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a Nonminimum Phase

System: Blind Adjustment of a Linear

Equalizer in Data

Communications

ALBERT BENVENISTE, MAURICE GOURSAT, ano GABRIEL RUGET

Abstract—Consider an unknown linear time-invariant system without
control, driven by a white noise with known distribution. We are interested
in the identification of this system, observing only the output. This
problem is well known under the major assmmption: the system is mini-
mum (or maximum!) phase, in which the very popular least squares method
gives an identification of the system in an autoregressive form. However,
we are interested in the case where the system is nonminimum (nor
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maximum!) phese, i.e., we want identification of both gain and phase of the
system, The literature gives only a negative result: the identification of the
phase of the system is impossible in the case of a Ganssian driving noise
(hence, second-order statistics are irrelevant to our problem). For a large
class of other input distributions, we present an identification procedure,
and give some numerical results for a concrete case origin of our study: the
blind adjustment of a transversal equalizer without any startup period prior
to data transmission.

I. INTRODUCTION

THE following problem arises in data communication
when a receiver is obliged to achieve a blind starting
phase, i.e., without the transmission by the transmitter of
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a known (a priori) sequence of data (for detailed presenta-
tion, see [3], [4], [9], [10], and Section VI of this paper).

We observe the output (x,),cz of a time-invariant un-
known linear system S with input (a,),cz, (a,) being an
unobserved i.i.d. (independent identically distributed) ran-
dom sequence with known distribution ».

S
3¢ unknown — % (]. . 1 )
unobserved observed

The problem is to restore (a,) or, equivalently, to identify
the inverse S~ of S.

We neglect here a possible perturbation on the observa-
tions, but it is not a worry for two reasons: we do not
need a precise identification, but only a good initial value
for classical algorithms, and in data transmission we use
discrete variables and the estimates will not be affected by
small perturbations.

This problem is classical if § is a minimum phase
system (stable with stable inverse): in this case, (a,) is just
the innovation of the sequence (x,) (see, for example,
Ljung [6]). In our case, S is a telephone channel which is
generally a nonminimum phase system. We know that the

problem of the identification of § cannot be solved when,

(a,) is a Gaussian sequence; hence, in the non-Gaussian
case, we cannot work with the second-order statistics (for
example, by minimizing a mean-square error). Because of
the instability of § ™7, the on-line restoration of (a,) is
impossible; we will then achieve this restoration with a
delay, using the following scheme:

% s Tt adjuctable | e
(1.2)

where the adjustable system 8 (equalizer) has to be chosen
such that roughly ¢,=q,_, where N is a certain (generally
unknown, but constant) delay. The method is the follow-
ing.

1) We construct a functional $(#) which is minimum at
the point #*=S"!; in fact, 4 is a measure of how
modified is the (one-dimensional) distribution of an ii.d.
sequence when filtered by an all-pass transfer function
(and we have no modification in the Gaussian case!). A
particular form is close to the mutual information for the
two distributions of the input (¢,) and the output (c,) of
the adjustable system.

2) We minimize § by using a stochastic gradient proce-
dure. This latter point is justified by a general result on
the convergence of stochastic approximation procedures
with discontinuities and constraints (given in [2]); this
result is needed because § is not smooth.

The numerical results we give show that this method
has been successful for the blind adjustment of a transver-
sal equalizer in data transmission.

The paper is organized as follows. In Section II we give
a precise statement of the problem, investigate what are
the special difficulties encountered in the nonminimum
phase case, and describe the algorithm. Section III (here
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are the main theoretical results of the paper) is devoted to
the analysis of a class of suited functionals ¢ ; this analysis
consists of the study of certain differential equations on
the unit sphere of the infinite dimensional space RZ
because the inverse of a nonminimum phase system can
never be exactly described by finitely many parameters
(see Section II). Nevertheless, in practical cases, we shall
achieve approximate identification of S$~! with a finite
number of parameters: Section IV is devoted to the analy-
sis of this truncation. In Section V, the reader is referred
to [2] for the suited convergence result on the stochastic
approximation scheme we used here. Section VI gives
numerical results in the area of equalization theory.

II. SETTING THE PROBLEM: DESCRIBING THE

METHOD AND THE ALGORITHM

Remark 1: Let us begin with some transfer function
considerations. Let, for instance, the transfer function
S(z ™! be of the following form:

Pl(z_l)Pz(z_l)
o(z7h
where g is a gain, @ and P, are stable monic polynomials
(i.e., with zeros outside the unmit circle), and P, is an
unstable monic polynomial (with zeros inside the unit
circle); because § is nonminimum phase, P, is not a
constant. Let us expand 1/P, and 1/P, in the following

Laurent series:

I/Pl(z")= 2 alcz_ks

k>0

S(z"")=g @1

1/P2(2_1)= 2 3/:2_",

k<0

both convergent outside the unit circle; then we obtain

1/8G™)=1/g-0G 3 az ) kzoﬁkz-k);
” ) 2.2)

the difference with the minimum phase case lies in the
fact that, because P, is never a constant, the last infinite
series in the expression of 1/8(z~') never disappears, so
that from a theoretical viewpoint, 1) the inverse system
S ~! can never be described by finitely many parameters,
and 2) it is “infinitely” noncausal in the sense that restora-
tion of the signal a, requires knowledge of the whole
sequence (x,),cz. Consequently, the exact inverse of S is
only defined up to a time shift. In fact, but not in the
theoretical analysis, we shall truncate the Laurent series in
(2.2) in order to obtain a realizable (with a delay N)
approximation of 1/S(z~") in a moving average form:

N -N
l/S(Z“)=1/g'Q(z“)(§ akz"‘)( % Bﬂ"‘} m
(2.3)

Hence, for the theoretical analysis, we shall start di-
rectly with a description of § with infinitely many param-

L-lx=x_,
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eters; furthermore, we avoid the assumption of causalness,
which is irrelevant in view of Remark 1. Let (¢,),c» be a
stationary sequence of ii.d. random variables with distrib-
ution »; the observed sequence is then given by

X = 2 S8 g S =(Sk)kEZ' (24)

keZ

The basic assumptions on S and » are the following:

i) the distribution » is symmetric with finite
variance,

ii) S has a finite energy, and so has § 7, ie., if
we denote by

with A= > SiSeri;
keZ

1 A=(Apjez

the covariance operator of (x,), then A is
bounded and positive definite in the space /7
where /2= {(§),cz: SE2<+ 0}

(2.5)

The problem is: we know the distribution v of the input,
we observe the sequence (x,), and we want to restore the
transmitted (and unknown) sequence (a) of the data; in
other words, we want to identify the inverse system S !
[which exists in view of assumption (2.4)]. We have here
what is often called a “blind deconvolution problem.”

Remark 2: Suppose for a moment that we have a
minimum phase system S, i.e., both S and S ~! are causal
and stable. Our identification problem then becomes a
very simple subcase of a well-known problem (see Ljung
[6, condition 6]) and the transmitted sequence (a,) is the
innovation of (x,) given by

a; =A('xt - [E(xtlxz—l’xt-—z" o )) (2-6)

where E(-|-) is the least squares estimation operator and
the constant A adjusts the variance. In this case, it is only
a question of whitening the output (x,), which is well
known and done by using only the second-order statistics.
In our case (where S is nonminimum phase), with the aid
of the second-order statistics, we can identify the ampli-
tude spectrum (i.e., the gain) of .S, but the identification of
S is impossible. Second-order techniques will give us a
factorization of the spectrum of the output, but not the
factorization giving the sequence (4,). To summarize, we
can note that

1) we cannot solve our problem with the second-order
statistics (for example, by minimizing a mean-square error),

2) the problem has no solution when v is a Gaussian
distribution.

Therefore, we shall assume from now on that » is not
Gaussian, and use this property with more than the sec-
ond-order statistics.

Remark 3: Furthermore, note that, because the distrib-
ution » is symmetric, the whole sequence (—4,) has the
same law as (), so we cannot distinguish the desired
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system § ~'=(§,) from the opposite one —S§ ~!=(—3)
(we will see in Section III-G how to remove this drawback
in the applications).

In view of the preceding remarks, the best we can
achieve is to solve the following:

Problem: Construct a system 0 (the equalizer) so
that the global system T=0°S is =+ identity,
except for a possible delay (i.e., T=(t,) with
|t |=1 for some index ko and 1, =0 otherwise).

@.7)

Now we start with characterizing the solutions @ for
(2.7). In order to do that, we give a lemma (perhaps
classical), which characterizes what are the distributions
for ii.d. sequences that are not modified when filtered
through a system with energy 1.

Lemma 2.1: Consider a sequence (a,),c of i.i.d. ran-
dom variables with distribution v, v being symmetric with
finite variance. Assume that there is a sequence T=(t)rcz
with at least two nonzero terms such that 2, ,t7=1, and
the distribution of the random variable

c= 2 tha_,
kez
is still v. Then v is a Gaussian distribution.

Proof: See [4].

A corollary of this result is the following characteriza-
tion of the solution # for the problem (2.7).

Theorem 2.2: Consider a system 8=(h),c; such that
the distribution of the random variable c=2 c;lx_; is
still v. Denote by T=0¢°8 the global system, and assume
that the distribution v is non-Gaussian. Then T= * identity
except for a possible delay [in the sense of (2.7)].

Proof: Consider the global system 7=(1) with #,=
3, ez %, The distribution of ¢ being », we have E(c?)
=[E(a)), which gives, using the independence of the ran-
dom variables a,, ;c#2=1. Lemma 2.1 applied to T
gives the result, |

The previous theorem shows that, to obtain the solu-
tion, we have to adjust the tap weights of the equalizer 4
in such a way that the instantaneous distribution of the
output ¢, of the equalizer converges to the input distribu-

tion ».
- X
— o0 — o

We can now explain the method for adjusting the
coefficients of the equalizer.

Step 1: Definition of the Functional to be Minimized: In
a classical way, we get identification algorithms by the
minimization of a mean-square error; however, this
method does not work here, so we have to construct a
special functional, Theorem 2.1 leads us for this point to
use the output of the equalizer; so we will try to realize

;nirllﬁ(ﬂ) where $(8)=E(¥(c))), ¢,= 2 hx,_y
el keZ

(2.8)

(a)

s (D)
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where ¥ is an even function (r is symmetric) R—R to be
chosen such that the unique local (and hence, global)
minima of ¢ are =S ™!, except for a possible delay. This
is the most difficult and interesting part of the work; this
will be done in Section III where we define a class of
functions ¥ corresponding to a large class of distributions
v.

Step 2: Justification of the Truncating: In the applica-
tions, the minimization is done with finite dimensional
equalizers, and (2.8) becomes

O=(he) _p<r<n

(2.9)

we show in Section IV that the minima we obtain with
(2.9) are close to the desired ones.

Step 3: Minimization of § by a Stochastic Gradient
Procedure: Let y be the derivative of ¥; with (2.9) we get

formally
grad $(8) =E(X,¥(c,))

where ‘X, =(x,, 5, **:%,"**,X,_y) is the random vector
giving ¢, as in (2.9). For minimizing ¢, we use a stochastic
gradient procedure, the study of which is done in Section
V, referring to a general suitable convergence result (given
in [2]) for that sort of stochastic approximation algorithm;
the result gives us a rough convergence of 8’ to a local
minimum of §, with the following algorithm:

(2.10)

041 = 0"~ 1X4(c);
+N

— t
&= 2 her—k’
k=—N

0 =(h) < cnr 8 given

K= (xpapo %0 % _p)

(2.11)

and 7 is a small parameter (step of the gradient algorithm)
to be chosen. The convergence to § ~' or — 5 ~! depends
on the initial value 8° for (2.11). The “good” domain for
#° may be roughly known with the hazy information we
have in the applications (see Section III-G). After the
convergence of (2.11), we will have

ny=identification delay. = (2.12)

ct = at —ng®

III. ANALYSIS OF THE FUNCTIONAL ¢ :
MEASUREMENT OF THE DISTORTION OF THE
DISTRIBUTION OF AN [.I.D. SEQUENCE FILTERED BY A
LINEAR SYSTEM WITH ENERGY 1

A. Notations
Let us denote by
4 =(a—r)zeZ’ X=(x—t)tEZ’ C=(c—t)¢ez 3.1

the whole sequences with reversed time. Using the con-
volution product notation #, let us denote by

T= O*S, tk= 2 hPSk_p
pEZ

(3.2)

+N
§(8), $(B)=E(¥(c)), ;= k=2_Nhkxt—k;
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the global system

Q) ——

)
1 s () t adjustable

\____ T : unknown global system ——/

Let /2 denote the Hilbert space R? provided with the

—-—Ct

inner product {-,-> and the associated norm ||-|| defined
by
1’= {(sk)kez: Ss2<+ oo};
(R, S>=2r.5;.;
IR|?={R,R) (3.3)

and let s be the unit sphere of /2.

B. Using the Global System

Of course, T defined in (3.2) need not a priori to have
finite energy (i.., belong to 7?). But, with assumption (2.5,
ii), we obtain that

T=0+S belongs to /2 if and only if @

belongs to /2. (34)

We obtain (3.4) thanks to assumption ii) of (2.2) which
gives us

a, |82 <{8,A8>=]|T|*<e,)|8| (3.5)

where the a;’s are finite positive constants and the equality
is given by

(B,A0>=(0,S+S+8>=(0+S,5+8>=||T|> (3.6)
with
S"‘_"(s—k)kEZ' 37
Let us introduce the functional % on /2 defined by
V(T)=E(¥(c)) wheree= 3 ta_,2 (3.8)

kezZ

Hence, we have

Y(T)=4(9) if T=0+S

is the global system given by 8. (3.9)

Instead of choosing the function ¥ in order to have the
local minima of § at the points =5 ', we will choose it
for having the local minima of V at 7= = I. The second
choice works thanks to (3.9). We have here one of the
basic ideas of the method because we can construct V for
two reasons: we explicitly know the desired minima and
the input distribution ». Let us begin with the following
(over)simple example.

Example: Let us take the simplest case where P(q,=
+1)=1/2 and the global system T'=(z,) has energy 1 and
only two nonzero coefficients, which are, hence, equal to

2We write ¢ in place of c;.

Authorized licensed use limited to: IEEE Xplore. Downloaded on April 22, 2009 at 11:21 from IEEE Xplore. Restrictions apply.



BENVENISTE éf al.. ROBUST IDENTIFICATION OF A PHASE SYSTEM

cosa and sina, respectively, for some a€[0,7/4] (this
suffices by a symmetry argument); let us choose ¥(x)=x?2

—|x|; we obtain V(T)=V(a)=E((g;cosa+g;sina)’—
|a;cosa+ a;sinal) = 1/2((cosa +sina)’ —(cosa +sma))+
1/2((cos @ — sin a)* — (cos @ — sin@)) =1 — cos @, which
strictly increases when « goes from 0 to #/4. We have
obtained a very simple case in which we achieved a
measurement of the distortion of the distribution of the
output ¢, with respect to the input distribution (here
Bernoulli) (see Remark 4 below). [ |

Now the general approach is the following:

1) choice of the function ¥ and characterization of the
admissible input distributions » in order that the only
local minima of ‘Y become = I except for some delay,

2) analysis of the steepest descent lines (s.d.l.) of V,

3) analysis of the steepest descent lines of §.

We shall make use of the framework of dynamical
systems theory (vector fields and one-parameter flows on
smooth Hilbertian manifolds), for which we refer the
reader to the Appendix L.

Let us start with the first point by introducing the two
vector fields:

{ Vp=—E(4¢(c)), Tel?
Vr=—(E(44(c))— T-E(cf(c))),

with  the derivative of ¥, A=(a_)) [see (3.1)], c=c4=
Sta_,, and s* is the unit sphere of /2. Formally, the
vector fields (Vy)rep and (V)2 are, respectively, the
opposite of the gradient of < and of the gradient of the
restriction of V' to s2. Because we deal with gradients in
an infinite dimensional vector space, we give precise con-
ditions (for the proof, see [4]) which ensure that this
formal statement is indeed correct.

, (3.10)

TEs

Assumptions
(3.11): The function ¢ is odd, €', and such that®

sup E(y'(Sra_,)) <o
IT|<K

and » has a fourth moment.

(3.12): Y=y +y, where ¥ satisfies (3.11) and ¥, is
piecewise constant with finitely many discontinuities; »
has a fourth moment and bounded density with respect to
the Lebesgue measure.

(3.13): (3.11) is in force, and ¢y € with

for every K< o0

sup E(yP(Sfa_,)) <o  forevery K<oo.
ITH<X
(3.14): (3.12) and (3.13) are in force; furthermore,
dv /dx is * with bounded second derivative. [

Lemma 3.1: i) Under (3.11) [respectively, (3.12)], the
vector field (Vy) is locally bounded in 1* (respectively,
12— {0Y) and is the opposite of the gradient field of V; (V)
is locally bounded and is the opposite of the gradient field of
the restriction to 5° of V.

3y, 9",y are successive derivatives of 4.

389

ii) Furthermore, under (3.13) [respectively (3.14)}), (Vy) is
locally Lipschitz in I? (respectively 12—{0}) and (Vy) is
locally Lipschitz.

Example: We give an example where (3.11) is verified.
Suppose that the second-order moments of » exist and let
# denote the Fourier transform of ». We get

P(teu)=1— Eg‘,‘) 24 Eg‘:) e
(=1 lzga)')(tku)z"+0(tku)2".

The Fourier transform of the law of e=2X¢.a_, with

()= T30 =1 - 23 £) (Za)e

( E(a%)
2121

2 e+ E(a 9 > tk)

+ oo (1P +0()

where P,(1,) is a convergent series with a homogeneous
2m-degree term with respect to the coefficients (z,) and
satisfies |P,(1)|<Q,(IT|>) where Q, is an m-degree
polynomial. Therefore, the moments of ¢ with an order
< 2n exist and are uniformly bounded with the condition
ITII€K<+o00. It is clear that we have (3.11) if Y(x)
grows at most as |x|” for x—o0. ]

_Hence, under (3.13) or (2.14), the vector fields (V) and
(Vr) define uniquely the one-parameter flow of their
integral curves. Let us go back to the analysis of V; the
reason for introducing the field (V)< is the fact that
Lemma 2.1 suggests that the functional Y should be
analyzed in spherical coordinates. From now on, assump-
tions (3.11)~(3.14) are in force.

C. Analysis of the Restriction of V to s*: Measurement of
the Distortion of a Product Distribution by a Rotation

In order to calculate the spherical partial derivatives of
V, let us fix a pair (i,/), i#/ and a fixed sequence (4 );.;;
such that

Ri=1- 3 #>0.
ki

For a €[0,27], let T, €s° denote the system with coef-
ficients (#),.;; and £”= Rcosx, £*= Rsinx.

(3.15): Let (3/8c,)V(T) denote the derivative of a—
%(T,) at the point T, =T.

We have the following formula (see Appendix II).

Lemma 3.2: Let u denote the distribution of the random
variable 2., .tra_; and $*(x)= [Y(x —y)u(dy). We have

aJ 0 p00 u .
aT!.,.CV(T“)=2R ]; fo (W*(Rx) — xy*(Ry)) P, (dx,dy)

where P (dx,dy) is the transformation of v’ X v by a rotation
with angle a.
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In view of Lemma (3.2), we see that (3/3¢,)V(7,)=0
for a = kw /4 (k €Z), using the invariance of P, by (x,y)—
(y,x) in that case. Hence, we have the following.

Corollary 3.3: If all the nonzero coefficients of T €s?
have the same module, then T is a stationary point of the
restriction of V 1o s*.

With this result, we have that the set of the systems =7
is given by stationary points of V. It is not enough; we
now have to choose § such that all the local (hence,
global) minima of V" will only be given by = 7. In this
situation, the other stationary points of <V will be saddle
points and V will look like an egg box.

Using the symmetries of the problem, we only consider
the case 0<a<w/4 where we want (3/9e;,)V(7,)>0.
This will be done for the two families of sub- and super-
Gaussian distributions we define below.

Definition: i) We shall say that » is a sub-Gaussian
distribution if either » is uniform on [—d,+d] or if
»(dx)= Ke ¥ dx with K a constant and g an even func-
tion such that g(x) and g'(x)/ x are strictly increasing on
R,.

ii) We shall say that v is super-Gaussian if p(dx)=
Ke 8" dx with g an even function such that g(x) is
strictly increasing and g'(x)/x strictly decreasing on R,.

Examples: v(dx)= Ke " dx is super-Gaussian for y <
2, Gaussian for y=2, and sub-Gaussian for y >2, whereas
the limiting case y= + oo gives the uniform distribution.

Lemma 3.4: Assume that v is sub-Gaussian (respectively
super-Gaussian) and v is odd, twice differentiable except at
the origin, such that
$(0,)<0, ¢”">0 on(0,00)

(respectively ¢(0,)>0, ¢” <0 on(0,0o0)),
one at least of the two inequalities being strict. Then

9
3, Y(T,)>0

Corollary 3.5 (Main Theorem): Under the assumptions of
Lemma 3.4, the only local (hence, global) minima of the
restriction of V to s are =1 (except for a possible delay),
and they are the unigue stable attractors of the flow of his
Steepest descent lines (s.d.1.).

The proofs of Lemma 3.4 and Theorem 3.5 are in
Appendix II. Note that, because we work on infinite
dimensional manifolds, knowing the minima of V" does
not ensure that the s.d.l. converge to those minima; classi-
cally, this further convergence result requires properties
like “positive definiteness™ of V; here, we use a special
argument.

Remark 1: Crest Lines: In view of Lemma 3.2, we see
that the hyperplanes £, = are the crest lines of V. Fig. 1
shows the steepest descent lines of the restriction of V to
s? in the quadrant ¢, >0 for every k.

Remark 2: Example of Function {: In the applications,
we choose i as simple as possible. For example,

Y(x)=x—v
Y(x)=—x+y

for0<a<n/4.

for x>0 in the sub-Gaussian case
for x>0 in the super-Gaussian case
(3.16)

where y >0 is arbitrary.
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Fig. 1.

Remark 3: A Connection with the Mutual Information:
Let us consider the case where »(dx)=Ke #®dx, and g
has a third derivative which is >0 (respectively <0) on
R, in the sub-Gaussian (respectively super-Gaussian)
case. In both cases, we can choose Y=g’ and, hence,

V(T)=E(—logf(c)),
c=3ta_,,

v(dx)=f(x)dx (3.17)

is a functional which measures the distortion of the dis-
tribution of ¢ with respect to the original »; », being the
distribution of ¢, (3.17) becomes

W(T)= —flogd flog = “dv,, (3.18)
i, V is the sum of the entropy of », and the mutual
information of » with respect to ».. It can be seen that this
choice is in a certain sense optimal near the minima of the
restriction of V to s. However, this functional cannot
measure the desired d1stors1on for general non-Gaussian
distributions.

Remark 4: Back to the Simple Example: Note that the
Bernoulli distribution used in the simple example is
neither sub- nor super-Gaussian in our sense; in fact,
analyzing the case of only two coefficients was oversim-
ple. Indeed, there are other local minima than the desired
ones if we look at V(7)=E(c?—|c|) when g, is a Bernoulli
sequence. But a central limit argument shows that when T
is far from = 7, then c is approximately Gaussian, which
gives in that case

V(T)=1-@m) ™/ [xe™/2dx =1~ (2/m)'/*>0
=== e, WD

so that V' appears as well-conditioned “far” from the
desired identity systems. On the other hand, the theory of
large deviations indicates that insufficiently stable local
minima can be ignored by stochastic approximation pro-
cedures [1]. Finally, although there is no proof for ensur-
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ing the convergence of the procedure we use in that case,
the theoretical results we obtain in the sub- or super-
Gaussian cases justify in a very satisfactory way the
validity of the procedure when used for discrete ap-
proximations of sub- or super-Gaussian distributions. The
experiments of Section VI enforce this claim, where such
approximations are used.

Conclusion about Section I1I-C: In Section II, we have
indicated that Gaussian distributions » are characterized
as being the only distributions such that » X » is invariant
under a rotation (Lemma 2.1 generalizes this point). For
the sub- or super-Gaussian distributions, we have here
given a functional which can measure how »X» was
modified through the action of a rotation; note that this
functional is not the mutual information (which is a
classical measure of the distance between two distribu-
tions), although it is, in some cases, connected with it, as
was indicated in Remark 3.

D. Study of the Function Y in I?

In order to use the previous results, this study is done
with spherical coordinates:

Tel*-{0} & (p,T), p>0, TEs? and T=pT.

For the spherical partial derivatives, Lemma 3.2 still gives
the formula for (3/8a,)V(eT,) with R>*=p>—%, 1%,
and we can apply Lemma 3.4. Thus, we have only to
study the radial derivatives of V. We always take the
assumptions (3.13) or (3.14) for the integral curves (7}),cr
to exist in /2— {0} (see Appendix II). We then have the
following result.

Theorem 3.6: Under the assumptions of Lemma 3.4 for
the sub-Gaussian case with Y(x)= — ysign(x)+\[7(x), if the
pair (v, zﬁ) is such that

[xixp(ax)=y [Ixl»(ax), (3.17)

then the local minima of <V in 12 are given and only given by

the systems *1, and these systems are the only stable

attractive points of the flow (T,),cg. On the other hand,

there is no possible choice for  in the super-Gaussian case.
Proof: See Appendix II.

Fig. 2 shows the s.d.l. of V on /2 for two coordinates.
The radial component of (¥7) is entering for || T'|| > p, and
exiting for || T|| <p,.

Remark 5: Example of Function y: For illustrating The-
orem 3.6, we give here the simplest choice of { we use in
data communications:

E(ar)

forx>0 withy= Ela] -
t

Y(x)=x—vy (3.18)

Taking again algorithm (2.11), we obtain the following
identification procedure:
6"+ =0'—7X,(c,— ysign(c,)), (3.19)

which is exactly the algorithm proposed and experimented
by Sato [11], for which we give here a complete proof.
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E. Study of the Steepest Descent Lines of §

We achieve now the study of § which is the base of our
algorithm, At this point, it is clear from (3.4) and (3.9)
that all the local (hence, global) minima of ¢ are (only)
given by + S ! (except for a possible delay) and ¢ keeps,
with a distortion, the shape of an egg box. It remains to
give precisely the behavior of the s.d.l. of §.

Theorem 3.7: Let § and v be as in Theorem 3.6. Then
the flow (8,);cg of the s.d.l. of & exists, and its stable limit
points are the systems =S~ (up to a time shift); moreover,
the set of the crest lines of § (trajectories 8, that converge to
a saddle point of §) is a countable union of manifolds with
codimension 1, and hence is an exceptional set.

Proof: See Appendix II.

Let us denote by (7,),cg=(8+5),cn the trajectories
followed by the global system when the equalizer follows
(8,). It is seen in the proof of Theorem 3.7 that (7,) is the
flow of the s.d.l. of V when {2 is provided with the metric
associated with A~ [see (2.5)):

I TWR-=<T,A7'T).

When A is ill-conditioned (least eigenvalue<greatest ei-
genvalue), this causes a loss in the efficiency of the algo-
rithm that can be removed by using a conjugate gradient
procedure. We describe now an example of such a proce-
dure, which has the further advantage of permitting an
identification in both the sub- and super-Gaussian case.

F, Using a Whitening Filter: An Algorithm with Constraints

Let us insert between S and the equalizer  an arbitrary
(but fixed) whitening filter R, obtaining the following
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identification scheme:

B : all-pass system

R . ]
2y | S ‘ *t | whitening | Tt equalizer “t

T : global system

where R is such that (y,) is a white noise in the second-
order sense (E(y,y,)=8,_,-E(a?); note that (y,) is not, in
general, an ii.d. sequence. Such a system exists, but it is
not unique; it is realized, for example, with (2.6). It is
straightforward that, since the system B is an all-pass
transfer function, the convolution by B is an isometry of
2. ||18||=|T} if T=6+B. Now, when (4,) follows an s.d.l.
of ¢, the global system (7}) follows an s.d.l. of V, /2 being
provided with the metric given by the inverse of the
covariance of (,), i.e., the usual metric (the minima of §
being + B ).

Moreover, if (6,) follows an s.d.l. of § in s% then (T})
follows an s.d.l. of the restriction of V to s* (provided
with the usual metric). Descending along the s.d.l. of the
restriction of ¢ to s? is realized by a stochastic gradient
algorithm with the constraint ||# || =1; after truncating, the
algorithm is similar to (2.11):

0t+l=>\t(01_ Y,l{/(c‘,)),

0’=(hl:)—N<k<N
N

&= 2 hl:yt—k’ Yt=(yr—N""!yt"”’yt—N)
iyt

A, €R is chosen such that [|8**!||=1.
(3.20)

Since 1—A,=0(7%), (3.20) is the stochastic approxima-
tion algorithm with a constraint associated with the
gradient field of the restriction of ¢ to s%, which is equal
to

Vo=—(E(YY(c))—0-E(ci(c))), €5
(see [2]). The experiments confirm that (3.20) may be
more efficient.
Remark 6: With this identification scheme, our algo-
rithm appears as a pure phase-recovering procedure.
Remark 7: Because of Theorem (3.5), this procedure
allows an identification even in the super-Gaussian case,

G. How to Converge to S ~* Rather than to —S !

We only give qualitative indications. The problem is to
be able to choose a good initial value for the algorithms.
For (3.20), the partition lines for the evolution of (7,) are
the crest lines of Y for the usual metric (given in Remark
1); hence, convergence to S ! is obtained for a 8° such
that 7°=0% B is in the half plane (¢,,,>0) where 7, is
the coefficient of 7° with maximum modulus (see Fig. 1).
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Of course, B being unknown, we cannot ensure such a
condition. This may be done with a rough indication on
B: in our application, we can assume that the greatest
coefficient of B is positive; so we take #%°= +1, and
7%= B satisfies the condition.

The same information on S is sufficient for our applica-
tion when we use (2.11).

IV. ANALYSIS OF THE TRUNCATING

We investigate now the effect of using (2.9) in place of
(2.8), with the same question for the procedure with
constraint. Precise statements with corresponding proofs
are available only in [4] because they are rather com-
plicated. Here, we give only: 1) heuristic comments on
what those results signify, and 2) the appropriate (and
unusual) Lyapunov function we use in order o measure
the swiftness of the convergence of 7, to * I.

A. Heuristic Comments

We refer the reader to [4] for the further conditions we
require on vy, », etc.

The Algorithm with Constraint: Fig. 3 shows the effect
of the truncating: al/l the local minima of the restriction of
YV to 52N T (FV is the hyperplane defined by the truncat-
ing: §¥ = {T=0=B: 6 has only nonzero coefficients A, for
those |k| < N'}) lie either in a neighborhood B (+ I,€) of the
desired solutions or in a neighborhood B (C,n) of the crest
lines. Of course, the minima in B (C,y), if they exist, are
not very stable, so that they are ignored in practice by the
stochastic approximation procedure.
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@ % (¢1,¢) NEIGIBORHOOD OF THE DESIRED SOLUTIONS

Iﬂ A (C,n)  NEIGHBORHOOD OF THE CREST LINES

Fig. 4.

It is seen that both € and 5 depend on the measure of
the B-tail in each attraction domain of a * 7 system, i.e.,

) 1/2
s %)

k—i|>N

B(N,i)=(I (4.1)

where the corresponding identity system is, up to a sign
change, a pure delay of magnitude i. Note that B(N,i)
depends on N (obviously) ard on i; hence, for fixed N, we
have to choose the delay / we will have so that B(N,?) is
minimized and initialize the procedure with a 1 at this
place in the equalizer. In practice, this is equivalent to
having a good idea of the location of the greatest
coefficient in the truncated estimate of B ~'. For precise
statements, see [4].

The Algorithm Without Consiraints: We give in Fig, 4
the corresponding results for the location of the minima of
the restriction of V to 9% ={ T=0+S, 8 has only nonzero
coefficients 4, for |k|<N}. Here, € and % depend on the
S ~-tail in the ith attraction domain of a =7 system, i.e.,

2\ 1/2
fksn—k)) > S_1=(§k)

4.2)

S(N,i)=(2( )

n \|k—ij<N

where S~! is here the inverse of S without delay:
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(S~ 48)(i)=1 for i=0, =0 otherwise; if we denote by
Syi the inverse truncated by a window of length 2N +1
centered at i, then (4.2) reduces to

S(N,))=|1S+(S ™' =Sy )Il- (4.3)

[Note that when S is a unit gain, i.e., an all-pass system,
then (4.2) reduces to the form in (4.1).] Once more, a good
idea of the location of the greatest coefficient in a trun-
cated estimated of S~! (i.e., an idea of the delay) will
increase the accuracy of the estimate when N is fixed.

B. An Appropriate Lyapunov Function

Standard Lyapunov functions like F(s)=|T,—I|[%>-
where P ! is some positive definite operator are irrelevant
here. We have to use Lyapunov functions relevant to the
analysis in spherical coordinates we have pursued in Sec-
tion II1.

For the algorithm with constraint, we work with

§(s)=|IT,—sign(£)- LI,

where To=(t)iez |t;|=max,.,|%]|, and I, is an i-delay
system (with 1 at the ith coefficient and O elsewhere).

For the algorithm without constraints, we analyze sep-
arately the motion on the radius and the motion of the
radius, the latter for which we use

520, T,Es*> (44)

8(s)=|T,~sign(t)- L%, T,=T,/IT)€s* (45)

with the same meaning for ¢ and I, as above. For the
motion on the radius, we analyze with further details the
curve p=p, (see Fig. 2) where the vector has no radial
component.

V. ANALYSIS OF THE STOC APPROXIMATION
ScHEMES (2.11) anD (3.20)

This analysis is based on a general convergence result
for stochastic approximation procedures for which we
refer the reader to [2] where the particular example we
have here is analyzed in Section III.

VI. NUMERICAL RESULTS

A. Origin of the Problem, Preliminary Remarks

The situation is (roughly speaking) the following: an
emitter transmits a sequence (g,) of data through a chan-
nel S=(s,); the receiver observes the output (x,) given by

+N

xt= 2 Skat—k‘
k=—N

(6.1)

In fact, § includes the channel, together with some addi-
tional filters at the emitter and the receiver, so that
§=(s,) represents the global impulse response sampled at
rate Az. The unknown data are viewed as random vari-
ables, independent and uniformly distributed over some
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s(t)

0.1

— T At:v

AV,
v vV

Fig. 5. Impulse response of the channel.

finite set E (for example, E={*x1, =3} or
{=1,£3,%5,+7}). In order to increase the binary out-
put of the channel, we can take: 1) A¢; smaller than Af or
2) a large number of values for £.

For the restoration of the transmitted sequence, the
solution consists of inserting before the detection an
equalizer, following the scheme of Section II (see [10]).
Classically, the tap weights of this equalizer are adjusted
for minimizing the mean-square error between the input
and the output of the equalizer, using a stochastic ap-
proximation procedure. This techmique requires the
knowledge of the transmitted sequence which is, of
course, not available in practical situations; this drawback
is avoided in practice using: 1) a settling phase during
which the emitter transmits an a priori known sequence
allowing mean-square equalization, and 2) the detected
signals in place of the true ones in the mean-square
equalization algorithm after this settling phase, thus allow-
ing a certain degree of adaptation when the channel is
slowly varying; this procedure is satisfactory if we have
only one emitter and one receiver. However, if we have
several receivers hearing the same emitter (multipoint
communication) and if one receiver starts during the
transmission (after a local break, for example), it is not
desirable for the emitter to interrupt the data transmission
in order to transmit the known sequence, so that the
receiver has to inverse the system S, observing only the
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A0

Fig. 6. Sampled impulse response.

output: this is exactly the problem stated in Sections I and
II. Now we shall illustrate our method with a simple
example in this area.

B. Examples, Results

Typical Telephone Channel: Fig. 5 shows the impulse
response of a typical telephone channel; the first negative
peak implies that this channel is clearly nonminimum
phase. Fig. 6. gives the sampled response for Az=1/3200
s. The data to be transmitted are equally distributed with
8 possible values: E={=*1, +3, 5, +7}, achieving a bi-
nary output of 9600 bits/s. The additive noise on the
output is a Gaussian white noise with variance 21072,
The equalizer has 21 tap weights, and the procedure we
have used is given by (3.19):

841 =0"—1X,(c,— ysign(c)),

Ea®

Y= g =525

(62)

Meaning of the Figures:

Fig. 7: Exact inverse S !, estimated with known data
and without noise.

Fig. 8: Tap weights of the equalizer after convergence
of (6.2).

Fig. 9: Evolution of the number of errored data; the
output of the equalizer is quantized to the nearest possible
value to produce the estimated data., Without an
equalizer, we obtain about 80 percent of errored data @),
whereas the evolution of the error rate at the output of the
equalizer is shown in Q).

Fig. 10: Evolution of the mean-square error; note that
the amount of necessary data for having a restoration
without error (about 3500 in Fig. 9) depends on the choice
of the small parameter 7; our purpose here was not to
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+ 0.3

TR B N |, .

Fig. 7. “Exact” inverse (with the knowledge of the data).

+ 0.2

Fig. 8. Identified inverse.

Number of errored data
error rate

- 500 = 100%

e —

10%
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mean square m.s.q. (new scale)
error N
.
.
\%
0.11 °
+ 10 . 4 N,
/

0.01+

s

number of

transmitted data

Fig. 10. Evolution of the mean-square error (output of the equalizer).

number of
560 ’ transmitted data
Fig. 9. Evolution of the error rate. () output of the channel. @ output

of the equalizer.

determine an optimal value or 7 (we have taken 7 about
1073 or 1079,

Fig. 11: Some trajectories of the global channel
(together with the equalizer) for two significant coordi-
nates and different initial values; this figure is to be
compared with Fig. 2.

Fig. 12: Three difference simulations with the same
initial value: the figure gives a good idea of the behavior
(of two coordinates) of the trajectories of the global sys-
tem around a steepest descent line.

Unit circle

Fig. 11. Some trajectories of the stochastic gradient algorithm (two
coefficients of the global line showing the steepest descent lines).

Remark: We refer the reader to [4] for a more realistic
experimentation, We give there numerical results obtained
with a procedure like (6.2) for the blind adjustment of a
baseband equalizer operating in a 16 level-quadrature
amplitude modulation system (QAM 16) with double sam-
pling. The presentation is a little more complicated so we
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/

4

(1,0} t

Fig. 12. Three trajectories for the same initial value.

have avoided it here; the numerical results are better (we
obtain a faster convergence).

VII. CoONCLUSION

An identification procedure has been presented for
nonminimum phase systems without control, the input
being a non-Gaussian white noise with sub- or super-
Gaussian distribution; an original functional to be mini-
mized has been presented for achieving this, together with
the corresponding stochastic gradient and conjugate
gradient procedures. This procedure has been successfully
applied in adjusting a transversal equalizer in data com-
munication without the transmission of an (a priori)
known sequence.

APPENDIX I
SoME FACTS ABOUT DYNAMICAL SYSTEMS ON 52

We refer the reader to [5] for more general results. Let
us begin with the simple case of ordinary differential
equation in R". Let

x'=V(x) x0)=x, (L.1)
be a differential equation in R” with ¥: R">R”* locally
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Lipschitz and time-independent; (I.1) has a unique solu-
tion (x(s)),o which can also be extended to R_, obtain-
ing an integral curve (x(s)),cg. Usually, (V(x)),cp- is
called a vector field (a map that assigns a vector to each
point), and the whole set of integral curves x(s) with all
possible x,’s is called the (one-parameter) flow of the
integral curves of this vector field.

Now let us go back to the unit sphere of /% 52 is a
(C* =manifold on the Hilbert space /2. Using the canoni-
cal immersion of 5% in /2, we can identify the tangent
space of 52 at x Es? with the hyperplane in /2 which is
orthogonal to x, say, x*. Then a vector field on 5% is a
map x— V(x) where V(x)Ex'; we say that V is locally
Lipschitz if this map is locally Lipschitz with respect to
the underlying metric. A curve (x(s)),zg in s° is a map
from R into s%; if this map is differentiable, then the
derivative x'(s) is an element of the tangent space of 52 at
x(s) (i.e., x(s)*). Now by a solution to the differential
equation (I1.1) on s*(¥(x) now being a locally Lipschitz
vector field on s), we mean a curve (x(s)),cg such that
x'(s)= V(x(s)) and x(0)= x,. Allowing x, to take all possi-
ble values on s?, we get the one-parameter flow of the
integral curves of the vector field V(x). We say that a
point x* is a (stable) atiractor of this flow if x(s)—x* for
every x, belonging to some neighborhood of x*.

For example, if V(x)= —grad $(x) (= —(d/dx)}(x)) is
the gradient field of a functional ¢: s>»R, then (x(s));cp
is nothing but the flow of the steepest descent lines of ¢.
Note that, although this is the case in finite-dimensional
spaces, all the local minima of ¢ need not be attractors of
the flow of these steepest descent lines: this property
requires further conditions on § like “positive definite-
ness” near those local minima.

One could go through the same considerations with /2
instead of 52

APPENDIX I
PROOFS OF THE STATEMENTS OF SECTION II1

Proof of Lemma 3.2: Let us take c;=c—ta_;,—La_,=
2 peijlk@ x5 €5 is independent of g; and a;; with p being
the distribution of ¢, we get

V(T,)=E(¥(asRcosa +a,Rsina+c;))

and

%Wﬂa): RE((g;cosa— g;sina)

Y

Y(g,Rcosa+ a;Rsina+c;))

= Rff(Ycosa — Xsina)

Y (RX cosa + RYsina)v(dX )v(dY).
(IL1)

We set x=Xcosa+ Ysina and y=Ycosa— Xsing,
and let P (dx,dv) be the law of (x,y), X and Y being
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independent with distribution ». Then (II.1) becomes
i)
< = M
oy (T =R [ [ro1ro)P (v d).  (W12)

But ¢ being odd and » symmetric, Y* is odd; on the
other hand, P (dx,dy) is invariant under the maps (x,y)—
(—x,—y) and (x,y)=>(—y,x). These remarks, together
with (I1.2), give the result.

Proof of Lemma 3.4: We consider only the sub-Gaus-
sian case, the same proof works for the super-Gaussian
one by changing some inequalities. In order to use
Lemma 3.2, we want to show that

x*(x)=y*(x)/x is strictly increasing on

R, =(0, +o0). (IL3)
If 1, =0 for k+i,j, we get y*=4 and (II.3) immediately.
Otherwise, we know that u is unimodal, ie., p(dx)=
h(x)dx with h an even function which strictly decreases

on R, . With the choice of y as in Lemma 3.4, we get ¢ of
the following form:

P(x) = — ysign(x) +(x) (IL4)

where i is the smooth part of ¢ and y is the jump at the
origin. We have

PH(x)=yrh(x) =9 + ¢4,

()= —2v [ "),

P§ = xh(x); (IL5)

therefore,
(Y1) (x)=—2vh(x) is strictly increasing on
R, fory>0. (IL6)

h being even and strictly decreasing on R, (y4)” =" *h
gives

(¥4)” >0 on R, (and >0if ¢” >0). (1L.7)

With (I1.6) and (I1.7), we obtain (*)” >0 on R, which,

together with ¢*(0)=0, gives (I1.3).
Now, using Lemma 3.2, the result we want is

If ()~ X()P(x,8) >0,
{x>0,y>0}

for0<a<z,

7 Y

where x is strictly increasing on R, and we shall apply
(I1.8) to the function x* defined in (IL.3). In polar coordi-
nates, (I1.8) becomes

for 0<p, 0<a< T

o0
[ o*F(a,p)do>0
0 4
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where
/2 .
F(a,p)= f sinf cos8(x(pcos8) — x(psind))
0

‘Alpcos(a+ 8))f(psin(a+ 8))do

where f=K-e"¥ is the density of ». Using the fact that
g'(x)/x is increasing, we get 8—g(pcosd)+ g(psind) is
decreasing on (0,7/4) and increasing on (w/4,7/2).
Using this fact, and comparing the points §,=(7/4)+ 8’
and 8,=(w/4)— @’ for 8’ €(0,7 /4), we easily get F(a,p)>
0 and (IL8).

Proof of Theorem 3.5: Let (T,) be a trajectory of the
flow with T,=(#,(5)); < z- The equations {#, =constant for
k+i,j} and {##+1?=R?} give curves that are orthogonal
to the hyperplanes {#/#,=constant}; hence, with Lemma
3.4, we get

|#(s)l
|£,(s)]

is strictly decreasing, increasing,
or constant, respectively, with

t(0
l—'(—l<l, >1,or =1

|(0)|

Now consider T, €52, T,=(¢,) with 7. maximum for i€
[i] 0 i (] n

for every (i,j), s—

(IL9)

L

={i}, - ,i,}. We want to show that
lim T,=T, in/*strong (11.10)
where T, =((c0)) is such that
1
t(o0)=——sign(s) foriel, =0 fori&l,
Van
(IL.11)

For n=1, we get a stable attractor for 1_‘00, while for n> 1,
we get a saddle point, which is not a stable attractor. This
will finish the proof. Thus, let us go back to (II.10) and
(IL.11). Thanks to (IL.9), the function p(s)=max, . z|%(s)|
is increasing and bounded by 1 (|| 7,||*=1), and therefore
has a limit p(c0); (II.9) also gives the convergence of
(1/p(s))-T, to the system Vn T in /*weak. Thus, p(c0)
=Vr and T,» T, in /*weak; finally, || 7,||=1 gives the
strong convergence.

Proof of Theorem 3.6: For fixed T €s° we study the
function

v(p)=V(pT)p>0. (IL.12)
Let », denote the distribution of c=Z#.a_,, so that v(p)=
E(¥(pc)) and :
v () =E(ci()) = [ x(px)r,(dx)— v [ 1xlp.(dx)

)= [ 25" (px)r,(dx) >0

because ¢ >0 on R, . Therefore, the function v’ is con-
vex with v'(0)<0 and strictly convex when v(0)=0. But
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with (3.17), we get 0”(0)=v/(0)-E(a?) which is strictly
negative when y =0. Therefore, anyway,

there exists p, > 0 unique such that
v'(p.)=0, ©"(p.)>0.

Consequently, the radial component of the vector field
(V) is outgoing for p< p, and entering for p > p.. Finally,
the fact that the only local minima of Y are the systems
+ I results from Lemma 3.4 (motion of the radius), which
remains valid, and from the equality p,=1 for T=*1.

We achieve the convergence of the flow (7)) in the
following way: 1) as in Theorem 3.5, (1/||7;|)-7,—»T,, in
12 where T, is given by (I1.11) and 2) || T,||—1 thanks to
(11.13) and the fact that p,=1 when T==*1.

Note that in the super-Gaussian case, there is a con-
tradiction between the conditions required on ¢ in this
case and the needed inequality v®(p,)>0, so that the
systems = I may only be saddle points for V in /2

Proof of Theorem 3.7: We work in the sub-Gaussian
case. Let (W) be the vector field defined by

(I1.13)

Wy=(S*S )s V= —(S5+S )+E(Ay(c)).

(Wy)is C! thanks to (3.4), (3.9), and ii) of Lemma 3.1. Let
us define the vector field (¥,), <2 by

(I1.14)

Wr=S+V, for T=S+8 (11.15)

or, equivalently,
V= —E(Xy(c)) (11.16)

(V) is €' and opposite to the gradient field of ¢ in /2
Hence, the flow (6,) of the integral curves of (¥,) is
nothing but the flow of the steepest descent lines of ¢,
and (I1.15) shows that when the equalizer follows one of
these steepest descent lines, then the global system follows
an integral curve of the vector field (W,); on the other
hand, (3.6) implies that W= AV, so that the field W,
simply appears as the opposite of the gradient field of V
in /2 when provided with the metric (equivalent to the
ordinary one) associated with the operator A~!. Thus, the
Sflow (T,) appears as the flow of the steepest descent lines of
%, 1? being endowed with this new metric.

It is a general situation that the change of metric (with
another equivalent one) does not modify the behavior of
the s.d.l. (although the minima and saddle points do not
change, the crest lines are, of course, modified). Let us
give a quick explanation: let 7, be the initial point for
(T);50 and (7)),5¢ [respectively the integral curves of
(V7) and (W5;)]. Let us consider the path (T),KK, there
exists a(f)<oo such that both paths (7)., and
(Todocs<ony have the same length with respect to the
metric associated with A ™! so that, (7) being an s.d.L for
this metric, we have

W(Ty) > V(T). (IL17)

The path (7)pc <o is Of finite length for both metrics,
and we have the same property for (7 )oc,co) With

forc=2fa_,.
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o(o0)=lima(s), and thus for (T)0<S<°° Therefore, T =
lim 7, exists and is necessarily a stationary point of °V
wh1ch gives the desired result. Note that 7, may converge
to =7 and T to a saddle point: this is in accord with
(IL.17) because we cannot ensure that o(o0)=c0.
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Feedback System Design: The Fractional
Representation Approach to Analysis
and Synthesis
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Abstract—The problem of designing a feedback system with prescribed
properties is attacked via a fractional representation approach to feedback
system analysis and synthesis. To this end we let H denote a ring of
operators with the prescribed properties and model a given plant as the
ratio of two operators in H. This, in turn, leads to a simplified test to
determine whether or mot a feedback system in which that plant is
embedded has the prescribed properties and a complete characterization of
those compensators which will “place” the feedback system in H, The
theory is formulated axiomatically to permit its application in a wide
variety of system design problems and is extremely elementary in nature
requiring no more than addition, multiplication, subtraction, and inversion
for its derivation even in the most general settings.

1. INTRODUCTION

NTUITIVELY, the linear feedback system design pro-

cess may be broken down into three steps: modeling,
analysis, and synthesis; each of which may be carried out
via a multiplicity of time and frequency domain tech-
niques. In engineering practice, however, the three steps
are loosely matched to one another. The purpose of the
present paper is to use fractional representation models to
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the analysis and synthesis of feedback systems. Here, if
one desires to design a system with prescribed properties
the given plant is initially modeled as a quotient of two
operators, each of which has the desired properties. Once
such a model has been specified a similar model may be
formulated for the feedback system constructed from that
plant which, in turn, may be used to determine whether or
not the feedback system has the desired properties. More-
over, the set of compensators which will cause the feed-
back system to have the prescribed properties may be
completely characterized in terms of such a model. As
such, by choosing a model for the plant which is matched
to the design criteria the analysis and synthesis processes
for a feedback system may be greatly simplified.

These ideas are illustrated by the following derivation
of the set of stabilizing compensators for the single variate
control system of Fig. 1.

We say that a transfer function p(s) is exponentially
stable (exp. stable) if p(s) is a proper rational function with
poles having negative real parts. Although the plant may
naturally be modeled as a quotient of coprime polynomi-
als [16),[19] p(s)= a(s)/ b(s) since our ultimate goal is a

0018-9286/80,/0600-0399$00.75 ©1980 IEEE

Authorized licensed use limited to: IEEE Xplore. Downloaded on April 22, 2009 at 11:21 from IEEE Xplore. Restrictions apply.



