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Abstract

In this paper, we consider Hamiltonian systems obtaineeh fac”-' approximation
of the Hamiltonian function: we prove the existence of a filstivative of the flow with
respect to initial values and show that it satisfies the sgoifglity condition almost every-
where in the phase-space. In a second step, we address #ieictian of such an approx-
imation through B-splines and we apply a splitting methddoduced by R. McLachlan
and R. Quispel [9] to the resultingjscretesystem. Eventually, we prove that the com-
bined numerical method is of ord@y is sympletic, and preserves the original energy up
to an error of a magnitude prescribed by the user and regittim the B-splines approx-
imation.
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1 Introduction

Consider a Hamiltonian system

¢ = VpH(q,p),
. 1.1
{ p = —VgH(q,p), (-1
where(q, p) € R? x RY, and with a separable Hamiltonidh of the form
1 T
H(q,p) = 50" p+V(q), 1.2)

2

whereV (q) is the potential function. In many applications, such as for instance molecular
dynamics, it is of importance that the numerical flow used to compute the soldti@dnld
preserves the volume form and the Hamiltonian. However, it is generally adntiitéé no
standard method can satisfy both requirements, apart from exceptitwaions such as for
instance a quadratic HamiltonfanA possible approach could be to solve in sequenceithe

'For B-series methods, volume preservation implies symplecticity [3]; esifie only symplectic and
Hamiltonian-preserving B-series method is the exact flow [2], this shtbassthere exists no B-series method
preserving both the energy and the volume.



Hamiltonian systems with Hamiltonians

i 1 i I 7_
H (g, p;) = 52%2 +VE(g) + 5 > ], (1.3)
J#
VM(Q@) = V(qlw "7Qi—17Qi7(ji+17‘ . '7Qd) ) (14)

obtained by freezing all components (denoted with a bar) except the mjogade coordinates
¢; andp;. If each subsystem can be solved exactly and the same step-size i®ua#dthe
resulting “numerical” method preserves the desired quantities, since @actep is symplec-
tic and preserved#/[!! (and thusH). Considering that each subsystem is of dimengi@nd
thus integrable, it can be hoped that an exact solution is indeed obtainatmenia specific
situations. Nevertheless, such situations are rather non-generichthésigmportant to men-
tion at this stage the special casenufilti-quadraticpotentials, i.e. potentials such that for all
i=1,...,dand allg € R%, VUl is quadraticin ¢;. In this context, the method described
abové has been introduced in by R. Quispel and R.I. McLachlan in [9].

In order to retain the possibility of solving exactly each sub-system ancd: aatime time
to cover more general problems, we give up the requirement of exaailtidaian preservation
and we consider a multi-quadratic piecewise approximatioA off instead of (1.1) we now
solve

q = V,H"(q,p),
{ p - _pquT<q7p)7 (15)

whereH(¢,p) = ipTp + V7(g) is aC! multi-quadratic approximation off, the afore-
mentioned procedure applied with exact solution of the sub-systems divesa@der method
which preservesi™ exactly as well as the volume form. dfip, |H — H™| < Ck 72 for a
compact subsek of R? x R? containing the numerical solution, théhis conserved up to an
error of sizeO(72) over arbitrarily long intervals of integration (including infinite ones).

Note that this approach remains valid for more general Hamiltonians (maradde for
instance), provided an exact solution can be computed, so that all ticabresults concerning
the conservation of energy and volume will be stated for general Hamil®niaiwontrast, we
will describe the implementation of the method with quadratic B-splines only fordke of
separable Hamiltonians.

In Section 2, we prove the main properties of the flow of Hamiltonian systems iwitialty
Lipschiz derivative: in particular, we show that the exact flow remaingagctic, volume pre-
serving and Hamiltonian preserving, though in a weaker sense. We alg®tpe existence of
a Taylor expansion in the sense of distribution and establish the ordereofksal composition
of flows for split systems. Section 3 is devoted to B-splines approximatiospairable Hamil-
tonians in the one-dimensional case, ) € R?): an explicit expression of the exact solution
is given that will serve as a basis for higher dimensions. Section 4 is gwttwith B-splines
approximation for thel-dimensional case and the numerical scheme used here is shown to be
of orderl and becomes an orde2method when composed with its adjoint, though in a slightly
weaker sense than usual. Section 5 presents numerical results fadiffersmnt test problems,
for which the usual behaviour of symplectic integrators is exhibited.

2It is worth mentioning that for multi-quadratic Hamiltonians, there is an altafao the exact solution of
each sub-step: the implicit midpoint rule is both Hamiltonian and volume priege(as would be indeed any
non-partitioned symplectic method), and turns out to be explicit owing to teatity of the vector fields [9].



2 Hamiltonians systems with non-differentiable vector fields

We consider Hamiltonian functiond that areC!'! over the whole phase spaB&“¢. Under
this assumption, the functian— V H (y) is continuous ofR?? and Lipschit?. This ensures
the existence and uniqueness of the solution of the associated Hamiltortiamsys

vieR, W)= IVH (1), y(0) =y R (2.1)

dt
0 I
=% 0)

whereJ is the constant matrix

Our aim in this section is to show that under these assumptions on the regufafitytbe
flow ¢, associated with the differential system (2.1) is weakly symplectic and weakiyne-
preserving, i.e. that the usual matrix equalities hold almost everywher® &>2? for the
Lebesgue measure. In the sequel, we will use the notations

o) = [ "= [ o'

R2d

T _ T
uvtlg) = [ oM = [ g,

for all functions f(y) andg(y) from R?¢ to itself and all linear mappinga/ (y) from R?? to
itself, for which the expression is well-defined.

Lemma 2.1 Let f be a Lipschitz function frorR?? to itself. Thenf is a.e. differentiable, i.e.
for a.e.y € R?! there exists a linear mappingf (y) fromR? to R?? such that

fly+Ay) = f(y) + f'(v)Ay + o(||Ay|) as || Ay|| — 0.

Moreover, /' coincide with its derivative in the sense of distributions, i.e. for all Lipschitz
functionsg fromR?¢ to itself with compact support, we have

[ A 22)

Proof. The existence of a derivativé(y) for a.e.y € R?? is stated in Rademacher’s Theorem
(see for instance [5] pp. 81). Although (2.2) is totally standard in funati@malysis, we
present here a short proof for the convenience of the readera fixed unit-vectom, the
sequence of functions

1)
fn(y):f(y+n717) fy)

n

converges towardg' (y)n a.e onR?? and is uniformly bounded by:

I50)] < 0l 5+ S0) = S < nLs < L.

3We could also assume that is locally 1! which would yield local existence and uniqueness results.



Given a test functiom globally Lipschitz onR?¢, the equality

1) — 4 oy — L
/Rm <g<y+n?> g<y>> Fudy = /RMQT(W (f(y) /o m)) "

n

and the Dominated Convergence Theorem imply
/ fon= —/ 9" f'n.
R2d R2d

Theorem 2.2 Let H be a continuously differentiable scalar function definedi3f such that
f = J'VH is Lipschitz over the whole spa&&? and consider the flow; associated with
f. Then, for a fixed € R, o, satisfies the following properties:

e (i) ¢, is continuous and globally Lipschitz.

e (i) ©; is one-to-one ang; ' = ¢_;.

o (iii) for any y € R??, H(p(y)) = H(y), that is to sayp, is Hamiltonian-preserving.

e (iv) ¢, is a.e. differentiable ok,

e (V) VH is a.e. differentiable oik?¢ and its derivativev? H is symmetric a.e.

o (Vi) ()T I, = J a.e. onR%,

e (vii) [det(y})| = 1 a.e. onR*.
Proof. The vector field being Lipschitz-continuous @3¢, (i), (i) and (iii) follow at once
from standard theorems.
(iv) is a a consequence of Lemma 2.1. Similarfly= J~'VH, ¢, and f o ¢, are differ-
entiable a.e. Besideg, has a Lipschitz inverse so that

(fops) = f ops- ¢, ae. onR?,

Though it seems familiar, this relation is far from being obvious and regiriressence that
the functionp, does not contract sets of non-zero measure to negligible ones. Welrefe

reader to [5] pp. 85 for a proof of a very similar result and also to [4] @A for a situation
where much less regularity ghandy;, is required.

(v) is a consequence of the relation
0,(0H) - G = — / OH) - 0,6) = [ H-0,00) = a0,H) ¢,
R2d R2d R2d R2d
valid for smooth scalar functiors.

In order to prove (vi), let us consider a smogthnd a fixed vecton. The function(n|¢}|g) is
differentiable with respect tband

Sogla = = [ watdn=- [ (fop)Tdn=tlforla. @3
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Consider nowy € L' (R??; R??) with compact suppork” andg, a sequence of smooth func-
tions such thay, — g in L'(K;R??). For alls € (—t,t) and for a.e.z € K, the func-
tionsy’, and(f o ps) are bounded, so that the sequences of continuous functing,) and
((f o vs)'|gn) converge uniformly orf—t, t) toward (¢’ |g) and{(f o ¢s)|g). This shows that

d d
< leilg) = —= lim (nl@lgn) = lim (7](f 0 @s)'lgn) = (l(f ©¢s)']9),

ds n—oo

i.e. that (2.3) is also valid for test functions it (R?¢; R??) with compact support. Hence,
given any two Lipschitz functiong; andgs with compact supports we have

d d
—(q1l¥ilg2) = / 91 P92 2/ g1 (fops)g2 = {g1lf o w5 - ¢ilga), (2.4)
ds ds Jg2d R2d
so that the functio (u, v) = (g1](¢!,)T Tl |g2) is well defined foru andv in (—t,t) and has
continuous partial derivatives given by
0uG(u,v) = (g1(¢)" (f o pu)' T, |92) aNdBL G (u, v) = (g1l(¢0)" T(f' 0 0u)¢i 92)-

As a consequendg(s, s) is continuously differentiable and

5005:5) = 0,G(s9) +0,6(s9) = [ ol @ (70T = T7 () e

henced,G(s, s) = 0 owing to point (v). This completes the proof of (vi). Eventually, (vii) is
an easy consequence of (vi). [ ]

Theorem 2.3 Let H be a continuously differentiable scalar function definedi3f such that
f = J-'VH is Lipschitz over the whole spa&&? and consider the flow, associated with
f. For anyt € R and any measurable s&f of R?¢, we have

/dy:/ dy. (2.5)
K et (K)

Besides, ifi is a compact set d&&? and+ a diffeomorphism fronk to R2¢, then we have
At o) T 0 o) _/ oY r oY
/K <8u (u,v) Ji@u (u, v)dudv = -\ au (u,v) J@u (u, v)dudv. (2.6)

Proof. Inorder to get some insight of the result, we first give an elementary amithie proof
of (2.5) for compact sets of the form

Kpe ={y € B, |ly = cllow < 7}, n > 0 ande € R*.

Considery; the flow of the system with HamiltonialH® = p* « H wherep® is a mollifier
and where star denotes the convolution product. Fot @l R, ¢f is a volume-preserving
diffeomorphism ofR??, so that (2.5) is trivially satisfied fop:. Now, for a fixedt € R,
Gronwall’'s lemma shows that there exists a constétit such that

sup (|7 (y) — e(y)lloo < v(t)e.
yeRQd

Now, considery € ¢;(kK, .): we have

n Ui
l=t(y) —clloo = 5 = ll9Ze(y) = cllos < 5 +v(t)e =y € PE(Kypau(e)-



Symmetrically, for a small enough considery € i (K, _s,(1),.): We have
n n
l6%4) = clloo < 3 = v(t)e = lp-ey) = clloo < 3 =y € Gu(Kpe).
Summing up, we obtain

@i(Kn—%/(t)a,c) C Cpt(Kn,C) C (pi(Kn—ﬁ-Qu(t)a,c%
and as a direct consequence

- 20 = [ w<[ ws dy = (n+ 20(t)e).
‘P%(Kn—2u(t)s,c) @t(Kn,C) W%(Kn-kQu(t)s,c)

We get (2.5) in the limit — 0.

For the general case of a measurablelse(2.5) is a consequence of the area formula, which
is valid for all Lipschitz functions (see for instance Theorem 1 of [5] fp.9

| av= [ 1wl @7
et (K) K
and of point (vii) of Theorem 2.2 applied to_; = (pt_l.

Relation (2.6) is a consequence of point (vi) of Theorem 2.2 and of thim chle fory; o
which holds in this case owing to the fact that 1) andvy~! are Lipschitz functions. ]

Lemma 2.4 Let f andT be two Lipschitz functions froi?? to itself and consider the floy,
associated withyf. If div(f) = 0 a.e., then, for any Lipschitz with compact suppori, the
function(T" o ¢,|g) is continuously differentiable ofr-¢,t) and we have for-t < s < ¢:

& Pogala) = (Lo ) fla) = (T 0 0)L1g) 28)

Moreover, the following Taylor expansion holds:
(T o plg) = (Tlg) + (T Flg) + O (5* Le llg'Iv 1 FBwiy) (2.9)

whereLr is the Lipschitz constants bf || - || .: is the L'-norm onR2? and where the constant
in the termQ© depends onmn.

Proof. Let us suppose that= (¢",..., ¢*))T where allg;'s are smooth functions from>¢
to R. Then, upon using a change of variables formula (see Theorem 3 pp[599) with
|©L| = 1, we have

Copds) = [ TT(gov-)

from which we see thafl” o ¢;|g) is C* on (—t,t) and that

a /
TCopl = = [ T oo opm).



Going back to previous variables, it follows that
d
d78<110905‘g>: / (FOSOS f / FOSOS

owing to the fact thad ", (9. f*) = div(f) = 0 a.e.* We can now prove (2.9) for Lipschitz
functions by a density argument just as in the proof of point (vi) in Thea2&2. Eventually,
since(I" o @, g) is continuously differentiable oft,¢), estimate (2.9) follows straightfor-
wardly from the bound

(T ows) flg) = (T'flg)l < KT ows =Tlg' /)l <5 C Lr |91 117 k)
whereLr is the Lipschitz constant df and where”' is a constant depending on [ ]

Lemma 2.5 Considermn vector fieldsfy, fs, . .., f» where thef;’s are Lipschitz functions from
R24 to itself satisfying digf;) = 0 a.e., and for alk = 1, ..., n let ¢;,, be the flow associated
with f;. Then, for all Lipschitz functiong with compact suppork and foru andv in (—t,t),
the following weak Taylor Lagrange expansions hold:

<¢U1,10--'O‘Pun,n‘g = y+2u1fz+zuzujf f]+z ffZ‘g

1<j

+ZO 19/l Lr ufuy) (2.10)

i<j
where the constant in the ter@ depends on thé ;,'s, on the|| f;{| . (x)'s and ont.

Proof. We first prove the estimate for one vector figldand the corresponding flow,,:
defined(u) = (pulg). Using formula (2.8), first witi’(y) = y and then withl'(y) = f(y),
we straightforwardly obtaifi(u) = (f o p,|g) andf(u) = ((f o ¢.)' flg). Estimate (2.9) then

leads to

2 u3

6(u) = 6(0) = ud(0) — 0(0)| < % € Ly g/ llpx 113 s (2.11)

We thus obtain (2.10) far = 1 by noticing tha)(0) = (f, ¢) andd(0) = (f'f|g).

Consider now the functiof(u, v) = (@u.1 © pv,2]g). Noticing thatf (u, v) = (py.1]g0 p—v2),
we have
2

Ouv) = (y+ufi+ 5 fifilgopova) + O),
2
u
= (pv2lg) +ul{fiopu2lg) + ?<f{ 0 @u2 - f10Pu2lg) + Ou?),
’02 !/ ! u2 /
= (y+vfo+ S hialg) +ulfilg) +uvlfifolg) + S (fifilg)
+0(u?) + O(v3) + O(u?v) + O(uv?).
This proves (2.10) fon. = 2. The general case follows by induction. [ ]

“Note that ifT" is continuously differentiable, the same equality can be obtained straighitfdly, in particular
without using the change of variable formula.



Corollary 2.6 Consider a split vector field = f; + ... f,, where thef;’s are Lipschitz func-
tions fromR?? to itself satisfying dif;) = 0 a.e., and for alli = 1,...,n let g, ; be the flow
associated withy;, and, the flow associated witli. Then, for all Lipschitz functiong with
compact supporf and fors in (—t, t), the following weak Taylor Lagrange expansions hold
for®, =ps10---0psp

(®slg) = (pslg) + O(*llgll L), (2.12)
that is to say theb, is of (strong) orderl, and
(Pas2 0 @5 polg) = {2slg) + O[9Il 1), (2.13)
that is to say theb, /5 o @:/2 is of (weak) ordee.

Proof. Equation (2.12) is obtained as in Lemma 2.5. The strong order follows froemsitgt
argument. We prove the weak ordeby applying previous lemma witfi = %fl +... %fn +
tfot+ . 3fi,u1 =u2 = ... = ug, = s/2 and comparing the different terms with those of
the development ofips|g). |

3 One degree of freedom example
In this section, we consider the case of a Hamiltonian of the form

L vig

H(q,p) =5

wherep € R andV : R — R is a potential function.

3.1 Approximation using quadratic B-splines functions

Let 7 be a real number, and &}, be the values of the potentitl at the grid point§n+1/2)7,
n € Z. We define the interpolant™(q) of V' (¢) as the function

V7(q) ==Y _ Va Bu(g) (3.1)

nez

whereB,,(q) is the B-splines function of ord&rdefined by

(1 /qg—(n—17)\>
2() ; (n—1)7 <q<n,
T
2
q—nT q—nT 1
_ = <g< 1
Bn(q) — ( i ) + <2 i ) + 27 nT s q= (TL+ )7'7 (32)

1 2)T —
2<(n+7_)7 Q> : m+1)r<qg<(n+2)r,
0, elsewhere




The function (3.1) is &' real function overR, and is piecewise quadratic with respect to
the decompqsitior]R = I—lnE_Z [nT, (n+'1)7']'. The corresponding Hami!tpniaHT(q,p) =
%pQ + V7 (q) is then piecewise quadratic with respect to the decomposition

R? = |_| [nT, (n+ 1)7] x R.
nez

The following approximation result shows thatiifis C2, the functionV’ ™ (q) is aC' approxi-
mation of on all compact subsets &f.

Proposition 3.1 Assume thaV’ is aC? function onR such thatv?V is bounded oR. The
functionVV” defined above satisfies the estimates:

max |[V(q) — V7 (q)| < C;7? and max IVV(q) — VV7(q)| < Car (3.3)
qeR geR

where the constants; andC, depend only omax,cg [V2V (q)].
Moreover, for a giverry > 0, the function’7(¢) is uniformlyC*! onR for 7 € (0, 7).

Proof. Letnt < ¢ < (n+ 1)r. Denotingz = <", we have

1 1 1
VT(q) = 5 n—1 (1 — (13)2 + Vn (—x2 +x+ 2) + §Vn+1$2,

that is to say

V(g = %(Vn + Vao1) +2(Va = Var) + %a:?(vnﬂ — 2V, + Vpo1). (3.4)
Using Taylor expansions, we obtain
Vaer = V(@) +7(—3 —2)VV(q) + O(7?),
Vi = Vig)+ 7’(%
Vari = V(Q+7(3 -2

where the terms i (72) depend oMax(,_1)r<q<(n+1)r | V-V (q
sions into (3.4), we get

|. Plugging these expres-
V7(q) = V(g) + O(?).
Similarly, usingd, = 7'9,, we have
1 1
VVT(q) = ;(Vn — Vpo1) + ;$(Vn+1 =2V, + V1) = VV(q) + O(1). (3.5)

This completes the proof of (3.3). Moreover, using (3.5) it is easy to ghatthere exists a
numerical constanf’; such that we have

Vg, € R, |VV(q1) = VV(q2)] < (14 Cs7) <I;1€&LI§<IV2V(Q)I> lq1 — g2

and this shows that the functidf (¢) uniformly C! onR for sufficiently smallr. |

The following approximation result is an easy application of the previoysgsition:



Theorem 3.2 Lety, be the flow of the Hamiltonian system with Hamiltonfdrand ©] be the
flow of the Hamiltonian system with Hamiltonidh™. Let us fixry > 0. Then we have the
estimate:

Cor
VO<7 <7, VyeR:E VT >0, [or(y) — o3(y)] < % (exp(LT) —1),  (3.6)
whereL is the Lipschitz constant 6T V.

3.2 Integration of the system

The aim of this subsection is to give an explicit expression of the exadi@olof the Hamil-
tonian system

i) = plt),
{m) . ) 37

Letn = E[q(0)/7]. The solution of (3.7) inn7, (n + 1)7] x R is given by the system
d (qt)\ _ [0 1\ (q(t) 0
dt <p(t)) a (ﬂn 0) (p(t)) + (an) (3.8)
1

1
an == (Vo1 = Vot (Vi =2V + Vo)) and o = =5 (Vo = 2Va 4 Vi),

where

Its exact solution can be written explicitly as

(- @) [ ) o
(2 )

Formula (3.9) remains valid as long @3) stays in[nr, (n + 1)7].

Another way of computing the (geometric) trajectories is as follows: supihatdiy =
P8 4+ V7 (qo) is given. In a domairs,, = [n, (n + 1)7] x R, the trajectory corresponds to
the set

where

{(Q7p) € K, ’ % 2 — %anQQ — Bnq + 0p = HO} (3.10)
where ) )
op = §(Vn + Vn—l) - n(Vn - Vn—l) + 5”2(Vn+1 -2V, + Vn—1)~

The set (3.8) is simply the intersection&f with a conic. Hence, the trajectory is a piecewise
conic curve.

Starting from(qg, po) € R?, an algorithm to integrate exactly (3.7) can be written as fol-
lows:

1. Determineng = E(qo/7)

10



2. Compute the solution (3.9) if,,, and solve fort; > 0 such thay(t1) = (no + 1)7. If
there is a solution, let; = p(t1), ¢1 = (no+1)7, n1 = no+ 1, and continue to integrate
in K,,, (if there are more than one positive solution, take the minimum).

3. Ifthere is no solution to Step 2, solve far> 0 such tha(t1) = no7 andp(t1) # p(0).
If there is a solution, leb; = p(t1), 1 = no7, n1 = ng — 1, and continue to integrate in
K,,.

4. If there is no solution to (3), let; = ng — 1, and continue to integrate i,,, .

This procedure can be repeated until a given tiimiEhe algorithm is described with full details
in the Appendix section.

4 Thed-dimensional case

We now consider the case of a d-dimensional Hamiltonian

1
H(q,p) = ipr +V(q)

wherep € R% andV : R? — R is the potential function.

4.1 Multi-dimensional B-splines functions

Multi-dimensional B-splines approximations can be obtained rather straiglatfdly from the
one-dimensional case by tensor products: supposé/tiakes the value¥,,, . ., at the grid
points

(n1 + %)T
: (4.2)
(ng + )7
then we define the interpolaht” (¢) of V' (¢) as the function
d
VT(QD s de) = Z an,...,nd H an (Qj) (42)
(nl,...,nd)EZd j=1

whereB,, is the B-splines function defined in (3.2). Proposition 3.1 can be easilygjess
and is thus stated without proof:

Proposition 4.1 Assume that is aC? function onR¢ such thatv2V is bounded oiR?. The
functionVV” defined above satisfies the estimates:

max |V (q) = V7 (q)] < Ci7?> and max IVV(q) — VV7(q)| < Cor
geRd geRd

where the constants; and C; depend only omax,cga [V2V (q)].
Moreover, for a giverry > 0, the functionV’ 7 (¢) is uniformlyC*! onR? for + € (0, 7).

11



4.2 Numerical integration of the system

Ford > 1 and apart from specific Hamiltonians (see for instance Section 5.3), ltley$tem
with potentiallV/™

p(t) = —VV7(q(t)),
can not be integrated exactly and we have to resort to the procedwerébéesn Introduction.
The vector field (4.3) is thus split intbHamiltonian systems with hamiltoniad&-"! defined
by

{Q(t) = p(t), (4.3)

: 1 ; I
H gi,pi) = 5pf + VI @) + 5 D55, (4.4)
J#i
where

VI (gi) = 3 By (a) Vi with Vo, = 33 Vi, s [T Bon (@),

n; €L J#i ;€L k#i

which is exactly of the form (3.1): Fot;7 < ¢; < (n; + 1)7 the trajectory is obtained by

solving the system
4(t) = pi(t),
. _ = 4.5
{ pi(t) = &+ Bigi(t), (4.5)
where

1 _ _ _ _
C_Ei - ; (Vni—l - Vni + nZ(VTL7+1 - 2V’nl + Vm—l)) )

_ 1 - _ _
ﬁi = _§<Vm+1 - 2Vni + Vni*1)>

which can be done as shown in Section 3. In order to have an approxineétibe solution
(q(t +h), p(t + h)) of the full system, the equations with Hamiltoni&h"™(¢;, p;) have to be
solved in sequence far= 1, ..., d. In practice, computing the exact trajectory necessitates to
recompute new values of the potenfidi-”) wheneveg; crosses a frontier, since the trajectory
is not on the same conic.

By combining the space approximation by B-splines functions of the potemithtize
time-approximation using the splitting method, we obtain the following error estimsué:re

Theorem 4.2 Letp; be the exact flow of the systginl)and 7, the exact flow of the Hamil-

tonian system with Hamiltoniaf>"). The numerical flowb] as defined above with stepsize
h > 0 and space discretization parameteis of the form®j = 7, o ... 5, and satisfies
the following estimate for all Lipschitz functignwith compact support:

{on — @7 1g)| < C(hT + 17|l gl 1) (4.6)
for a constantC' depending orV/, and for sufficiently smah andr.
If the system$4.5) are solved fori = 1,...,d and then fori = d,..., 1 in reverse order,

the resulting method; ,, o (@Z/Q)* is symmetric and

[on— @750 (®7,5) 19)] < Clhr + B9/ 0). (4.7)
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Proof. Consider the componentwise vector-field splitting/&# = VH!" described above
and in introduction. It can be seen as the result of the splitting ef J; + ... + J; where
(Jk)ij = 0ik 0j2a—k — Ojk 6i0a—k. Hence, takingy = dandf; = J;,'VHI, i =1,... din
Lemma 2.6, itis clear that dfy;) = 0 a.e. and this proves the statements. |

Theorem 4.3 The numerical flov®} = 7, o ... 5, is energy-preserving and weakly sym-
plectic.

Proof. This s a straightforward consequence of point (vi) of Theorem 2.2#tiek chain rule
for 7, o ... 5, which holds true since all the7 ,’s are Lipschitz functions with Lipschitz
inverse. ]

5 Numerical experiments

In order to test our method with respect to the conservation of energynecand symmetries,
we have applied it to three well-known problems of the literature.

5.1 Kepler problem

The planar equations for Kepler problem read

i = peR?
a_ . R, (5.1)

po= -
lql3/2

with initial values

Q1(0) :1—67 Q2(0) :07 pl(O):O, p2(0) - \/E

Since there is a singularity of the potential at the origin, the error of thdiBespapproximation

is bigger for smally’s (|| V2V || = ||q||~°) and care should be taken that the numerical trajectory
does not come too close to the origin. Big values-ddre precluded and it is clear on this
example that a non-uniform grid would be much more adapted.

The accuracy of the method on a short time is shown on Figure 1 whererthe after a
period are plotted for eccentricity = 0 and for different values ok andr: for sufficiently
smallr and sufficiently largéh, the method exhibits ord&. On the right of the figure, one
can observe the typical procession of the trajectory when computedyop@extic method.
Figure 2 shows the conservation of energy over a long interval of itiegrand the linear
growth in time of the error for a given trajectory for fixed values-@ndh.

13
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Figure 1: Errors on the trajectory and energy (left) and trajectory intilgsipal space (right).
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Figure 2: Energy foe = 0.6 with h = 7 = 0.1 (left) and growth with time of the error for
e=0,h=27r/128, 7 = 0.001 (right).
5.2 Fermi-Pasta-Ulam problem

The Fermi-Pasta-Ulam problem is a highly oscillatory system with an adiabasidamt. The
Hamiltonian equations we consider are taken from [7] Sect |.4. Witliven by

1 2m w2 2m
H(q,p) = B szz + 7261%#@' +
=1 =1
1 m—1
1 L@ = ami) + D (@1 — Gmiier — 6 = gmi) ' + (0= M+ g2m)’
i=1

and the simulations are carried on with the initial values given therein. Fi@lrghpws the
computed solutions with exact solution of the subsystemsrard0.01. For all the values
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of h we have tried, no resonance occurred and the both the energy ardiabate invariant
are conserved. Very similar figures are obtained if the one-dimensigsiainss are not solved

Exact method Exact method
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0 L I KMW I et et
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Time
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o
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Figure 3: Preservation of enerdy — 0.8 and adiabatic invariant for » = 0.01 (left) and
h = m/w (right)

exactly but rather with the IMR, except that some initial values lead to a “affthe energy.

5.3 Sine-Gordon equation

We consider here the Sine-Gordon equation = u,, — sin(u) with the following initial
conditions

1
u(xz,0) =m, wu(z,0) =sin(rx) + §7r2(1 —z?),

taken from [6] and previously [8]. A finite differences space discagiin with stepAx = 2/d,
d € N*, then leads to the Hamiltonian system

g = p
SRR ©2)

whereyg is thed-dimensional vector whosg”-component is an approximation ofr;_1,t) at
the grid pointz;_; = —1+ (j — 1)Aw, sin(q) is the vector with componen(sin(g;))j=1,...a
andQ? is thed x d matrix of finite differences:

r 5 4 1 4 7
5 =3 1w 0 ... 0 7 -3
_4 5 _4 1 0 0 1
3 2 3 12 12
4 5 _4 1 0

92_ 1 12 3 2 3 12 (5 3)
T (@ 0 | | 0 '

4 1 1 4 5

L3 15 0 0 5 -3 3 |
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Its Hamiltonian is given by

1
H(q,p)=5p'p+ q ZCOS 7)

and has the peculiarity to be separable in the componegtsfof especially nice consequence
of this is that only one quadratic approximationcof is needed on the intervél-r /2, 37 /2]

and the corresponding coefficientsanda computed once for all and then used in each box.
For instance, one can take

Y
cosq; ~ —ﬁqj—klfor—§<q]_2
4 3
cosq; ~ ﬁ(%_ ) —1for§<q]§7
ie.3;=-5%, a;=00n[-%,%]andb; = &, 4; = -8 on[Z, 37]. On each box, we thus

have to solve the differential equation (5.2) witheplaced by = Q+diag(3, . . . , 34)which
admits the following exact solution.

q(t) \ _ cos(tQ)  Q 'sin(tQ) q0 Q- (Id - cos(t )

( p(t) > N < —Qsin(tQ)  cos(tQ) > ( Po ) * < Q~sin(tQ)a > '
Although there is no theoretical difficulties in propagating this solution, it isyriokpractice
(algorithmically) to determine the exit point in a multi-dimensional cell. In this papehave
chosen to use the method described in Section 4.2. On Figure 4, we showrbégacal values
of the first32 adiabatic invariants (corresponding to Bi#smallest frequencies) computed for

= 0.01 (left) andh = 0.1 (right): note that if) = ST DS with TS = I, these invariants
have the form:

1 dy;
Ii=op"STAiSp+ <" STASg, (5.4)

where(A;); i = 6;;0ik.

6 Conclusion

The numerical method considered in this paper relies gricadiscretization of the potential
function in the phase-space: the idea is to convert the initial problem intguesee of more
simple problems, namely Hamiltonian systems with multi-quadratic Hamiltonians, for w&hich
splitting method introduced by R. Quispel and R. Mc Lachlan in [9] exists jtresterves both
the volume and the energy.

In this work we have shown that'-!-approximations lead to a problem globally well-
defined on the whole space which possesses an exact flow both symathebticergy-preserving.
Since the regularity of the vector-field is lower than usual (only Lipschiti3, necessary to
resort to derivatives in the sense of distributions and test-functionsseltheoretical results
largely explain the favorable behaviour of the method, as exhibited onrt#sems. However,
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Figure 4: Preservation of enerd¥ and adiabatic invariart, : = 1, ..., 32 for h = 0.01 (left)
andh = 0.1 (right)

the linear growth of the global errors observed for the Kepler equatiorains unclear at this
stage.

In terms of efficiency, the algorithm we developed may have a rather higiputtional
cost compared to existing ones. This is mainly due to the approximation in spexse wost
can increase dramatically with the dimension. However, it is worth mentioning pecifec
situations where it is of interest: the first one is encountered in image gingeshere the
vector field is known only on a discrete grid. The second one is encaghberpresence of
high-oscillations of the solution: due to the use of exact trajectories theatalgas indeed not
sensitive to resonances.
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Appendix: Algorithm for the exact solution

In this section, we describe the algorithm that advances the solution by A sileie staying
in the intervallq;, ¢.[ or by a ste@ < hs < h while staying in the intervdly, ¢,.[ and reaching
a point of the boundary at timie,. We thus assume thag € [q;, ¢,-] with ¢; < ¢, and that the
trajectory enters the intervay;, ¢, |.

Case of a parabole § = 0) : The solution is of the form :

2

t
q(t) = go +pot +a, (6.1)

p(t) = po+ at. (6.2)
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1. if a =0, theng(t) is a straight line.

(a) if pg = 0: the exit point has coordinates = qo, ps = po, hs = h.

(b) if po > 0 : the exit point has coordinatéds, = min(h, (¢ — qo0)/po)s ¢qs =
qo + pohs, Ps = po-

(c) if po < 0: the exit point has coordinatés, = min(h, (¢ — qo0)/po), ¢s =
qo + pohs, ps = po-

2
2. if a > 0theng = 5-p? + Q with Q = ¢y — 22 is a real parabole oriented toward the
positiveq’s.

mﬂnm<0am%>Qﬂmmgm:;ﬂ:l?@3§

i. if hg < h,thengs = ¢ andp; = a hs + po.
i, if by > h, thenh, = h, ps = ahy + po andgs = £ + Q

(b) else leth, = W

i. if hg < h,thengs = q, andps = ahs + po.
i, if by > h, thenh, = h, ps = ahy + po andgs = 2 + Q

2
3. if a < 0, theng = 5-p* + Q with @ = go — 21, is a real parabole oriented toward the
negativey’s.

(@) ifpy > 0 andg, < Q then leth, = 2= 2é:3§(Q_q’).
I if hy <h, thengs = (qr andps = ahg + po.

ii. if by > h, thenh, = h, p, = ah+ py andg, = 2 +Q
(b) else leth, = 2* 2((—a))(Q—ql)_

i. if hg < h,thengs = ¢ andp, = a hs + po.

ii. if hy > h, thenhs = h, ps = a hys + po andgs = % +0.

For 3 # 0, we define the Hamiltonian as follows :

1, (¢+%)7°
H(q,p) = 51?2—?_/31
1 2 -
= 5 2 - 2?1 = H(va)7

wherey = ¢ + §. Eventually, we denote = 1/2|5-||Hol, b = /2| Ho| andw = /]3].

Case of an ellipse § < 0 and henceH > 0) :

1. if Hy = 0 : singularity of the vector field!
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2. the trajectory is a piece of the ellip§ewith cartesian equatioﬁé + {;—j = 1 and para-
metric equations)(t) = acos(pg — wt), p(t) = bsin(pe — wt).
(@) po > 0o0r (po = 0andyy < 0) : ¢y = arccos(¢p/a). We look whethe€ crosses
1 = 1, and then) = .

i. if ¢ < a, then the exit point has coordinates

71}3 = ¢ra Ds = +b\/ 1- 15527 hs = W_I(QDO - arCCOS(%/a))- (63)

i. if . >a:
A. if ¢y > —a, then the exit point has coordinates

/ 2
Vs =Y, ps=—b\/1— %, hs = wil(cpo + arccos(?s/a)). (6.4)

B. if ¥y < —a: £ is fully contained in they-band. hy = h, ¥(hs) =
aCOS(‘)OO - th)7p(hs) = bSin(QDU - th)'
(b) po < 0or (pg = 0andyy > 0): pg = —arccos(¢pp/a). We look whethel€

crosses) = iy and thenyp = .
i. if 40; > —a, then the exit point has coordinates

2
ws = ¢la Ps = _b\/ 1- Zlea hs = W_l(SOO + arCCOS(%/G))- (65)

ii. if ¢y < —a,
A. if 9. < a, then the exit point has coordinates

Vs =1p, ps=+by/1— 1522, hs = wil(goo + 27 — arccos(ts/a)).(6.6)

B. if ¢, > a: & is fully contained in they-band. hy, = h, ¢(hs) =
acos(pg — why),p(hs) = bsin(py — why).

Case of an hyperbole § > 0:)
1. if Hy = 0: the trajectory is a straight line with equatiefp)p = & (1 )w.

2. if Hy < 0: the trajectory is a piece of the hyperbole
PPt Y = &(yo)a cosh(e(to)t +to) _ Po
az L p = bsinh(e(v)t + to) y fo = ArgSh( b > '

(a) if g >0:
i if po < 0andyy > atheny, = 1 andps = —2/92 — a2
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ii. elseys =, andps = 21/92 — a2

(b) if 4o <O
i. if po > 0andy, < —atheny, = ¢, andp, = 21/92 — a2
ii. elseys =y andps = —2,/92 — a2

Thenhg = e(vo) (Argsh(ps/b) — Argsh(po/b)). If hs > h thenhs = h and

Yy = E(wo)% (\/}ﬁcosh(h) + sinh (e(¢0) h) pg) ,
Ds = p3 + b2 sinh(e(¢ho)h) + cosh(h)po.

3. if Hy > 0: the trajectory is a piece of the hyperbole

P> Y p = &(po)b cosh(e(po)t + to), _ Yo
2 b g = asinh(e(po)t + to), fo = Ar95h<a>'
Let
vy = )y L2 200) anan, = c(p) (Argsh(u, /a) — Argsh(i/a)

If hg > h, thenhg, = h and

s = sinh (e(po) h) \/%0® + a2 + cosh (h) 1.

Eventually,

ps = €(po) b VY2 +a?.

a
References

[1] C. Le Bris and P.L. LionsRenormalized solutions of some transport equations with par-
tially w'! velocities and applicationsAnn. Mat. Pura Appl1 (2004), 97-130.

[2] P. Chartier, E. Faou, and A. Muru&n algebraic approach to invariant preserving in-
tegrators: The case of quadratic and hamiltonian invariarite appear in Numerische
Mathematik (2005).

[3] P. Chartier and A. MuruaRreserving first integrals and volume forms of additively split
systemsin preparation (2006).

[4] L. C. Evans and R.F. Garieplyleasure theory and fine properties of functipB&RC Press,
1992.

[5] E. Hairer,iImportant aspects of geometric numerical integratidournal of Scientific Com-
puting 25 (2005), 67-81.

20



[6] E. Hairer, C. Lubich, and G. WanneGeometric numerical integration. structure-
preserving algorithms for ordinary differential equatiorSpringer Series in Computa-
tional Mathematics 31, Springer, Berlin, 2002.

[7]1 M. Hochbruck and C. LubichA Gautschi-type method for oscillatory second-order differ-
ential equationsNumer. Math83 (1999), 403—-426.

[8] R.I. McLachlan and G. R. W. Quispggeometric integration of conservative polynomial
ODEs Applied Numerical Mathematic$5 (2003), 411-418.

[9] R.J. DiPernaand P.L. Lion§rdinary differential equations, transport theory and Sobolev
spacesinvent. Math.3 (1995), 511-547.

Authors address:

P. Chatrtier, E. Faou, INRIA Rennes, Campus Beaulieu, F-35042d3eDedex, France.
Philippe. Chartier@risa.fr
Erwan. Faou@ri sa. fr

21



