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Supervi sion des syst èmes dist r ibu«es t empor is«es
bas«ee sur les d«epliages symboliques

de r«eseaux de Pet r i t emporels

R«esum«e : La supervision des syst èmesdistribu «es temps r«eel est une problème dÕactualit«e.
Dans ce papier nous abordons la supervision sous forme de reconst ruct ion dÕhistoires à part ir
dÕobservat ion dÕ«ev«enements (par exemple dÕalarmes). Nous proposons une approche de vraie
concurrence utilisant lesr«eseauxde Petri temporels : le modèle d«eÞnit explicitement lesre-
lations de causalit «e et de concurrence entre les «ev«enements observables «emis par le système
qui est observ«e par plusieurs capteurs et qui est contraint par des aspects temporels. Le
problème consiste à calculer au vol les di! «erentes histoires (sous forme dÕordre part iel) qui
peuvent expliquer les«ev«enements observ«es.Nous nÕimposons pas que le temps soit observ-
able : le but de la supervision est dÕinf«erer lÕordre part iel des «ev«enements et les dates de
t ir possibles. Pour cela nous consid«erons un modèle du syst ème à superviser, donn«e sous la
forme dÕun r«eseau de Petri temporel, et nous construisons au vol un d«epliage guid«e par les
observat ions. Cet art icle pr«esente une nouvelle d«eÞnit ion du d«epliage dÕun r«eseau de Petri
temporel, dans lequel le tempsest repr«esent«e de manière symbolique.

M ot s cl«es : syst èmesr«epart is, diagnost ic, r«eseaux de Petri temporels, d«epliage



Time Supervision of Concurrent Systems 3

1 I nt roduct ion and relat ed work

Monitoring real-t ime concurrent systems is a challenging task. In this paper we formulate
model-based supervision by means of hidden state history reconst ruct ion, from event (e.g.
alarm) observat ions. We follow a so-called true concurrency approach using t ime Petri nets:
the model deÞnes explicit ly the causality and concurrency relat ions between the observable
events, produced by the system under supervision on di! erent points of observat ion, and
const rained by t ime aspects. The problem is to compute on-the-ßy the di! erent part ial
order histories, which are the possible explanat ions of the observable events. An important
applicat ion is the supervision of telecommunications networks, which mot ivated this work.

Without considering t ime, a natural candidate to formalize the problem are safe Petri
nets with branching processes and unfoldings. The previous work of our group used this
framework to deÞne the histories and a dist ributed algorithm to build them as a collect ion
of consistent local views [3]. Theapproach deÞnes thepossibleexplanat ionsas theunderlying
event st ructure of the unfolding of the product of the Petri net model and of an acyclic Petri
net represent ing the part ial order of the observed alarms.

In this paper we extend our method to t ime Petri nets, allowing the designer to model
t ime const raints, rest rict ing by this way the set of possible explanat ions, We do not impose
that t ime is observable: the aim of supervision is to infer the part ial ordering of the events
and their possible Þring dates. Using a symbolic representation, this paper presents a new
deÞnit ion of the unfolding of t ime Petri nets with dense t ime.

Model-based diagnosis using t ime Petri nets and part ial orders has already been ad-
dressed in [12]. In this work, temporal reasoning is based on (linear) logic. The Þrst reference
to t ime Petri net unfolding seems to be in 1996, by A. Semenov, A. Yakovlev and A. Koel-
mans [13] in the context of hardware veriÞcat ion. They deal only with a quite rest ricted
class of nets, called time independent choice time Petri net, in which any choice is resolved
independent ly of t ime. In [1], T. Aura and J. Lilius give a part ial order semant ics to t ime
Petr i nets, basedon the nonsequent ial processessemantics for unt imed net systems.A time
process of a t ime Petri net is deÞned as a tradit ionally const ructed causal process that has a
valid t iming. An algorithm for checking validness of a given t iming is presented. It is proved
that the interleavings of the t ime processes are in biject ion with the Þring schedules. But
unfortunately, they do not provide a way to represent all the valid processes using the not ion
of unfolding of t ime Petri net , as usual in the unt imed case. A few years later (in 2002),
H. Fleischhack and C. Stehno in [10] give the Þrst not ion of a Þnite preÞx of the unfolding of
a t ime Petri net . Their method relies on a translat ion towards an ordinary place/ t ransit ion
net . This requires to consider only discrete t ime and to enumerate all the situat ions. This
also relies on the int roduct ion of new transit ions, which represent the clock t icks. Although
relevant for model-checking, it is not clear that it allows us to recover causalit ies and concur-
rencies, as required in the diagnosis applicat ion. Furthermore, we are convinced that t ime
constraints must be treated in a symbolic way, using the analog of state class construct ions
of B. Berthomieu [4,5].

The rest of the paper is organized as follows. Sect ion 2 deÞnes the di! erent ingredients
of our model-based supervision, namely the diagnosis setup, the t ime Petri net model and
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4 Chatain & Jard

its part ial order semant ics. Sect ion 3 describes the symbolic unfolding technique used to
compute the symbolic processes,which serve as explanat ions. Before entering the general
case, we consider the simplest case of extended free-choice time Petri nets [6]. We conclude
in Sect ion 4.

2 D iagnosis, t ime Pet r i net s and par t ial order semant ics

2.1 D iagnosis: problem

Let us consider a real dist ributed system, which produces on a given set of sensors some
events (or alarms) during its life. We consider the following setup for diagnosis, assuming
that alarms are not lost . Each sensor records its local alarms in sequence,while respecting
causality (i.e. the observed sequences cannot contradict the causal and temporal ordering
deÞned in the model). The di! erent sensors perform independent ly and asynchronously, and
a single supervisor collects the records from the di!er ent sensors. Thus any interleaving of
the records from di! erent sensors is possible, and causalit ies and temporal ordering among
alarms from di! erent sensors are lost . This architecture is illust rated in Figure 1.

For the development of the example, we consider that the system under supervision
producesthe sequencesαγαγ on sensor A, and ββ on sensor B. Given the t ime Petri net
model of Figure 1 (left ), the goal of the diagnoser is to compute all the possible explanat ions
shown in Figure 1. Explanat ions are labelled part ial orders. Each node is labeled by a
transit ion of the Petri net model and a possible date given by a symbolic expression. Not ice
that the diagnoser infers the possible causalit iesbetween alarms, aswell as the possibledates
for each of them. The Þrst alarms αγα and ββ imply that t ransit ions t1 and t2 are Þred
twice and concurrent ly. The last γ can be explained by two di!er ent t ransitions in conßict
(t3 and t4).

2.2 T ime Petri net: deÞni ti on

N ot at ions. We denote f ! 1 the inverse of a biject ion f . We denote f|A the rest rict ion of a
mapping f to a set A. The rest rict ion has higher priority than the inverse: f ! 1

|A = (f|A )! 1.
We denote ! the usual composit ion of funct ions. Q denotes the set of nonnegat ive rat ional
numbers.

T ime Petr i nets were int roduced in [11].
A time Petri net (TPN) is a tuple N = "P, T, pre, post , efd, lfd#where P and T are Þnite

setsof places and transitions respect ively, pre and post map each transit ion t $ T to its preset
often denoted ¥t

d ef= pre(t) % P (¥t &= ' ) and its postset often denoted t¥ d ef= post (t) % P ;
efd : T ( ) Q and lfd : T ( ) Q * { + } associate the earliest Þring delay efd(t) and latest
Þring delay lfd(t) with each transit ion t. A TPN is represented as a graph with two types
of nodes: places (circles) and transit ions (bars). The closed interval [efd(t), lfd(t)] is writ ten
near each transit ion. For the purpose of supervision, we consider labelled time Petri nets

Irisa
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F ig. 1. Model-based diagnosis of distributed systems using t ime Petri nets.

"N,Λ, λ# whereΛ is a set of event types (or alarms), and λ the typing of t ransit ions (α, β, γ
in Figure 1).

A state of a t ime Petri net is given by a triple "M, dob, θ#, where M % P is a marking
denoted with tokens (thick dots), θ $ Q is its date and dob : M ( ) Q associates a date of
birth dob(p) , θ with each token (marked place) p $ M . A t ransit ion t $ T is enabled in the
state "M, dob, θ# if all of its input places are marked: ¥t % M . Its date of enabling doe(t) is
the date of birth of the youngest token in its input places: doe(t) d ef= maxp" ¥ t dob(p). All the
t ime Petri nets we consider in this art icle are safe, i.e. in each reachable state "M, dob, θ#, if
a t ransit ion t is enabled in "M, dob, θ#, then t¥ - (M \ ¥t) = ' .

A process of a TPN starts in an initial state "M0, dob0, θ0#, which is given by the initial
marking M0 and the init ial date θ0. Init ially, all the tokens carry the date θ0 as date of birth:
. p $ M0 dob0(p) d ef= θ0.

The transit ion t can Þre at date θ# / θ from state "M, dob, θ#, if:

Ð t is enabled: ¥t % M ;
Ð the minimum delay is reached: θ# / doe(t) + efd(t);
Ð the enabled t ransit ions do not overtake the maximum delays:

. t# $ T ¥t# % M =0 θ# , doe(t#) + lfd(t#).

The Þring of t at date θ# leads to the state "(M \ ¥t) * t¥, dob#, θ##, where dob#(p) d ef= dob(p)
if p $ M \ ¥t and dob#(p) d ef= θ# if p $ t¥.
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6 Chatain & Jard

Finally we assume that t ime diverges: when inÞnitely many transit ions Þre, t ime neces-
sarily diverges to inÞnity.

In the init ial state of the net of Figure 1, p1 and p2 are marked and their date of birth
is 0. t1 and t2 are enabled and their date of enabling is the init ial date 0. t2 can Þre in the
init ial state at any t ime between 1 and 2. Choose t ime 1. After this Þring p1 and p4 are
marked, t1 is the only enabled transit ion and it has already waited 1 t ime unit . t1 can Þre at
any t ime θ, provided it is greater than 1. Consider t1 Þres at t ime 3. p3 and p4 are marked in
the new state, and transitions t3 and t4 are enabled, and their date of enabling is 3 because
they have just beenenabledby the Þring of t1. To Þre, t3 would have to wait 2 t ime units.
But t ransit ion t4 cannot wait at all. So t4 will necessarily Þre (at t ime 3), and t3 cannot Þre.

Remark. The semant ics of t ime Petri nets are often deÞned in a slight ly di! erent way: the
state of the net is given as a pair "M, I#, where M is the marking, and I maps each enabled
transit ion t to the delay that has elapsed since it was enabled, that is θ ( doe(t) with our
notat ions. It is more convenient for us to at tach t ime informat ion on the tokens of the
marking than on the enabled transit ions. We have chosen the date of birth of the tokens
rather than their age, because we want to make the impact of the Þring of t ransit ions as
local as possible. And the age of each token in the marking must be updated each t ime
a transit ion t Þres, whereas the date of birth has to be set only for the tokens that are
created by t. Furthermore, usual semant ics often deal with the delay between the Þring of
two consecut ive t ransit ions. In this paper we use the absolute Þring date of the transit ions
instead. This Þts bet ter to our approach in which we are not interested in the total ordering
of the events.

2.3 Par t ial order semant ics

Processes. We will deÞne the set X of (Þnite) processes of a safe t ime Petri net start ing
at date θ0 in the init ial marking M0. Theseprocessesare those described in [1]. We deÞne
them induct ively and use a canonical coding like in [8]. The processes provide a part ial order
representat ion of the execut ions.

Each process will be a pair x
d ef= "E,Θ#, where E is a set of events, and Θ : E ( ) Q maps

each event to its Þring date. Θ is somet imes represented as a set of pairs (e,Θ(e)). Each
event e is a pair (¥e, τ (e)) that codes an occurrence of the t ransit ion τ (e) in the process.¥e
is a set of pairs b

d ef= (¥b, place(b)) $ E 1 P . Such a pair is called a condition and refers to
the token that has been created by the event ¥b in the place place(b). We say that the event
e

d ef= (¥e, τ (e)) consumes the condit ions in ¥e. Symmetrically the set { (e, p) | p $ τ (e)¥} of
condit ions that are created by e is denoted e¥.

For all set B of condit ions, we denote Place(B)
d ef
= { place(b) | b $ B} , and when the

restrict ion of place to B is inject ive, we denote place! 1
|B its inverse, and for all P % Place(B),

Place! 1
|B (P ) d ef= { place! 1

|B (p) | b $ P } .
The set of condit ions that remain at the end of the process "E,Θ# (meaning that

they have been created by an event of E, and no event of E has consumed them) is

Irisa
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2(E) d ef=
⋃

e" E e¥ \
⋃

e" E
¥e (it does not depend on Θ). The state that is reached after

the process "E,Θ# is "Place(2(E)), dob, maxe" E Θ(e)#, where for all p $ Place(2(E)),
dob(p) d ef= Θ(¥b), with b

d ef= place! 1
|$(E ) (p).

We deÞne induct ively the set X of (Þnite) processes of a t ime Petri net start ing at date
θ0 in the init ial marking M0 as follows:

Ð "{ 3 } , { (3 , θ0)} # $ X , where 3 d ef= (' , ε) represents the init ial event . Not ice that the
init ial event does not actually represent the Þring of a t ransit ion, which explains the use
of the special value ε /$ T . For the same reason, the set of condit ions that are created
by 3 is deÞnedin a special way: 3 ¥ d ef= { (3 , p) | p $ M0} .

Ð For all process "E,Θ# $ X leading to state "M, dob, θ#, if a t ransit ion t can Þre at
date θ# / θ from state "M, dob, θ#, then "E * { e} , Θ * { (e, θ#)} # $ X , where the event
e

d ef= (Place! 1
|$(E ) (

¥t), t) represents this Þring of t.

We deÞne the relat ion ) on the events as: e ) e# i! e¥ - ¥e# &= ' . The reßexive t ran-
sit ive closure ) % of ) is called the causality relat ion. For all event e, we denote
4e5 d ef= { f $ E | f ) %e} , and for all set E of events, 4E5 d ef=

⋃
e" E 4e5. We also deÞne

cnds(E) d ef=
⋃

e" E e¥ the set of conditions created by the events of E.
Two events of a processthat are not causally related are said to be concurrent.

Symbol ic processes. We choose to group the processes that di! er only by their Þring
dates to obtain what we call a symbolic process.

A symbolic processof a time Petri net is a pair "E, pred#with pred : (E ( ) Q) ( ) bool,
such that for all mapping Θ : E ( ) Q, if pred(Θ), then "E,Θ#$ X .

In pract ice, pred is described by linear inequalities. Examples of symbolic processesare
given in Figure 1. The Þrst explanat ion groups all the processes formally deÞned as "E,Θ#
where E contains the six following events, with the associated Þring dates (th e initi al event
3 is not represented):

1 = ({ (3 , P1)} , t1) Θ(1) / Θ(3 )
2 = ({ (3 , P2)} , t2) 1 , Θ(2) ( Θ(3 ) , 2
3 = ({ (1, P3), (2, P4)} , t4) Θ(3) = max{Θ(1), Θ(2)}
4 = ({ (3, P1)} , t1) Θ(4) = Θ(3)
5 = ({ (3, P2)} , t2) Θ(5) = Θ(3) + 2
6 = ({ (4, P3)} , t3) Θ(6) = Θ(4) + 2

2.4 D iagnosis: formal problem set t ing

Consider a net N modeling a system and an observat ion O of this system, which associates
a Þnite sequence of observed alarms (λs,1, . . . , λs,n s ) with each sensor s. The set of sensors
is denoted S. For each sensor s, Λs indicates which alarms the sensor observes.

To compute a diagnosis, we propose to build a net D(N, O) whose processes correspond
to the processes of N which sat isfy the observat ion O. The idea is to const rain the model by
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8 Chatain & Jard

adding new places and transit ions so that each transit ion of the model that sends an alarm
to a sensor s is not allowed to Þre unt il all the previous alarms sent to s have been observed.

To achieve this we create a place s! for each alarm λ that may be sent to the sensor
s, plus one place øs. For each transit ion t that sends an alarm λ to the sensor s, we add s!

to the postset of t. After the it h alarm is sent to s, a new transit ion ts,i which models the
observat ion of this alarm by s, removes the token from s! and creates a token in the place øs,
meaning that the alarm has been observed. øs is added to the preset of each transit ion that
sends an alarm to s, so that it cannot Þre before the previous alarm has been observed. The
transit ions ts,i are connected through places ps,i so that they must Þre one after another.

Formally, for a net N
d ef= "P, T, pre, post , efd, lfd# and an observat ion O from a set S of

sensors, we deÞnea net D(N, O) d ef= "P #, T #, wpre#, pre#, post #, efd#, lfd##. This net is almost a
t imePetri net : a weak preset wpre#(t) % pre#(t), denoted &t hasbeen added for each transit ion
t $ T #; only the date of birth of the tokens in the weak preset part icipate in the deÞnit ion
of the date of weak enabling of t, which replaces the date of enabling in the semant ics:
dowe(t) d ef= maxp" ! t dob(p). In theprocesses, for each event e, wedenote &e

d ef= Place! 1
|¥ e(&τ (e)).

Not ice that the net may reach a degenerated state "M, dob, θ# where a weakly enabled
transit ion t has overtaken its maximum Þring date (θ > dowe(t) + lfd(t)). In D(N, O) this
situat ion does not occur in the processes that generate explanat ions.

D(N, O) is deÞned as follows (where 6 denotes the disjoint union):

Ð P # d ef= P 6 { øs | s $ S} 6 { s! | s $ S 7 λ $ Λs} 6 { ps,i | s $ S, i = 0, . . . , ns} ;

Ð T # d ef= T 6 { ts,i | s $ S, i = 1, . . . , ns} ;

Ð for all t $ T , wpre#(t) d ef= pre(t), pre#(t) d ef= wpre#(t) 6 { øs | λ(t) $ Λs} ,
post #(t) d ef= post (t) 6 { s! ( t ) | λ(t) $ Λs} ,

efd#(t) d ef= efd(t) and lfd#(t) d ef= lfd(t);

Ð wpre#(ts,i ) = pre#(ts,i )
d ef= { ps,i ! 1, s! s , i } , post #(ts,i )

d ef= { ps,i , øs} and

efd#(ts,i ) = lfd#(ts,i )
d ef= 0.

Figure 2 shows the net of Figure 1 constrained by the observat ion αγαγ from sensor A
and ββ from sensor B.

We call diagnosis of observation O on net N any set of symbolic pro-
cesses of D(N, O), which contain all the processes "E,Θ# of D(N, O) such that :
{ ps,n s | s $ S} 6 { s! | s $ S 7 λ $ Λs} % Place(2(E)). Unless the model contains loops of
non observable events, these processes can be described by a Þnite set of symbolic processes.
These processes can be projected to keep only the condit ions and events which correspond
to places and transit ions of the model. Then we obtain all the processes of N that are com-
pat ible with the observat ion O, as shown in Figure 1. The construct ion of the explanat ions is
based on the unfolding of D(N, O). The not ion of unfolding allows us to use a compact rep-
resentat ion of the processes by sharing the common preÞxes. The temporal framework leads
naturally to consider the new not ion of symbolic unfolding that we detail in the following
section.

Irisa
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F ig. 2. Our example of TPN, constrained by the observat ion ! " ! " from sensor A and ## from sensor B.

3 Symbolic unfoldings of t ime Pet r i net s

Symbolic unfoldings have already been addressed in the context of high-level Petri nets [7].
In this sect ion we deÞne the symbolic unfolding of t ime Petri nets, i.e. a quite compact
st ructure that contains all the possible processes and exhibits concurrency. Actually the
t ime Petri nets are extended with weak presets 1, as required by our diagnosis approach (see
Sect ion 2.4).

For symbolic unfoldings of classical t ime Petri nets, consider that the weak preset &t of
any transit ion t $ T is equal to its preset ¥t.

3.1 Pre-processes

For the const ruct ion of symbolic unfoldings of t ime Petri nets, we need the not ion of pre-
process, that extends the not ion of process.

For all process "E,Θ#, and for all nonempty, causally closed set of eventsE# % E (3 $ E#

and 4E#5 = E#), "E#, Θ|E " #is called a pre-process. Weoften write "E#, Θ#instead of "E#, Θ|E " #
for short . The deÞnit ion of the state that is reached after a process is also used for pre-
processes.We deÞnethe preÞx relat ion , on pre-processesas follows:

"E,Θ#, "E#, Θ## i! E % E# 7 Θ = Θ#
|E

1 We assume that the net never reaches a degenerated state !M , dob, $" where a weakly enabled
t ransit ion t has overtaken its maximum Þring date ($ > dowe(t) + lfd(t)).
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10 Chatain & Jard

3.2 Symbol ic unfoldings of ext ended fr ee choice t ime Pet r i net s

An extended free choice t ime Petri net is a t ime Petri net such that :

. t, t# $ T ¥t - ¥t# &= ' =0 ¥t = ¥t#.

We deÞne the symbolic unfolding U of an extended free choice t ime Petri net by collect ing
all the events that appear in its processes: U

d ef
=

⋃
' E ," ( " X E.

This unfolding has two important propert ies in the case of extended free choice t ime
Petri nets:

T heorem 1. Let E % U be a nonempty Þnite set of events and Θ : E ( ) Q associate a
Þring date with each event of E. "E,Θ# is a pre-process i! :






4E5 = E (E is causally closed)
! e, e# $ E e &= e# 7 ¥e - ¥e# &= ' (E is conßict free)
. e $ E \ { 3 } lpred(e,Θ) (all the events respect the Þring delays)

where

lpred(e,Θ) d ef=






Θ(e) / maxb" ¥ e Θ(¥b) (t is strongly enabled when e Þres)
Θ(e) / dowe(t) + efd(t) (the earliest Þring delay is reached)
. t# $ T ¥t# = ¥t =0 Θ(e) , dowe(t#) + lfd(t#)

(the latest Þring delays are respected)

with t
d ef= τ (e) and

for all t# $ T such that ¥t# = ¥t, dowe(t#) d ef= maxb" P lace# 1
| ¥ e

( ! t " ) Θ(¥b).

T heorem 2. For all e
d ef= (B, t) $ cnds(U ) 1 T ,

e $ U i !






Place(B) = ¥t
! f, f# $ 4e5 f &= f# 7 ¥f - ¥f# &= '
8Θ : 4e5 ( ) Q . f $ 4e5\ { 3 } lpred(f,Θ)

The Þrst theorem gives a way to ext ract processes from the unfolding, while the second
theorem gives a direct const ruct ion of the unfolding: adding a new event e just requires
solving linear const raints on theΘ(f ), f $ 4e5. This also happens with symbolic unfoldings
of high-level Pet ri nets int roduced in [7].

We do not give proofs for the theorems 1 and 2 as they are part icular cases of the
theorems 3 and 4: the symbolic unfolding of extended free choice t ime Petri nets as deÞned
in this sect ion is the same as the symbolic unfolding we obtain if we use the general deÞnit ion
of the next section.
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3.3 Sym bol ic unfol di ngs of t ime Petri nets: general case

If we deÞne the symbolic unfolding of a t ime Petri net in the general case as we have done
for extended free choice t ime Petri nets, none of the two previous theorems hold: ext ract ing
a process from the unfolding becomes complex (see [1]); and especially we do not know
any direct way to build the unfolding. It is also interest ing to not ice that the union of two
pre-processes"E,Θ# and "E#, Θ## is not necessarily a pre-process, even if Θ|E ) E " = Θ#

|E ) E "

and E * E# is conßict free. In the example of Figure 1, we observe this if "E,Θ# is the
processwhich contains a Þring of t1 at t ime 0 and a Þring of t2 at t ime 1, and "E#, Θ## is the
pre-process that we obtain by removing the Þring of t2 from the processmade of t1 at t ime
0, t2 at t ime 2 and t3 at t ime 2. These di" cult ies come from the fact that the condit ion that
allows us to extend a processx d ef= "E,Θ# with a new event e concerns all the state reached
after the process x, and however the condit ions in ¥e refer only to the tokens in the input
places of τ (e).

From now on we assume that we know a part it ion of the set P of places of the net in
sets Pi % P of mutually exclusive places2; more precisely we demand that for all reachable
marking M , Pi - M is a singleton. For all place p $ Pi , we denote øp d ef= Pi \ { p} . In the
example of Figure 1, we will use the part it ion { p1, p3, p5} , { p2, p4} .

N ot ion of par t ial st at e. A partial state of a t ime Petri net is a t riple "L, dob, θ# with
L % P , θ $ Q is a date and dob : L ( ) Q associates a date of birth dob(p) , θ with each
token (marked place) p $ L.

We deÞne the relat ion 9 on part ial states as follows:
"L, dob, θ#9 "L#, dob#, θ## i! L % L# 7 dob = dob#

|L 7 θ , θ#

F ir ing a t ransi t ion fr om a par t ial st at e. Although the semant ics of t ime Petri nets
requires to check t ime condit ions for all the enabled transit ions in the net , before Þring a
transit ion, there are cases when we know that a t ransit ion can Þre at a given date θ#, even
if other t ransit ions will Þre before θ# in other parts of the net . As an example consider the
net of Figure 1 start ing at date 0 with the marking { p1, p2} . Although the semant ics forbids
to Þre t1 at date 10 before Þring t2, we feel that nothing can prevent t1 from Þring at date
10, because only t1 can remove the token in place p1. By contrast , the Þring of t3 highly
depends on the Þring date of t2 becausewhen t4 is enabled it Þres immediately and disables
t3. So if we want to Þre t3 we have to check whether p2 or p4 is marked.

A partial state Þring is a triple (S, t, θ#) where S
d ef= "L, dobL , θL # is a part ial state, t is a

t ransit ion such that ¥t % L, and θ# / θL is a date.
2 I f we do not know any such part it ion, a solut ion is to extend the st ructure of the net with one

complementary place for each place of the net and to add these new places in the preset (but
not in the weak preset ) and in the postset of the t ransit ions such that in any reachable marking
each place p # P is marked i! it s complementary place is not . This operat ion does not change
the behaviour of the t ime Pet ri net : since the weak presets do not change, the tokens in the
complementary places do not part icipate in the deÞnit ion of the date of enabling.
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The idea in part ial state Þrings is that the part ial state S gives enough informat ion to
be sure that t can Þre at date θ#.

It will be crucial in the following to know how to select part ial state Þrings. However
several choices are possible. If we are given a predicate PSF on part ial state Þrings, we can
build extended processesby using only the extended processesthat sat isfy PSF . Then we
will t ry to map these extended processes into pre-processes. If PSF is valid, then all the
pre-processes we obtain are correct .

Ext ended processes. Let PSF be a predicate on part ial state Þrings.
We will deÞne a not ion of extended process (parameterized by PSF ), which is close to

the not ion of process, but the events are replaced by extended events which represent Þrings
from part ial states and keep track of all the condit ions corresponding to the part ial state,
not only those that are consumed by the t ransit ion: the other condit ions will be t reated as
context of the event. This uses classical techniques of contextual nets or nets with read arcs
(see [2,14]). It would also be possible to consume and rewrite the condit ions in the context
of an event , but we feel that the not ion of read arc or contextual is a good way to capture
the idea that we develop here.

For all extended event úe d ef= (B, t), use the notat ions τ ( úe) d ef= t, ¥ úe d ef= Place! 1
|B (¥t),

& úe d ef= Place! 1
|B (&t), úe d ef= B \ ¥e and úe¥ d ef= { ( úe, p) | p $ t¥} . We deÞne the relat ions ) and :

betweenextended events as:

Ð úe ) úf i! úe¥ - (¥ úf * úf ) &= ' and
Ð úe : úf i! ( úe ) úf ) ; ( úe - ¥ úf &= ' ).

Like for processes, we deÞne the set of condit ions that remain at the end of the extended
process " úE,Θ# as 2( úE) d ef=

⋃
úe" úE úe¥ \

⋃
úe" úE

¥ úe. But for extended processes we deÞne not only
the global state that is reached after " úE,Θ#, but a part ial state RS" (B) associated with
each set of conditio ns B % 2( úE). The part ial state associated with B doesnot depend on the
set of events úE provided

⋃
b" B 4¥b5 % úE. It is deÞnedas RS" (B) d ef= "Place(B), dobL , θL #,

where dobL (p) d ef= Θ(¥(place! 1
|B (p))) and θL

d ef= maxb" B Θ(¥b).

We deÞne the set úXPSF of extended processes of a t ime Petri net start ing at date θ0 in
the init ial marking M0 as follows.

Ð Like for processes, "{ 3 } , { (3 , θ0)} # $ úXPSF , where 3 d ef= (' , ε) represents the init ial
event . The set of condit ions that are created by 3 is deÞnedas: 3 ¥ d ef= { (3 , p) | p $ M0} .

Ð For all extended process " úE,Θ#$ úXPSF , for all úe d ef= (B, t) with B % 2( úE), and t $ T , for
all θ# / max úf " úE , úf * úe Θ( úf ), if PSF (RS" (B), t, θ#) holds, then " úE * { úe} , Θ * { ( úe, θ#)} #$
úXPSF .

Each extended event úe can be mapped to the corresponding event

h( úe) d ef=
({

(h( úf ), p) | ( úf, p) $ ¥ úe
}
, τ ( úe)

)
.
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Cor ect ness of PSF . We say that PSF is a valid predicate on partial state Þrings i! for
all extended process " úE,Θ# $ úXPSF , "h( úE), Θ ! h! 1

| úE
# is a pre-process (not ice that h| úE is

inj ective). In other terms there exists a process"E#, Θ## $ X such that "h( úE), Θ ! h! 1
| úE

# ,

"E#, Θ##.

Sym bol ic unfol di ng. As we did for extended free choice t ime Petri nets with events in
Sect ion 3.2, we deÞne the symbolic unfolding UPSF of a t ime Petri net by collect ing all the
extendedevents that appear in its extendedprocesses:UPSF

d ef=
⋃

' úE ," ( " úX PSF
úE.

We have equivalents of the two theorems we had with symbolic unfoldings of extended
freechoice time Petri nets.

T heorem 3. Let úE % UPSF be a nonempty Þnite set of extended events and Θ : úE ( ) Q
associate a Þring date with each extended event of úE. " úE,Θ# is an extended process i! :





4 úE5 = úE ( úE is causally closed)
! úe, úe# $ úE úe &= úe# 7 ¥ úe - ¥ úe# &= ' ( úE is conßict free)
! úe0, úe1, . . . , úen $ úE úe0 : úe1 : ááá: úen : úe0 (: is acyclic on úE)
. úe, úe# $ úE úe : úe# =0 Θ( úe) , Θ( úe#) (Θ is compatible with : )
. úe $ úE \ { 3 } PSF (RS" (¥ úe * úe), τ ( úe), Θ( úe)) ( úe corresponds to a partial state Þring)

Proof. Let " úE,Θ#$ úXPSF be an extended process that sat isÞes the condit ions in the curly
brace, let úe d ef= (B, t) with B % 2( úE) and t $ T and θ# / max úf " úE , úf * úe Θ( úf ) such that

PSF (RS" (B), t, θ#) holds. Then we will show that the extended process " úE#, Θ## d ef= " úE *
{ úe} , Θ * { ( úe, θ#)} # also sat isÞes the condit ions in the curly brace. By construct ion úE# is
causally closed. Moreover for each condit ion b $ ¥ úe that is consumed by úe, b $ 2( úE), which
implies that b has not been consumed by any event of úE. Thus for all úf $ úE, ¥ úe - ¥ úf = ' and
Â( úe : úf ). So úE# is conßict freeand : is acyclic on úE#. Θ# is compat ible with : because Θ
is compat ible with : and Θ#( úe) = θ# / max úf " úE , úf * úe Θ( úf ).

Conversely let " úE#, Θ## sat isfy the condit ions in the curly brace. If úE# = { 3 } , then
" úE#, Θ## $ úXPSF . Otherwise let úe $ úE# be an extended event that has no succes-
sor by : in úE# (such an extended event exists since : is acyclic on úE#). " úE,Θ# d ef=
" úE# \ { úe} , Θ#

| úE " \{ úe}
# sat isÞes the condit ions in the curly brace. Assume that " úE,Θ#$ úXPSF .

As úE is conßict free, ¥ úe % 2( úE). And as úe has no successor by : in úE#, úe % 2( úE).
Furthermore Θ#( úe) / max úf " úE , úf * úe Θ( úf ) and PSF (RS" " (¥ úe * úe), τ ( úe), Θ#( úe)) holds. Thus

" úE#, Θ##= " úE * { úe} , Θ * { ( úe,Θ#( úe))} #$ úXPSF .

T heorem 4. For all úe d ef= (B, t) $ cnds(UPSF ) 1 T , úe $ UPSF i!





! úf, úf# $ 4úe5 úf &= úf# 7 ¥ úf - ¥ úf# &= ' (1)
! úe0, úe1, . . . , úen $ 4úe5 úe0 : úe1 : ááá: úen : úe0 (2)

8Θ : 4úe5 ( ) Q

{
. úf, úf# $ 4úe5 úf : úf# =0 Θ( úf ) , Θ( úf#)

. úf $ 4úe5\ { 3 } PSF
(

RS" (¥ úf * úf ), τ ( úf ), Θ( úf )
) (3)
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14 Chatain & Jard

Proof. Let úe $ UPSF . There exists " úE,Θ## $ úXPSF such that úe $ úE. " úE,Θ## sat isÞes the
condit ions in the curly brace of Theorem 3. As 4 úE5 % úE, 4úe5 also sat isÞes them. Then (1)
and (2) hold. For (3) a possible Θ is Θ#

|+úe, .

Conversely if úe d ef= (B, t) sat isÞes (1), (2) and (3), consider a possible Θ for (3).
"4úe5\ { úe} , Θ# satisÞes the curly brace of Theorem 3. Then "4úe5\ { úe} , Θ#$ úXPSF . More-
over (1) implies that B % 2(4úe5 \ { úe} ). In addit ion Θ( úe) / max úf " +úe, , úf * úe Θ( úf ) and

PSF (RS" (B), t, Θ( úe)) holds. Thus "4úe5, Θ#$ úXPSF and therefore úe $ UPSF .

Select ing par t ial st at e Þr ings. The deÞnit ion of extended processes is parameterized by
a predicate PSF on part ial state Þrings: each extended event must correspond to a part ial
Þring that sat isÞes PSF , the others are forbidden. A good choice for PSF takes three not ions
into account : completeness, redundancy and preservat ion of concurrency.

Completeness. A predicate PSF on part ial state Þrings is complete if for all process
"E,Θ#$ X , there exists an extended process " úE,Θ##$ úXPSF such that "h( úE), Θ# ! h! 1

| úE
#=

"E,Θ#.

Redundancy. Given a predicate PSF on part ial state Þrings and a process "E,Θ#$ X,
there may exist several extended processes " úE,Θ##$ úXPSF such that "h( úE), Θ# ! h! 1

| úE
# =

"E,Θ#. This is called redundancy. In part icular, if PSF contains two part ial state Þrings
("L, dob, θ#, t, θ#) and ("L#, dob#, θ#, t, θ#) where L# " L and dob# = dob|L " , then all the ex-
tended processesinvolving ("L, dob, θ#, t, θ#) are redundant .

A trivial choice for PSF which does not preserve any concurrency. A trivial complete pred-
icate PSF is the predicate that demands that the state S is a global state, and then check
that t can Þre at date θ# from S. In addit ion, this choice gives lit t le redundancy. But the
extended events of the extended processes that we obtain in this case are totally ordered by
causalit y. In other words, theseprocessesdo not exhibit any concurrency at all. Actually we
get what we call Þring sequences in interleaving semant ics.

A proposition for PSF . What we want is a complete predicate on part ial state Þrings that
generatesas lit t le redundancy as possible and that exhibits as much concurrency as possible.

We Þrst deÞne a predicate PSF # on part ial state Þrings as follows:
PSF #("L, dobL , θ#, t, θ#) i!

Ð t is enabled: ¥t % L;
Ð the minimum delay is reached: θ# / doe(t) + efd(t);
Ð the transit ions that may consume tokens of L are disabled or do not overtake the max-

imum delays:

. t# $ T ¥t# - L &= ' =0

{
8p $ ¥t# øp - L &= '

; θ# , max
p" ! t " ) L

dob(p) + lfd(t#)
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Now we deÞne PSF by eliminat ing some redundancy in PSF #:
PSF ("L, dob, θ#, t, θ#) i! PSF #("L, dob, θ#, t, θ#) and there exists no L# " L such that
PSF #("L#, dob|L " , θ#, t, θ#).

It is important that the constraints (see Theorems 3 and 4) can be solved automat ically:
with the deÞnit ion of PSF we have proposed here, the quant iÞers (. and 8) on places
and transit ions expand into disjunct ions and conjunct ions. The result is a disjunct ion of
conjunct ions of linear inequalit ies on theΘ( úe). When a ÒmaxÓappears in an inequality, this
inequality can be rewrit ten into the desired form. These systems are shown near the events
in Figure 3.

T heorem 5. PSF is a valid, complete predicate on partial state Þrings.

Proof. The proof of the validity is done in two parts:

1. For all " úE,Θ# $ úXPSF , denote "M, dob, θ# the global state reached after " úE,Θ#.
"h( úE), Θ ! h! 1

| úE
#$ X i!

. t $ T ¥t % M =0 θ , dowe(t) + lfd(t). (1)

2. For all " úE,Θ# $ úXPSF , there exists " úE#, Θ## $ úXPSF which sat isÞes (1) and such that
" úE,Θ#, " úE#, Θ##.
Consequent ly "h( úE), Θ ! h! 1

| úE
# , "h( úE#), Θ# ! h! 1

| úE " #$ úX .

Here are the proofs for these two points:

1. Let " úE,Θ#$ úXPSF and denote "M, dob, θ# the global state reached after " úE,Θ#.
It follows from the deÞnit ion of the processes that if "h( úE), Θ ! h! 1

| úE
#$ X , then (1) holds.

Conversely, assumethat " úE,Θ#sat isÞes(1); choose úe $ úE such that Θ( úe) = θ and ! úf $ úE
such that úe : úf . Then denote "M #, dob#, θ## the global state reached after " úE \ { úe} , Θ#
and let t $ T such that ¥t % M#. If ¥t- ¥τ ( úe) = ' , then dowe#(t) = dowe(t) / θ ( lfd(t) /
θ# ( lfd(t). Otherwise let L

d ef= ¥ úe * úe. As PSF (RS" (L), τ ( úe), Θ( úe)) holds, then
{

8p $ ¥t øp - L &= '
; θ , max

p" ! t ) L
dob#(p) + lfd(t)

As ¥t % M#, then ! p $ ¥t such that øp - L &= ' ; thus θ , max
p" ! t ) L

dob#(p) + lfd(t).

Hence dowe#(t) = max
p" ! t

dob#(p) / max
p" ! t ) L

dob#(p) / θ ( lfd(t) / θ# ( lfd(t). As a result

" úE \ { úe} , Θ#$ úXPSF and sat isÞes (1).
Assume now that "E,Θ## d ef= "h( úE \ { úe} ), Θ ! h! 1

| úE
# $ X . It leads to "M #, dob#, θ##. As

¥τ ( úe) % M # and θ / θ# and θ / dowe#(τ ( úe)) + efd(τ ( úe)) and for all t $ T , ¥t % M# =0
θ , dowe#(t) + lfd(t), then τ ( úe) can Þre at date θ from "M #, dob#, θ##, which is coded by
the event (Place! 1

|$(E ) (τ ( úe)), τ ( úe)) = h( úe). Thus "h( úE), Θ ! h! 1
| úE

#$ X .
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2. Let " úE,Θ#$ úXPSF . If " úE,Θ# satiÞes (1), then " úE#, Θ## d ef= " úE,Θ# Þts.
Otherwise, choose t $ T such that ¥t % M 7 θ > dowe(t) + lfd(t) and such that
t minimizes θt

d ef= dowe(t) + lfd(t). Let úF d ef= { úf $ úE | Θ( úf ) , θt } . " úF ,Θ| úF # $ úXPSF .

Denote "M #, dob#, θ## the global state reached after " úF ,Θ| úF #. PSF #("M#, dob#, θ##, t, θt )

holds. Thus there exists L % M # such that PSF ("L, dob#
|L , θ##, t, θt ) holds. Let úe d ef=

(Place! 1
|$( úF )

(L), t). We will show that " úE * { úe} , Θ * { ( úe, θt )} # $ úXPSF . Θ * { ( úe, θt )} is

compat ible with : : if an extended event úf $ úE is such that úf - ¥ úe &= ' , then Θ( úf ) ,
θt and if ¥ úf - úe &= ' , then Θ( úf ) > θt . The st rict inequality in the second case also
guarantees that : is acyclic on úE * { úe} . As a result, we have built an extendedprocess
" úE * { úe} , Θ * { ( úe, θt )} #$ úXPSF by adding the event to " úE,Θ#.
Iterat ing this unt il " úE,Θ# sat isÞes (1) terminates if we assume that t ime diverges: at
each step " úF ,Θ| úF #sat isÞes (1), so "h( úF ), Θ ! h! 1

| úF
#$ X ; moreover this processhas st rict ly

more events at each step and the dates remain below θ, which does not increase.

This ends the proof of the validity of PSF . Now we have to prove that PSF is complete.
Let "E,Θ#$ X leading to the global state "M, dob, θ#, let t $ T be a transit ion that can
Þre at date θ# / θ from "M, dob, θ#, and assume that there exists an extended process
" úE,Θ##$ úXPSF such that "h( úE), Θ# ! h! 1

| úE
# = "E,Θ#. PSF #("M, dob, θ#, t, θ#) holds. Thus

there exists L % M such that PSF ("L, dob|L , θ#, t, θ#) holds. DeÞne úe d ef= (Place! 1
|$ úE

(L), t).

" úE * { úe} , Θ#* { ( úe, θ#)} #$ úXPSF and the event h( úe) codes the Þring of t at date θ# after
"E,Θ#.

3.4 Exam ple of unfol di ng

We come back to our simple example of t ime Petri net given in Figure 1. Figure 3 shows a
preÞx of its symbolic unfolding. We have kept all the events concerned with the observat ions
(this Þltering is done by considering the t ime net D(N, O) deÞned in subsect ion 2.4). To
keep the Þgure readable, we do not show in the unfolding the supplementary places and
transit ions induced by the observat ions).

The explanations of Figure 1, given as symbolic processes,correspond to extended pro-
cesses that appear in the preÞx of unfolding of Figure3. In thisÞgure the rectanglesrepresent
the events, and the circles represent the condit ions. An arrow from a condit ion b to an event
e means that b $ ¥e. An arrow from an event e to a condit ion b means that b $ e¥. A line
without arrow between a condit ion b and an event e means that b $ e.

Theconst raint PSF (RS" (¥ úe * úe), τ ( úe), Θ( úe)) is represented near each event e of Figure3.
While ext ract ing an extending process from this unfolding, we can solve the conjunct ion of
the constraints appearing on the events of the extended process, plus the constraints that
ensure that Θ is compat ible with : . This gives all the possible values for the dates of the
events. For example, consider the extended process { e1, e2, e3, e4, e5, e6} . We obtain the
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following const raints:






0 , Θ(e1) ( Θ(3 )
1 , Θ(e2) ( Θ(3 ) , 2
Θ(e3) = max{Θ(e1), Theta(e2)}
Θ(e3) ( Θ(e1) , 2 (t3 has not consumed

the token in p3 before t4 Þres.)
0 , Θ(e4) ( Θ(e3)
1 , Θ(e5) ( Θ(e3) , 2
Θ(e6) ( Θ(e4) = 2
Θ(e6) ( Θ(e3) , 2 (t2 has not consumed

the token in p2 before t3 Þres.)






. úe PSF (RS" (¥ úe * úe), τ ( úe), Θ( úe))

Θ(3 ) , Θ(e1)
Θ(3 ) , Θ(e2)
Θ(e1) , Θ(e3)
Θ(e2) , Θ(e3)
Θ(e3) , Θ(e4)
Θ(e3) , Θ(e6)
Θ(e4) , Θ(e6)
Θ(e3) , Θ(e5)
Θ(e6) , Θ(e5)






. úe, úe# úe : úe# =0 Θ( úe) , Θ( úe#).
Not ice that e6 : e5.

These constraints can be simpliÞed into:






Θ(3 ) , Θ(e1)
1 , Θ(e2) ( Θ(3 ) , 2
Θ(e3) = max{Θ(e1), Θ(e2)}
Θ(e4) = Θ(e3)
Θ(e6) = Θ(e4) + 2
Θ(e5) = Θ(e3) + 2

The three maximal extended processes of Figure 3 share the preÞx { e1, e2, e3, e4, e5} .
The Þrst extended process contains also e7. It corresponds to the second explanat ion of
Figure 1. The second extended process contains the preÞx, plus e6 and the third contains
the preÞx, plus e8. These two extended processes correspond to the same explanat ion: the
Þrst of Figure 1. This is what we have called redundancy. After solving the linear const raints
we seethat the second occurrence of t1 must have occured immediately after t4 has Þred
and the second occurrence of t2 must have Þred 2 t ime units later. Actually the extended
processwith e6 and the one with e8 only di! er by the fact that t ransit ion t3 has Þred before
t2 in the Þrst one, whereas t3 has Þred after t2 in the second one. Becauseof t ransition t4,
the Þring of t2 has a strong inßuence on the Þring of t3. This is the reason why there are
too dist inct cases in the unfolding.
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P1 P2

P3 P4

t1 t2

t4

e1 :

0" &(e1)-&( !!

e2 :

1" &(e2)-&( !! '2

P1 P2

e3 :

&(e3)=max(&(e1),&(e2))

&(e3)-&(e1)'2

P4

t2 e5 :

1" &(e5)-&(e3)'2

P3

t1
e4 :

0" &(e4)-&(e3)

t3 t4 t3

P1 P2 P5

e8 :

&(e8)-&(e4)=2

&(e8)'max(&(e4),&(e5))

P5

e6 :

&(e6)-&(e4)=2

&(e6)-&(e3)'2
e7 :

&(e7)=max(&(e4),&(e5))

&(e7)-&(e4)'2

!

F ig. 3. A preÞx of the symbolic unfolding of the t ime Petri net of Figure 1.

4 Conclusion

We have presented a possibleapproach to the supervision/ diagnosis of timed systems,using
safe t ime Petri nets. In such nets, t ime constraints are given by interval of nonnegat ive ra-
t ionals and are used to restrict the set of behaviours. The diagnosis problem is to recover the
possiblebehaviours from a set of observations. We consider that the observations are given
as a part ial order (without any t iming informat ion) from the act ivity of several sensors. The
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goal of the supervisor is to select the possible t imed behaviours of the model, which do not
contradict the observat ions: i.e. presents the sameset of events labelled by the alarmsand or-
ders the events in the same direct ion that the sensorsdo. This goal is achevied by considering
a symbolic unfolding of t ime Petri nets, which is rest ricted by the observat ions. The result is
a set of explanat ions, which explicit the causalit ies (both st ructural and temporal) between
the observat ions. At the same t ime, our algorithm infers the possible delays before the Þr-
ing of the t ransit ions associated with them. Up to our knowledge, our symbolic unfolding
for safe t ime Petri nets is original, and its applicat ion to compute symbolic explanat ions too.

A prototype implementat ion exists (a few thousands lines of Lisp code) and we plan to
use it on real case studies. Another project is to deÞne an algorithm to produce a complete
Þnite preÞx of the unfolding [9], which could be used for other applicat ions than diagnosis
(for which we do not need this not ion since observat ions are Þnite sets).

At longer term, the not ion of temporal diagnosis could be reÞned and revisited when
considering t imed dist ributed systems, in which alarms could bring a t ime informat ion.
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