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Abstract

We are concerned with the numerical solution obtainesdiifting methodsf certain parabolic partial
differential equations. Splitting schemes of order highan two with real coefficients necessarily involve
negative coefficients. IHO094 and in [CCDV0Y, the authors demonstrated the possibility to overcome
this second-order barrier by considering splitting methadh complex-valuedoefficients and built up
methods of orders to 14 . In this paper, we reconsider the technique employed therad show that it
is inherently bound to ordet4 and largely sub-optimal with respect to error constantsar\alternative,
we solve directly the algebraic equations arising from tfteeoconditions and construct several methods
of orders4, 6, 8 and 16 that are the most accurate ones available at present time.
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1 Introduction

In this paper, we consider linear evolution equations offdine

Wty = Au(t) + Bult),  u(0) =, (1.1)

where the (possibly unbounded) operatats B and A+ B generateC® semi-groups for positiveé over
a finite or infinite Banach spac& . Equations of this form are encountered in the contexparfbolic
partial differential equations, a prominent example beafrginhomogeneouseat equation

ou

E(x’t) = Au(z,t) + V(z)u(x,t),

wheret >0, z € R? or z € T¢ and A denotes the Laplacian im .



A method of choice for solving humericallyL (1) consists in advancing the solution alternatively along
the exact (or numerical) solutions of the two problems

du du

Upon using an appropriate sequence of steps, high-ordeoxipyations can be obtained -for instance with
exact flows- as

(t) = Bul(t).

\I/(h) — ehboB eh(llAehblB . eh(lsA ehbsB. (12)

The simplest example within this class is thie-Trotter splitting

chd ehB or hB ehA (1.3)

which is a first order approximation to the solution ©fl), while thesymmetrizedersion
S(h) — eh/QAehB eh/2A or S(h) — eh/?B ehA eh/?B (14)

is referred to a$trang splittingand is an approximation of ordex.

In [HO094, it has been established that, under the two conditionedtaelow, a splitting method of the
form (1.2) is of order p for problem (.1) if and only if it is of order p for ordinary differential equationm
finite dimension. In other words, if and only if the differen@ (h) — "(4+5) admits a formal expansion of
the form

U(h) — ATE) = pptlp L WPT2E L - (1.5)
The two referred conditions write (seld(P094 for a complete exposition):
1. Semi-group property A, B and A + B generateC® semi-groups onX and, for all positivet ,

HetAH < ewAt’ HetBH < ewBt and Het(A-i—B)H < ewt

for some positive constantss , wp and w .

2. Smoothness property for all € [0, 7] : For any pair of multi-indices(iy, ..., i,) and (ji,...,jm)
with 4+ +ipm+7+-+Jjm=p+1,andforallt € [-T,T],

A Bt .. Atm Bim ATB) g < ©
for a positive constant”' .

However, designing high-order splitting methods is nottesightforward as it might seem at first glance. As
a matter of fact,A and B are only assumed to generafé semi-groups (and not groups). This means in
particular that the flows:*4 or ¢!Z may not be defined for negative times (this is indeed the aarsthé
Laplacian in particular) and this prevents the use of mettwadich embed negative coefficients. Given that
splitting methods with real coefficients must have some eif ttoefficientsa; and b; negativé to achieve
order 3 or more, this seems to indicate, as it has been believed @orgatime within the numerical analysis
community, that it is only possible to apply exponentialitipg methods of at most ordey = 2. In order

to circumvent this order-barrier, the papersJ09 and [CCDV09Y simultaneously introducedomplex-
valuedcoefficients with positive real parts. It can indeed be checked in mamasiins that the propagators
e*4 and e*P are still well-defined in a reasonable distribution sensezfa C , provided thatR(z) > 0.

1The existence of at least one negative coefficient was shoy®he89 Suz91, and the existence of a negative coefficient for
both operators was proved iGK96]. An elementary proof can be found iBC05.
2Methods with complex-values coefficients have also beed imsa similar contextiRos63 or in celestial mechanicsgha03.



Using this extension from the real line to the complex plahey built up methods of order8 to 14 by
considering a technique known &iple-jump compositiohand made popular by a series of authors: Creutz
& Gocksch [CG89, Forest For89, Suzuki [Suz9(Q and Yoshida Yos9d.

In this work, we continue the search for new methods by sgldinectly the polynomial equations arising
from the order conditions. The construction will be moreiby two important parameters: the size of error
constants and the size of the arguments of the complex deetaised in the method. While the importance
of error constants does not need any justification, the aalew of the second parameter is very much related
to the classes of equations we focus on here. Specificallwilveonsider on the one hand, reaction diffusion
equations and, on the other hand, complex Ginzburg—Langaatiens:

e Reaction-diffusion equations are mathematical modelsdiscribe how the population of one or sev-
eral species distributed in space evolves under the actibmooconcurrent phenomenagactionbe-
tween species in which predators eat preyusionwhich makes the species to spread out in shace
From a mathematical point of view, they belong to the clasedii-linear parabolic partial differential
equations and can be represented in the general form

% = DAu+ F(u),
where each component of the vecto(z,t) € R? represents the population of one speciés, is
the matrix of diffusion coefficients (often diagonal) aitl accounts for all local interactions between
species. Strictly speaking, the theoretical framework introducedHO09H does not cover this situ-
ation if F' is nonlinear, so that (apart from sectibpwhere we successfully integrate numerically an
example with nonlinearF') we will think of F as being linear. The important feature df = DA
here is that it has eeal spectrum: hence, any method involving complex steps wititipe real part
is suitable. In principle, one could even consider splittinethods witha; ’s having positive real part
and unconstrained complex ’s.

e More generally, the diffusion operator may involve a compheimber: in this case, we obtain the
Ginzburg-Landau equation, i.e. an equation of the form

Ou = 0Au + F(u), (1.6)

ot

where § is a complex number witiR(5) > 0°. In this situation, the values of thg; := arg(d) +
arg(a;) determine the stability of the method for this specific vatdies . If forall i = 1,...,s,

a; € [~%5,+%5]| the method is stable. Otherwise, it becomes unstable. lardat the method
to be applicable to a wide range of equations, it is thus ofoirigmce to minimize the value of
max;—1, s |arg(a;)| . Methods such that alk;’s are positive reals are ideal in this respect, and

we will show explicitly that the corresponding class is rempty.

Eventually, our objective is to show that for both situatipit is possible to construct more efficient methods
than those built inlHHO09 and [CCDV09 by a mere application of the triple-jump (or quadruple-jpm
procedure. In Sectio, we shall prove that if ars -jump construction is carried on from a basic symmetric
second-order method, it is bound to ordetr and no more and we will further justify why solving directly
the system of order conditions leads to more efficient methdd Section3 we give explicitly the order

3And its generalization tquadruple-jump

“4Apart from biology and ecology, systems of this sort alsosgppn chemistry (hence the term reaction), geology andigys

The choice F((u) = u(1 — u) yields Fisher's equation and is used to describe the spreadfibiological populations; the
choice F(u) = u(1 — u?) describes Rayleigh-Benard convection; the chaite:) = u(1 — u)(u — a) with 0 < a < 1 arises
in combustion theory and is referred to as Zeldovich egunatio

®The choice F(u) = psu® + pou® + piu + po is known as the cubic Ginzburg-Landau equatiefigg.



conditions of general splitting methods of the forbndj and also of methods based on compositions of simple
integrators. We also present a strategy to optimize theespanding schemes based on the analysis of the
leading term of the local error. In Sectigh we solve the order conditions and construct several isjitt
methods whose coefficients have positive real part. In qadat, in subsectiort.1 we present splitting
methods of ordel6, 8, and 16 obtained as the composition of simpler integrators (witlugs splitting as
basic integrator in the first two cases, and an eighth ordétisgp method as basic integrator in the second
case). In subsectiof 2, we construct splitting schemes of ordérand 6 with real and positive coefficients

a; , thus appropriate, in particular, for the numerical inggn of the complex Ginzburg—Landau equation.
In section5 we describe the implementation of the various methods ddiain this paper and show their
efficiency as compared to already available methods on thst@roblems. Finally, sectighcontains some
concluding remarks.

2 An order barrier for the s-jump construction

A simple and very fruitful technique to build high-order tedls is to consider compositions of low-order
ones with fractional time steps. In this way, numerical gmétors of arbitrarily high order can be obtained.
For splitting methods aimed to integrate problems of thenf¢it.1), it is necessary, however, that the coeffi-
cients have positive real part. The procedure has beeredamit in CCDV09, HO094, where composition
methods up to order 14 have been constructed. We shall pevedtat 14 constitutes indeed an order barrier
for this kind of approach. In other words, the compositiochtéque used inQCDV09 HO094 does not
allow for the construction of methods having all their cagéfnts inC := {z € C: R(z) > 0} with orders
strictly greater thanl4 . With this goal in mind we consider the following two famgief methods:

Family I. Given a method of ordep, ®PI(n) = MA+B) + O(hP*1), a sequence of methods of orders
p+1,p+2,... can be defined recursively by the compositions

Mq
@+l () = T @lP+0=Y(agh) = BP9 N(agah) - &P (0, h), (2.2)
i=1

where forallg > 1,

(V1<i<mg, ag; #0), Zaql—l and Zap+q—0

(Hereafter, we will interpret the product symbol from ladtright). Notice that ifp + ¢ is even, the second
condition has only complex solutions.

Family Il. Given asymmetric method of order2p , ®27!(h) , a sequence of methods of ord&@+1) ,
2(p+2),... can be defined recursively by tsgmmetric compositions

Mq
Vg>1, oReTIlp) = H @[2(p+q)—2l(aq7ih) (2.2)
i=1
where forallg > 1,

(V1<i<mg, ag; #0), Zaql—l and Za2(p+q =



Methods of this class with real coefficients have been coostd by Creutz & GockschdG89, Suzuki
[Suz9(Q and Yoshida Yos9(d. However, the second condition clearly indicates thaeast one of the coeffi-
cients must be negative. In contrast, there exist many aaxgalutions with coefficients irC, .

Generally speaking, starting from[!(h) , the (p + 1) -th member of family | is of the form

olP+i(p) = H ( ﬂ ( (ﬁ cp“l(ap,ipap_l,ip1---a1,z-1h)> )) (2.3)

ip=1 \ip_1=1 i1=1
and has coefficients

[, 1<ii<m,....1<i,<m, (2.4)

A similar expression holds, of course, for methods of farfiilgtarting from <i>[2](h) . The casesn; =
mg =---=my =3 andm; = mg = --- = my, = 4, correspond to the triple and quadruple jump
techniques, respectively.

Lemma 2.1 Let &(h) a consistent method (i.e., a method of orger 1) and assume that the method

l

U(h) =[] ®(cih) (2.5)

i=1

is also consistent (i.e.) ", o; = 1). Ifthere existsk , 1 < k <[, such thatR(«y) < 0, then any consistent

method of the form
m m l
v =TT (I cs0m 29
: j:l
1<

has at least one coefficientt; o, , Jj <m,such thatR(s;o) < 0.

Proof: By consistency one ha3 7", 3; = 1, so that

Z% Bjak (Z 5j04k> =R (Oék Z’BJ> = %(Oék) < 0.
j=1 j=1

This implies the statementa

Lemma 2.2 For k > 2 and r > 2, consider (z1,...,2,) € (C4)* suchthaty>F 27 =0, 2 #0 for
1=1,...,k. Then we have

max Arg(z;) — min Arg(z;) >

i=1,....k i=1,...,

S

Proof: Allthe z;’s belong to the sectoi, () = {z € C : |0 — Arg(z)| < 0} with

1=1,... sy

o= % < max Arg(z) + nlnnkArg(zl)> and 6= % < max Arg(z;) — mln Arg(zl)> ,
where Arg is the principal value of the argument (see the left pictdiféigure1). Now, assume tha < -

Then, all the 2] 's belong to K,,(rf) , which, sincerf < 7, is a convex set. This implies th@Z 1%
also belongs tak,, (rf) (see the right picture of Figur. The inequalityrf < 7 being strict and they; 's

non-zero, we have furthermorg.~_, =7 + 0, which contradicts the assumption. The result follows.

i=17%



Figure 1: The enveloping sectors ¢1,...,2,} C CL andof {2],..., 2.} C C (for r =2).

Theorem 2.3 (i) Starting from a first-order metho@!! (%) , all methods®! (1) of order p, p =4,5,...
from Family | have at least one coefficient with negative pzat. (i) Starting from a second-order symmetric
method®(h) , all methods®!?”(h) of order 2p, p = 8,9,... from Family Il have at least one coefficient
with negative real part.

Proof: We prove at once the two assertions. We first notice thatrdoagpto Lemma2.1, if method <I>[p](h)
of Family | (respectively, methodb2”!/(h) of Family I1), has a coefficient with negative real part, trah
subsequent methodP*+4(n), ¢ > 1, of Family | (respectively, method$>+2l(p) of Family 1), also
have a coefficient with negative real part. Hence, we assinateall methods®[a+!] (h), g =1,....p
from Family | (respectively, all method®2¢+2/(h) of Family II), have all their coefficients irC, . Using
Lemma2.2we have

™
Vg=1,... A i) — in A ) > —
¢=1....p,  max Arg(ag;)— min Arg(ag;) > ——
(respectively
Vq = ]-7 Y 2 'izrln,.z.iffnq Arg(aq,i) - i::IlI}.i.I,lmq Arg(aq,i) > 2(] +1 )a
so that
p p T T
A A . ; A A I T
1§i1§m??§§ipgmp '8 1_[1aj”f 1§i1§m11,r.1.1.,ri§ip§mp '8 1_[1aj”f ~-2 Tt p+1
J= J=
(respectively
p p T T
ma; Ar o | — min Ar Qi | > =4+ .
1<y <mr A < <m, & ]1:[1 It 1<iy <ma,...,1<ip<myp & ]1:[1 Pl =3 toe 2p + 1)

Now, since% + % + % > 1, p = 3 inthe first case and thus the first statement follows. For Fdinisince
T+1+4-+ & >1)thenp=7,thus leading to the second statement.

Remark 2.4 No method of Family | with coefficients il can have an order strictly greater thah. Such
methods of order2 and 3 have been constructed itHP094. Similarly, no method of Family Il with
coefficients inC,. can have an order strictly greater thah4 . Such methods with orders up tigt have
been constructed inJCDV09 HO094.



Remark 2.5 It is however possible to construct a composition method witlfficets in C, of order
strictly greater than14 directly from a second order method. For example, in Submedt 1 we present a
new method of sixteenth-order that we have built as

21 15
ol (n) = [[2®(a;n),  with  ®Fl(n) = [T 2(8;n) (2.7)
i=1 J=1
and the coefficients satisfyint(a;3;) > 0 forall ¢ = 1,...,21, j = 1,...,15, with axn_; =
o, Be—; = B, 1,7 = 1,2,.... Here, <I>[8](h) is a symmetric composition of symmetric second order
methods, but it is not a composition of methods of order 4 @n@, similarly for ®['6/(1) , which is not a
composition of methods of ordeil$), 12 or 14.

3 Order conditions and leading terms of local error

We have seen that the composition technique to construbtdriger methods inevitably leads to an order
barrier. In addition, the resulting methods require a langenber of evaluations and usually have large
truncation errors. In this section we show that, as with cealfficients, it is indeed possible to build very
efficient high order splitting methods whose coefficientgehpositive real part by solving directly the order
conditions necessary to achieve a given orglerThese are, roughly speaking, large systems of polynomial
equations in the coefficients; , b; of the method 1.2), arising by requiring that the formal expansion of the
method satisfiesl(5) for arbitrary non-commuting operatord and B .

Different (equivalent) formulations of such order congfits exist in the literatureHLWO06]. Here we
follow the formulation introduced inGMO09] (see also BCMO08]) that can be considered as a variant of the
order conditions obtained ifv[SS99.

3.1 Order conditions for splitting methods

It is straightforward to check that the splitting methdad? is of order at least 1 if

Y aj=1=> b (3.1)
j=1 §=0

These equalities are referred to as the consistency conslitivhich we hereafter assume to hold. The first
step in the derivation process of the order conditions tleadopt consists in rewritind.(2) in the form

U(h) = X(—arh) "' X(azh) - X(—azs—1h) "' X (azsh), (3.2)
where
1 1
X(h) =" e =T+ h(A+ B) +h2(§A2 + AB + 5B2) e
andforj=1,...,s,
Oégj_l = bj_l - Oégj_g, Oégj = aj — Oégj_l, (33)
with ag = age1 = 0. Observe thatX (h) = 1+ h X; + h% Xy + --- , where for eachk > 1,
k 1
B e
X, = Z = A/ B, (3.4)

= gk =)

The consistency conditions now reduce to
2s
d a;j=1 (3.5)
j=1

7



It has been showrBICMO08, CM09] that ¥ (h) can be expanded as

Uh)y=T+> h" > wjy . jlar,... 000) X X, (3.6)
n>1  jitetje=n

where
S
ui(Qi,. .., q05) = Z(alzj - 04223’—1)7 (3.7
j=1
S
_ im im
Wiy i (O, s) = Z(a2j —azj_l)ui17_,,7im71(a1,...,agj_l,O,--- ,0). (3.8)
j=1

Expression 3.6) has to be compared with the expansion
h2
I+hX12+§X12+---

of X1 = eMA+B) We thus have that the method is of orderif for each multi-index (i1, . . . , i,,,) with
W+ +im=n<sr,

1 . . .
Uil,...,im(aly---,a%) _ ﬁ if - (H,...,Zm) - (1,...71)7 (39)
0 otherwise.

However, such order conditions are not independeém(@9]. For instance, it can be checked that

1, 1, 1
U= 5(“1 +ug), U2,1 = —U1,2 + U3 + UIU2, ULl = gui + juLe + gus,

which implies that the order condition3.9) for w; 1, u21, w11 are fulfilled provided that the conditions
for U, U2, U3, UL2 hold.

A set of independent order conditions can be obtained aswsll Consider the lexicographical order
< (i.e., the order used when ordering words in the dictionarythe set of multi-indices. A multi-index
(i1,...,4m) is @ Lyndon multi-index if (41, ...,%) < (ig+1,...,%m) foreachl < k < m. For each
n > 1, we denote asL,, the set of polynomialsu;,...;,,, such that(iy,...,i,) is a Lyndon multi-index
satisfying thatiy + - - - + i, = n. The first setsL,, are

Ly = {w}, Ly={us}, L3={wip,uz}, Li={ui2 u3,us},

Ls = {ui1,1.2,u1,1,3,%1,2,2,U1,4,U23, U5}
The splitting methodX(.2) is of order p if, in addition to the consistency conditioB.(),
ui17___7im(a1,...,a28) = 07 v (il,...,im) c Ln, with 1 <n <r, (310)

where the coefficientsy; are given in terms of the; 's and b; s in (3.9). Itis well known [HLWO06] that the
number of order conditions can be reduced by restrictinglitiag methods having the following symmetry
in the coefficients

asy1-j = aj, bsy1-j =bj_1. (3.11)

(or equivalentlyas,— 41 = ¢ ). Such a symmetry condition guarantees tiiigt) is a so-called self-adjoint
method, that is,¥(—h) = ¥(h)~!. In that case, if the following conditions hold:

uil,___ﬂ-m(al, A 70425) = 0, v (il, - ,Zm) S L2j+17 with 1< 2] +1< T, (312)

8



then all the order conditions irB(10 hold. For instance, a splitting method.?) is of order four if, in
addition to the consistency conditioB.{) and the symmetry conditior3(12),

uy2(a) = uz(a) =0,
where we denotex = (o, ..., ags) . If in addition,

ur12(0) =up13(a) =ur22(a) = uga(e) = ug3(a) = us(a) =0,

then the method is of order at least 6.
In the sequel we will restrict ourselves to symmetric methathce it simplifies a great deal the procedure
of construction of high order methods.

3.2 Order conditions for splitting methods based on compotions of lower order integrators

The number of order conditions for general splitting methgdows very rapidly with the ordep. For
instance, there ar@6 independent 8th-order conditions aB@l 10th-order conditions for a consistent sym-
metric splitting method. It makes sense, then, to consideresalternative to achieve order higher than six.
This can be accomplished by taking compositions of a basmsstric method of even order. In particular,
if we consider any of the two versions of Strang splittiig4f as the basic method (%) , then, for each

Y=, 7m) €C™,
U(h) = S(n1h)---S(ysh) (3.13)

will be a new splitting method of the formi(2), which can be brought into the form3.Q) (with X (h) =
"B eh4 for the first version of Strang splitting, and (h) = €4 e"? in the second one), withy; 1 =
agj =;/2 for j =1,...,s. Clearly, the consistency condition now reads

YA ys =1 (3.14)

As for the additional conditions to attain ordgr, we have the following property (se®IFS99 Theorem 5],
where a superset of the order conditioBslL() is studied). For eaclh > 2, let L,, denote the subset df,,
of Lyndon multi-indices having only odd indices. A compasit method 8.13 with the Strang splitting as
basic methodS(h) , is of order at leasp if it is consistent and

Uiy i (V) =0, Y (i1, im) € Ln, with 1<n<r, (3.15)
where we have used the notatign= % (V1,715 ---,7s,7s) - If the symmetry condition
Vs—j+1 = Vjs 1<j<s (3.16)

is imposed, then it is sufficient to consider muIti-indicesfln with odd »n . For instance, a symmetric
consistent composition method is of order six if

uz(y) = us(y) = u1,3(y) = 0.
If in addition the conditions
ur(y) = wia5(7) = u11,1,1,3(7) =uiz3(y) =0

hold, then it is at least of order eight.

"Actually, such order conditions are not restricted to theeashere the basic methasi(h) is the Strang splitting. Indeed, they
are valid provided thatS(h) is any self-adjoint second order method (that isSif—%) = S(h) ™! and S(h) = "5 L O(h?)
ash—0).



Splitting methods with very high order can be constructe(Bds3 by considering as basic methdti /)
a symmetric method of even ord@y > 2. In that case, it can be seen that it is sufficient to considen f
(3.15 the equations corresponding to multi-indices composéuadides in the sef 1, 2¢+1,2¢+3,...} . For
instance, if S(h) is a symmetric splitting method of order eight, a meth®d § satisfying the consistency
condition @.14) and the symmetry conditiorB(16) attains order sixteen if

ug(y) = w11,0(y) = u1,1,1,1,0(7) = w1,1,1,1,1,1,0(7)
up1(7y) = ur,1,11(y) = u1,1,1,1,11(7)
w13(7y) = u1,1,13(y) = uwis(y) = 0.

=0
=0

Y
9

3.3 Leading term of the local error

To construct splitting methods of a given orderwithin a family of schemes, we will choose the number
s of stages in such a way that the number of unknowns equalsutinder of order conditions, so that one
typically has a finite number of isolated (real or complexjusons, each of them leading to a different
splitting method. Among them, we will be interested in methguch that, either,; > 0 (and eachb;
are arbitrary complex numbers) &(a;) > 0 and (b;) > 0. The relevant question at this point is how
to choose the ‘best’ solution in the set of all solutionssfging the required conditions. It is generally
accepted that good splitting methods must have small ceeftga;, b; . Methods with large coefficients
tend to show bad performance in general, which is partiutame when relatively long time-steps are
used. In addition, as mentioned in the introduction, wheslyéipg splitting methods to the class of problems
considered here, the arguments of the complex coefficients must also be taken into account.

In order to chose the best scheme among two methods withaeat of similar size included in sectors
with similar angle, we analyze the leading term of the locedreof the splitting method. IfX.2) is of order
p , then we formally have that

hP

U(h) — D) — XYLt Ny (@) Xy X, + O(RP),

P! it tjr=p+1
where o = (a1,. .., ags) IS given in terms of the original coefficients;, b; of the integrator by3.3). This
can be rewritten, by taking(4) into account, as
W(h) — MATE) = LR, O,
Ep1 = Z Vi ....igm (@) AL B2 Al2m—1 Bi2m

il+"'+i27rL:p+1

where eachy;, 4, (o) is alinear combination of the polynomials and u;, .. ;. (o) with ji+---+j, =
p.

Incorporating that into the results irlD09H, it can be shown that, if the smoothness assumption stated
in the introduction is increased frop+1 to p+2, then for sufficiently small , the local error is dominated
by ||hPH Ep1uol| -

Going back to the problem of choosing a suitable method anadingossible choices (satisfying the
required conditions, say;; > 0 or $(a;) > 0 and R(b;) > 0) obtained by solving the order conditions,
we have adopted the following procedure: First choose aeguaisolutions with reasonably small maximum
norm of the coefficient vectofay, . .. , ass) , and then, among them, choose the one that minimizes the norm

Yo i (a)] (3.17)

i1+ +izm=p+1

of the coefficients of the leading term of the local error.Sl$#ems reasonable if one is interested in choosing
a splitting method that works fine for arbitrary operatetsand B satisfying the semi-group and smoothness

10



conditions mentioned in the introduction. Of course, thigsinot guarantee that a method with a smaller
value of 3.17) will be more precise for anyd and B than another method with a larger value 8f1(7).
However, we have observed in practice when solving the ardeditions of different families of splitting
methods, that the solution that minimizé&s1(7) tend to have smaller values of most (or even all) coeffisient
Vi, -ia ()| When compared to a solution having a larger noBmi {) of the coefficients of the leading term
of the local error.

When A and B are operators in a real Banach spake then it makes sense to compute the approxi-
mations u,, = u(t,) , as u, = ®(¥(h))u,—1 . In that case, the argument above holds witt.) replaced
by ¥(h) = R(¥(h)) and the local error coefficients;, _;,. (o) replaced byR(v;, . i, (@)). In that
case, 8.17) should be replaced by

Y Ry ian (@) (3.18)
t1+-+izm=p+1

as a general measure of leading term of the local error. Ihgetion, we take into account both.{7) and
(3.18 when choosing a method among a set of candidates obtainedl sdiving the corresponding system
of order conditions.

4 Splitting methods with coefficients of positive real part

4.1 High order splitting methods obtained as a compositionfosimpler methods

Order 6. We first consider sixth-order symmetric splitting methotsamed as a compositioR.(L3 of the
Strang splitting {.4) as basic method. As we have seen in Subse@ignthe coefficientsy; must satisfy
three order conditions, in addition to the symmeByL@) and consistency requirements, to achieve order six.
We thus takes = 7, so that we have three equations and three unknowns. Sudtearsypf polynomial
equations has 39 solutions in the complex domain (threesmations among them), 12 of them giving a
splitting method with coefficients of positive real part.deding to the criteria described in Subsect®8,

we arrive at the scheme

v1 =77 = 0.116900037554661284389 + 0.0434282546160603417621 (4.1)
Yo =6 0.12955910128208826275 — 0.12398961218809259330¢,
Y3 =5 0.18653249281213381780 + 0.00310743071007267534¢,

v4 = 0.134016736702233270122 + 0.154907853723919152396%.

This method turns out to correspond to one of those obtaiggchlambers (see Table 4 i€ha03).

Order 8. For consistent symmetric methods {3 of order eight, we have seven order conditions. By
taking s = 15 stages, one ends up with a system of seven polynomial eqaaditd seven unknowns. We
have performed an extensive numerical search of solutiatissmall norm, finding 326 complex solutions.
Among them, 162 lead to splitting methods whose coefficipotsess positive real part. The best method,
according to the criteria established in Subsecldhis

1 =75 = 0.053475778387618596606 + 0.006169356340079532510¢, (4.2)
Y2 =714 = 0.041276342845804256647 — 0.0699485743907078149511,

v3 =713 = 0.086533558604675710289 — 0.0231125016369148743844,
Y4 =712 = 0.079648855663021043369 + 0.0497804954556543381244,
5 =711 = 0.069981052846323122899 — 0.0526239378415905412867,
Y6 =710 = 0.087295480759955219242 + 0.010035268644688733950¢,

v7 =7 = 0.042812886419632082126 + 0.0760594564588435238621,

v8 = 0.077952088945939937643 + 0.007280873939894204350:.
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Order 16. Motivated by the results in Sectidh) we have also constructed a splitting method of order 16.
Our aim, rather than proposing a very efficient scheme, i©tovgthat the barrier of order 14 existing for
methods built by applying the recursive composition teghaistarting from order two (family 11) does not
apply in general.

The construction procedure can be summarized as followscdisider a consistent symmetric compo-
sition of the form 8.13), where now the basic methofli(h) is any symmetric eighth order scheme. Then,
as shown in Subsectidh?2, ten order conditions must be satisfied to achieve order ¥adtordingly take
s = 21, so that we have ten polynomial equations with ten unknowiis. have performed an extensive
numerical search of solutions with relatively small normding 70 complex solutions with positive real
part. Combined with thel62 methods of order eight, this leads 1d340 different 16 th order splitting
methods withs = 315 stages. Among them, onlg24 give rise to splitting methods with coefficients
of positive real part. The coefficients of the method that \eeehdetermined as optimal can be found at
WwWw. gi cas. uji.es/Research/splitting-conplex.htm.

4.2 Splitting methods with positive real a -coefficients

We consider now splitting methods specially tuned for efiofuequations where one of the operators (say,
A) has non-real eigenvalues in the right-hand side of the t@aglane. As explained in the Introduction
section, the goal is here to obtain methods such that onedhih sets of coefficients; 's or b; 's is entirely
contained in the positive real axis, while the other set @uided in the right-hand side of the complex
plane. The resulting schemes therefore are very well suitgghrticular, for the numerical integration of the
complex Ginzburg—-Landau equation.

Order 4. We first consider symmetric methods of the forin with s = 4, that is,

] (h) — ehboBehalAehbl Beha2AehbgBehagAehbgBeha4Aehb4B )

If we impose the consistency and symmetry requirements éoeiations3.1) and @.11)), and the additional
restriction that then; 's are not only real and positive, but also all equal, then meeug with a two-parameter
family of methods. As we have seen in Subsecfidl) two order conditions must be satisfied for order four.
The corresponding system of polynomial equations with twkneowns have only two solutions (complex
conjugate to each other). These were previously obtainfd@DV09 (see formula (5.1)):

a] = a2 = a3 = a4 = 1/4, (43)
1 ?
bop=0bs = 1—0—3—0,
bl :b3 = %‘1’%7
4 1
bz — 1—5—3

Notice that methods with equal, ’s have the potential advantage that only one matrix expies 14
has to be computed per step, or even for the integration of/tiade interval if constant step-sizes are used.
Nevertheless, this property becomes irrelevant whenéeesystem is so large that the matrix exponential
is never computed, and the action gf**4 on vectors is computed instead (for instance, by using Krylo
methods or methods that make use of the FFT algorithm).

If we allow for different a; 's, then we have one free parameter (say,), which we can determine by
minimizing the objective function3(18 for p = 4 under the restriction that,as > 0. This procedure
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leads to the scheme

bp =bs = 0.060078275263542357774 — 0.060314841253378523039¢, (4.4)
a1 =as = 0.18596881959910913140,
by =b3 = 0.27021183913361078161 + 0.152903932291161958951,
a2 =a3 = 0.31403118040089086860,
by = 0.33941977120569372122 — 0.185178182075566871811,

which seems, according to the analysis of local error coeffts, to be about 3 times more accurate than
method ¢.3). We have also analyzed the corresponding minimizatiomlpro resulting from adding an
additional stage, but only a marginal improvement in thesigficy is achieved, so that we omit the details of
the treatment here.

Order 6. A 6th-order symmetric scheme of the forh.2) has to satisfy 10 equations. By imposing the
additional restriction of alla; being equal, at least = 16 stages are necessary to solve the remaining 9
order conditions (including consistency). We have solVvex$é equations with a computer algebra package,
thus obtaining 288 complex solutions. Among them, 228 haedficients b; with positive real part (114
solutions and their corresponding complex conjugatesjhigiset we have chosen, by applying the criteria
described in Subsectidh3, the following method:

a]] —=ag =+~ =ag — 1/16, (4.5)
bp =big = 0.024694876087018064641 — 0.007874795562906877058%,

by = b5 = 0.063813474021302699779 + 0.035365761034143327805¢,
by = b1y = 0.068425094030316441970 — 0.062262244450748676995¢,
bs = b1z = 0.088047701092267837627 + 0.0454738715022987043844,
by = b1z = 0.023689611129847060696 + 0.009624326064089624058¢,
bs = b1 = 0.042729722386773382203 — 0.033994403923957610554¢,
bs = bip = 0.122334686316845772960 — 0.010435859079752510669¢,

by = by = 0.041898432829693886044 + 0.069362492631696384275¢,

bs = 0.048732804211869708159 — 0.090518296429724730489:.

5 Numerical tests

For our numerical experiments, we consider three diffetesit problems: a linear reaction-diffusion equa-
tion, the semi-linear equation of Fisher, and the Ginzbuagdau equation, which has the specificity to
include complex-valued parameters. For each case, wd tietaxperimental setting and collect the results
achieved by the different schemes.

The numerical approximations,, obtained by each methott (/) are computed as,, = R(¥(h))up—1 .
In other words, we project on the real axis after completiacheiime step.

5.1 Alinear parabolic equation

Our first test-problem is the scalar equation in one-din@msi
Ou(x,t)
ot

with periodic boundary conditions in the space doméinl]. We take V(x,t) = 2 + sin(27z) and
discretize in space

= Au(x,t) + V(x, t)u(x,t), u(z,0) = ug(z), (5.1)

z; = j(0x), j=1,...,N with dz=1/(N+1),
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thus arriving at the differential equation
d
ol = AU + BU, (5.2)
dt

where U = (u1,...,uy) € RV . The LaplacianA has been approximated by the matrix of size N x N

given by

-2 1 1
1 -2 1
A = (6z)? =21 ,
1 1 -2
and B = diag(V(x1),...,V(zn)) . The solution with initial conditionug(z) = sin(27z) is represented

on Figure2.

Solution of the linear reaction—-diffusion

u(t,x)

7z
iz
W77
7

Wi \\\ W
//////////77/7////// \\

Time

Figure 2:The solution of §.1) with uy(z) = sin(27z) on the interval[0,1] .

We discretize in space witlv = 100 points and compare different composition methods by comgut
the corresponding approximate solution on the time intef9al] . In particular, we consider the following
schemes:

e Strang: The second-order symmetric Strang splitting method)(

e (TJ6): The sixth-order triple jump method (Proposition 2.1 @JDV09) based on Strang’s second-
order method,;

e (TJ6A): The sixth-order triple jump method (Proposition 2.2@(DV09) based on Strang’s second-
order method,;

e (TJBA): The eighth-order triple jump method (Proposition 2.20¢CDV09) based on Strang’s second-
order method,

14



e (P6S7) The sixth-order methodi(1);
e (P8S15) The eighth-order methodt(2).

We compute the error of numerical solution at time= 1 (in the 2 -norm) as a function of the number of
evaluations of the basic method (the Strang splitting) a@pdasent the outcome in Figuseln the left panel
we collect the results achieved by the Strang splitting dm@dprevious sixth-order composition methods,
whereas the right panel corresponds to eighth-order msethid have also included, for reference, the curve
obtained by (P6S7).

The relative cost (w.r.t. Strang) of a method composed dfteps is approximated bys, where the
factor 4 stands here for an average ratio between the cost of comyitlernatic compared to real arithmetic.
A remarkable outcome of these experiment is that methodS{Pénd (P8S15) outperform Strang’s splitting
(and actually all other methods tested here) even for logramices. Scheme (P8S15), in particular, proves to
be the most efficient in the whole range explored. The gaih veispect to triple jump methods is also very
significant and completely support the approach followe® he

Error versus cost in log-log scale Error versus cost in log-log scale
T T T T T

NS~ S\
RN NGEN
N —
AN R
-2 N TR -2
NN T
AN © e .
? AN — =
\\ N @ N
g -4 \t N g -4
N \O\
N
-5+ N A 4 -5+
N R \& N
_gl| —t+— T NN _gl| —5—Pes7 N
—o - \
49—;‘(]5{;5 \&\ N G\ —— ;ng \3 \
—#— Strang T —— P8s15 N
e 22 24 26 28 3 32 e 22 24 26 28 3 a2
Number of steps of the Strang splitting method Number of steps of the Strang splitting method
Figure 3:Error versus number of steps for the linear reaction-diffugquation 5.1).
5.2 The semi-linear reaction-diffusion equation of Fisher
Our second test-problem is the scalar equation in one-diioen
Ou(x,t)
5 = Aule,t) + Flu(@,?),  ul@,0) =u(z), (5.3)

with periodic boundary conditions in the space domdinl] . We take, in particular, Fisher’s potential
F(u) =u(l —u).

The splitting considered here corresponds to solving, erotie hand, the linear equation with the operator
A being the Laplacian, and on the other hand, the nonlineanamddifferential equation

Oou(z,t)
T u(z,t)(1 —u(z,t))

with initial condition
u(z,0) = up(z).

15



Note that it can be solved analytically as

(e —1)

u(w,t)) = uo(z) + uo(z)(1 — up(x)) 1+ uo(z)(ef — 1)

which is well defined for small complex time. We proceed in the same way as for the previous linear case,
starting with ug(x) = sin(27x) . After discretization in space, we arrive at the differahéiquation

Cil—(t] = AU + F(U), (5.4)

where U = (uy,...,uy) € RN and F(U) is now defined by
FU) = (u1(1 —u1),...,un(l— uN))

We chooseN = 100 and compute the error (in th2-norm) at the final timet = 1 by applying the same
composition methods as in the linear case. The results deeteal in Figured, where identical notation has
been used. Notice that, strictly speaking, the theoretremhework upon which our strategy is based does
not cover this nonlinear problem. Nevertheless, the resudhieved are largely similar to the linear case. In
particular, the new 8th-order composition method is thetrafficient even for moderate tolerances.

Error versus cost in log-log scale Error versus cost in log-log scale
T T T T T T

-1 -1
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NG S
2 = N
AN ~
~
~
*+. -3r R N
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N
N
N -4 N N
= ~ =
o N o N
= N U\ = N N
w AN ~ w %
-5 ¥ -5 \ N
NN
N Q N
ENEN N
6 N \k . N | 6 N .
AN hey N
1S (RN 5N
—+— TJ6 O —5— P6S7 0
-7r - e -TieA NN =7r TJ8A N
—&5— P6S7 —+— TJ8
—*— Strang —<— P8S15
-8 T . . . . _8 T . . . .
2.4 2.6 2.8 3 3.2 34 3.6 2.4 2.6 2.8 3 3.2 34 3.6
Number of steps of the Strang splitting method Number of steps of the Strang splitting method

Figure 4:Error versus number of steps for the semi-linear reactiffosion equation $.3).

5.3 The semi-linear complex Ginzburg—Landau equation

Our third test problem is the complex Ginzburg-Landau éqoain the domain(z, t) € [—20, 20] x [0, 100]
with periodic boundary conditions,

ou(z,t)

5 = a Au(z,t) + eu(z,t) — B lu(z, t)Pu(z, t), (5.5)

with o = 1 +ic;, B =1 —icg and initial conditionu(x,0) = ug(x) . Here, e, ¢; and cs denotereal
coefficients. In physics, the Ginzburg—Landau appearsamtathematical theory used to model supercon-
ductivity. For a broad introduction to the rich dynamics listequation, we refer torf594. Here, we will

use the values;; = 1, ¢c3 = —2 and ¢ = 1, for which plane wave solutions establish themselves dyick
after a transient phase (s&¥1C05]). In addition, we setug(z) = cosh((;§10)2 + Cosh(%iw)g . The solution

when z € [—100, 100] is represented as in Figute
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Solution of the Ginzburg-Landau equation (amplitude)

N

Solution of the Ginzburg-Landau equation (real part)

Time
Time

100 100 A

-100 -80 -60 -40 -20 0 20 40 60 80 100 100 -80 -60 -40 -20 [¢] 20 40 60 80 100

Figure 5:Colormaps of the amplitudéu(z,t)|> and real partR(u(xz,t)) of the solution of §.5).

In order to apply the splitting methods presented in Sectjohseems natural to split equatiod.p) as

% = (1 +icy)Au(z,t) + cu(x,t), (5.6)

whose solution isu(z, t) = estet(1tic)Ayq(x) for ¢ >0, and

Ou(x,t)
ot

= —(1 —ic3)u(x, t)[Pu(z, ), (5.7)
whose solution is fort > 0
u(a:,t) _ e—(l—iqo,)f& M(m,s)dsuO(x) _ e—glog(1+2tMo(m))uO(x)'

Here we have first solved the equation fof (z,t) := |u(z,t)[?, given by

OM (x,t) 9
— = -2M
5 (a,1),
with solution
_ My(=)
M@= o @

Consideringt now as a complex variable with positive real part does ngerany difficulty for the first part,
since etet(1ic1)A js well-defined. More care has to be taken for the second giate v — |u|?u is not a
holomorphic function, and this prevents us from solviBd)in its current form. As a consequence, we first
rewrite 6.5) as a system fofv(z, t), w(z,t)) wherev(z,t) = R(u(x,t)) and w(x,t) = (u(z,t)):

ov(x,t)

v(z,t) — et Aw(z v(x,t) — (v3(x w?(z,t)) (v(x csw(z
Av(z,t) — clAw(z,t) + ev(z,t) — (v7(2,t) + w(z, 1)) (v(z, t) + csw(z, 1)) 5.8)

t
Ow(z,?) c1Av(z,t) + Aw(z,t) + cw(z,t) — (V¥ (x,t) + w?(z,t))(—czv(z, t) + w(z, b))

ot

and now solve it for complex time € C with ®(¢) > 0. Observing that

1 =%\ _pp,p! and L =a )\ _ppp,
C3 -1 C1 1
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with

0 — 0 i1 _ —1
D1:<3 a>’ D3:< 0/3 —B)’ P:<i Z) andP1:< %2 2,

system 5.8) can be rewritten as

D=
DO|
~__

av(oi, ) _ (aAf;(ac,t) + Ef)(x,t)) - (6M(x,t)z7(x,t)> 59
ow(x,t)  /_ _ - ~ '
5 = (aAw(ac,t) —|—Ew(x,t)) - (ﬁM(z,t)w(m,t))
where M (x,t) = 4it(z, t)w(z,t) and
o\ _1(-i 1 v
w ) 2 1 — w )
It is not difficult to see that the exact solution of the secpad of 6.9) is given by
~ _ 5 — B log(14-2t Mo (z))
0(x,t) to(x)e QB ) (5.10)
W(z,t) = wolz)e 2 log (142t Mo (z))

where My(x) is now defined asMy(x) := 4it(x)wo(x) . Note that here, by convention, the logarithm
refers to the principal value dfog(z) for complex numbers: ifz = (a + ib) = re® with —m < 0 < 7,
then ;
logz:=Inr+i0 =In|z| +iarg z = In(|a + ib|) + 2¢ arctan | —————— | .
: 2]+ darg 2 = In(la + i) (=)
Since log(2) is not definedfor » € R, this means that the solutio(¥(x, t),w(z,t)) is defined only as
long as1 + 2My(z)t ¢ R~ . Finally, the solution(v(zx,t), w(z,t)) is of the form

—BL(w,t) 4 o—BL(x,t) —BL(t) _g=BL(x1)
vz,t) = vo(x)" BL( t)zo BL( t>) ~ (o) ¢ BL( t)%O BL( tJ)

_ z,t) _ a— x, - z B *
w(z,t) = vo(x)(e 22‘0 )—i—wo(x)(o —50 )

where L(z,t) := log(1 + 2t Moy (x)) = log(1 + 2tMy(z)) and My(z) = v3(z) + wd(x) .

DenotingV = (v1,...,vx) € RY and W = (w1, ...,wy) € RY , we eventually have to numerically
solve the following system:

Vo= AV —c AW +eV = G(V + W)
W = AV 4+ AW +eW — G(—Cgv + W)

where G is the diagonal matrix withG; ; = v? + w? and A is the matrix corresponding to the discretized
Laplacian.

One stepU, — U; of the splitting methodX(.2) is then applied as follows:

1. Initialize Vy = R(Up) and Wy = I(Up)

2. Compute(Vy, Wo) — (Vo, Wo)

3. Setk=s

4. ComputeV; s, := V(bgh) and Wy := W (bih)
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ComputeV; = e=h exp(hakaA)f/l/Q and W, = e=h exp(hade)Wl/z
Decrementt by 1

If k>1,setVy=V,, Wy =W, and go to stept .

© N o O

Compute(Vy, W) — (Vi, Wh)

As we mentioned in the Introduction, for this problem theegrators designed in sectidi are particu-
larly well suited. In consequence, we compare the follovgplitting methods:

e Strang: The second-order symmetric method of Strahg)(

e (P4S4) The fourth-order method4(3), already proposed irf(JCDV0Y;
e (P4S4opt) The optimized fourth-order method.d).

e (P65S16) The sixth-order methodi(5).

The relative cost (w.r.t. Strang) of a splitting method withsteps of the diffusion part is approximated
by 2s, where the factor2 stands here for the double dimension in the system.

Error versus cost in log-log scale

Error

—%— Strang splitting
71| —<—P4s4

—6— P6S16

—&— P4S40pt

3 3.2 34 3.6 3.8 4 4.2 44 4.6 4.8 5
Number of steps of the diffusion part

Figure 6:Error versus number of steps of the diffusion part for the plem Ginzburg—Landau equation.

We determine the matrix4 by a Fourier collocation method wittv' = 128 and compute the error
(in the 1-norm) at the final timet = 100 with respect to a reference solution obtained by integgatin
numerically with a much smaller time step. The results atlecked in figure6. We observe that the result
achieved when using the optimized 4th-order methbd) (s slightly better than the corresponding tb3)
for this problem. On the other hand, the efficiency of the nelaeme 4.5) is worth remarking, especially
for stringent tolerances.
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6 Concluding remarks

Splitting methods with real coefficients for the numericdégration of differential equations of order higher
than two have necessarily some negative coefficients. €haisife does not suppose any special impediment
when the differential equation evolves in a group, but mayrsecceptable when it is defined in a semi-group,
as is the case with the evolution partial differential etpret considered in this paper. One way to get around
this fundamental difficulty is to consider splitting schesmath complex coefficients having positive real part.
This has been recently proposed for diffusion equation€@PV09, HO09. Splitting and composition
methods with complex coefficients have been consideredferelnt contexts in the literature (sé&QM10]

and references therein).

In [CCDV09 HO091, splitting methods up to order 14 with complex coefficienith non-negative real
part have been recursively constructed either by the deecaiple-jump compositions or by the quadruple-
jump compositions, starting from the symmetric secondepi$trang splitting. In this work we prove that
there exists indeed an order barrier of 14 for methods aacts in this way. More generally, we show
that no method of order higher than 14 with coefficients hgwion-negative real part can be constructed
by sequentials -jump compositions starting from a symmetric method of or2le We further show, by
explicitly obtaining methods of order 16 (as the componsitid a basic symmetric method of order 8), that
this order barrier does not apply for general compositiothods (non-necessarily constructed by recursive
applications ofs -jump compositions) with complex coefficients with non-atige real part.

In addition to this order barrier, another drawback of mdthiesulting from applying the -jump com-
position procedure is that for high orders they requiredargumber of stages (i.e. number of compositions
of the basic symmetric second order method) than methodénelokt by directly solving the order conditions
with the minimal number of stages. For instance, methodgadros (respectively, 8) obtained with triple
jump compositions need 9 (resp. 27) compositions of theclsesiond order method, whereas, as we show
in the present work, methods of order 6 (resp. 8) can be aatstt (by directly solving for the required
order conditions) with 7 (resp. 15) stages. An analysis efitical error coefficients supported by numerical
tests shows that the methods proposed here are more effltéanthose obtained IrC[CDV09, HO09H by
applying the recursive triple jump and quadruple jump aorsions.

Motivated by the application of splitting methods to prabtelike the complex Ginzburg-Landau equa-
tion (1.6), we further consider splitting methods of the forinZj such thata; € R and #(b;) > 0. Such
splitting methods cannot be constructed as compositiomadstwith the Strang splitting as basic method.
We construct methods of order four and six by imposing thatis the same for allj , and by determining
the coefficientsb; from the required order conditions. Among all of the solnsiawith non-negative real
parts obtained in this way, we choose those with smallel lercar coefficients.

Based on the theoretical framework worked outHt©[094, the integrators proposed here can be applied
to the numerical integration of linear evolution equation®lving unbounded operators in an infinite dimen-
sional space, like linear diffusion equations. As a matfdact, although the theory developed if(094
does not cover the generalization to non-linear evolutigmagons, we have also included in our numerical
tests two systems of ODEs obtained from semi-linear evariutiquations with a certain space discretization.
All the numerical tests show a considerable improvemenffiniency of our new methods with respect to
existing splitting schemes. A remarkable feature of the aighith order composition method when applied
to both the linear and semi-linear diffusion examples i$ ithia more efficient than all the other integrators
of order p < 8 in the whole range of tolerances explored.
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