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Abstract—Communication networks are becoming ubiquitous the more traffic is observed, the more likely packets are
and more and more competitve among revenue-maximizing to be lost and then resubmitted (and paid again for). As
providers, operating on potentially different technologis. In this a result, the total price charged per successfully received
paper, we propose to analyze the competition of providers plying ' . e . . .
with access prices and fighting for customers. Considering a packet, named hergerceived priceis an 'ncref”‘s'r_]g f““_Ct'O“
slotted-time model, the part of demand exceeding capacitysi Of demand. Customers are assumed infinitesimal, i.e., the
lost and has to be resent. We consider an access price forstrategy of a single individual does not have any impact on
submitted packets, thus inducing a congestion pricing thragh  others: only a grouped action of a bunch of customers can
losses. Customers therefore choose the provider with the ehpest affect congestion levels, and thus perceived prices. Toere

average price per correctly transmitted unit of traffic. The - - . .
model is a two-level game, the lower level for the distributin when they act selfishly, their global repartition will obéet

of customers among providers, and the upper level for the SO-calledWardrop’s principle[1], initially introduced in the
competition on prices among providers, taking into accounwhat  (equivalent) transportation domain: only providers witte t

the subsequent repartition at the lower level will be. We pree  cheapest perceived price obtain some demand. We show that
that the upper level has a unique Nash equilibrium, for which \yhatever the access price at providers, there exists sushra u

the user repartition among different available providers is also ilibri ituati d that th vedari
unique, and efficient in the sense of social welfare. Moreoyeeven equilibrium situation, an at the (common) perceived@ri

when adding a higher level game on capacity disclosure with a at all providers with positive demand is unique. Knowing how
possibility of lying for providers, providers are better off being customers will distribute themselves for any combinatién o

truthful, and the unique Nash equilibrium is thus unchanged prices, providers try to maximize their revenue by p|ay|ng1w
Index Terms—Competition, Game theory, Pricing and resource their prices. We therefore end up with a two-level Stackejbe

allocation. game [2], where the providers are the leaders, using by

backward induction the anticipated decision (the repantjt

of customers to determine their strategy. We show that there

exists a uniqgué&lash equilibriunfor the pricing game, and we
T ELECOMMUNICATION networks are now managed bYcharacterize it explicitly. A Nash equilibrium is a priceofite

I commercial service providers trying to attract CUSIOMELs,ch that no provider can unilaterally improve its reveie.

in order to maximize their revenue. A typical example is thenqy that this non-cooperative case actually and surglisin

Internet: The network was indeed initially just a connettioeads to the same configuration than the cooperative case,

of academic and cooperative sites, but it has now mov@ghen all actors, i.e., providers and customers, jointly try

to a much broader entity, whose access for customersyigyimize the sum of their utilities -also known ascial

enabled by selfish and competitive providers. Furthermo(geiiare.

instead of havin_g a network per a_pplication, all applicasio  This paper is related to [3], where the same pricing tools

(telephony, email, web browsing, video, games...) can new fiere applied, but users were assumed to be sensitive to their

carried out using any technology, being the ADSL networlgta| submitted traffic, not for received one. As a consegagn

FTTx, 3G wireless networks, WiFi or WIMAX (or LTE), |ost packets were somewhat considered as satisfactorygeca

with heterogeneous quality of service (QoS) capabililé#ss  they were not resubmitted. We consider here the more riealist

convergence leads to a complex system which requires difation where traffic that counts is the successfullysnait

be analyzed from an economical point of view, taking intgag one. Even if the results look similar to those in [3], thetv

account the technological specificities. model requires a reformulation of the problem and a complete
rewriting of all proofs.

I. INTRODUCTION

A. Contribution
. . " B. Related work
We propose in this paper to study a competition game _
among providers with heterogeneous and non-overlapping ca' € general framework of the paper is that pon-

pacities (or spectrum if dealing with wireless). Those jevs COOPerative game theorj2]. In telecommunications, game
are modeled by loss networks, such that if demand attheory has been used a lot in the last decade to model the
provider exceeds capacity, demand in excess is lost anhafhavior of distributed algorithms, with potentially seffi

be resent. Congestion pricing is applied by charging fot se#-0rs (see for example [4] and references therein).
traffic instead of successfully received one. More pregjsel We deal here more .specmcally with telecommunications
pricing, a topic of active research [5]-[9]. Remark how-
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(e.g., congestion effects on QoS) that are not encompassedield incentives to limit demand, the negative extetgyali
by most models. Moreover, competition is a reality in thef congestion being expressed in terms of losses expedence
current telecommunication world, and needs to be taken ity users. The total income of provideis d;p; and the total
account, since it can lead to significantly different restiian service “rate” isd; min(C;/d;, 1). Then the averagpgerceived
monopoly situations [11]. For other competition modelsthwi price per served traffic unit at provideris therefore
ggfzrr;eqr;tngsstl;rgrpst,lcgg]f[rldnétom|c users, the reader can look p. = pi/ min(Ci/di, 1) = pi max(d;/Ci, 1).

The case of users’ distribution following Wardrop’s prin- Charging on sent packets instead of successfully traresinitt
ciple has been considered in [18], where price competiti@hes may seem unrealistic. However, that mechanism can be
among producers is studied without congestion effects en theen as a volume-based pricing scheme, with a congestion-
user side, but with a negative externality on the supply sidependent charge. Somewhat equivalently, it can also e see
through some production costs. Our model also has soege a consequence of the more frequently used time-based
demand-related costs (that we interpret as managemes),cogharging with a fixed price per time unit. Indeed, when
but we consider that their level is low with respect to revas)u congestion occurs on a networland packets are lost, having
as can be expected in wireless networks where most cagissend them again multiplies the total transfer time (ang th
come from infrastructure and are independent of demand. M@ price paid) by the mean number of transmissions per packe
moreover introduce a particular form of negative extetp@n max(1,d;/C;).
the user level, that is typical for limited capacity netwsrkith We assume that total user demand is a functidof) of
losses. Other references [19]-[21] apply Wardrop’s ppleci the perceived pricep, and thatD is continuous, derivable,
on the user level to study competition. In all those papees thnd strictly decreasing with on its support0, pmax) (with
externality is the expected delay, not the loss probabliky possibly p,.x = +oc), and thatlim, ..., D(p) = 0. We
here. moreover assume thab(0) > > . ; C;, i.e., that there is

As described in the previous subsection, the present pageme congestion: the total resource available is not sefffici
is related to one of our previous works [3], but we nowo satisfy the maximum demand level. Finally, we assume
include the fact that retransmissions are taken into adcotinat D(0) < +oo: if the access were free, then the total
in the demand level. It is actually a more relevant and kejemand would be finite. Remark that this last assumption can
new assumption, that leads to completely different proofs. be easily met, by considering the sending capacity limits of

user machines.

. . . . with the conventioninf ) = 0), that we call themarginal
This paper is organized as follows. Section I presen{s . . 0 = 0) . 9
; X . .~ valuation functionat the ¢-th unit of demand. From our
the general model. Section Il defines the socially-optima . P
e ) ) L : : assumptions onD, v(q) is finite for all ¢ > 0. From an
situation, i.e., the cooperative situation with providensd . . . : :
L S . . economic point of viewp(q) represents the maximum price
customers jointly maximizing social welfare. In Section ive er traffic unit at which ther traffic units could be sold
describe and characterize how customers distribute tHeesse P “

. o , ' . We finally defineV'(q), the overall valuation as the sum
following Wardrop’s principle, for any fixed profile of prader of the marginal valuations of the units of users with largest
prices. Using that user equilibrium, Section V shows thateh g g

exists a unique equilibrium for the price competition amonv&nlllngness-to-pay, €

providers, and that the corresponding outcome is actually [
) X X . o V(g) := v(x)dz.
socially optimal. Section VI studies the potentiel intérfes =0

providers to lie about their real capacities in a compeitivrhg economic interpretation df (¢) is the total value of the
environment and then to artificially increase congestianafo ¢t ¢ served units of traffic, for users who are willing to pay

potential larger revenue due to resent packets. Finallg; Sgne most for the service. Those marginal and overall vanati
tion VIl summarizes the contributions and presents dio®sti f,nctions will be useful to characterize the socially-opi
for future research.

situation and the distributiod := (d1,...,d;) of customers
among providers, obtained from a given price profile.
Il. GENERAL MODEL The goal of each provideris, by playing on its unit price
We consider a sef := {1,...,I} of I > 2 providers p;, to maximize its net benefit

in competition at an access point. Time is slotted and each Ri( )= puds — 0i(dy)
provider: (: € Z) can serveC; > 0 packets (or units, seen i\PL - - PI) - Pidhi = Sl ),

as a continuous number) per slot. If demand exceeds capaueityere p;d; is the money earned directly from demand, and

at a given provider, demand in excess is lost. Lost packét$d;) represents the cost for provideof managing a demand

are assumed to be chosen uniformly over the set of submittedel d;. We assume that for aill ¢; is nondecreasing.

ones. Ifd; is the total demand at providér the number of  Most of our results are valid under the following assumption
served packets is actualiyin(d;, C;), meaning that packets preventing provider management cost functions from being t

are actually served with probabilityin(C;/d;, 1). Users are steep. Remark that this assumption seems reasonable, since
assumed to be charged a prigefor eachsubmittedpacket management costs are in general very small with respect to
instead of each served one. This inducemagestion pricing infrastructure costs (that are independent on current ddma



and thus not considered here), and with respect to incomast) willingness-to-payw is its willingness-to-pay times the

from customers. probability to be served, i.e.,
Assumption A:The management cost functidp of every s
. . . . . . . . ZieI mln(du C )
provideri € T is Lipschitz-continuous o0, C;] with a Lip- 7
schitz constank; smaller than the global marginal valuation 2ier di
of the sum of all provider capacities. In other terms, User are assumed infinitesimal, therefore the total useraval
) tion equals
Vie IVr,y < C;,  |i(x) — Li(y)| < mile —yl, S
iez & Ziel’ min(di, Cl)
i ) . v(u)du,
with x; <w ZjeZ ;). /u—O Serdi (u)

Remark 1:Remark that Assumption A is satisfied for ex- . . —
ample if the functiong,),cz are derivable and convex, andthe first term in (2). The second term in (2) is simply the total

such that managing cost for the demarnt [ ]
VieZ, 0(C)<p In our r_1ext result, we charz_slcterlze the mos_t efficient demand
o -0 vectord, in the sense of social welfarA. priori, that demand
where/! is the derivative of;, andp* = U(Zjel Cj). con.figurat_ion may not correspond to users selfishly selgctin
For some results, we will need a stricter assumption, tHir provider. _ _ _
includes an elasticity condition on demand: Proposition 2: Under Assumption A, social welfare is max-

eimized whend; = C; for each provides.

Proof: We consider any demand vectdr and we prove
that truncating the demant] to the capacity of each provider
1 € Z can only increase social welfare. Defining a new demand

Assumption B:In addition to Assumption A, we assum
that for unit prices larger thap* := v (Zjez Cj), the
demand functionD is sufficiently elastic:

Yy = —yD'(y) N 1 B vectord" = (min(d;, C;));ez, We have
T D(y) —1-r/y’
wherer; is the Lipschitz constant for the coét on [0, C;], swd") = v (Z mm(di’ci)> - Zéi(mm(di’ Ci))
k := max;cr ki, and D’ is the derivative of the demand ez ez
function D. S Zielmin(diaci)v S,
Remark 2: When management costs are negligible (i.e., - Yier di s !
k; = 0 for all i € 7), then Assumption B consists in )
demand elasticity being larger than an assumption often _Z&(mm(di’@))
made in economics to describe situations where demand is i€z
highly sensitive to prices. > SW(d),

where the second line comes frdrmbeing a concave function
[1l. SOCIALLY OPTIMAL SITUATION with V(0) = 0, which implies thataV (z) < V(ax) for any

Following usual vocabulary from economics, we defing = 0 @and0 < a < 1. The third line simply comes from the
Social welfareas the sum of utilities of all actors in theNondecreasingness of cost functigiig)cz-
game -here, users and providers-. The total user utilitpégs t AS @ result, we can look for an optimal demand profilg:
overall user valuation minus the total price paid, whiletiial In th? compact convex sét := [z [0, Ci,]' The ot_)Jec'uve
provider utility (revenue) is the total price paid minus tbeal function being continuous, such an optimal profile always

managing cost. Therefore, prices do not directly appeanén t€XIStS: _ _
expression of social welfare. Now compare such an optimal demadgl: to the profile

Proposition 1: For a demand configurationdc := (C4,...,Cr). Since both profiles are in the sét we
d := (di,...,d;), social welfare is expressed by the ave
Z- Imin(di, Cz)
W G e e V(Zdi) - V(Z 01-) +30(6(C) — )
€ € i€l i€l i€l

Proof: The first term in SW is the total valuation for the
service experienced by users. Inde&dr) is the total user < v ZC% Z(di -C)+ Z (4:(Cy) — €i(dy))
valuation, if thex users with largest willingness-to-pay are i€z i€z i€z

served. For a given demand configuration, the total quantity
served i), min(d;, C;). Moreover, when demand exceeds Z <U<Z Ci) - Hi) (di = C;) <0.
capacity, then not all demand is served: among total demand €1 €1

> ier disonly >, min(d;, C;) are served, the others gettingvhere we used the concavity &f on the second line, and
no service and thus having a zero valuation. Since we assuAssumption A on the last line. This concludes the proof: the
that losses occur regardlessly of user willingness-tg-gisy demand vectords performs as least as well as any other
actual (per traffic unit) utility of a user having (per trafficdemand vector in terms of social welfare. [ ]

IN



IV. WARDROP EQUILIBRIUM FOR USERS

In the system(S), p stands for the common value of the

Let us investigate the necessary and sufficient conditioR§rceived price at all providers that get demand.

for a demand vectod to be a user equilibrium following
Wardrop's principle [1]. That principle states that usdrsags

choose the cheapest options, so that for a stable situatiion
users who have the same set of available options end up pa

The following proposition characterizes the user equdibr
corresponding to fixed capacities and prices.

Proposition 3: For any capacity and price configuration
' re prices are strictly positive, there exist a (possity

the exact same price. It was first introduced to model drivdPidue) user equilibrium demand configuration. Moreover, a

route choices in transportation, but can easily be appled
our problem, yielding:

1) Providers getting some demand have the same perce

price, which is the cheapest one. This can be written

d; > 0= p;max(1,d;/C;) = mei%lpj max(1,d;/Cj).
J
3)
Indeed, if a provider has a positive demand and
larger perceived price than a competitor, then part

its customers would churn to the cheapest.
2)

a user equilibriumd, the common perceived unit prige of
providers: with d; > 0 is unique and equals

ived p=min{p: D(p) <> fi(p)}, (12)
as €T
where fi(p) := Cilp>p,1, (13)

with 1x the indicator function, of valué if condition X is
erified, and0 otherwise.

®emark that we have min in (12), sinceD is continuously
nonincreasing and; is right-continuous and nondecreasing

The total amount of data that users want to successfulbty all i € 7.

transmit depends on the perceived price per successful Proof: We follow the same steps as those taken in [22]

transmission. This writes

Z min(d;, C;) = D(B)v

i€l

(4)

where

p := min p; max(1,d;/C;),
JET

i.e., the lowest perceived price among all providers. The

left-hand side of (4) is the total rate of successful tran

mission, that takes into account the capacity limitations

of each provider's access network.

This allows to formally define the user equilibrium.
Definition 1: For given capacityC := (Ci,...,Cr) and

price p = (p1,...,pr) configurations, auser equilibriumis
a demand configuratiod = (di,...,d;) such that for all
i, €L,

d; >0=p; max(l, dz/Cl) <pj max(l, dj/Cj)7 (5)
Z min(dg, Cx) = D <r_ni%1pi max(1, di/C’Z—)> . (6)
1€

kel

Condition (5) re-expresses (3), the fact that all provide

with positive demand have the same perceived unit price,

otherwise part of the demand will have interest in changi
providers. Condition (6) is a formulation equivalent to.(fihe
assumption that received data is the quantity of interebyis
usingry = min(dy, C) in (5) instead ofdy, if we were using
the amount of sent data.

to establish the existence of a solution for the sys{é But
the results of [22] do not directly apply, due to the distioet
between demand float and successful flow, thus we adapt
the proof. We first show thdtS) is equivalent to the nonlinear
complementarity problem described by the system

(pimax(1,d;/C;) —p)d; =0VieZ, (14)
p;max(l,d;/C;)) —p>0VieZ, (15)
N p
<Z min(d;, C;) — D(@) p=0, (16)
(8"){ \iezZ

> " min(d;, C;) — D(p) >0, (17)

€T
d;>0VieZ, (18)
p>0. (29)

A solution of (S) is obviously a solution ofS”). Now consider

a solution(d, p) of S’: if it is not a solution of(S), then we
necessarily h_avg = 0and) ., min(d;, C;) > D(p). This

last inequality means that there exigtss Z with d; > 0,
which implies from (14) thap = p; max(1,d;/C;) > 0, a
pontradiction. -

Therefore the set of Wardrop equilibria corresponds to the
t of solutions of(S’), which we now show is non-empty.

rg}st define a constar’; < +oco satisfying

Kl > maX;er —Cﬂ;}(cl)

K > max;cz Ci,

{

Remark that we can equivalently write a user equilibriuwhich exists under our assumptions @éh and a constant

as a vectod such that(d, p) is a solution of the system

(pimax(1,d;/C;) —p)d; =0, VieTl (7)

pimax(l,d;/C;) —p>0, Viel (8)

() > min(d;, C;) — D(p) =0, 9)
i€l

di >0, Viel (10)

p=0 (11)

K5 < +00 such that

Kg > H?ZX{Klpi/Ci}- (20)
Remark that we then have
Vi € 7z, D(szl/Ol) < C;. (21)

We define the functio® : RIZI+1 — RIZI+1 py
q)(dag) = (q)l(daz_?)a XN ¢|I|+1(d1£))



with ®;(d,p) = Quantities;

D(p)
min(K1,[d; — p; max(1,d;/C;) +B]+) if i <|Z], (22)
min(Ka,[p+D(p)— > min(d;,C;)]") for i=|Z|+1, (23) Cy
JET ;

where[z]T stands for the positive part of.

Since ® is a continuous function that maps the cube
[0, K1]17 x [0, K] onto itself, from Brouwer’s fixed point
theorem it admits a fixed poirftl, ). We now prove that this
point is a solution of(S’), i.e., it is a Wardrop equilibrium.

« Assume thatl; = K; for somei € Z, then from (22)

) ) ; ; Fig. 1. Wardrop equilibrium for four providers and a givernicprconfigura-
we have}—j 2 pi max(l, Kl/C’) > 0. Thus (21) |mpI|es tion: the common perceived price at each provider with pasidemand (i.e.,

that D(p) < C; = min(d;, C;) < djer min(d;, C;). providers1,2,3) is p. Here the intersection occurs on an horizontal part of
Consequently, from (23) an(fl, p) being a fixed point N© Stairstep curve.
of ®, we havep = 0, which is a contradiction.

« Likewise, if p = K> then from (20), Quantities,

Unit price

. D(p)
p>piK1/Ci > pimax(1,d;/C;) Vi€,

vyhere the second inequality comesAfrdm > C; and C
d; < K. This implies from (22) thatl; = K1,Vi € Z, —J
which cannot happen as proved just before.

As a result,(&,@) is a solution of the system +Cs
(L- = [di—pimax(l,di/(?i)—kﬁ]* Viel c E
b= [p+D(p) = Tieg min(di, C)J*, : : -
p1 P=p2=p3 P4 Unit price

which is exactly equivalent to the systeifi’). Thus we have
proved the existence of a Wardrop equilibrium. Fig. 2. Wardrop equilibrium for four providers and a givencprconfigura-
Now we consider a Wardrop equilibrium, and characterizign: the common perceived price at each provider with pesdemand (i.e.,

the minimum perceived pricg. From Condition (8), gtrgi\;ls(:ggséﬁ\;s) is p. Here the intersection occurs on a vertical part of the

pi<gz>di>C’i, (24)
while from (7) we get
unigue. Note nonetheless that the resulting total revesue i
(25) always the same. Moreover, we will see in the following that
when providers are at a Nash equilibrium of the pricing game,
Using Inequality (24), then (9) and finally (25), we get then the corresponding user Wardrop equilibrium is unique.

> 1peppCi < D(p) =Y min(d;, Ci) <> 1,y Ci,
i€l B i€T ieT B V. PRICE COMPETITION AMONG PROVIDERS

pi >p=d; =0,
pi=p=d; <Ci.

which gives (12). _ B n this paper, we consider that providers setting theirgzic

~ Remark 3:Figures 1 and 2 display the two possible cong the ypper stage of a two-level game, where the lower stage
figurations for determining the Wardrop equilibrium pevel ., responds to users reacting according to the Wardrop equi
price p. Either the stairstep curve summing up the capacitiggiym described in Definition 1. We assume that providees a

at the charged prices crosses the demand function om,gare of their advantage of playing first, i.e., they antitép
horizontal part, or it happens on a vertical part. In any casgq take into account users’ reaction when determining thei
the existence and uniquenessjofire ensured (because OnNgice That common knowledge complicates the competition
curve is increasing while the other is strictly decreasirag) among providers, and is the purpose of the analysis in this
shown in Proposition 3. section.

Remqu 4:To_ta| dgmand served is thergfo@(g_y). For Our main result is a complete characterization of the Nash
all providers with pricep; # p, demandd; IS thend; = equilibrium of the pricing game, taking benefit from the abov
]I{Pi<ﬁ}0?2/pi' All providers such thap; = p (if any) share corresponding characterization of the Wardrop equilitriu
th.e remaining deman@(g)__za’:pﬁz d;, all pos_s_blg sharing Proposition 4: Under Assumption B, there exists a Nash
with 0 < d; < C; providing a Wardrop equilibrium. That ¢qyilibrium of the price war among providers, given by
situation is illustrated in Figure 2. In that sense, there is
not always uniqueness for the Wardrop equilibrium, and the VieT p; = p*
corresponding revenues for each provider are not nechssari teL d;=C; ’



wherep* = v (2761 ) that is Sierdi <37 Ci = D(p*), with p* = v (3,7 Ci). This
implies that

> Ci=D(p). (26) p>p. (32)

et We first briefly rule out the possibility thad(p) = 0: if it
Moreover, if cost functiongl;);c 7 are strictly increasing, then were the case, all provideise Z would have p_rofit—fi(o).
there is no other Nash equilibrium. But any provideri € Z unilaterally changing his price to} =
In words, the proposition means that at equilibrium, all(C;) would get a total demand; and obtain profit
providers set the same price, such that demand equals #te tot
capacity of the system. Rl =R = Cu(Ci) —4i(Ci) + £:(0).

Proof: The proof can be decomposed into two steps:  sjncey(C;) > v(32, C;) = p*, under Assumption A, we have
1) We first show that if cost functions are strictly increask] — R; > C;(p* — k;) > 0. ThusR} > R;, a contradiction.
ing, only the point such thad; = C; andp, = p* Vi, Consequently, at a Nash equilibriud(p) > 0.
with p* = v (Ziel’ CZ-) can be a Nash equilibrium; Now, the assumptiorf, # § implies that there exists a
2) then we prove that that point is indeed a Nash equililprovideri,, such that
rium. Remark that we do not need the strict increasing-
ness of cost functions for that part.
Step 1: Unigueness of the Nash equilibrium. Indeed, there exists at least a providerZp, and if that
Assume that there exists a price configuratijprthat is a provider does not verify (33), then he gets all the demand
Nash equilibrium of the pricing game, and decompose the détp), and therefore every other providehas demand; =
of providersZ into three disjoint subsets = Z, UZ, UZ,, 0 < min(C;, D(p)) and verifies (33).

di, < min(C;,, D(p)). (33)

where Recall that every provider € Z hasp; > p, from (8) and
) 7, being empty. We now prove that providgr can strictly
I, = {iel:di>Ci, (27) improve its benefit by changing its price from, > p to
o = {ie€eZ:d;=0C}, (28) p5 = p — e for a sufficiently smalls > 0. We distinguish
I, = {i€Z:d;<C}. (29) o cases.

o If C;, < D(p), then we easily see from (12) that the new

We will show thatZ, and 7, are empty sets, which then perceived price*® verifies

implies from (7) and (9) that the price configuration is
p= (") P, =p—e<p <p.

We first prove thafZ, = (). Assume it is not the case, and
consideri;, € Z,. From (7), we havep;, < p andd;, =
C;.p/pi., leading to B

By changing its price tp — ¢, provideri, is the only
provider with the lowest declared unit price therefore

from (7)-(8), its new demand; equaIsC’ , Which
N e tends toC;, whene tends to0.
Bi, =Cip—b (C z> ' (30) « If C;, > D(p) then fore sufficiently small (such that

Consider providet, unilaterally increasing its unit pricg;, D(p —¢) < Ci,), provideri, gets all the demand, i.e.,

. d; = D(p—e¢). Whene tends to0, that demand tends to
n , n
o pil,, With pi, < pi, < p- Then from (12) we have ( ) because of the continuity of the demand function.

D(p) < Zci]lp>m :Zci]lp>pn Consequently, for a sufficiently smal, the demand for
- ez e provider i, of switching from pricep;, to pricep — ¢ can
be arbitrarily close tay := min(C;,, D(p)) > d;,, and the
d D Cl]l > Cl]l n, k . u’ R
andp <p = D(p) > ; PPi = ; P2P; corresponding revenue gain can then be arbitrarily close to
which implies (again from (12), but applied to the new Py —di,) — 4, (y) +4i,(di,) = (p— ki) (v — ds,,)
price profile) that the perceived price at the new Wardrop =0
equilibrium is unchanged" = p. Therefore, since! < p > (p—p )y —d,)

by hypothesis, Relation (30) is still valid with new pricesid > 0,
the revenue change for provideris
where the first and second line come fragm < C; and
R —R; = éis(cisi) —4i5<015 p; ) >0, Assumption A, and the last line stems from (32). Conse-
: quently, provideri,, can strictly improve its net benefit by
due to the strict increasingnessfgf. This contradicts the fact uUnilaterally changing its declared price, which contrésitbe
thatp is a Nash equilibrium and as a consequence, Nash equilibrium condition and establishes that we necigsa
have

at a Nash equilibrium, 7, = 0. (31) at a Nash equilibrium, 7, = 0. (34)

s is

Assume now thatf,, # ( at a Nash equilibrium price profile  Relations (31) and (34) imply that at a Nash equilibrium,
p. Since we necessarily hadg = (), then from (9),D(p) = d; = C; for all i € Z. Then the demand relation (9) implies



that p = p*, while (7) givesp; = p for all i € Z. At a Nash
equilibrium, each providei necessarily declares unit price
pi=Dp".

Step 2:p; = p*, Vi is a Nash equilibrium.

We now consider the price profile such thatp; = p*, Vi.
For that price profile, we havd;, = C; for all i € Z, and
p = p*. First note that all providersc 7 get a revenue larger
than —¢;(0):

Ri+4;(0) = p*C;— (i(C;) = 4;(0)) = Ci(p* —k;) =2 0, (35)
where the inequalities come from Assumption A.

where the second line comes from Assumption A, and
the third one fronp} > p* and D(p*) = >, C;. Now
consider the function

9(y) = (y — rx1)D(y) — (p* — Kk1)D(p").

We haveg(p*) = 0. Moreover,g is derivable or{p*, Y],
and its derivative has the same sign“ fj)’) + ﬁ
which is nonpositive under Assumption B. Consequently,
g(p7) < g(p*), and going back to (36) we havé < R;,

concluding the proof.

(37)

Let us now prove that no provider has an incentive to change ]

his price if all the others keep their price 6. Without loss
of generality, consider a possible move of providdrom p*
to p7 # p*. We distinguish two cases.

o If p < p*, then
D) = ZCZ' = Zcill{p*zp?}
€T €T

Z Ci 2 Z Oi]l{pzp?}v

1€L i€ZL

andp < p* = D(p) >

VI. CAN PROVIDERS LIE ON THEIR CAPACITIE®

In the previous sections, we assumed that the total capsciti

(Ci)iez were common knowledge of all participants. While
this may not be true in reality, we may consider that prodder
be asked to declare their capacity level at the very beginnin
of the interaction, i.e., before choosing their prices,hat the
used capacities have been learnt. A question that thenatigtur

which from (12) means thai” = p*. Therefore, (8) and arises, since providers are still assumed to be selfishlatee
(7) imply thatd} = C,p* /p’l‘._The revenue difference for to the capacity declaration strategy: is there an inteeséet

provider1 is thus

on one’s capacity? In this section, we answer negativellydo t

* guestion, by proving that truthfulness is a dominant stpate

R — Ry = 11(CY) —fl(cl%) <0,

for providers under Assumption B. As a result, even if we add

) ) 1 ] a third level -a game on declared capacities- on the coresider
where the last inequality comes from the nonincreagsieraction -game on prices plus user choices-, therelisasti

ingness of¢;. Remark thatRY
increasing.
o If p > p*, then
P<p =D(p)>Y Ci>Y Cilysp.
i#1 i€T
Moreover, since all providers € Z have a pricep] =
p* < pl, then

DY) < D(p*) =Y ApmspmCi

i€
As a result, from (12) the new perceived prigkis such
that
p* < p" < pf.

If p" < pf thend}] = 0 from (7), andR} = —¢1(0) < R,
from (35).
If p" = p? then (8) implies thatl! < ¢y andd} > C;
for all 7 # 1. Therefore(9) implies that

di = D(p}) — Zci,

i#1

and the revenue change for provideis
RY — R = pid] = i(d]) —p™Cr + £1(Ch)

IN

DY) =D Ci|-p Cy
i£1
+H1(Z Ci — D(p}))
1€L
PiD(PY) —p*D(p*) + k1 (D(*) — D(p}))
(P} — k1)D(p}) — (p* — k1)D(p*).  (36)

N

< Ry if £y is strictly  ypique equilibrium, that is socially efficient.

To establish that result, we assume now that each provider
i € T has to declare its capacity valug, and denote by
C%c¢ the value that it chooses to declare. First, remark that
only the declared valueé’giec < (C; are feasible: whereas
provider i can easily artificially degrade its service rate, it
cannot increase it above its real capacity a false declaration
aimed at increasing one’s demand to get a larger benefit would
be detected.

We assume that the capacity declaration occurs before the
providers set their price, i.e., they commit to a certairviser
rate C%¢, Then from Proposition 4, providers know that price
competition will lead to a unique Nash equilibrium where all
providers declare the same unit price

(38)

pNE —w <Z Cdec) ’

2

and each provider gets demandC%¢ Providers should
therefore use that knowledge when choosing the capaciy lev
to declare.

Focusing on the net revenue of a provider, there are two

opposite effects of declaring a falsely low capadit§f® < C;
instead of the real capacity;:

« since the total available capacity decreases, from (38) the
unit selling price at equilibrium increases, and the man-
aging cost decreases because the quantity sold decreases;

« on the other hand, less quantity sold means less revenue.

The next proposition gives a sufficient condition for thedat
effect to overcome the former.



Proposition 5: Consider that providers can artificially lowerHowever declaring its true capaci€y; and setting its price to
their capacity. Under Assumption B, truthfully declaringets v(C;) would yield a revenue&k] = C1v(Cy) — £1(Cy). Under
real capacity is a dominant strategy for each provider. Assumption A, the revenue gain is therefore

Moreover, all providers truthfully declaring their capées
is the only Nash equilibrium of the capacity declaration gam

and is a strict equilibrium. _ . where the strict inequality comes from the strict decregsin
First recall from Game Theory thassirict Nash equilibrium aqq of,. As a result, providet has an interest to deviate from

is a strategy profile such that each player is strictly wofse Qe sjtyation where providers declare zero capacity, which

by any unilatgral deviation. i . rules out that situation for being a Nash equilibrium, and
Proof: Without loss of generality, we prove that provideg.qcludes the proof. -

1 strictly decreases its revenue by declaring a capagjty
ita dec ) - . . . .
C1, when each competitare 7 \ {1} declaresCf**< Ci. 0 ossibility to artificially reduce their service caggci

F|rst_ remark_ that due_to the nonlncreas!ngness;,oAs- before fixing their prices, the final outcome of the compeHiti
sumption B still holds with declared capacities and the co

) ) NE N é'ame still corresponds to the socially efficient situatiomped
responding price* = p“=. Therefore, the equilibrium of the out in Proposition 2
price competition game is unique and given by Proposition 4 '
with those declared capacities. In other words, if we define
Cief_ =3lis C9%¢ the unit pricepNE at the price competition
equilibrium is then This paper provides an analysis of a pricing game among
NE _ dec de competitive telecommunication service providers withepet
=o(C ™). 39) . . " . .
b v(C+ C55) (39) tially different but fixed capacities. According to the mipro-

Each provideri € T gets demand’?®¢, and gets total benefit file, we have been able to define and characterize the demand
R; = C99pNE _ ¢, (C$%°). Notice thatpNE > p*. repartition for selfish infinitesimal users, applying Wanls

Now let us compare any untruthful declarati@if®® = principle. Using the knowledge of what this repartition ebu
CY < Oy, leading to provider revenueRY, to the truthful be, providers can play with their price in order to maximize
declarationC§e¢ = ¢y, with provider1 revenueR]. We have their revenue. We have proved the existence of a unique Nash

U - equilibrium for that game, where all providers set the same
Ry — Iy price, for which demand exactly meets the sum of capacities.

= CY(CY+C%0) — CLo(CL+C%) + 44(Cy) — £4(CY) We‘f'h?\f also established that prm:)idedrs r|1a\(e no fin;:erigi\fe to

B Uy ~decy, U T\ ~decy T _ uy artificially create some congestion by declaring a false

= (D) - +D@) - CF)p +4(C1) ~a(Cr), capacity. It turns out that those interactions among selfish
wherep¥ := v(CY + C%), andp" := v(C; + C%Y). The agents (providers and customers) lead to an outcome that

RI — RL1J > Cl(’l}(Cl) — I<61) > 0,

As a consequence of Proposition 5, even if providers have

VIl. CONCLUSION

second equality comes from(pV) = CV+C%candD(p’) = maximizes social welfare, i.e., available network resesrare
Cy + C%¢ Remark thapV > p' since D is nonincreasing.  optimally used.
From Assumption A, we have As extensions of this work, we would like to investigate
the viability of (or to define rules to make viable) scenarii
R} — R] that might be more specific to wireless. For instance when a
< (DY) — €%V + (D(p") — C%9pT + k1 (Cy — CY) provider is a virtual operator leasing capacity to a contpeti

U Ts ~dee . Unms U T T U owning a license. Other scenarii of interest would regard
= =" —p)CE+p D(p~) —p Dp' + 1 (C1 = CY), cognitive networks, i.e., the case when unused capacity can

<0 =D(p")-D(p¥) Dbe used by secondary users. In general, considering a tapaci
< (BU _ m)D(QU) _ (BT _ m)D(QT)- (40) €xpansion game is also an interesting issue. Indeed, ¢tppaci

can be an important parameter providers can play with, at the
The last line, taken as a function p¥, is of the same form same time as prices: what would the resulting equilibriurd be
as in (37), and is therefore nonincreasing #r> p" under
Assumption B. Since it is null ap”, thenp’ > p' yields
RY < RT, which proves that truthful declaration is a dominant _
strategy. As a result, all providers being truthful is a Nash The authors would like to acknowledge the support of Euro-
equilibrium of the price declaration game. NF Network of Excellence, the CAPTURES ANR project, and

Remark that as soon as one competitor declares a néie WINEM ANR project for the second author.

zero capacity, ther0%¢ > 0, and the inequality in (40) is
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