
VARIANCE REDUCTION TECHNIQUE FOR A CELLULAR SYSTEM
WITH DYNAMIC RESOURCE SHARING

Bruno TUFFIN
IRISA

Campus de Beaulieu
F-35042 Rennes cedex

France
E-mail: Bruno.Tuffin@irisa.fr

KEYWORDS
Telecommunications, Monte Carlo, Variance Reduc-
tion, Low discrepancy sequences.

ABSTRACT

A new algorithm is given to improve the simula-
tion of a cellular system with dynamic resource shar-
ing. This technique is based on low discrepancy
sequences, used in quasi-Monte Carlo methods and
which, combined with Monte Carlo techniques using
importance sampling and control variates (already
developed for such a system), gives the best known
results.

INTRODUCTION

We consider a cellular system with dynamic resource
sharing, used in digital cellular phone networks. The
models used to evaluate such systems generally lead
to product-form solutions, but analytic computation
is intractable due to the size of the state space.
An alternative way is the use of probabilistic meth-
ods, that is of Monte Carlo methods. Such tech-
niques are commonly used in various research ar-
eas. In the same way, deterministic methods, called
quasi-Monte Carlo methods uselow discrepancy se-
quences. Unfortunately, in practice, an error bound
for these approaches is uncomputable. We then use
low discrepancy sequences as a variance reduction
method.

In this paper, we first briefly describe the model and
the solutions developed in (Fleming and Schaeffer
1995). Next, we develop a new variance reduction
technique based on low discrepancy sequences. Fi-
nally, we give a numerical illustration of the improve-
ment on a simple example.

MODEL DESCRIPTION

We consider a cell in a cellular phone system. The
cell is divided ins sectors. For sectori (i = 1, · · · , s),
bi channels are blocked for signaling or other over-
head. Requests for channels in sectori occur as
a Poisson process with rateλi and the different
Poisson processes are mutually independent. Let
λ =

∑s
i=1 λi be the total arrival rate. The service

times of calls are i.i.d and independent of the arrival
processes. They are exponentially distributed with
rateµ. The load factor on sectori is denoted byρi

which is given byρi = λi/µ. The channels are sup-
posed to come in groups ofc on a carrier and there
areai carriers for sectori, which correspond to a dis-
crete segmentation of the radio spectrum. It follows
that the numbermi of channels available exclusively
to sectori is mi = aic − bi. Moreover there areA
carriers shared by all the sectors in a common pool. If
a request for a channel occurs in sectori and all the
carriers presently there are saturated, then a carrier
from the common pool will be allocated to sectori.
Finally, sectori is not allowed to borrow more thandi

carriers from the common pool. The maximum num-
ber of customers in sectori is thenri = dic + mi. A
more complete description of the model can be found



in (Fleming and Schaeffer 1995).

A state of the system is then given byn =
(n1, . . . , ns) whereni denotes the number of cus-
tomers at sectori. The state space of the system is
denoted byR and, according to the constraints de-
scribed above, it is given by
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wherex+ = max(0, x) anddxe is the ceiling func-
tion of x. For n ∈ R, we denote byP (n) the
steady state probability to haveni customers at sec-
tor i (i = 1, . . . , s). It is shown in (Kelly 1986) that
the model has a product-form solution given by

P (n) =

s
∏

i=1

e−ρi
ρni

i

ni!

G
,

where

G =
∑

n∈R

s
∏

i=1

e−ρi
ρni

i

ni!

is the normalizing constant.

For most realistic systems, the size of the state space
R is prohibitively large and a direct computation of
G becomes impossible. We show in the following
section how Monte Carlo methods can be used to
evaluate performance measures of such a system.

PERFORMANCE EVALUATION

We consider in this section the steady state measures
E(N) andE(Ni), i = 1, . . . , s, which represent re-
spectively the expected number of customers in the
system and the expected number of customers in sec-
tor i. These measures are given by

E(N) =
∑

n∈R

(n1 + · · · + ns)P (n),

and fori = 1, . . . , n,

E(Ni) =
∑

n∈R

niP (n).

Other performance measures, as for instance system-
blocking probabilityP (B) or the blocking probabil-
ity P (Bi) in sectori, can be evaluated in the same
way. But, as

λ(1 − P (B)) = E(N)µ

and

λi(1 − P (Bi)) = E(Ni)µ for i = 1, . . . , s

(balance equations), we concentrate our attention on
E(N) andE(Ni), (i = 1, . . . , s).

Let X = (X1, · · · , Xs) be independent truncated
Poisson random variables.Xi takes its values in
{0, · · · , n̂i} wheren̂i is sufficiently large so that

R ⊂ R̂ = {n : 0 ≤ ni ≤ n̂i, i = 1 . . . , s},

and it has parameterρi. DefineZ = 1X∈R, Yi =
XiZ andY = (X1 + · · · + Xs)Z. We have

E(N) =
E(Y )

E(Z)
andE(Ni) =

E(Yi)

E(Z)
.

In what follows, we only deal with the evaluation of
E(N). The same results easily apply forE(Ni). To
estimate the value ofE(N) using a standard simula-
tion, we generateM i.i.d. replications of the random
variablesY andZ. We consider their means̄Y and
Z̄; the central limit theorem gives the following con-
fidence interval with confidence level 0.95:

]

N̄ − 1.96
S̄√
M

, N̄ + 1.96
S̄√
M

[

,

whereN̄ = Ȳ /Z̄ andS̄ are respectively the estima-
tor of E(N) and the estimator of the standard devia-
tion of N .

Previous works

Let us recall in this section the two variance reduction
methods described in (Fleming and Schaeffer 1995).
In the first one, we choose a new sampling measure
by changing the mean of the Poisson random vari-
ables fromρi to ρ′i. Thus, if ρ = (ρ1, · · · , ρs) and
if Eρ() designates the expectation with respect to the



Poisson probability measure with parameterρ, it fol-
lows that

Eρ(N) =
Eρ(Y )

Eρ(Z)
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with L =
∏s

i=1 (ρi/ρ′i)
Xi . The new estimator of

E(N) is then denoted bȳNρ′ .

The second method is based on control variates. The
estimator ofE(N) is chosen to be

N̄ (1) =
Ȳ
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whereȲ ′, Z̄ ′ andȲ ′′, Z̄ ′′ are defined as̄Y andZ̄ but
for different domainsR′ andR′′ defined by

R′ = {n : 0 ≤ ni ≤ ri},

R′′ =

{

n : ni ≥ 0, i = 1, · · · , s and
s
∑
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}

with A′′ = cA +
∑s

i=1 mi. In that case,N ′ andN ′′

are explicitly known. More precisely,
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The parametersβ1 and β2 are chosen to minimize
the variance of̄N (1). We can remark that̂R has to be
sufficiently large (i.e.̂ni, i = 1, . . . s) to have

R′ ⊂ R̂ andR′′ ⊂ R̂.

The best estimator in (Fleming and Schaeffer 1995)
is the one obtained by combining both variance re-
duction methods. We obtain the new estimator

N̄
(2)
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where the optimal parametersρ′′, γ1 andγ2 are dif-
ferent fromρ′, β1 andβ2.

A new method

We consider here a new variance reduction technique
based on low discrepancy sequences which is not still
developed in the theory of variance reduction. Alow
discrepancy sequence P = (ξ(n))n≥0 (Niederreiter
1992) is a sequence which iswell distributed over
a given integration region[0, 1]s. A measure of the
equi-distribution, thestar discrepancy of theN first
points ofP is

D∗
N (P) = sup

x∈[0,1[s
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where [0, x[=
∏s

i=1[0, xi[ for x ∈ [0, 1[s. Some
other discrepancies are defined in (Bouleau and
Lépingle 1993). The star discrepancy of a low dis-
crepancy sequence is inO(N−1(lnN)s) in dimen-
sions, which is the minimal known one. We can then
approximateθ =

∫

[0,1]s f(x)dx by 1
N

∑N
n=1 f(ξ(n)).

Such a deterministic method is called aquasi-Monte
Carlo method. We have the following result:

Theorem 1 (Koksma-Hlawka)
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f(u)du

∣

∣

∣

∣

∣

≤ V (f)D∗
N (P)

whereV (f) is the total variation off (Niederreiter
1992). The error obtained by this approximation is
then in O(N−1(lnN)s), which is the best conver-
gence rate (Beck and Chen 1987). Unfortunately, a
good over-bound of this error is impossible to obtain
in practice (Tuffin 1996b). As a matter of fact, the
variation is more complicate to evaluate than the inte-
gral itself, and we have no good bound of the discrep-
ancy for a fixed and “small” number of points. Then,



to obtain an estimation of the error, we use low dis-
crepancy sequences in Monte Carlo methods. LetU
be uniformly distributed over[0, 1]s and{x} denote
the fractional part of each coordinate ofx ∈ IRs. A
new estimator ofθ is then obtained from theI firsts
terms of the sequenceP by

1

I

I
∑

i=1

f({U + ξ(i)}),

whose variance is inO(I−2(ln I)2s). For a suf-
ficiently large I, the variance is then smaller than
σ2/I, which is the variance of the mean ofI inde-
pendent random variables, each with varianceσ2.

We apply this method to our problem. An estima-
tor Z̄ of E(Z) is then defined from a sequence of

M i.i.d. vectorsU (m) = (U
(m)
1 , · · · , U (m)

s ), m =
1, . . . , M , uniformly distributed over[0, 1]s, by
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s }),

whereφ−1
i is the pseudo-inverse of the distribution

function of a truncated Poisson random random vari-
able with parameterρi. In the same way, we obtain
an estimator ofE(Y ) and then an estimator ofE(N).

The low discrepancy sequences that we use are those
described in (Tuffin 1996a), a permuted version of
Halton sequences. Letp ∈ IN. We represent the digit
expansion ofn ∈ IN in basep by

n = ajp
j + · · ·+a1p+a0 with ai ∈ {0, · · · , p − 1}.

Thus, we set

Sp(n) =
πp(a0)

p
+

πp(a1)

p2
+ · · · + πp(aj)

pj+1

whereπp is a permutation of{0, . . . , p} such that
πp(0) = 0. The sequenceP = (ξ(n))n∈IN in di-
mensions is defined by

ξ(n) = (Sp1
(n), · · · , Sps

(n)).

The integerspi (i = 1, . . . , s) have to be mutually
prime. The choiceπpi

= Id gives the Halton se-
quences. Another choice is given in (Braaten and
Weller 1979). Our choice is made from an algorithm
given in (Tuffin 1996a) which is more efficient than
those proposed in (Braaten and Weller 1979).

We can combine this technique with the importance
sampling method and the control variates method de-
scribed in previous section. Then
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whereȲρ∗ , Z̄ρ∗ , Ȳ ′
ρ∗ , Z̄ ′

ρ∗ , Ȳ ′′
ρ∗ and Z̄ ′′

ρ∗ are defined
as in (1), but respectively for functionsL(X1 +
· · ·+ Xs)1X∈R, L1X∈R, L(X1 + · · ·+ Xs)1X∈R′ ,
L1X∈R′ , L(X1 + · · · + Xs)1X∈R′′ and L1X∈R′′

instead of1X∈R. The functionφi used in (1) be-
comes the pseudo-inverse function of a Poisson ran-
dom variable with parameterρ∗i . The valuesρ∗, η1

andη2 are once again chosen to minimize the vari-
ance.

In practice, although the integerI has to be as large
as possible to obtain the largest variance reduction,
we must use a sufficiently large number of iterations
M to guarantee a good normal approximation when
using the central limit theorem. Moreover we can
remark that the smallest the dimensions is, the larger
is the variance reduction.

NUMERICAL RESULTS

We illustrate here, by means of a simple example,
the variance reductions. Let us sets = 3, µ = 1.0,
c = 6, A = 5, λi = 30, ai = 3, bi = 3, di = 2
and ρ′i = 20 for all i. In Table 1, for106 itera-
tions with importance sampling and control variates
(which is the best known method), we obtain an in-
terval width of5.3e−06. On the other hand, in Table
2, our method for102 iterations andI = 104 gives
an interval width of2.9e − 06. Then, it takes about
(1.85)2 = 3.4 times more iterations without low dis-
crepancy sequences to obtain the same interval width.

On the other hand our method needs much less com-
putational time. Table 3 shows the different times
for both simulation techniques on a Sun Sparcstation.



Variate Estimation Conf. Interv.Width
E(N) 6.868858e+01 5.275635e-02
E(N1) 2.290045e+01 5.334733e-02
E(N2) 2.289710e+01 5.399780e-02
E(N3) 2.289103e+01 5.436225e-02

Table 1: Results with the best method in (Fleming
and Schaeffer 1995) or106 iterations.

Variate Estimation Conf. interv. Width
E(N) 6.868352e+01 2.875900e-02
E(N1) 2.290406e+01 2.930439e-02
E(N2) 2.288951e+01 2.656419e-02
E(N3) 2.289118e+01 3.030912e-02

Table 2: Results with our method for102 iterations
andI = 104.

We can compare the efficiency1/(S̄2×t) of the algo-

Simulation method Time (Sec.)
Fleming and Schaeffer 3.9990e+03
New method 1.1564e+03

Table 3: Computational time comparison for both al-
gorithms.

rithms. We observe that the new method is about 11.9
times more efficient than the best previous one. Let
us remark that this number is considerably increased
if we compare with a standard simulation.

CONCLUSION

We describe here a new variance reduction technique
for a cellular system with dynamic resource sharing.
This method uses low discrepancy sequences. Com-
bined with importance sampling and control vari-
ates, it improves the results obtained in (Fleming and
Schaeffer 1995).
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