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1 Free energy and metastability

e aim of molecular dynamics computations is to
valuate numerically macroscopic quantities from
odels at the microscopic scale.

ome examples of macroscopic quantities:

* thermodynamics quantities: stress, heat capacity,
free energy;

* dynamical quantities: diffusion coefficients,
viscosity, transition rates.

Many applications in various fields: biology, physics,
chemistry, materials science. Molecular dynamics
computations consume today a lot of CPU time.
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1 Free energy and metastability

molecular dynamics model amounts essentially in
hoosing a potential V" which associates to a

onfiguration (z1, ..., zx) = = € R*V an energy

(wl, cees CBN).

n the NVT ensemble, configurations are distributed
according to the Boltzmann-Gibbs probability
measure:

du(x) = Z~ exp(—fV (z)) de

where Z = [ exp(—5V (x)) dx is the partition function

and 3 = (kgT)~! is proportional to the inverse of the
temperature.

Aim: compute averages with respect to .
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1 Free energy and metastability

pically, V' is a sum of potentials modelling interaction
etween two particles, three particles and four
articles:

— ZV1(£Ui,£IJj) + Z Vz(wi,mj,mk) -+ Z ‘/é(x%wjaxk;wl)-
1<J 1<g<k 1<g<k<l
For example, Vl(wi, Jlj) = VLJ(|$Z' — $J|) where
Vig(r) = 4e ((%)12 — (%)6) is the Lennard-Jones
potential.

Difficulties: (i) high-dimensional problem (N > 1) ;
(1) 1S a multimodal measure.
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1 Free energy and metastability

sample ;, Markov Chain Monte Carlo methods are
sed.

typical example is the over-damped Langevin (or
radient) dynamics:

(GD) dXt = —VV(Xt) dt + AV 26_1th.

Under suitable assumption, we have the ergodic
property: for u-a.e. Xy,

i 1 [ ok = [ o@inta)

T—oo I
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1 Free energy and metastability

n practice, (GD) Is discretized in time, and Cesaro
eans are computed: limy, oo 5= Sy #(Xn).

emark: Practitioners do not use over-damped
Langevin dynamics but rather Langevin dynamics:

dX; = M~'P;dt,
dP; = —VV (X)) dt — yM 1Py dt + /2y~ 1dW7,

where M Is the mass tensor and ~ Is the friction

coefficient. In the following, we mostly consider
over-damped Langevin dynamics.
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1 Free energy and metastability

oblem: In practice, X, Is a metastable process, so
at the convergence of the ergodic limit is very slow.

bi-dimensional example: X} is a slow variable of the

ystem.
T2

V(xy, x2) X!

L1

G\@y/@ \[\
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1 Free energy and metastability

more realistic example (Dellago, Geissler): Influence of
e solvation on a dimer conformation.

= - & - %%
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Left: compact state ¢ =4,). Right: stretched state (= a,).

A slow variable Is £(X;) where £(x) = |x1 — xo| IS @
so-called reaction coordinate.

. T Lelievre. Rencontres EDP/Proba. Octobre 2009 —p. 9



1 Free energy and metastability

“real” example: ions canal in a cell membrane.
. Chipot).
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etastability: How to quantify this bad behaviour ?

1. Escape time from a potential well.

2. Asymptotice variance of the estimator.

3. “Decorrelation time”.

4. Rate of convergence of the law of X to ..

In the following we use the fourth criterium.
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1 Free energy and metastability

e PDE point of view: convergence of the pdf ¢ (¢, )
X, 10 Yoo (x) = Z71e BV (®) ¢ satisfies the
okker-Planck equation

O = div (VV + 71V,

which can be rewritten as o, = 5~ 1div (zpoov (w%))
Let us introduce the entropy

B() = HO( o) = [ (w%) .

We have (Csiszar-Kullback inequality):

19(t, ) = Yoollr < V2E(R).



1 Free energy and metastability

2
—) b = — B () thoo).

If V' Is such that the following Logarithmic Sobolev
iInequality (LSI(R)) holds: Vi pdf,

1
H (W) < 551 (0l10)

then E(t) < Cexp(—23~!'Rt) and thus v converges to
Vs €Xponentially fast with rate 371 R.

Metastability «<— small R



etastability: How to attack this problem ?

We suppose in the following that the slow variable is of
Imension 1 and known: &£(X), where £ : R — T.

unctionals to be averaged are typically functions of
his slow variable.
Let us introduce the free energy A which is such that

the image of the measure u by ¢ is Z7 ! exp(—BA(z)) dz.
From the co-area formula, one gets:

A(z) = —F"1In (/ eﬁV|V§\1dagz>,
2z

where ¥, = {x, {(x) = z} IS a (Smooth) submanifold of
R™, and oy, IS the Lebesgue measure on X..
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1 Free energy and metastability

rea formula: Let X be a random variable with law
z iNR". Then ¢(X) has law [, ¢ |VE| ™ dox, dz,

the law of X conditioned to a fixed value z of £(X)
) | V€| doy,

fzz Y| VE[T doy,

Indeed, for any bounded functions f and g,

. —

E(f(£(X))g(X)) = - F&(x))g(x)y(x) dz

=ép/zzf069¢lvf\_1dﬁzzdz

fz g¢|V§\_
fz ¢|Vf| 1d oy,

f( ) / O |VEl oy, dz.



1 Free energy and metastability

emarks:

The measure |V¢|~tdoy,, is sometimes denoted
¢(x)—- 1N the literature.

A Is the free energy associated with the reaction
oordinate or collective variable ¢ (angle, length, ...).
A I1s defined up to an additive constant, so that it Is
enough to compute free energy differences, or the
derivative of A (the mean force).

- A(z) = =71 In Zs,. and Zy_ is the partition function
associated with the conditional probability measures:

dps,, = Zs'e PV V¢ doy,.
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1 Free energy and metastability

ample of a free energy profile (solvation of a dimer)

ofiles computed using TI)
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The density of the solvent molecules is lower on the left than on the right. At high (resp.
low) density, the compact state is more (resp. less) likely. The “free energy barrier” is
higher at high density than at low density. Question: interpretation of the free energy

barriers in terms of dynamics ?
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1 Free energy and metastability

me direct numerical simulations...
emark: Free energy is not energy !
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Left: The potential is O in the region enclosed by the
curve, and +oo outside.

Right: Associated free energy profile when the »
coordinate is the reaction coordinate (6 = 1).
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~ree energy and metastability

Examples of methods to compute free energy
differences A(zy) — A(z1):

* Thermodynamic integration (Kirkwood) (homogeneous

Markov process),

* Perturbation methods (zwanzig) and histogram
methods,

* QOut of equilibrium dynamics (Jarzynski) (non-homogeneous

Markov process),

* Adaptive methods (ABF, metadynamics) (non-homogeneous

and non-linear Markov process).

Numerically, this amounts to: (1) sampling efficiently a
multi-modal measure in high dimension, (ii) computing
the marginal law of such a measure along a given

= low-dimensional function.
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1 Free energy and metastability

2

(a) Thermodynamic integration. (b) Histogram method.

(C) Out of equilibrium dynamics. (d) Adaptive dynamics.
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2 Constrained dynamics

Thermodynamic integration (Kirkwood)

* Perturbation methods (zwanzig) and histogram
methods,

* Out of equilibrium dynamics (Jarzynski),
* Adaptive methods (ABF, metadynamics).
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2.1 Thermodynamic integration

Thermodynamic integration

>> (<
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2.1 Thermodynamic integration

Thermodynamic integration is based on two remarks:

he derivative A’(z) can be obtained by sampling
onditioned probability measure us._ (Sprik, Ciccotti,
|, Vanden-Eijnden, E, den Otter, ...)

/ | VVVS_ 1 - vf <D — —10
&=z ( - (‘W))e b(—BV)|VE|\dos

= 75! [ roep (V9 457 B) el ios.

— | raus..

where V =V + 3 ' In|V¢|, f = V,égﬁg — 87 div (lvvng)

and H = -V - (Igél) |§§| is the mean curvature vector.
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2.1 Thermodynamic integration

oof: (based on the co-area formula)

(/ exp(—FV)dos., ) o(2) //exp Vdos, ¢ dz
— [ [exp(-p7)6f o o, a:

_ / exp(—G7)¢' 0 £|VE|da

i v
= — [ exp(=B1T(00 ) TIVelde

_ V¢
- [ (omm g

VV-V{ 1 V& ~
= —0 VEV- ( ) exp(—0V )dos_ o(2) dz.
/ / ( RN 7 SOV 0)




2.1 Thermodynamic integration

) It Is possible to sample the conditioned probability
easure yy, = Zs, " exp(—pBV)doy, by considering the
ollowing constrained dynamics:

dX; = —VV (X)) dt + /2871 dW; + VE(X ) dA,,
(RCD)

d\; such that f(Xt) = Z.
Thus, A'(2) = limp oo & [ f(X4) dt.

The free energy profile is then obtained by
thermodynamic integration:

s K
A(z) — A(0) = /0 Al(2)dz ~ sz‘A/(Z’i)-
1=0
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2.1 Thermodynamic integration

otice that there is actually no need to compute f in
actice since the mean force may be obtained by
veraging the Lagrange multipliers.

ndeed we have dAt dAm + dAL, with
/9 Véf
dAf = ks (vv s 1H) (X;)dt = f(X;)dt SO that

T T
A'(z) = lim L aa = im = [ aal
B T /), U T/,

T—o00 T—o00

Of course, this comes at a price: essentially, we are using the fact that

i tim LS [e (g4 VATGT) - 26(a) + € (4 - VETG™)] = Aco)

. and this estimator has a non zero variance.
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Thermodynamic integration

ore explicitly, the rigidly constrained dynamics writes:

iX, = P(X;) (—VV(Xt) dt + \/25—1th) +BYH(X) dt,

here P(x) Is the orthogonal projection operator:
P(x)=1d — n(x) ® n(x),

_VE

= ve

(RCD) can also be written using the Stratonovitch
product: dX; = —P(X;)VV(X;)dt++/28"1P(X;) o dWy.

It IS easy to check that {(X;) = {(X ) = = for X
solution to (RCD).

with n the unit normal vector: n(x)

. T Lelievre. Rencontres EDP/Proba. Octobre 2009 — p. 27



2.1 Thermodynamic integration

Ciccotti, TL, E. Vanden-Einjden, 2008] ASSume z = 0. Uy, IS the
Unigue invariant measure with support in X, for (RCD).

n particular, if X; is the solution to (RCD) such that
he law of X Is us,, then, for all smooth function ¢ and
or all time ¢ > 0,

E($(X 1)) / o(@)dpix, ().

Proof: Introduce the infinitesimal generator and apply the divergence
theorem on submanifolds : V¢ € C1(R3V, R3V),

/div s, (p) dos, = —/H-cbdazo,

where div g, (¢) = tr(PV o).
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2.1 Thermodynamic integration

Iscretization: These two schemes are consistent with
CD):

Xpi1 =X, — VV(X )AL+ /28 1AW, + A\ VE(X 41),
with \,, € R such that £(X,, 1) =0,

32) Xn+1 =Xy, — VV(XH)At T v Qﬁ_lAWn T Anv£(Xn)a
with \,, € R such that £(X,,1) =0,

where AW,, = W,11)ar — Whae. The constraint is
exactly satisfied (important for longtime computations).

The discretization of A’(0) = limy o & [; dA; is:

| T/

I§ I§ — A\ —A’
Jim lim o Z "
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2.1 Thermodynamic integration

practice, the following variance reduction scheme
ay be used:

ntl = Xn — VV (X)) At+/28" 1AW, + \VE(X p11),
Ith A € R such that £(X,,.1) =0,

X, =X, - VV(X,)At—/26-1AW, + \.VE(X ),
with A\, € R such that {(X,) =0,

|

and A\, = (A + \.)/2.

The martingale part dA}" (i.e. the most fluctuating part)
of the Lagrange multiplier is removed.
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2.1 Thermodynamic integration

over-simplified illustration: in dimension 2,

—1 2 2
() = E-|z|? and (z) = & + % — 1
2 a? b
0.35 T .
mes_int
mes_non_int -------
dyn_int_proj 1+
‘ dyn_int_proj_2 X
03 r ;2@%% dyn_non_int_proj_1  x
g@m : dyn_non_int_proj_ 2 O
$I ﬁﬁ
0.25 |- 4 ¥ o 3
i
0.2
0.15
01+ 9%@
005 F &
0 1 1 1 1 1 1 1 1
3 2 1 0 1 2 3 4

Measures samples theoretically and numerically @sa
function of the angle 0), with 3 =1,a = 2, b =1, At = 0.01, and 50 000 000 timesteps.
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2.1 Thermodynamic integration

omputation of the mean force: 3 =1,a=2,b=1. The
xact value 1s: 0.9868348150. The numerical result
with At = 0.001, M = 50000) is: [0.940613 ; 1.03204].

he variance reduction method reduces the variance
by a factor 100. The result (with A¢ = 0.001, M = 50000)
IS: [0.984019; 0.993421].
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2.1 Thermodynamic integration

p. mean force as a function of At and M = T/ At:

0.98
0.96
094
092

09
0.88 -
0.86 -

+07
le-

A balance needs to be find between the discretization
error (At — 0) and the convergence in the ergodic limit
(T — 00).
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2.1 Thermodynamic integration

E. Faou, TL, 2009] USINg classical techniques (Talay-Tubaro
Ike proof), one can check that the ergodic measure

& sampled by the Markov chain (X ) is an

pproximation of order one of s, : for all smooth
functions ¢ : ¥y — R,

/ gdus! — / gdys,
Eo EO

< CAt.
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2.1 Thermodynamic integration

emarks:

There are many ways to constrain the dynamics
GD). We chose one which is simple to discretize. We
may also have used, for example (for z = 0)

1
dX] = -VV(X])dt — %vg?)(xj]) dt + /28~ 1dW,
where the constraint is penalized. One can show that
lim,—o X/ = X (n L, .(L2)-norm) Where X, satisfies

te[0,T]

(RCD). Notice that we used V and not V' in the
penalized dynamics.
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e statistics associated with the ©
onstraints are rigidly imposed anc

2.1 Thermodynamic integration

ynamics where the
the dynamics

here the constraints are softly im

(van Kampen, Hinch,...).

posed through

enalization are different: “a stiff spring # a rigid rod”
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2.1 Thermodynamic integration
| yields a way to compute [ ¢(x)du(x):
[o@dn(a) =271 [ ola)e o

= Zl// ¢€_ﬂV‘V€|_1d(Izz dz, (co-area formula)
zJX,

fzz ¢€—ﬂV|v€|—1d022
2 fzz e~ PV |VE|~tdos,

1
= (/ e PAG) dz) /(/ gbd,ugz) e P4 gz,
z z 2z

th o, = {x, £(z) = 2}, A(z) = -5 'In (fzze_ﬁv|V§\_1dagz) and
ps, = e V|VE T dos, [ [ye P VIVE T dos,.

— g1

/ e PVIVeE| oy, dz,
2.z
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2.1 Thermodynamic integration

C. Le Bris, TL, E. Vanden-Einjden] FOI @ general SDE (with a non
sotropic diffusion), the following diagram does not
ommute:

A
F%;o/[ Projected continuous process } t

[ Continuous process

[Discreti zed projected continuous process}

?

—

At [ Discretized process } { Projected discretized process }

Riisc
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2.1 Thermodynamic integration

ow to correct the error due to the time discretization?
natural answer Is to use a Metropolis-Hastings
lgorithm by adding an acceptance rejection step, with
he acceptance probability:

T(ya dx)lﬁzo (dy)
T(aja dy)ﬂzo (daj) |

Problem: the transition kernel T'(x, dy) has no simple
analytical expression.

T(LC,y) —

A solution: go to phase space, and use a Metropolis
adjusted algorithm based on a proposal kernel which
IS symplectic (RATTLE scheme).
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2.1 Thermodynamic integration

. From an initial position ¢ € Yo, sample a random vector in tangent space:
p" =612 G" + VE(N",
vel (g™ p™ = 0.
2. Perform one integration step of the RATTLE scheme:
( ot
p" T2 = pn — 5 VVI(a") + VE(d") AnTL/2)
qn—l—l _ qn +5tpn+1/2,
4 &gt =0,

ot
pn—l—l _ pn—|—1/2 . 5 VV(qn+1) + Vf(qn—i_l) )\n—l—l,

| Vel ("t pn Tt =o.

3. Accept the proposal with probability

min (eXp (=B (H(@" T, p"™") — H(¢",p™))), 1),

where H(q,p) = % |p|2 + V(q). Otherwise, reject and set ¢g" 1 = ¢".
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2.2 Non-equilibrium dynamics

Non-equilibrium dynamics
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2.2 Non-equilibrium dynamics

t us consider a stochastic process such that
0~ K5, and

dX;= —P(X)VV(Xy)dt++/2671P(X;) o dW,
_|_v€( ) Aext
ext __ ()
AT = e At

where z : [0,T] — [0, 1] is a fixed deterministic evolution
of the reaction coordinate ¢, such that z(0) = 0 and
2(T) = 1.
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2.2 Non-equilibrium dynamics

e dynamics can also be written using a Lagrange
ultiplier:

dX; = —VV (X)) dt + /2871 dW; + VE(X ) dAy,
§(X¢) = =2(1).

And we have

dAy = dAI® + dAF+dAS,

where dA" = —/23~ 1|V§|2 ) - dW , dAL = f(Xy) dt

ext __ < ( )
and dASXt = e dt.
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2.2 Non-equilibrium dynamics

ow to get equilibrium quantities (like the free energy)
rough non-equilibrium simulations ?

he idea Is to associate to each trajectory X; a weight

/f ds_/otz’(s)dAg.

and to compute free energy differences by a
Feynman-Kac formula (Jarzynski identity):

A(2(1)) = A(2(0)) = =47 In (E (exp(=6W(1)))).
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2.2 Non-equilibrium dynamics

, M. Rousset, G. Stoltz, 2007] The proof consists in introducing the semi-group
ociated with the dynamics

u(s,z) =E (SO(Xf’m) exp (-5 /: FX5®) 2 (r) dr))

nd to show that di
S

submanifolds. Then

[u(s,.) exp(—ﬁff)dagz(s) = 0 using the divergence theorem on

/u(t, ) exp(—ﬁV)dazzm = /U(Oa ) exp(—ﬁf/)dazz(o)

IS equivalent to

[ es-00ydos, ) = exp(-8AGONE ([ eXen (-5 [ 106 war)).

This can be generalized to dynamics in phase-space
(Langevin dynamics).
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2.2 Non-equilibrium dynamics

more general relation is the so-called Crooks
entity:

exp( — B(A((T)) = A=(0))) ) E (9({ X} Josser))
= E (p({X{}os<r) exp(—ﬁVVf(T)))

here X ~ U 0ys X G~ i gy WH(T fo X712/ (s)ds

dX| = —vv(x{)dt + /25 Taw] + ve(X])dA],
§(XT) ==(t),

dXb = —VV(Xb)dt + /26 1dW? + V(X b)dA?L,
§(X¢) = 2(T —1).



2.2 Non-equilibrium dynamics

e discretization of the constrained process is (as
fore):

Xpi1 =X, — VV(X )AL+ /20 1AW, + N\, VE(X 1),
with A, such that (X, 1) = z(tp11),

SQ) Xn+1 — Xn — VV(XH)At T V Qﬁ_lAWn -+ Anv€(Xn)a
with \,, such that (X, 1) = z(tpe1).

To extract Al from ), one can e.g. compute:

f _ . (tn+1)
Ap = An VE(X + V20
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2.2 Non-equilibrium dynamics

other method to compute ! consists in:

N =X, - VV(X,)At — /287 1AW, + \Eve(X T ),
ith A% such that 1 (g(Xﬁ,?H) + §(Xn+1)) — £(X,).

We then have M, = 3 (), + \E).
The weight Is then approximated by

Wo = 0,
Wn—l—l — Wn + 2tntr) =2 (i) )‘fw

tn—l—l_tn

and a (biased) estimator of the free energy difference
. . M m
A(AT)) = A(=(0)) is =5~ In (3 Sy exp (—6Wpa,) ).
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2.2 Non-equilibrium dynamics

n practice, the efficiency of the Jarzynski identity as a
umerical method to evaluate free energy differences
s not clearly demonstrated. If the transition is too fast,
he variance of the estimator is very large. If the
transition is slow, we are back to thermodynamic
integration...

ldeas: (1) combine forward and backward trajectories
or (1) add selection mechanisms [m. Rousset, G. Stoltz, 20086].
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Thermodynamic integration (Kirkwood),

Perturbation methods (zwanzig) and histogram
methods,

Out of equilibrium dynamics (Jarzynski),
Adaptive methods (ABF, metadynamics).
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3 Adaptive methods

Adaptive methods
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3.1 Adaptive methods: algorithms

Ihe bottom line of adaptive methods is the following:
for “good” ¢ the potential vV — A o £ is less metastable
han V. But A is unknown !

rinciple: use a time dependent potential of the form
Vix) = V(z) — A(§(x))

where A; Is an approximation at time ¢ of A, given the

configurations visited so far.

Hopes:

* build a dynamics which goes quickly to equilibrium,

* compute free energy profiles.

Wang-Landau, ABF, metadynamics: Darve, Pohorille, Henin, Chipot, Laio, Parrinello,
. Wang, Landau,... -
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3.1 Adaptive methods: algorithms

ow to update A; ? Two methods depending on
ether A’ (Adaptive Biasing Force) or A; (Adaptive
lasing Potential) is approximated.

or the Adaptive Biasing Force method, the idea Is to
se the formula

VV-VE o VENN avoe
A’<z>/ ( v " <!V§\2>>€ Vel do.,

/eﬂv\vﬂld@z

/fduz — B, (f(X)E(X) = 2).

The mean force A’(z) Is the mean of f with respect to
s, = Zy e PV|Ve| "oy,

. )
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3.1 Adaptive methods: algorithms

portant remark: whatever A,, the mean force
soclated with the Gibbs distribution

Y o exp(—Vy)(x) de = exp(—F8(V — Ay o &))(x) dx
s the original mean force A’:
| fevel o,

= A'(2).
/ Ve[ Lo

Thus, use as an approximation of A'(z):

Ai(2) = E(f(X)|E(Xe) = 2).



3.1 Adaptive methods: algorithms

typical ABF dynamics is thus:

{ dXt = —V(V — At o f)(Xt) dt + \/ 25—1th,
Ai(z) =E(f(X)[E(Xy) = 2).

The associated (nonlinear) Fokker-Planck eguation
writes:

(O = div (V(V — A0 )¢ + 371V
/ FoIVE  dos,
/ Ve[ dos,

/"

Ai(2)

)

\

= where ¢ (t, ) de ~ X;.



3.1 Adaptive methods: algorithms

O variants:

* A may be approximated instead of A’, using the
formula

A(z) = -8t (/2 65V|V€|1d02z) .

This leads to Adaptive Biasing Potential (ABP)
methods. A typical example is:

( dXt = —V(V — At O f)(Xt) dt + \/ 25_1th,

8At 1 —1
\ W(Z) — —;ﬁ In (E (0(§(Xt) — Z)))

/"
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* To avoid geometry problem, an extended
configurational space (x, z) € R*™! is considered,
together with the meta-potential:

VF(@x,2) = Vi) + k(z — &(x))%

Choosing (x, z) — z as a reaction coordinate, the
associated free energy A” is close to A (n the limit

k — oo, up to an additive constant).
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3.1 Adaptive methods: algorithms

aptive algorithms used in molecular dynamics fall
nto one of these four possible combinations:

Al Ay

V | ABF Wang-Landau
VE 1l ... metadynamics

. T Lelievre. Rencontres EDP/Proba. Octobre 2009 — p. 58



3.2 Adaptive methods: convergence

t us now study the rate of convergence of the ABF
ethods:

[ O =div (V(V — 14,5 o &)Y + 371V,
/ . ff¢|vf‘_ doy,
| ) = TN oy,

/"

Questions: Does A} converge to A’ ? What did we
gain compared to the original gradient dynamics ?

Using entropy techniques, the convergence of ¢ (and
thus A}) to its equilibrium value can be shown to be
exponential.
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3.2 Adaptive methods: convergence

fundamental remark. Let us consider the problem in
simple situation: n = 2, the configuration space Is

x R, and &(xz,y) = .

[ Opp =div (VVY + B7IVY) — 0,(AJw),

\ [ 0.V (2, )¢t x,y) dy
\A() f@btxy)dy |

Let (¢, z) = [(t, x,y)dy. Then

O = 80,47 + 0, / 8,V dy — By ALD)

— 5_1395,95@-

The metastability along the reaction coordinate
direction has been eliminated

| |
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3.2 Adaptive methods: convergence

eorem:. Suppose

H1) ergodicity of the microscopic variables: the
onditioned probability measures uy._ satisfy a
ogarithmic Sobolev inequality LSI(p),

H2) bounded coupling: ||V, f
then

| oo < 00,
|4} — A||p» < Cexp(—F~  min(p, ).

The rate of convergence is limited by:

* the rate r of convergence of ¢ = [|V¢| ™l doy, tO
o, at the macroscopic level,

* the constant p of LSI at the microscopic level.
— The real limitation.
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3.2 Adaptive methods: convergence

ain ingredients of the proof in the simple setting
n=20nT xR, with {(z,y) = x).

ngredient 1: ¢(t,z) = [¢(t,z,y) dy satisfies a closed
DE
at@ — ﬁ_lax,xa on T,

and thus, ¢ converges towards ¢, = 1, with
exponential speed C exp(—4n25~1t).

Ingredient 2. Decomposition of entropy: £ = Ey; + Epy,.
“Total entropy = macroscopic entropy + microscopic
entropy.”

Cf. works by F. Otto et al.
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3.2 Adaptive methods: convergence

uilibrium is ¢, = Z texp(—B(V — Ao &)).
The total entropy Is E(t) = H(y(t, .)|¢0),

The macroscopic entropy is Ey(t) = H(W(t, )|tso),
he microscopic entropy Is

En(t) = [ H(601€@) = 2)|un(le(@) = 2)) 3(e) dz

- [ (Sl oo

We already know that £, goes to zero: it remains to
consider E,,.




3.2 Adaptive methods: convergence

Notice that
(0

o = 5 div (zboov (@)) +0,((A" — A)p).

redient 3: We have (algebraic miracle)

i B = O E — O By
2 —_
w v /

()

Using (H1) the conditioned prob. measures ‘”%(”(”’5;) dy

satisfy a logarithmic Sobolev inequality LSI(p), then

()

2
W < —2p3 1 E,,.




3.2 Adaptive methods: convergence

) also imp
— A'(z)

les a Talagrand inequality (Ingredient 4):

W(t, z,y) B N Voo (2, )
/ava [(t :vy)dydy /&UV( ’y)fwoo(:vjy)dydy

< |02,y V|| Lo / ly — | T o (dy, dy)

< 00y V1 \/ %H (1%%)’ %Zﬁ)

where 7, IS any coupling measure:

/(f(y)+g Nt (dy, dy') = /f(y) vl y))d dy+/g(y’)

wOO (xa y/)

dy .
[ Yoo (z,y) dy Y

This requires (H2) 0, ,V € L*°

| |
. 7
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3.2 Adaptive methods: convergence

w

. we have
o ln

08 ) b /
In (A, — A" A — A
(woo \// A - ATV woo
< HaxyVHLOO\/;E mC exp(— A5 1t)

_ /2 _
O Em < —2p3 ' Ep + |00y V| 1o ;EmC' exp(—4m257 1),

We have proved that

and this yields /E,,(t) < Cexp(—4~'min(p, 472)t).
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3.2 Adaptive methods: convergence

IN summMmary [rL, G. Stoltz, M. Rousset, Nonlinearity 2008] .

* Original gradient dynamics: exp(—3~'Rt) where R
Is the ISL constant for 4 ;

* ABF dynamics: exp(—3~!pt) where p is the ISL
constant for the conditioned probabillity
measures u(-|&(z) = 2).

If £ Is well chosen, p > R.
Remarks:

* If there are metastabillities in uys._, only “local LSI” Is
needed (work in progress with K. Minoukadeh)

* the ABP case is not understood so far...
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3.2 Adaptive methods: convergence

ther results based on this set of assumptions:

* L, Jra 2008] LSI for the cond. meas. u(-|&(z) = 2)
+ LSI for the marginal 7(dz) = € * u(dz)
+ bdd coupling (||Vs, fllL~ < o0) = LSl for .

* [F. Legoll, TL, 2009] Effective dynamics for £(X ;). Uniform
control in time:

HL(E(X))|L(=)) < C (

Vs, fllze
0

2
) H(L(X0) ).

1.5

1
0.5
0

05 |
-1
15

® A N O M O~ O
|

-2
0 20 40 60 80 100

t
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3.3 Multiple replicas implementations

Discretization of adaptive methods can be done using
wo (complementary) approaches:

* Use trajectorial averages along a single path:

f() X)—z)ds.

E(f(X)|§(Xt) = 2) =~ f 5a )
0 < S

* Use empirical means over many replicas
(Intreacting particle system):

ey JE D EXGY) — 2)
E(f(X¢)][§(Xt) = z) =~ |
FXDIEX) = 2) = SN — e X )




3.3 Multiple replicas implementations

nterest of a discretization using an interacting particle
ystem:

* Very efficient parallelization.
» Better sampling of all reactive paths.

* A selection mechanism may be added to duplicate
“Innovative particles” and kill “redundant particles”.

— We propose a selection mechanism which
accelerates the convergence “at the macroscopic
level” (increase r). [TL, G. Stoltz, M. Rousset, J Chem Phys 2007].
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3.3 Multiple replicas implementations

umerical analysis of the particle system . sourdain, TL, R.
ux, 2009]

heorem: We suppose that the configuration space Is

4V is smooth, and ¢(x) = «'. We consider the
ollowing particle approximation:

Zm 1¢a(thN tmN)ﬁlv(XtmN)
27]7\[1 1¢a( tnN thmN)

XinN = <—VV(Xt,n,N) + 1> dt++/2dW?

where ¢¢ = o + ¢ 1¢(e~1.). Then we have,

/T
O
T

1q P (052 ) 1
=0 | Va+e/*+ .
- 2SN
T Lelievre. Rencontres EDP/Proba. Octobre 2009 —p. 71

SN 2 ( - N1V (Xt m, N) B
Zm 1¢a( o tmN)

At




e selection mechanism

n the ABF dynamics, a selection mechanism can
nhance the diffusion at the “macroscopic” level.

Opp = div (|VE[72 (V(V = Ayo &)t + B7'VY)) + W0 4,
_ Js. FIVE[~1p(t, )dos,
Js IVEIT1(t, )dos,

Then, we have: 9y = 719, o+ W 4.

Ai(2)
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3.3 Multiple replicas implementations

ow to choose W? A typical choice:

e - Caz,iw

O that

at@ — (ﬂ_l ‘|'C) az,z@

The rate of convergence of ¥ to ¥, at the
“macroscopic” level, is thus enhanced.

Numerically, it amounts to associate a weight

wp,N(t) = exp (/Ot W5 (E(Xsn,N)) dS)

to the n-th replica trajectory, and to make weighted
- means to compute A..
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3.3 Multiple replicas implementations

e use an histogram to discretize ¢ and thus

W@(z) N Czb(z + 62) —_2¢(z) + (2 — 02)

()22

3¢ (¢(2—|—52) —I—Qbéz) +(z —02) —@(2)>

>

(2)02°

Welights of particles in locally under-explored regions
are increased.

An adequate selection process can then be
Implemented, using these weights (like in genetic
algorithm).

This should help to efficiently detect and take
advantage of rare events.
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3.3 Multiple replicas implementations

umerical illustration on the example of the solvation
f a dimer.

e = = s _ =
= = = =
g & = = =
= . © s s =
e © < - = S
Left: compact state Right: stretched state.

Recall the reaction coordinate Is &£(x) = |1 — x3.
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ee energy profile with parallel ABF obtained att =
1, with 2000 replicas.

Mean force

T T T
1.2 1.4 1.6 1.8 2.0 2.2 2.4
Bond length

Red: with selection (¢ = 10); Blue: without selection
- Dashed lines: 95 % confidence interval.

encontres EDP/Proba. Octobre 2009 —
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3.3 Multiple replicas implementations

oportion of replicas which have crossed the free
ergy barrier.

0.5

0.4+

0.3

Escape rate

0.2+

0.1+

OO T | T | T | T
0.0 0.1 0.2 0.3 0.4
Time

Black: without selection: Blue: c=2; Green: ¢=5;
. Red: ¢=10.
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3.4 Extensions and another application

aptive methods can be seen as adaptive
Importance sampling methods rather than free energy
alculation methods. — compute a bias adaptively,
nd then unbias.

his gives many freedom in the way to use them. For
xample:

 Instead of computing the complicated local mean

force f = Vg—gf — B ldiv (%), use simpler
vV Ve

expressions, like e

* Use ABF for high dimensional reaction coordinates
by postulating a separated representations of the
mean force:

A(z1,...,2n) = Ai1(z1) + Az 3(22, 23) + Aalza) + ...
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3.4 Extensions and another application

liminary results on the alanine dipeptide: A;(¢) + A2().

w Loo =0 -1% 100 -0 = e 1%

—kT 1ﬁ(P(5(¢.,¢)(Xt)—(¢O,¢O))) Tensor product of the bias

-i
0

Reconstructed PMF Reference PMF
. Work in progress with C. Chipot and J. Hénin.
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3.4 Extensions and another application

plication to Bayesian statistics: Sampling of
sterior distributions using a MCMC ABF algorithm.

* The fishery problem: the size of Ny.:, = 256 fishes
are measured, and the corresponding histogram Is
approximated by a mixture of N Gaussians:

N ' v;
fly|x) = ;Ch\EGXP (—§(y - /Li)z) ,

* parameters describing the mixture gy =1- V-1 ¢):
L= (QL"' yN—-1, 115+ s UN, VT, - - 7UN) S
Sn_1 X [,Umina ,Umax]N X [Umina ‘|'OO) C R3N_1; where

Snor={(a,...av1) [0<a <1, D e <1
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3.4 Extensions and another application

* given the parameters, the likelihood of observing
| thedata {y;,1 <i < Ngatat IS

M(y|z) = ] flyala).

d=1

* the prior on the parameters is u; ~ N (M, R?/4),
v; ~ Gamma(a, 3) With 5 ~ Gamma(g, h) and
(q1,...,qn) ~ Dirichlet (1, . ..,1) for fixed values
(M, R,a,q,h).

Soactually z = (¢1,....,qn_1, pt1, .. -, N, V1, ..., N, ).

Objective: sample the posterior distribution
(distribution of the parameters given the observations):
~ II(y|z) Prior(x)
zly) = [Ti(y|z) Prior(z) dz
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3.4 Extensions and another application

e potential associated with the posterior (posterior
proportional to exp(—V)) Is

V"= Vorior + Viikelihood

ith Vorior = % Zi\il(/ﬁi — M)2 — Nalnf§ + ﬁsz\il Vi —
(@ —1) Z,‘LNllnvi +hB—(g—1)Inp and
Vikelinood = 3204 In [ g/ exp (— % (9 — 1))

The posterior distribution is a metastable (multimodal)
measure.

ldea: use ABF together with a Metropolis Hasting
algorithm with a fixed proposal). VWhat Is a good “reaction
coordinate” &(z) ?
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3.4 Extensions and another application

gorithm: Metropolis Hasting-ABF.

rate onn > 0

. Update the biasing potential by computing and then integrating
(An—}—l)/.

. Propose a move from z™ to z"*! according to T'(z", z""1).
. Acceptance ratio

R wAnﬂ(:?:”“)T(j;”fl,x”)’ 1),
T an+1(x™) T (x™, zn 1)

where the biased probability is 7 4n+1(2) o< 7(x) exp(A™ T (E(x))).
. Draw a random variable U™ uniformly distributed in |0, 1]
(U™ ~ U[0,1)).

(a) if U™ < r™, accept the move and set z"T! = z"+1;
(b) if U™ > r", reject the move and set 2! = z".
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3.4 Extensions and another application

ork in progress with N. Chopin and G. Stoltz.]

ome results for N = 3.

E A 2 WW 4| 1
AR AR T I I NN ! N WM

T T T T T T T T T T T 1
0 2.5e+08 5.0e+08 7.5e+08 1.0e+09 0 2.5e+08 5.0e+08 7.5e+08 1.0e+09
Iterations Iterations

Left: evolution of the averages u; without bias.
Right: evolution of the averages u; with £ = ¢;.
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3.4 Extensions and another application

14

11

L

S
= 81

NM il Hl\ i) W‘W, wﬂ. M‘ M ‘MW

O O A :
B0 P o Wl T T m} I

0 25 +08 50 +08 75 +08 10 +09 0 2.5e+08 5.0e+08 7.5e+08 1.0e+09
Iterations Iterations

Left: evolution of the averages p; with £ = £.
Right: evolution of the averages p; with £ = p4.

il
m

A good reaction coordinate seems to be ¢ = g.
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3.4 Extensions and another application

—2.0

& -6.0

@

-14.0

-10.0

ConvergMued bias.

The effective sample size is observed to be

approximately 0.18V.
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3.4 Extensions and another application

omparison of the mixture with the datas.

o
T

Probability
N

O
N

i

3.0 6.0 9.0
Data value

g1 = 0.42227 o = 0.118506

12.0

1y = 5.1818 g = 3.29704  p3 = 7.79154

T Lelievre
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3.4 Extensions and another application

hy does it work with ¢ = 3 ? The bias Is relatively
mall; forcing large values of j3 Is forcing large values

f the variances, which allows for a mixing of the
omponents.

xtension: Bayesian model choice. Look for the best
number of components. It seems that the bias (for

¢ =) for K =3Is also a good bias for K = 4 and

K =05.
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