
��������� �
	������������������������ �!��� �#"
$&%�')( � � �!* +�$-, �/.01��243)�5( '6��879*!�

: 39�!*�;8���<')8��3��!��� ( � �=�?>@� ( AB36�5�C;D���?�9AE'6��8');

FHGJILKNM�OQPSRLGJTVUWMYX1I1Z\[J]

^`_badcfe�gWhji�kml�n1k4o
^�pmqr_bs6ert4udv`w1_budpQayxzvdcfv�{
|~} efv�uders��Vv��beCadcfv�pQ��_buyxzpQt9vdpQt4u��bpQtbtVcfv��Suyx�uyadeCx�tV��xzq�w1uyx��y{��

� �����d�����9�W�0���S�����������S�����m���¡ 5¢)£
¤ t9qfpQtVvyxz�b¥radeC�zeCvdqfcrtWw1ayxzp6ader�badcfvdert4udc¦�Ww1a��zefv�§V_Vert4u`eru¨wQqruyxzpQtVv¨vy_bx�©ªw1t4udv�g
«@¬ ��_Vert4u�g�4®Q¯y°�±Q²´³¶µ · } w¸©¹pQx�uy_bade�efvyu¡º4w1adcfe ert»vyx�uy_Ww1uyxzpQt s

{ ¼
«@½ qruyxzpQtVv
¹®Q¯d±L¯H·0¾Cw1adera��¿w¸©¹pQx�uy_badeªÀ�wf©¹efqC�¿w¸�badcLÁÂqfpQtV��x�uyxzpQt&Ã�Ä�Å�ÆL{ ¼
Ç8ÈQÉ ±L¯j·ÂÊ�pQ�zera��¿w¸©¹pQx�uy_badeªÀWw�©¹efq¦qfpQs�s6eC�badcLÁÂqfpQtV��x�uyxzpQt��ze��Ëw1x�u�Ì4_Ve��¿w¸©¹pQx�uy_bade¦�bpQx�u¨ÍruyadeCº4w1adcfeª{ ¼
¯y±rÎ~ÏÐ¯d±L¯H·¶Ñ¨eruyx�adera��¿w�©¹pQx�uy_badeªÀ�wf©¹efq�qfpQs�s6e �badcLÁÂqfpQtV��x�uyxzpQtÒ�ze��Ëw1x�u�Ì4_VeC�¿w�©¹pQx�uy_bade¦�bpQx�u¨ÍruyadeCº4w1adcfeL¼ | aderuyx�adera

vyx�ºªtbx�ÓWeÔaderuyx�adera6�Ww1a��ze=qfpQtV��_Vqruder_ba�pQ_H�Ww1a)_btVe=�bcr�Ww1tbtVer_VvdeªÀ��Ww1a6eLÕbers��b�zeÔ�ÖpQ_ba�_btVeÔs�xzvde=ert
�~pQ_bayayxz¥rade��L{

¤ t�v�w1x�u��be��b��_Vv�g
«@½ _»�bcr×b_bu | �Vw1tVv��¿w¸vyx�uy_Ww1uyxzpQt�x�tbx�uyx¿w1�ze��5�¿w¸©¹pQx�uy_bade efvyu¡º4w1adcfeª{
« ¾Cw1adera��¿wS©¹pQx�uy_bade¦�¿wSadertV�=º4w1adcfeª{
« Ê�pQ�zera¨pQ_»aderuyx�adera��¿wS©¹pQx�uy_bade¦�¿wSadertV�=tVpQt»º4w1adcfeª{

¤ tØ©¹er_buCuya�wQ��_bx�ade�qfe�vdqfcrtWw1ayxzp=ertØuderays6e��beS�¿w�uyÙVcfpQayxze�cr�zcrs6ert4u�w1x�ade)�ÛÚÜwQqruyxzpQtVv�ÀÛert�_buyx���xzv�w1t4uC�¿w�vdpQ��_buyxzpQtEw1_
�badpQ×b�z¥rs6e���_»q�wQ��adeC©m_VeCert9qfpQ_badv�{
Ý {�^�pQtbtVera��zefv¨w8Õ�xzpQs6efv¨�ÛÚÞeLßÛerudv�eru¨�be��badcLÁÂqfpQtV��x�uyxzpQtVv`�ÛÚÜwQqruyxzpQtVv�ÌJ_bxÛuya�wQ��_bxzvdert4u��zefv��bpQtbtVcfefv�{
à {�á�t9�bcf��_bx�adeC�ze¦pQ_=�zefv�w8Õ�xzpQs6efv��be vy_VqfqfefvdvdxzpQt»�ÛÚÞcru�w1u¨qfpQayadefvy�NpQtV�Vw1t4u�{
â { ¤ t»a�w1�b�Ner���zeCxzqrxÛ�ËÚÜw8ÕmxzpQs6e |~ãåä ¬ Ñ`�å©m_»ert9qfpQ_badv�{

F (~x, do(a, s)) ⇔ [γ+

F (~x, a, s) ∨ (F (~x, s) ∧ ¬γ−

F (~x, a, s))] (PCFR)

| w¹�Ô^�crs6pQt4uyadera�ÌJ_Ve |~ãåä ¬ Ñ��LÀ��b��_Vv��zefv¨w8Õ�xzpQs6efv��beC×WwQvdeªÀ��Nerays6eruyudert4u��beC�bcf��_bx�adeC�¿wS�´pQays¦_b�zeªg

∀ s, s′ { [ s v s′ ∧ F (~x, s) ∧ ¬F (~x, s′) ] ⇒
∃ a, s′′ [ γ−

F (~x, a, s′′) ∧ s @ do(a, s′′) v s′ ] }.

Ý



| ×��»æ�_Ve vyx�ºªtbx�ÓWe qferuyude¦�beraytbxz¥rade��~pQays�_b�ze�çSá�vyu0ÁÂer���zeCx�tJuy_bx�uyx�©¹ers6ert4uCw1uyudertV��_Ve�ç
èV{�émpQx�u��¿w��´pQays¦_b�ze¦vd_bx�©Qw1tJudeªg

∀s {[¬
4®Q¯y°�±

(s) ∧
±yê4±yëfìmÎË®4í É ± (s)] ⇒ ∃s′ [do(

¯d±rÎ~ÏÐ¯y±r¯
, s′) v s ∨ do( Ç8ÈQÉ ±L¯ , s′) v s]}

| w¹�»æ�_Ve vyx�ºªtbx�ÓWe qferuyudeC�~pQays�_b�ze�ç¦áîvyu0ÁÂer���zeCx�t4uy_bx�uyx�©¹ers6ertJu w1uyudertV��_Ve�ç
| ×��Ô^�crs6pQt4uyadera¨ayx�º¹pQ_bader_Vv�ers6ert4u�qferuyude��~pQays�_b�zeª{

  ï ðN��ñ¨òó���������Ö�d���õôS���S�ö�d���ø÷/�úùCû �m��¢)£

ü�ýYþ�ÿ Ý «���� ¯y°L³f±y®Qì��4±Së È � Î~¯y®QÏ � ÎÂ± ³¦ÎÂ±��	� È ¯y± ÉÐÉ ± ³


 l k4o������������� ã adpQ�Ww1º¹era¡�zefv�qfpQt4uya�w1x�t4udefv¨uders��ÖpQader���zefv | vy_baå_bt=efvy�WwQqfe`xzvdpQs6pQay�bÙVe �
IN
�å�Vw1tVv��ze¨adcfvde�w1_=�be

�¿w�ÓVºª_bade Ý ert9w1�b�b��xzÌ4_Ww1tJu¨�ËÚÜw1��º¹pQayx�uyÙbs6eS�beCqfpQÙVcradertVqfe¦�beCq�ÙVers�x�t |~ãåä �L{
¤ tÒqfpQtVvyu�w1udeSÌ4_Ve¦�ze tVpQs¦×bade¸�ÛÚ x�tJuderay©Qw1���zefv`uders��NpQader�zv�wQv�vdpJqrxzcfv`���¿w)qfpQt4uya�w1x�t4ude¸adcfvd_b��u�w1t4ude¸w1_bºªs6ert4ude��~pQayudeLÁ
s6ertJu | �ËÚÜw1_bºªs6ert4u�w1uyxzpQt!�Ner_bu`ÍruyadeSeLÕ��ÖpQtVertJuyxzer���ze��L{ ã pQ_baC�Ww1����xzera�qfeS�badpQ×b�z¥rs6eS�be¦�~a�w1ºªs6ert4u�w1uyxzpQt!�ber_�Õ�vdpQ��_�Á
uyxzpQtVv¨vdpQt4u¨ertJ©Jxzv w1º¹cfefv\g
« _buyx���xzvdera�_btVe¦w1�b�badp�Õmx�s)w1uyxzpQtÒ��_»adcfvde�w1_»x�tbx�uyx¿w1���Ww1a�_bt�é�� ã��
« _buyx���xzvdera�_btVe¦w1�b�badp�Õmx�s)w1uyxzpQtÒ�beC�ËÚÜw1��º¹pQayx�uyÙbs6e ã5ä w8ßÛw1x�×b��xzv�v�w1t4u��ËÚÞpQ�Ncra�w1uyxzpQt��ÛÚ x�tJuderadvdefqruyxzpQt\{

���! "$#&%('!%()+*-,/.101*32�4541,76�89%!:;2<#&%!6�0>=1.?,7@-)A*B2C.?452<,$.50EDGFIH
émpQx�u\g
« N

�zeCadcfv�e�w1_=x�tbx�uyx¿w1�ËÀ
« N ′

�ze¦é�� ã pQ×budert4_�ert9w8ß\w1x�×b��xzvdv�w1tJu¨�zefv�qfpQtJuya�w1x�t4udefv`�beC�¿wSs)w1tbxz¥rade¦vd_bx�©Qw1tJude�g
C ′

ij = [low(Cij), high(Cij)]
pKJ

low(Cij)
| adefvy�\{

high(Cij)
� efvyu��¿w�×ÖpQaytVe5x�t��´crayxzer_bade | adefvd�\{1vd_b�Öcrayxzer_bade��

�befv¡x�t4uderay©ªw1���zefv`qfpQs��Öpªv�w1tJu
Cij

À
« N ′′

�ze�adcfvde�w1_»s�x�tbx�s)w1� �be
N ′
À

« N ′′′
�ze�adcfvde�w1_»adcfvy_b��u�w1tJu��be��ËÚ x�tJuderadvdefqruyxzpQtÒ�be

N ′′
eru

N
�Vw1tVv��zefÌJ_Ver�

C ′′′

ij = C ′′

ij ∩ Cij

{
LNMPOG�QR��������C���TSVUN�WnKWYXBZ�Ðo[X\������9]_^`pQays)w1��xzvderaÔ_btVe�qfpQtJuya�w1x�t4ude

C
qfpQtVvyxzvyude��Euya�w1tVv0�´pQays6era�udpQ_budeÒ�Ww1x�ade

�ÛÚ x�tJuderay©Qw1���zefv
I1

À
I2

�be
C
uder�zv�ÌJ_Ve5xY�

I1∩I2 6= ∅
ert¸_bt�x�tJuderay©Qw1���ze

I1∪I2

x�xY�
I1 = [I−

1
, N ]

eru
I2 = [N +1, I+

2
]ert

[I−
1

, I+

2
]
{


 l k4o�����������`�ba�pQtJuyaderaSÌJ_Ve6�ze)tVpQs¦×badeÔ�ÛÚ x�t4uderay©ªw1���zefv�wQvdvdpmqrxzcfvS�»_btVe)qfpQt4uya�w1x�tJude
Cij

tVpQays)w1��xzv�cfe �be
N ′′′efvdu¡x�t��~crayxzer_ba¨pQ_�crº4w1� w1_=tVpQs¦×bade��ÛÚ x�t4uderay©ªw1���zefv`wQvdv�pJqrxzcfv��¸�¿w¸qfpQtJuya�w1x�t4udeSqfpQayadefvy�NpQtV�Vw1t4ude

Cij

�be
N
{




 l k4o�����������zhca�pQtJuyadera�Ì4_Ve
sol(N) = sol(N ′′′)

|
sol(N)

�bcrtVpQude��ËÚÞertVvders¦×b�zeC�befv�vdpQ��_buyxzpQtVv¡��_Ôadcfvde�w1_
N
�L{

á�t9�bcf��_bx�adeC_bt�w1��º¹pQayx�uyÙbs6eSw1�b�badpfÕ�x�s)w1uyx����ÖpQ_ba¡�¿w¸qfpQÙVcradertVqfe��be
N
À��badpmqfcf�Vw1t4u��Ww1a�x�udcra�w1uyxzpQtVv¨vy_Vqfqfefv�vyx�©¹efv�{


 l k4o�����������edfa�pQtJuyadera�ÌJ_Ve
low(Cik � Ckj)

efvyu�crº4w1�5�Ô�¿wÔ×NpQaytVe�x�t��´crayxzer_bade �be
[low(Cik), high(Cik)] �

[low(Ckj), high(Ckj)]
eru�ÌJ_Ve

high(Cik �Ckj)
efvyu�crº4w1�����¿wS×NpQaytVeCvy_b�Ncrayxzer_badeC�be

[low(Cik), high(Cik)] �
[low(Ckj), high(Ckj)]

{åá�t/�bcf��_bx�adeÒÌJ_Ve ãåä eru)�ËÚÜw1��º¹pQayx�uyÙbs6e�w1�b�badpfÕ�x�s)w1uyx��Sq�w1�zqr_b�zertJu �zefv s6Írs6efv�×ÖpQaytVefv
x�t��´crayxzer_badefv¨eru�vd_b�Öcrayxzer_badefv�{

ü5ýÐþ�ÿ à «g��� ®QìmÎ~¯d±�¯d° ³f±y®ªìh�4±Së È � Î~¯0®QÏ � ÎÂ± ³¦ÎÂ±i�j� È ¯y± ÉYÉ ± ³


 l k4o�����������`k ½ �b�b��xzÌJ_Vera��ËÚÜw1��º¹pQayx�uyÙbs6e¦�bcLÓVtbx��S�¿w�Ì4_VefvduyxzpQt à { â vy_ba¡�zeCadcfvde�w1_»�be �¿w�ÓVºª_bade à
���R� "$#&%('!%()+*-,/.101*l%(0m#K*-,P)A*-n�#7%o6�0c2�pq2C%!r5'!%!*
LNMPOG�QR��������C�`�sSut��<��k4n1o�kPv&����<��w(XB�xQZÐky]ÒvdpQxzert4u)�ber_�Õ qfpQtJuya�w1x�t4udefv

T = {I1, ..., Ir}
eru

S = {J1, ..., Js}
{

} Ú x�t4uderadvdefqruyxzpQtS�Ëw1x�×b�zeî�be
T
eru

S
À�tVpQudcfe

T C S
À�efvdu\�ËÚÞertVvders¦×b�ze5�ÛÚ x�t4uderay©ªw1���zefv

{I ′1, ..., I
′

r}
uder�mÌ4_Ve

I ′i = [I ′−i , I ′+i ]pKJ
I ′−i

eru
I ′+i

vdpQt4u¨adefvy�Öefqruyx�©¹ers6ertJu¨�¿wS×NpQaytVeCx�t��´crayxzer_bade eru��¿wS×NpQaytVe vy_b�Ncrayxzer_bade �be
Ii ∩ S

{

 l k4o�����������{z ä w1�zqr_b�zera

T ∩ S
eru

T C S
�ÖpQ_ba

T = {[1, 4], [10, 15]}
eru

S = {[3, 11], [14, 19]}
{


 l k4o������������|�a�pQtJuyadera¨Ì4_Ve
[Cij ∩ (Cik � Ckj)] ⊆ [Cij C (Cik � Ckj)] ⊆ Cij


 l k4o�����������{} } ÚÞpQ�Öcra�w1uyxzpQt@�beÔ×WwQvdeÔ�beÔ�ËÚÜw1��º¹pQayx�uyÙbs6e ãåä efvyu�aders��b�¿wQqfc=�Ww1a
Cij = Cij C (Cik � Ckj)

{
aÒpQt4uyadera�ÌJ_Ve��ze�tVpQs�×badeC�ÛÚ x�t4uderay©ªw1���zefv¨wQvdvdpmqrxzcfv��¦�¿wSqfpQtJuya�w1x�t4udeCt\ÚÜw1_bºªs6ertJudeC�WwQv¡w1�bad¥fv�w1�b�b��xzq�w1uyxzpQt»�be`qferuyude
tVpQ_b©¹er���ze¦pQ�Öcra�w1uyxzpQt��b_bxzv¡tVpQays)w1��xzv�w1uyxzpQt\{

 l k4o�����������{~ ½ �b�b��xzÌJ_Veraå�ËÚÜw1��º¹pQayx�uyÙbs6e ã5ä s6pm��x�ÓWc`vy_baå�ze�adcfvde�w1_Ô�be�qfpQtJuya�w1x�t4udefv¨uders��ÖpQader���zefv��be`�¿wCÓVºª_badeÝ { ä pQs��Ww1adera��zefv¡adcfvy_b��u�w1udv`wf©¹efq qfer_�Õ»�be��¿w�ÌJ_VefvyuyxzpQt à { Ý {



� � �¨�d�W���S�S��òó���¨�ö�-�S���Ö�d�����m��¢��q��£
���! �j*s:�6m01=9*

émpQx�uå_bt s6pQtV�be�qfpQs��Npªvdc`�ÛÚ _bt)�b�¿w1t à ^övy_baî�zefÌJ_Ver�Nvde¡uyadpQ_b©¹ert4u�_btÔqferayu�w1x�t tVpQs�×bade��be�s6pQuyx��´vîadefqru�w1tbºª_�Á
�¿w1x�adefv�w1_»vdpQ�Ë{ ä efv¡s6pQuyx��~v¨vdpQt4u��befv�adefqru�w1tbºª�zefv��be�u�w1x����zeCÌ4_Ver�zqfpQtVÌJ_Ve¦��×ÖpQad�bv��Ww1a�w1���z¥r�zefv�w1_�ÕÔw8Õbefv�{ } wSÓVºª_bade
â ader�badcfvdert4ude _btVe)q�w1ayudpQºªa�w1�bÙbxzeÔ��_js6pQtV�beª{ } efvS��x�s6ertVvyxzpQtVvS��_Es6pQtV�be�vdpQt4uS�be�� q�wQvdefvSvy_ba¦q�ÙWwQqr_bt��befv
�ber_�Õ»w8Õbefv�{ ä efv�s6pQuyx��´v¨w1_»vdpQ��v�eradpQt4u�w1�b�Ner�zcfv��Vw1tVv��ze�adefvdudeC��_9�bpJqr_bs6ertJu��befv�pQ×\�yerudv�{

1
2

3

5

4

ü�ýÐþ5ÿ â «3� ®Q¯rÎ È Q¯y®��-�JÏ´±��Qì/� È � �4±[�


 l k4o�������/hC���;a�pm�bcr��xzvdera�qfe5s6pQtV�be��¨�ËÚÜw1xz�be��be5�ËÚÜw1��º¹¥r×bade��befv à ÁË�Ww�©¹cfv�ÀªqªÚÞefvyu��`��x�ade5ert�vy�Ncfqrx�Ó�w1t4u�_bt¸ºªa�w1�bÙVe
�beCqfpQtJuya�w1x�t4udefv��ÛÚ ½ ���zert9ert4uyadeC�zefv¨pQ×\�0erudv�vy_ba�qdÙWwQqr_btÒ�befv��ber_�Õ=w8Õbefv�{
��Xy�Q��k�Z\��_bt ½ ���zert�ÁËºªa�w1�bÙVe`efvyu�_bt ºªa�w1�bÙVe¨�Vw1tVvå�zefÌ4_Ver���zefv�tB��_V�bvåader�badcfvdert4udertJu��befvîx�t4uderay©ªw1���zefv�eru��zefvåw1adqfv�befv�qfpQt4uya�w1x�tJudefv�×bx�tWw1x�adefv¨ader��x¿w1tJu`qfefv¨x�t4uderay©ªw1���zefv�{ ä ÙWwQÌJ_Ve¦qfpQtJuya�w1x�t4ude¸efvyu¨eLÕ��bayx�s6cfe �Ww1a�_btVe¦��xzv��ypQtVqruyxzpQt��be
ader�¿w1uyxzpQtVv¨�bayx�s�x�uyx�©¹efv¨�be ½ ���zert\{ ¤ t=tVpQude qfefv Ý�â ader�¿w1uyxzpQtVv��bayx�s�x�uyx�©¹efv¨�Ww1a\g
e(qual), b(efore),m(eets), o(verlaps), s(tarts), d(uring), f(inishes), bi,mi, oi, si, di, fi

���R� �j*-)_�<�i����H���,72�4��9*-)
¤ tEv�Ú x�t4udcradefv�vde6�Vw1tVvC�zefv à Á!a ¤ ã ºªa�w1�bÙVefvS�Ô�zpmq�w1��xzvdera �befv¦pQ×\�yerudv�ÀN�zefvC_btVvC�Ww1a¦a�w1�b�ÖpQayu�w1_�Õ!w1_buyadefv�À\ert

_buyx���xzv w1t4u5_btVe��Npªvyx�uyxzpQt �ÛÚÞpQ×Vvderay©ªw1uyxzpQt |
cX

À
cY

�L{��Â�Öv�ÚÜw1ºªx�u5w1x�tVvyx��ÛÚ _btVe��befvdqrayx��buyxzpQtÔcrº¹pmqfert4uyayxzÌJ_Ve���_ �Öpªvyx�uyxzpQt�Á
tVers6ertJu¨ader�¿w1uyx����befv¨pQ×\�yerudv¡�Ww1a�a�w1�b�NpQayu��S�¿wS�Npªvyx�uyxzpQt9��_=�NpQx�t4u��ÛÚÞpQ×Vv�eray©Qw1uyxzpQt\{

¤ tÒeLÕ��bayx�s6e¦�¿w)�Npªvyx�uyxzpQtÒ�ÛÚ _btØpQ×\�yeru��Ww1a`a�w1�b�ÖpQayuC��_btÒ�NpQx�t4u��m¼ÂpQ×Vvderay©Qw1uyxzpQt�vy_ba�qdÙWwQqr_bt��befv�w8Õ�efv�{ } efv
uyadpQxzv�©Qw1�zer_badv�cr�zcrs6ert4u�w1x�adefv��Öpªvdvdx�×b�zefv�vdpQt4u\g
« a | pQx�tVvL�Ög ext(O[i]α) ≤ cα« ¤ | ayx�ºªx�tVe��Ög ori(O[i]α) ≤ cα ≤ ext(O[i]α)
« ã¨| ��_Vv �Ög cα ≤ ori(O[i]α)

α
qfpQayadefvd�ÖpQtV�Vw1tJu��9�ËÚ _bt�Ì4_Ver�zqfpQtVÌJ_Ve �befvS�ber_�ÕHw8Õbefv�� pQ_T �{

ori(O[i]α)
eru

ext(O[i]α)
qfpQayadefvy�NpQtV�bert4u6�

�ËÚÞpQayx�ºªx�tVe¦eru��S�ËÚÞeLÕmuyadcrs�x�udc��be��ËÚ x�t4uderay©ªw1���ze
O[i]α

À��badpA�yefqruyxzpQt9�beC�ËÚÞpQ×\�yeru�t4_bs6cradp
i
vy_ba¡�ËÚÜw8Õ�e

α
{

¡¨t/a ¤ ã ÁËºªa�w1�bÙVeSefvyu¨_bt�ºªa�w1�bÙVe¦�Vw1tVv��zefÌ4_Ver���zefv¨tB��_V�bv
O[i]α

ader�badcfvdert4udertJu`�zefv¨x�t4uderay©ªw1���zefv�qfpQayadefvy�ÖpQt�Á
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