3.17]°, solid phase

1 1
® cutoffat z =3.08, Vps(2) =4 (ﬁ — z_6> — 12 — Cp.

Observable: pressure of the system

| M
A(g,p) = _WZ p?"‘Z%g"Fij

1=1 J>1

o |

—p.15/32



Lennard-Jones crystal
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Alkane chains

|7United Atom (UA) model for alkane chain:
® bond length constraint: dc_- = 1.534

® bond angle potential V3(#) and dihedral angle potential V(cos ¢)
according to Ryckaert-Bellemans model

V(q) = Z Vo(qit1 — @) + Z V3(0;) + Z Vi(cos ¢;)

Observable: end-to-end distance

2
¢ _ oy —aw
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Chains at very low energy

1<A>
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T T
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2D double well problem

Potential energy:
® Two wellsin (+1,0) with V(£1,0) = 0,
® One saddle pointin (0,1) with V(0,1) = 1.

OFrNWD
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Double well problem, small energy case (£, = 0.5)

(g2 = (62 estim

200 400 600 800 100(
T T

o |
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Do time averages converge to spatial average?

|
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Do time averages converge to spatial average?

-

Parametrization of the constant energy level-set (Ey < 1, particle in the
left well):

Qe = — \/1 + \/ET)COS 6, qy = \/7 (sin(@) cos(p) — cos(6)),
Pz = +/2Ey sin(0)sin(¢)cos(v)), p, = +/2Ep sin(0)sin(¢)sin(),

with (0, ¢,v) € [0, 7] x [0, 7] x [0, 27].

o |
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Do time averages converge to spatial average?

-

Parametrization of the constant energy level-set (Ey < 1, particle in the
left well):

Qe = — \/1 + \/ET)COS 6, qy = \/7 (sin(@) cos(p) — cos(6)),
Pz = +/2Ey sin(0)sin(¢)cos(v)), p, = +/2Ep sin(0)sin(¢)sin(),

with (0, ¢,v) € [0, 7] x [0, 7] x [0, 27].

Spatial average:

/ A(E0797¢7¢) wE0(97¢) d9d¢dw
<A>E _ [0,7] X [0,7] X [0,27]

/ Wiy (6, 6) df d dop
[0,7] X [0,7] X [0,27]

o |
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Time averages do not converge to spatial average?!

-

Test case for different initial conditions at £y = 0.5:

A (AYyNVE (A)rme(ay, py) | (A)Fme (A)gme
Gz -0.94459 -0.93118 -0.95585 | -0.92386
q> 0.92843 0.90077 0.95170 | 0.88565
q 0.98964 0.92855 1.04074 | 0.89565
ay 0.071562 0.099221 0.048292 | 0.114346
q; 0.25517 0.14298 0.34725 | 0.085192
p? 0.24482 0.33949 0.16794 | 0.38717
p? 0.24482 0.14615 0.32574 | 0.095278
V(g qy) 0.25517 0.25717 0.25315 | 0.25878

o |
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Mean value over initial conditions (4 = ¢;)

1.1

Ensemble average (normalized)

1.08 . .
Time average (normalized) ——

1.06 .

1.04

1.02
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Double well problem, large energy case (EFy = 5.125)

k
| <qg>7(zu)m o < i>estim —‘

50 100 150 200 J
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Case of an energy of 1.25 (just larger than the barrier)

o N

o |
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Case of an energy of 1.25 (just larger than the barrier)

f (@) i T

L 0 2e+06 4e+06 6e+06 8e+06 1e+07 J
T
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Determination of a well residence time

Trajectory q. () T

0 20 40 60 80 100
simulation time ¢

In 50% of the events, well separation line crossing after a residence time
of 7.55.
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A stochastic model

N
1 |
- J
Convergence rate of ~ § 1 gl 100
J:

| (20 @i | /N ——

0.01 .. \/755/N

0.001

le+07 1e+08 1e+09
N (0t =0.01)

—p.27/32



What do we learn from this simple example?

-

First case:

® the MD trajectory explores a unique well,

® or all explored wells are considered as a single well (high energy
case).

then
® time averages converge to ensemble averages with rate 1/7T,

® itis possible to speed-up the convergence by filtering the signal:
1 1
o(z)~o(m)
Second case:

Residence time > transition time: convergence with rate 1/+/T.

\_ — Can it be generalized to alkane chains? J
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Chain of M = 40 atoms (kinetic temperature = 135 K)

0.1

0.01
1e+06 1le+07
. -
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Chain of M = 40 atoms (Kinetic temperature = 4.16 K)
(A)
|7 26.08 T
26.07
26.06
26.05
26.04

26.03

k=
k=
k=
k=

\_ 1e+08 2e+08 3e+08 4e+08 5e+08 J
T
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Conclusion on alkane chain example

o N

® At low and high energy,
# time averages converge
# and it is possible to speed-up the convergence by filtering the

signal:
1 1
o(z) ()

® At medium energy, convergence of time averages is not very clear
... (and rate is probably not better than Monte Carlo rate)

Unfortunately, the interesting temperature € medium energy case!

Cances et al, J. Chem. Phys. 121 (21), 10346, 2004

o |
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Conclusions

-

The filtering method:
® s easy to implement,

® in the case when time averages converge, it speeds-up the
convergence from 1/7 to 1/T* (for any k).

Future work:
® time correlation functions,

® NVT sampling: compare the efficiency of different methods.

o |
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