Le methode de Ritz-Galerkin




Discovery of the Ritz-Galerkin Method

Martin Gander and Gerhard Wanner, Geneve

(W. Ritz 1878-1909) (B.G. Galerkin 1871-1945)
Ker Lann, 8 mars 2011.




Example of Scienti c Computation:
Problem. Find temperature of apt. i@anadian winter at 20

20 20 20 20

| )
o 1 2 3 4 5 6 7 8 9 10 11 12 (Martin Gander)



Solution: Fourier's Heat Equation (1807, 1822)

ANALYTIQUE

DE LA cﬁKLE,- | IR,

Heat equation for 1-c

En des&gﬂam: par w et les temperatures des de
cules égales-m et n; par p, leur distance extr
petite, et par & ¢, la durée infiniment petite de I'i
quannte de (,haleur g recoit de 7, pendant ce
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Imensional boby.



In two dimensions:

@y Uzt Ux+ uz+ Uz 4ug

@t h? + o
continuous problerh !  O:
Qu_Gu, Gu ¢ vy equilib. u=1
@t @)’( @9 (f = source of heat).

How to solve ?7?7?




In two dimensions:

@y Uzt Ux+ uz+ Uz 4ug
= 7 = + fo!

@t h?

continuous problerh !  O:

@u @u @u _ u=f
@t @)’( @9 +Tqy)  equilib: (f = source of heat).

How to solve ?7?7?

“Remember, Rome was not built in a day !!”
(Laurel & Hardy,Dirty Work 1933)
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Galilel. Discorsi 1638, Giornata terza, Teorema 22 e Scolie:

“Da quanto si e dimostrato sembra si possa ricavare che il
movimento piu veloce da estremo ad estremo non avviene |ui
la linea piu breve, cioe la retta, ma lungo un arco di certhio.

“... Mr. Leibnits remarque en Galilée
deux fautes considerables: c'est que
cet homme-la, qui étoit, sans contredit,
le plus clairvoyant de son tems
dans cette matiere, vouloit conjecturer
gue la courbe de la chainette

F étoit une Parabole, que celle de la
G plus vite descente etoit un Cercle.."
(Joh. Bernoulli, 1697)




Bernoulli's Brachystochrone.

PROBLEMA NOVUM Ad cujus solutionem Mathematici
invitantur. Datis in plano verticali duobus puncfis& B,
assignare MobilM viam AMB , per quam gravitate sua
descendens, & moveri Incipiens a pungtpbrevissimo tempore
perveniat ad alterum punctuBh.

(Joh. Bernoulli, Acta Erud., Jun. 1696)

>
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dx?2 + dy?
dx P
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= minimal.




Euler (E65 1744):
dy

J = Z dx = min! vel max! whereZ = Z(X;y;p); p= I
a

Euler's Solution.

1. Approximate curve
by polygon

2. Approx. Integral
by -sum
(“Riemann”)

and diff. w.r. to ;

3. Set derivative to zero:

(N = 9%
4. inversekEuler methog
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Variational Calc. 174465 Inst. Calc. Integralis 1768342



Euler's “World”:

Analytic Formulas
or Numerical Methods for Solution

t

EulerE342 (1768)
|

Euler's Differential Equations to Solve

A

EulerE65 (1744)
|

Variational Problems to Solve




Joseph Louis de Lagrangel755:

Ludovico de la Grange Tourni€fl9 years) writes 12 aug. 1755
to Vir amplissime atque celeberrime L. Eulétrom whom

Vir praestantissime atque excellentissime Lagrange

receives a kind and enthusiastic answer (6 september 1755).

Lagrange simpli es the derivation of Euler's equations hg t
Variational Calculusotation y, which

varies all values oy simultaneously

(Picture from
Euler, ICI
vol. 3, 1770,
Appendix)



Zp

J(") = Z(x;y+"y;pt" p)dx = minlj--g Variat. Probl.
a
Differentiate:
" Z
@‘a..)j":o: (N y+P p)dx=0:
@ a
Since p iIs the derivative ofy, integration by parts:
Z | 9
(N —P) y dx=0 “weak solution”
a dx

If y(a) = y(b) =0. Hence, sincey Is arbitrary,)

d
N —P=0 “stronq solution”
dx J
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“Dirichlet's Principle” (C.F. Gauss, Werke 5, p. 195, 1839;
W. Thomson, Liouville J. 12 (1847) p. 496).

RR(%((%§2+(%';)Z) f u)ydxdy= min! ) u= f:

Proof in Eulerian style: Derive

1 Ui Ug Up U2, u3 Uo uo Usg, > _
5 H( )2+ ( )2+ ( )2+ ( )2+ fo Uo:
2 h h
with respect talg and set derivative O:
Uz +4u
H1 H2 Y3 WP ¢ -0: QED.

h2



B. Riemann (Thesis 1851) f (z) = u(x;y) + iv(X;y)

A B

O:
) B A

) complex mapping is conformal (angle preserving).
“ ... und ihre entsprechenden kleinsten Theile ahnlich;5igichesis §21)




Riemann mapping theorem: (Thesis §21)
“Zwei gegebene einfach zusammenhangende
Flachen kdnnen stets so aufeinander bezogen

werden, dass jedem Punkte der einen Ein mit
Ihm stetig fortriickender Punkt entspricht...;”

(drawing M. Gutknecht 18.12.1975)



Sketch of Proof: (Thesis §821; Th. Abelscher Funktionen 1857)
1. Placdog(z zp);

2. correct Réogjz  zo) u(x;y),
u harmonic, boundary val. 0

3. complete iv(x;y) to holom. fcn.
4.f =exp(log(z z5) u 1v)).



Riemann's Challenge:

Find harmonic functions u = 0 on any domain
with prescribed boundary conditions= F for (x;y) 2 @ ?

AR
RN

A

QORIRIND

X

OO

QL2
ORI RRLILILLL
Poctod 25 0,:0 ’0,'0.:0,:0‘3 X
00.00,90,°59 020,20 29005 L 0,
00,2020, 00,7000 % 05705 ¢
0030400, 0620, 3
o R

R
o 00020,
R

easy for rectangle and circle (Fourier, Poisson), but dilt ¢or
arbitrary domains...



Riemann's Audacious “Proof”:

“Hierzu kann in vielen Fallen: : ein Princip dienen, welches
Dirichlet zur Losung dieser Aufgabe flr eine der Lapladeét
Differentialgleichung gentuigende Function in seinen
Vorlesungen :: seit einer Reihe von Jahren zu geben

p egt.” (RiemannCrelle J.1857,Werkep. 97)

ldea.For all functions de ned on a given domainwith the
prescribed boundary values, the integral
7 1

J(u) = 5 ug + u; dxdy isalways> O:

Choose among these functions the one for which this integ

minimal !

(see citation; from here originates the natbaichlet
Principle” and“Dirichlet boundary conditions:

ral



Euler's “World” Upside Down !!

Dirichlet's Principle

Y




Welerstrass' Critics: (1869, Werke 2, p. 49)

VA 1
(x y9%dx = min!| arb , b aarctan* b
1 Y= "7 2 arctani| g |
y( D=ayl1)=Db o 1
“Die Dirichlet'sche Schlusswelise fuihrt also in dem bettatén

Falle offenbar zu einem falschen Resultat.”

Riemann's Answer to Weierstrass:

“... meine Existenztheoreme sind trotzdem richtig”.

(see F. KleinEntw. Math. 19. Jahrhp. 264).

and Helmholtz*Fur uns Physiker bleibt das Dirichletsche
Prinzip ein Bewels”.

... but not for most mathematicians ...



Existence Proof without Dirichlet Principle:

H.A. Schwarz(1870, Crelle 74, 1872)
Solve alternatively in 1 and >

new boundary values on dotted curve$
) converges

add third, fourth domain etc.
“Alternating method”




Rehabillitation of Dirichlet Principle:
C. Arzela(“primo tentativo” 1897);
D. Hilbert (“trionfare” 1901, Annalen 1904, Crelle J. 1905):

“... eine besondere Kraftleistung beweisender Mathematfik
(F. Klein, Entw. Math. 19. Jahrhp. 266).

Hilbert: “Das Dirichletsche Prinzip verdankte seinen Ruhm de
anziehenden Einfachhelt seiner mathematischen Grundidee
dem unleugbaren Reichtum der moglichen Anwendungen ...

und der ihm innewohnenden Uberzeugungskraft.”

“Mittlerweile war das verachtete und scheint@gichletsche
Prinzip durch Hilbert wieder zum Leben erweckt worden;...”
(Hurwitz-CourantFunktionentheorigSpringer Grundlehren 3, p. 392)

) Levi, Fubini, Lebesgue, Zaremba, Tonelli, Courant ...
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Another Problem: The Elastic Plate.

(S. Germaine 1811/13/15, corr. J.L. Lagrange, S.D. Poisson
1829, Kirchhoff (Crelle J. 40, 1850, p. 51-88))

2roblem from the Academy of Paris for 1907:

Ritz, had worked with many of such problems in his thesis
trying to explain theBalmer seriesn spectroscopy (1902).



Ritz's method ...

... transforms the problem intovariational problem
(“wie man ohne weilteres einsieht”) ...

“Es st ...J die potentielle Energie (... d&irchhoffsche
Ausdruck...)”



Ritz's method ...
... and approaches the solutigiobally by a linear combination
of well chosen basis functions;; 5, 3;:::

... transforming the problem into aite dimensional
minimization problem



Explicitly:

lel
ajj = i j dxdy ;
1 1
1 X" X0
szé dj i j b

L1124
Q = . fdxdy:
1 1
AN
) minif aj
j:




First choice of basis functio® = square 1,:::1):

1(Xy) =(1
2(X;y) = (1
3(x;y) = (1
(X y)=(@1
s5(X;y) = (1
s(X;y) = (1

x%)?(1
x%)?(1
x?)?(1
x?)?(1
x%)?(1
x%)?(1

... leading to the system

534988
0:7271
2:1339
0:5404
0:6374
0:3048

y?)?

y2)4(x% + y?)
y2)4(x* + y*)
y2)2)(2y2
y2)4(x® + y°)
y2)2(x4y2 + X2y4) -

97271

219482
109187

17459
59936
12597

21339

109187

96331
09095
71004
10177

05404
17459
09095
04724
05147
03955

06374
39936
71004
05147
63226
0/312

03048
12597
10177
03955
0/312
04425

11378
03251
01084
00232
00493
00155



534988
0:7271
2:1339
0:5404
0:6374
0:3048

97271

219482
109187

17459
39936
12597

21339

109187

96331
09095
71004
10177

05404
17459
09095
04724
05147
03955

06374
59936
71004
05147
63226
07312

03048
12597
10177
03955
07312
04425

“Cramer's Rule”(Maclaurin 1748, Cramer 1750)

1:1378
03251
0.1084
0.0232
0.0493
0.0155

would require the computation 6040such terms.



However, because systemdsmgonally dominantalready

534988 ; =1:1378 )

gives an acceptable solution:

1

_ 1:1378
- 534988

4'!/
4
X

//'v

s
Il
500%
%";"I;'/;

V
X ol NN
Mt

(\
W%

T

N

\ TR

m=1, errmax 0:04

= 0:02127



For higher precision Ritz computes iteratively

534988 = 1:1378
0:7271 21:9482 = (03251
2:1339 109187 9:6331 = (01084
0:5404 17459 09095 0:4724 = (00232
0:6374 59936 71004 05147 6:3226 = (0493
0:3048 12597 10177 (03955 07312 0:4425 = (00155

and repeat ...

534988 9:7271 21339 05404 06374 03048 = 1:1378

9:7271 21:9482 109187 17459 39936 12597 = 0:3251
2:1339 109187 9:6331 0:9095 /71004 10177 = 0:1084
0:5404 17459 (09095 0:4724 0:5147 03955 = 0:0232
0:6374 59936 71004 05147 6:3226 0:/312 = 0:0493
0:3048 12597 10177 03955 07312 0:4425 00155



“wozu der Rechenschieber angewandt werden kann...
Eine direkte LOosung durch Determinanten wurde 5stellige
Logarithmentafeln erfordern”.

1 =0:020247 5, =0:005209 3=0:000284
4=0:006119 5= 0:000019 £=0:000116

)
A
Yl
=/ '/"
K
Al

TR
XX

5,
X X {/
"'{"I":‘:' '»"0

m =1, errmax 0:04 m =2, errmayx 0:003

U(X, Y) 23 Uy(X, Y) AN
P (AN 7555 p ,,;m““\‘\‘\,‘“\\ /,//,/,' D
5ol TRy e s SN Vil IR
ARSI XSS B U A\ g AN
= ot i\ N R KO0 0TI 1) SN
N K TR N S 53S N BTN N R TN
0N “ ‘I T e ST RINN () "/"//‘,///"//\"' %%, “ TR ST s AT
u"ll'lylfh‘*ﬁﬁhl!-.--l LS %‘a%%%f;,%’;'l;@'&”ﬂdk %ﬂy"lﬂ,’:ﬂ%@'b‘«'&ﬁﬂq AL SN RO AN
y AR LI Y e VA i Y S s RN
st Al s G RS RN
L NN, Gl B )
RN A ] S D% SKARENN T
ARSI AT () SRR T
Rt ¥ S
SRR X X Sy X
929%% %eZena
“:“““‘ “‘:‘ e

m =4, errmax 0:000017 m==6




... beautiful in theory —but not in practice..

5= 8x2 1 2 2 x4y2 + X2y
8 1 x2 1 Vy?° 4x32+2xy* X
4 1 x2 1 y? 2 x4y2 + X2y
1 x27% 1 y? % 12x%y2+2yA
+8 1 x2 2y2 x4y2 + x2y
8 1 x2° 1 y2 2x%y+4x%By
4 1 x2°1 v2  x%2+ x2y
1 X221 y? % 2xA+12x%y?

R, R
must compute 11 11 6 g dx dy = 399230473575 this ...

6898776885
and 20 others ...




Dirichlet's Principle.
u=20 Uar= F
or, after a subtraction,
u=f Ujer=0 :
We insert
Un = 1 1Y)+ it m m(XY)

INto
ZZ

J= (%((@X%(%;Z) £ u)dxdy = min!

modify the basis functions according to the new boundary
condition ...



... With solution

S

SO

““,‘«‘\
5“‘“\\\

N N
AR
\

sttty

VAT

{/ " % (1
s Ot THANY

S
e

AN

TP TR

(TR

AN
NN
NN

’/,,';,; "; ‘:‘ N
0 % X X L)
Y s Vi
RSSO IR AN
ALK RO T A
K Y DU X A ‘I!‘/“ ||;"‘\\\ 4 R
Y e
RIS ORI T T DA
i b aratifiia\
4 } % JIESINAN

7
i
o

(RN

Al

A

RN
=

N
X

D
SR
QSRS
SR

0%
%

%
0

m =4, errmax 0:0024




Ritz' Second Great Paper:
Ernst Florens Friedrich Chladni : Leipzig 1787.



Walther Ritz (1909): Theorie der Transversalschwingungen
einer quadratischen Platte mit freien Randern

“Die Differentialgleichungen und Randbedingungen fur die
transversalen Schwingungen ebener, elastischer Platten m
freien Randern sind bekanntlich zuerst in teilweise unigen
Form von Sophie Germain und Poisson, in de nitiver Gestalt
aber von Kirchhoff im Jahre 1850 gegeben worden.”

Chladni gures correspond to eigenpairs of the bi-harmonic
operator

‘W= w in ==( 1;,1)
9 Gui2 )9y =0; Du+ Qu=0;x=f 11g
@%@X vaglq(z )% =0: %‘%‘/@ %:O;y:f 1; 19

Here, Is the elasticity constant.



Ritz' method now leads to an eigenvalue problem:



2) How to solve the eigenvalue problenka = a?

setzen wirAg = 1, und In erster Annaherung, = 13:95.
Dann ergeben die flnf letzten Gleichungen die Ubrigen

Wir berechnen flr dié\; eine erste Approximation, indem
wir alle Glieder rechts vernachlassigen neben den
Diagonalgliedern . ..

Ein oder zwel sukzessive Korrektionen genligen meist, un
die vierte Stelle bis auf wenige Einheiten festzustellen.

iterative linear algebra, iterative eigenvalue calcolatl..
Ritz is very modern in 1909 !!



Chladni Figures Computed by Ritz






Frequency Table Computed by Ritz
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Ritz' ideas) Russia:S.P. Timoshenko (Kiev 1910)

Nous ne nous arréterons plus sur le coté mathématique @e cett
guestion: un ouvrage remarquable du savant suisse, M. VAtie : :




S.P. Timoshenko (1910)




lvan Bubnov (1872-1919)

Structural Mechanics of Shipbuilding
[Part concerning the theory of shells]



Boris Grigoryevich Galerkin (1871-1945)

Beams and Plates

Series solution of some problems in
elastic equilibrium of rods and plates
(Petrograd, 1915)

(Boris Grigoryevich Galerkin and the famous paper whichag gjuoted in the
literature for the invention of the “Galerkin” method)




B.G. Galerkin (1915)




Richard Couranf{address to the AMS, on May 3rd, 1941)

“At rst, the theoretical interest in existence proofs daraied, and only
much later were practical applications envisaged...



First mention of Finite Element Method:

(Footnote In the rst edition of the book by Hurwitz and Cour&h922) with rst
sketch of triangular FE methddr proof of Riemann Mapping Theorememoved
In second edition)



the base functions;(X;y) (compact support):

788 IR/ B N/
.

and the linear combinations, 1+ 2 o+ 3 3+ :::

KK
[

@

\
)], |
N L
D N7 Nina s A
<N
NS

) matrixA has many zeros and Is easy to calculate.



Dif culty: For large problems convergence of iterations
for liner systemextremely slow.

Remedy:inspired by

H.A. Schwarz1870, Crelle 74, 1872)
Solve alternatively in { and »
“Alternating method”

)  Domain Decomposition Method



... Volla ...

u=1f Ritz-Galerkin FE method Domain decomp.



Trugarez !
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