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Abstract—Degradable performance of fault-tolerant computer systems has given rise to consider-
able interest in mathematical models for combined evaluation of performance and reliability. Most of
these models are based upon Markov processes. Several methods have been proposed for the compu-
tation of the probability distribution of performability upon an interval of time [0,¢]. In this paper,
we present a new algorithm based on the uniformization technique to compute this distribution for
block degradable models. The main advantage of this method is its low polynomial computational
complexity and its numerical stability, since it only deals with a nonincreasing sequence of positive
numbers bounded by 1. This important property allows us to determine new truncation steps which
improve the execution time of the algorithm. We apply this method to a degradable computer system.
(© 2000 Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

Reliability and availability measures are of considerable interest for the evaluation of depend-
ability of computer systems, and more specifically, of fault-tolerant computer systems. Thanks
to redundancies in both software and hardware, the system is able to reconfigure itself when
failures occur. Two types of fault-tolerant computer systems are usually identified: degradable
(or nonrepairable) systems and repairable systems.

As recognized in a number of recent studies, the evaluation of fault-tolerant computer systems
must simultaneously deal with aspects of both performance and reliability. As part of these
studies, Meyer [1] introduces a unified measure called performability which combines the two
aspects of performance and reliability. Performability is defined as the accumulated reward over
a period of time [0,t]. Formally, the fault-repair behavior of the system is assumed to be modeled
by a homogeneous Markov process. Its state space is divided into disjoint subsets, which represent
the different configurations of the system. A performance level (or reward rate) is associated with
each of these configurations. This reward rate quantifies the ability of the system to perform
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correctly in the corresponding configuration. As a consequence, performability corresponds to
the accumulated reward over the mission time.

The distribution of this random variable has been studied in previous papers. For cyclic
models, Smith et al. [2] derive an algorithm to compute the distribution of performability using
Laplace transforms and a numerical inversion procedure to obtain the result in the time domain.
De Souza e Silva and Gail [3,4] propose a method based on the uniformization technique, however
their method exhibits an exponential computational complexity in the number of reward rates.
Using the same technique, Donatiello and Grassi [5,6] obtain an algorithm with a polynomial
computational complexity. However, this algorithm seems to be numerically unstable since the
coefficient computed in their recursion can have positive and negative signs and are unbounded
which can lead to severe numerical errors and overflow problems. More recently, De Souza
e Silva and Gail [7] also obtain a new algorithm based on the general methodology of (3,4].
The computational cost of their algorithm is linear in a parameter that is smaller than the
number of rewards, but their algorithm seems to have the same unstability problem due the use
of both positive and negative coefficients. In [8,9], we present a new algorithm also based on
the uniformization technique. The main advantage of our method is that it uses only addition
and multiplication of nonnegative quantities that are moreover bounded by one. By this way,
we avoid numerical problems and improve the stability of the computation. Pattipati et al. [10]
obtain the distribution of the accumulated reward for nonhomogeneous Markov processes as the
solution of a system of linear hyperbolic partial differential equations which is numerically solved
by using a discretization approach.

Regarding the acyclic models, Meyer [11] obtains a closed form expression for the distribution
of the performability for a degradable computer system with NV processors and a buffer with finite
capacity. Furchtgott and Meyer [12] define i-resolvable vectors to characterize the trajectories of
an acyclic semi-Markovian process corresponding to a certain performance level. By enumerating
all the possible trajectories of the system, they derive an integral expression for performability
which they solve numerically. However, the complexity of such an algorithm is exponential
in the number of states of the process. Beaudry [13] gives a method for the computation of
performability in a Markovian process until absorption. Ciardo et al. [14] generalize Beaudry’s
approach to a semi-Markov reward process and remove the restriction requiring only the absorbing
states to be associated with a zero reward rate. Iyer et al. [15] propose an algorithm to compute
recursively the moments of the accumulated reward over the mission time, with a polynomial
computational complexity in the number of states. Goyal and Tantawi [16] derive a closed form
expression (precisely a finite sum of exponential functions) for the performability of degradable
heterogeneous systems. They also give an algorithm with a polynomial complexity O(dM?3) in
the number M of states and in the number d of components in the system. A method which
follows an approach similar to the one used by Goyal and Tantawi is presented in [17]. The
author derives an algorithm to compute the probability distribution of performability with a low
polynomial computational complexity in comparison with the algorithm of Goyal and Tantawi.

In this paper, we propose a new algorithm to compute the distribution of the accumulated
reward over a finite mission time for block acyclic Markov models. These models are more general
than the acyclic one’s since the restriction of the Markov process on each block can be cyclic!.
Our method uses the uniformization technique and it is based on the main result of {8] which
gives a performability solution for general Markov models. This approach consists of proving
some interesting mathematical results for block acyclic performability models which lead us to
use new truncation steps improving so the computational complexity of the algorithm. Also,
our method is characterized by its numerical stability once it only deals with a nonincreasing
sequence of positive numbers bounded by one.

1The infinitesimal generator for acyclic models is upper triangular and it is block upper triangular for block acyclic
models.
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The remainder of this paper is organized as follows. In the next section, we introduce the
mathematical mode! of the class of degradable systems and we give some interesting results for
the distribution of the performability. In Section 3, we present a simple algorithm towards per-
formability evaluation. We also discuss the computational complexity of the proposed technique.
A numerical example of degradable multiprocessor system is presented and solved for a given
performability measure in Section 4. The main points are summarized in the concluding section.

2. MATHEMATICAL MODEL AND RESULTS

Degradable computer systems operate at various levels of performance: when a component
fails, the system reconfigures itself and carries on functioning albeit with degraded performance.
Because of changes in its structure, due to failures, the system has different configurations in
a finite state space E = {1,2,...,M}. A reward rate p(i) which is independent of the time is
associated with each state i € E. This reward rate measures how well the system performs in the
corresponding configuration. Since we consider degradable systems, it must be that p(i) > p(j)
if a transition is possible from state ¢ to state j. Therefore, we can number the states so that
i+ p(i) becomes an increasing function. The accumulated reward random variable over a finite
period of time [0,t] is of interest.

Let therefore X = (X,)s>0 be a homogeneous Markov process over the state space E. Since
two different states may have the same reward rate, we denote by 7., > rp,_1 > -+ > 1o the
m + 1 different reward rates (m < M), and by B; the set of states having r; as reward rate, for
i € {0,...,m}. It is clear that the subsets B,,..., By are disjoint and their union gives in the
state space E. The process X is entirely determined by its infinitesimal generator A = (ay;): jeE
and its initial probability distribution a = (a;);ep. We assume « to be a row vector of the form
a = (ag,,,0,...,0). This means that the system starts in subset B, with probability 1. Since
the system is degradable and ¢ — p(i) is a wide sense increasing function, we have

ai; =0, ifi€B, j€ By, andl <k. (1)

Note that in the same subset B;, we can have transitions between two different states 1 and j
even if i < j, which means that the process restricted on each block B; can be cyclic, in this
case, the block B; can be defined as an equivalence class. Also, if we consider each block B; as
a macrostate, the graph of the Markov process X will be indeed acyclic. Such models are called
block degradable.

It is well known [18] that if the process X is uniformized with an intensity parameter A >
max;eg(—ai;), then P = I+ A/) is the transition probability matrix associated to the uniformized
chain where I is the M x M identity matrix. Using the decomposition of E with respect to the

partition {By,, ..., Bp} and equation (1), the matrix P can be written as follows:
Pg.B,. PB.B... ~ PB.B
OBm—le PB".._le—l o PBrn—-lBO
—= . b
OBOBm OBOBm—l T PBoBo

where the submatrix Pp,p; (respectively, 0p;p,) contains the transition probabilities from states
of B; to states of B; (respectively, is a zero matrix). With the above notations, the accumulated
reward over the mission time [0,t] is defined by

t m t
Yt=/ p(Xst:Zri/ Iix B, ds,
0 - YO

where 1, = 1 if condition ¢ is true and 0 otherwise.
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The random variable Y; takes its values in the interval [rot,rn,t] and we wish to derive
P{Y; > s}. The reward rates r; are arbitrary real numbers, but we can assume ro = 0 without
loss of generality. This is obtained by replacing r; by r; — ro and s by s — rgt. Therefore, we take
To = 0.

In [8], the distribution of performability over [0, ¢] for general finite Markov processes is derived
by a new method which essentially is based upon the following theorem.

THEOREM 2.1. Forallj=1,...,m and s € [rj_1t,7;t[, we have

where s; = (s — rj_1t)/(r; — rj_1)t and b (n, k) = aB,,Lb(j) (n,k). The values of the column

vectors b )(n k) are positive bounded by 1 and, for alln > 0, and j = 1,...,m, are given by the
following set of recursive expressions:

e forj<l<mandl<k<n,

1g ) If] =1,
(J)(n 0) ]l 1) .
(n,n), otherwise,

Y Dk 1) + L= IZPB,BIJ (n—-1k-1);

TL—Tj-1 7‘1—7‘1 Syt

b(B’l) (n’ k) =

e for0<I<j—-land0<k<n—-1,

b (n, k) = 2L 0>(n k+1)+—”——‘ZPB,Blb‘“(n—1 k),
3 T =0
. OB y lf] =1m,
(4) !
b n,n) = .
5 (mm) { bgl"'l)(n, 0), otherwise.

1p, and O, are column vectors of dimension |B;| and their values are, respectively, equal 1 and 0.
PROOF. See [9). |

In the case where m = 1, the performability distribution mentioned in Theorem 2.1 is the same
as the one given in [19] where the interval availability distribution is computed. It follows that
the method presented in [8] is the natural extension of the method in [19].

Note that for ! < j < m, we have 0 < (ry—r;)/(ri—7rj-1) =1—(rj —rj-1)/(r1~r;-1) < 1 and
for0<I<j-1,wehave 0 <(rj_1—m)/(r;j—r1) =1~ (r; —7j-1)/(r; —71) < 1. On the other
hand, the matrix P is stochastic (i.e., 3 ;-, Pg,B; 18, = 1p,) and the initial value of bgl)(n,O)
is equal to 1p, for [ > 1 and the final value of bg’l‘)(n,n) is equal to Op, for | < m ~ 1. So, it

is easily to obtain by recurrence that 0p, < bgl)(n, k) < 1p,. Moreover, for every j € {1,...,m}
and s € [rj_it,7;t[, we have 0 < s; < 1. These remarks are essential from the computational
point of view since the manipulation of nonnegative quantities bounded by 1 allows us to avoid
the unstability problems which may appear in the algorithm described in [5,7].

The interpretation, if any, of the bz(j )(n,k)s is still an open problem. For the availability
case, where m = 1, the authors of [19] prove that the vectors bgl)(n, k) is the probability that
the uniformized Markov chain Z visits more than k states of B; during the first n transitions,
given that the initial state is Zy = i¢. For m > 2, it is more difficult to obtain a probabilistic
interpretation of the vectors bﬁj )(n, k). For more details, see [20].

When the system is block degradable, new results for the sequence bgl) (n, k) can be obtained.

For such models, the recursive expressions of the vectors bgl)(n, k) reduce to the following.
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LEMMA 2.2. Foralln>0and j=1,...,m, we have
o for0<{<j—-1and0<k<n,

bg,)(n» k) = OBH

e forj<l<mandl1<k<n,

, 1p, if § =1,
by, (n,n), otherwise,

4
b(J) k) = "noT b(]) k-1 T —Ti-1 E . G, ~1).
Bl (n’ ) Tl — rj—l B[ (n’ ) + rl _ 'r]...l 1=j PBlB:bB,- (n 17 k 1)

Furthermore, for j = 1, the coefficients b(Bll)(n, k) are independent of index n.
PROOF. See Appendix A. 1

The previous lemma shows that bgl)(n, k) can be simplified in bgl)(k). The case j = 1 means
that s belongs to [0,71t[. If we apply Theorem 2.1 to this case, we can simplify the distribution
of the performability. This is the object of the following corollary.

COROLLARY 2.3. For all s € [0,71t(, we have

oo
- Atsy)e
P{Y; > s} = kz;)e Atsy ————( k'l) b(l)(k),
where bV (k) = aB,,,,bgi)"’(k).
PROOF. See Appendix B. ]

In practise, the value of s is very close to r,,t since it is generally required that the random
variable Y; should be close to its maximum value r,,t with a probability close to 1. The following
corollary gives the distribution of the performability when s € [r,,_1t, rmt[.

COROLLARY 2.4. For all s € [rp,—1t,7mt[, we have

o0
At(l — " e
P{Y; > s} = ap, etrmomt Ze"“(l's"')—-———( ( 'sm)) bg" 1)(n,n)
n=0 n. "
PROOF. See Appendix C. 1

Our analysis will consist in obtaining new truncation steps by using properties of monotony
of the sequence bgl (n, k). The next theorem states the relation between successive values of the

bgl)(n, k). These properties allow us to improve the complexity of our algorithm as shown in the
next section.

THEOREM 2.5. Forall1<j<m,n>1, and j <1< m, we have
o forl1 <k<n,
b (n,k) < b (n,k - 1),

o for0<k<n-1,
b (n, k) < bF)(n - 1,k).
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j=1 j=2 J=3

n=20 1(1] 1(,2 1(13

copy copy
n=1 by, (1) bu, (1,0) by, (L1} o |by,(1,0)pus(1, 1)

> -

copy copy \

n=2 b, (2) b, (2, 0) brr, (2, 1) by, (2, 2)— |y, (2, 0) by, (2, 1) P13 (2, 2)
~t-> ~=> ) — —~—
Figure 1. Computation of coefficients by, (n, k) for m =3 and n=0,1,2.
PRrROOF. See Appendix D. ]

The first (respectively, the second) inequality of Theorem 2.5 expresses the decreasing of cells of
the same line (respectively, column) in each triangle containing bgl)(., .) elements (see Figure 1).
Putting together these results, we obtain the following inequalities:

b3 (n, k) < 88,k ~1) B (n — 1,k ~ 1). @

In the next section, we describe the computational aspect of the vectors bgl) (n, k). Subse-
quently, we give a numerical method to compute the distribution of the performability. With
different results obtained for different values of s, we, successively, deal with the following cases
s € [0,r1t], s € [rjo—1t,Tjot[, 1 < jo < m, and s € [rm_1t,rnt[. In each case, we also analyze the
numerical complexity.

3. COMPUTATIONAL AND ALGORITHMIC ASPECTS

3.1. Computation of bgl) (n, k)

Since coefficients bg‘) (n,k) are equal to 0p, for | < j, we define for every j = 1,...,m, the
subset U; of the state space E as U; = By, U By—1 U -+ - U B;. Note that the sets U; decrease
with respect to j in the sense of inclusion (i.e., U; C U;-1). We also define the following column
vector of length |Uj|: '

b8 (n,k)

by f (n,k) = :

b§) (n, k)
With this notation, Figure 1 illustrates the sequence of computations (drawn only for m = 3 and
n =0, 1, 2) needed to evaluate the bg,) (n,k)s for | > j. The computation of each cell (n, k), &k > 1
depends on the two vectors associated with cells (n,k — 1) and (n — 1,k — 1). This dependence
is pictured in Figure 1 with arrows. Figure 2 makes clear this dependence and shows how we
calculate a coefficient bgl) (n, k). Note that the symbol “copy” means that each diagonal cell of
each triangle must be reported in the corresponding cell of the first column in the next triangle
(i.e., bgl_l)(n, n) = bgl)(n, 0) for all I = j,...,m). The use of relations in Lemma 2.2 leads us to
perform the evaluation of the by, (n, k)s in a line by line manner as shown in Figure 1.

Property (2) allows us to define a new truncation step for computing the infinite sum. Formally,
for a tolerance error € specified by the user and a given positive number z, we define the integer
N(z) = min{n € N : Y I_ e ®(z%/i!) > 1 — e} (N(z) is the truncation step of a Poisson
series [21]). We denote by d the connectivity degree of matrix P which is defined by d =
max;eg{NZ(i)}, where NZ(t) is the number of nonzero entries in row % of P.
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bg) (n — 1,k 1)
[ ]

0 g <~ - - - - - bU
bé’(n—l,k—l)
®
[
pld iy — k-1
BJ.(" ; )

bG) (k= 1)
®
[ J

"g,)("vk -1 bg)(n;k) = 0 f“’)(n,k Lzt Z }’n‘u'b” n— 1 k-1

o~ Ti1 TI—’) 1

' [ ]
b(,;;(n,k -1)

Figure 2. Computation of a coefficient bgl) (n, k).

The main computational effort required for the computation of the distribution of Y; is due to
the computation of the numbers bgj )(n, k). In order to evaluate the complexity of our algorithm,
we give an approximate count of the number of multiplications involved in the computation of
the bgj )(n, k)s. To this end, we denote by p(H) the complexity of an algorithm which requires
approximately H multiplications.

3.2. Case s € [0,rt]

According to Corollary 2.3, the distribution of the performability Y; is given by the following
expression:

o= _ages (Ats1)F
P{Y, > s} = Ze At l(_—k'i)—b(l)(k)'
k=0
This distribution can also be written as
N{Ats1) (/\ts )
P{Y; >s}= ) e k‘ bV (k) + e(N(Mts1)),
k=0
where e(N(Mts;)) satisfies
o0
Npusy = Y el
k!
k=N(Ats1)+

XD
Atsq)k
S e_mlﬁ_fli . since BV(k) < 1,
k=N(Xs1)+1 '

Moreover, if we take into account the inequality by, (k) < by, (k — 1) given by Theorem 2.5, it is
interesting to use another truncation step ny defined by

ny = min (N (Ats;), min {k eNMV(k+1) < s}) :
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By considering this new truncation, we obtain
t
P{Y, > s} = Z ~aesr (A sl) 22U b (k) + e(ny).

The error introduced in the evaluation of the distribution of Y; remains smaller than ¢. In fact,

0o k
= —Atsy (_AEI)_b(l)
e(n1) k=;+le T (k)
b (Ats1)F
< [ Z e~ ta kll ] €, since bV(k) <e, for k> ny +1,
k=ni1+1
<e.

The computation of the distribution of ¥; mainly involves computing the coefficients b1 (k).
Moreover, the complexity in computing of a vector by, (k), which is one cell pictured in Figure 3,
is u(d(M — |Bp|)). Therefore, as the total number of required vectors by, (k) is ny + 1, the
complexing in evaluating Fg_(s,t) is p(d(n, + 1)(M — |Bp|)). On the other hand, the total
computational effort required with the method of (8] is u(dM|C(N — C) + mC?/2]), where C
and N are, respectively, equal to N(Ats;) and N(At). Therefore, the algorithm in this section
compares favorably with the method of [8].

j=1

W(ng+1)<e
ni

N(/\tsl)

Figure 3. In dark, the computed vectors by, (.). In light, cells such that b(1)(.) < e.

3.3. Case s € [rjy—1t,Tjt[, 2<jo <m—1
According to Theorem 2.1, the distribution of Y; is given by

[o o]

P(Y >} = 3 e 2() (1 = 530" F6)(n, ).

n=0

To compute the infinite sum, we define a truncation step n;, as follows:
nj, = min (N()\t),min {n eN|bU(n+1,0) < 5}) .
Since bg:’")(n, 0) = bgﬁ:l)(n, n), we have
nj, = min (N (At),min {n eN|be D (nt+1n+1)< s}) .

Using inequalities (2), it is easy to establish that all terms bUo)(n, k) are smaller than ¢, for
n > nj, + 1 and 0 < k < n (see Figure 4). It follows that

P(¥ > s} = 3 e Zw (1= 530)" K509 (m, ) + (),

n=0
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where e(n;, ) satisfies

00 n n

e(nj,) = Z "\‘ Z B)sk (1 - 55" *bb0) (n, k)

n=n;,+1 k=0

R i 3 ARl P

IA

n=mn;q +1

<e.

Note that in the case where all coefficients bo~1) (n + 1,n + 1) are strictly greater than ¢ for all
n < N(At), nj, is equal to N(At). In this case, e(nj,) = e(IN(At)) remains smaller than ¢.

J=2 J=70—1 J=Jo

h‘-"ﬂ—”(nj0 + 1,n;, + 1y <= i

g

il

Figure 4. In dark, the computed vectors. In light, cells such that b (.,.) < e.

Since the cardinality |U;| is less than M — j, the computation of each vector by, (n, k) requires
at most u(d(M — j)) (see equations by, (n, k) in Lemma 2.2 and Figure 2). According to Figure 4,
the number of cells that have to be computed in the triangle associated with index j is equal to

njg + 2, if5=1,

o+ 2 o, +3
(nJO + )2(n.70 + ), lfl <.7 <j0,
nj, + 1) (nj, +2 o
VS R,

Since we have Z;":z(M ~7) = (Jo— 1)(M — (jo + 2)/2) and can neglect n;, with respect to nJO,
we obtain a complexity for the algorithm of

u<d<M—j0;2>(jo—1)n2—§°->-

As opposed to the method relative of [8], we observe that the numerical complexity of this method
depends on the index jo, and therefore on the value of s. Another improvement came from the
new truncation step n;, which is less than N(At).

3.4. Case s € [rp—1t, Tmt]

According to Theorem 2.1, we have

n
P{Y; > s} = ap, etPnt | D e~ Atti-an) ML= Sm))” Sm)) b5 (n, n)

e n!
n>0
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Similarly to the previous section, we define the truncation step n,, as follows:

Ty, = min (N()\t(l — Sm)),min {n eN| bgnm_l)(n—i- Ln+1) < slam}) .

Using inequalities (2) again, it is easy to establish that all terms bgrl)(n, n) are smaller than
when n > n,, + 1. It follows that

T
n!
n=0

n
Af(l — " e
P{}/t > s} = ap eAB",,-?mt [Z e"'\t(l_sm)(__(___s’"i))_b(Bmm 1)(n,n)} + e(nm)’
where e(n,) satisfies

A, tsm ( Z e~ Mt(1-sm) ()‘t(l - Sm))nb(m

-1
e(nm) = as,,¢ — b (n,m)

_nan+1
At(1 — s )"
ABmtSm Z e_'\t(l_srrt)_(___7n__

elp
n!

m

n2n1n+l
Ap,,t8m
Lap,e"m""elp,
<e, since eBm!m ig a substochastic matrix.

The global computational scheme using the truncation step n,, is shown in Figure 5, where only
the dark part has to be computed. The number of dark cells is

N (nm + 1)

N + (M — 2) 5

Similarly to the previous case, we prove that computing the sum > .7 e~ M=) (A1 —
Sm))"/n!)bg:‘_l)(n,n) has complexity :

m+1 nZ,
(13- ) ).

b(l;“'”(nm + 1,1, +1) < elg,,
Hn m

N(At(l = sm))

Figure 5. In dark, the computed vectors. In light, cells such that b(B':'n_l)(.,,) <
elpg,, .

Next, to compute the matrix e4#5=t we use the uniformization technique. Therefore, we
first denote, respectively, by A, and dp, the uniformization rate (i.e., A\, = max;e B (—04))
and the degree of connectivity of matrix Ag,,. It is easy to verify that A, < A and d,, < d.
Then, the computational effort required to multiply the matrix Ag_, by a given column vector
has complexity p(dy[Bm|). Moreover, it is well known that the truncation step in evaluating



Degradable Computer Systems 227

eAnmomt is equal to N(AmSmt). Thus, computing the product of matrix eA#n3"t by a column
vector of dimension |B,,| has a total cost of u(dpy|Bm|N(Amsmt)).

We can, therefore, conclude in this case that the numerical complexity to compute the distri-
bution of the performability is

i (d (M - ’—"—;—1) (m — 2)3232 +dp |B| N ()\msmt)) .

Knowing that the evaluation of matrix e4#=*=? introduces an error less than ¢, it is easy to verify
that the total error in computing P{Y; > s}, s > r,,_1t, is less than 2¢. On the other hand, the
numerical complexity of the method presented in [8] is u(dM|C'(N — C’) + mC'/2]) where C’
and N are, respectively, equal to N(At(1 ~ s,,)) and N(Xt). In practice, the truncation step n,,
is very small in comparison to C’. This result leads to a low computational time comparing with
the algorithm of (8].

4. A NUMERICAL EXAMPLE

We consider in this section a multiprocessor system described and modeled in [16]. The system
contains N processors each with its local memory, SM shared memory modules, and B busses
to communicate among the processors and the memory modules. We study the multiprocessor
system when N = SM = B = 2. The processors, shared memory modules, and busses are subject
to random failures independently of each other. When one of these components fail, the number of
available components decreases and consequently the processing power of the system decreases.
The lifetime of each processor (respectively, bus) is assumed to be exponentially distributed
with rate A, (respectively, Ay). The lifetime of each shared memory module is assumed to have
a probability distribution of phase type with two states, with initial probability distribution
B8 = (1,0,0) and infinitesimal generator T given by

—(p1,2 + p1,0) 1,2 H1,0
T= 2,1 —(p2,1 + H2,0) H2,0
0 0 0

The performance measure used here is the processing power of the system, that is, the processor
utilization rate multiplied by the number of available processors. The values of the processing
power have been taken from [16] and are the following. We define pp(n, sm,b) as the processing
power of the system when there are n processors, sm shared memory modules, and b busses
available. The values of pp(n, sm,b) have been taken from [16] and are the following:

pp(1, sm,b) = 0.8, for 1 < sm,b<2,
pp(2,sm,1) = 1.56, for 1 <sm <2,
m(2,1,2) = 1.56, and  pp(2,2,2) = 1.58.

When one of the three n, sm, and b is 0 we set pp(n, sm,b) = 0. The values of the failure rates A,
and A, are also chosen as in [16], that is, A, = 6 x 1075 per hour and Ay = 4 x 1075 per hour.
The parameters of the phase type distribution of the lifetime of each memory modules are given
by

4 24
pro=14x10"%  po=6x10"%  pp;= <?> x107%, g = <7> x 1075,

With these values, we obtain a mean lifetime for each shared memory module equal to 0.25 x 10°
hours which is the same expected value as in [16].
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In order to obtain a Markov process to describe the behaviour of the system, we take as state
description the vector (n, (phi, phsy), b) where 1 < n,b <2 and ph;, i = 1,2, denotes the number
of memory modules in phase i. The value sm = ph1 + phy gives the number of available memory
modules (0 < phy, phy < 2). All the states corresponding to the down state of the system, that
is, when n = 0 or sm = 0 or b = 0, are lumped into only one absorbing state having a processing
power equal to 0. Thus, we compute a Markov process with 21 states, one of them being an
absorbing state. There are four distinct reward rates: 73 =1.58, r; = 1.56, r; = 0.8, and ry = 0
and we have (|Bs|, | Bz, |Bi,|Bo|) = (3,7,10,1), see Figure 6, where the transitions in dashed
lines without destination are to the absorbing state 0. The value of ¢ is fixed to 10,

\
nip B0 + Ay
-\

121 A
MY

2,(0;1), 1 \
2,0 +>‘b‘

2p

Bo

]
Ap + N'LZA)/"*‘ Ay
2

(0;1),1>:/

Figure 6. The Markov chain graph.

Figure 7 shows the probability to get a cumulative reward rate over the specified period ¢t = 10°
hours greater than the corresponding value on the s axis. It is interesting to note that for
s = 5 x 10%, the truncation step n; is equal to 59 while C = N(\ts;) is equal to 96. Figure 8
shows the probability that the processing power during (0,¢) averaged over time is greater than
99% of the maximum processing power (that is, 1.58) of the system.

0.7 T T T T T T T T

0.6

0.4
P{Y, > s}

0.3

02

0.1

35 4 45 5 (x10%)

Figure 7. Distribution of Y; for t = 105 hours.
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Figure 8. Distribution of Y;/t.

Table 1. Comparison of CPU times.

s (x108) 1 125 | 15 | 156 | 1.57 1.575

Algol 79.4 79.4 79.4 79.4 37.3 18.5

Algo?2 0.2 0.2 0.2 0.1 0.1 0.1

Table 1 compares the computation times in seconds obtained by the execution of the general
algorithm given in [8] and referred as “Algol” and of the algorithm developed here which is
referred to as “Algo2”. We have chosen ¢t = 10 hours. As expected, we easily see that “Algo2”
performs better than “Algol”. These low computational times of “Algo2” are due to low trunca-
tion steps. For instance, for s = 1.56 x 10, we obtain C’ = N(At(1 ~ s,)) = 724 and n,, = 41.
All these results have been obtained on SPARCstation 5 Model 110 (Sun).

5. CONCLUSION

The current method to evaluate the performability distribution for degradable computer sys-
tems, based on the uniformization technique, leads to a new algorithm with a low polynomial
computational complexity. Its main advantage involves a complexity at most quadratic in a
truncation step which is smaller than the Poisson’s one usually used in all methods based on
uniformization. Another advantage of this algorithm is an improvement in its stability because
only positive numbers bounded by 1 are involved.

APPENDIX A

PROOF OF LEMMA 2.2. Using the recurrence relationship given by the Theorem 2.1, we can
prove, by recurrence on n and k, that bg‘) (n, k) is equal to Op, for all index [ < j. If we also
use equality (1) (i.e., Pg,p, = 0p, for l < k), the first part of the lemma is immediately proved.

For the case j = 1, we can show by recurrence that bgl)(n, k) = P§ 5 1p,. Thus, the coefficients

bgl)(n, k) do not depend on index n for | = 1. We suppose now that this property is true up to
[ —1, that is,

V1<i<l-1,Yn>1,andV1<k<n,  bg)(n,k)is independent of n.

To prove the property for index [, we proceed by recurrence on k. In fact, for £ = 0, the term
b(Bll) (n,0) is always equal to 1p,, so it is independent of n. On the other hand, since

l
r—T r
bgl)(n, k) = —l-;—lbgl)(n,k -1+ ;t‘ ZPBzBab(Bl‘-)(n -1,k-1),
i=1

we get: bgl) (n, k) is independent of n. [ ]
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APPENDIX B
PROOF OF COROLLARY 2.3. Using Theorem 2.1 and Lemma 2.2, we can write

P(Y; > 5 = Z O $ k(1 — sy

n=0 k=0
o0 (e o)
=Y ) e ™sh (1~ s1)" kb (k)
k=0 n=k
> )\ts > (A1 = sp))**
_ At 1 1)
=e b( (k) Z o
k=0 n=k
But > 0o (At(1 — 51))" 7 /(n — k)!) = eM{1=51) then
P{Yt > S} —e -t At(l sl)z ’\tsl (k - i —Atsy )‘tsl) b(l (k) ]
k=0

APPENDIX C

PROOF OF COROLLARY 2.4. Since
b5 (n,0) =b5" V(n,n)  and b5V (n,k) = Pp,5,b5 ) (n — 1,k - 1),

we get
b5 (n,k) = P§_p 05 (n—k,0) = PY, 5 60 V(n—k,n—k).
Applying Theorem 2.1 for j = m, we obtain

P{Y; > s} = Ze"\‘ (Ae)" Z(k) 5 (1= 8m)" *ap, b5 (n, k)

n>0
At
=Y e -2 (A" ) Z(k (1~ sm)" *ap, Pk b5 V(n —k,n k)
n>0 n! =
—ZZ ~ae ') ()fn(l—sm)" ap, P, bm Y(n—k,n—k)
k>0n>k
Ats )" A(1 =5 )% (e
=e"\tz( s' ) aBmPgm Z L—(—s—))—bgm 1)(n—k,n—lc).
= k! =i (n—k)!

If we write e~** as the product of e~***t and e~**(1-%1) we obtain
P{Y; > s}=a FZ e~ Mom (Atsm)* P} -FZ ~Mti=on) AL = 8m))" kb(m_l)( k,n — k)
: > s}=asg, ~——Fs,, T 0B, (M kin—
|50 k! By {n—k)!

t k _ n
=aBm Z e_’\ts"'" Q__ST_TL_)_PEW Z e_’\t(l_s'n) .(_)\t(—l—ST.n_))_bgt:_l)(n, n)}

]
= [n>0 n

n
=aBme'\t3m(PUm —IUm) I:Z e_’\t(l—sm) (_)\_tﬂ.—_snib(B’"::—I)(n’ n)} .

]
50 n!

Since P = A/A+ I, then Ag, = A(Pp,, — Ig,,). So

] B,,
20 n!

_ n
P{Y; > s} = aBmeA”"‘ts"‘ [Z ez"\t(l_"")—————()‘t(1 5m)) b(m_l)(n, n)} )

The proof of Corollary 2.4 is then completed. ]
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APPENDIX D

To prove Theorem 2.5, we first need two technical lemmas which can be proved by recurrence.
To simplify notations, we denote the fraction (r; — r;)/(r1 — rj-1) by a;;. Note that (r; ~
ri—)/(ri—rjic1)=1-—a;and 0 < a;; <1if >3,

LEMMA D.1. Foralll <l <m and k > 1, we have

b (k) < b3 (k — 1).

PROOF. We prove this lemma by recurrence on [. For I = 1, we easily obtain bgl)(k) < bgl)(k -1)
for all k € N* by considering the following system:
b, (1) < b3, (0) = 18,
1 1
by) (k) = Pp,b) (k — 1),
Pp1p, <1p,.
We suppose now that the property is true up to {—1. To prove the property for index I, we proceed
by recurrence on k. The initial condition for k = 1 is verified since bgl)(l) < bgl)(O) = 1p,. The
property for k — 1 is equivalent to
b5 (k —1) < b5 (k - 2) (D1)

The Lemma 2.2 can be written, for j =1, as

!
b5 (K) = ap, 0§ (k= 1) + (1 —o11) Y P, b%5) (k - 1)

d=1
-1

= az,lbg,)(k —D)+ (=) | Py, b9 (k- 1) + PB:B;bg,)(k ~1)

i=1
According to the recurrence hypothesis on index [ — 1, we have
Vi<i<i-1,  bg(k—1) <y (k-2).

Since the P matrix is positive and oy 1 € [0, 1], we obtain

-1 -1
(1- 1) Posbl) (k1) < (1~ 1) Po,s,by) (k - 2).

i=1 i=1

The recurrence hypothesis (D1) gives
Pp,p,b3) (k—1) < PppbQ)(k~2)  and by (k —1) < cr 1) (k - 2).
It follows that

1
b5 (k) < a0 (k = 2) + (1~ au1) Y Pp,p,by) (k - 2)

i=1
=b3) (k- 1).
The proof of the lemma is completed. ]

REMARK. According to Lemma 2.2, we observe that the coefficient bgl)(n, k) is a convex com-

bination of the two vectors bgl)(n,k — 1) and Z;j Pp, B, bg?(n —1,k-1). So, we obtain the
following equivalence:

l
b9 (n,k) < b (n,k~1) <= > Pp,p,b%) (n~ 1,k ~ 1) <bF) (n,k - 1). (D2)

i=j

This remark above will be exploited in the following lemma.
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LEMMA D.2. Forn>1,2<j<m,andj<[< m, we have
bg,_l)(n, n) < bgl_l)(n,n -1)= bgl)(n, < bg:) (n,0).

PROOF. Since we have

!
bg,)(n,O) = bgl_l)(n,n) = a[’j_lb(B]l—I)(n,Tl - 1) + (1 - Ot[’j_l) Z PBlBibg’_—l)(n - 1,77. - 1),

i=j—1
then
l . .
> Ps,b) (n—1,0) < b (n,0)
i=j
(i
! . ' ! .
Z PBlBib(ng(n - 1,0) S alyj_lbgl_l)(n,n - 1) + (1 - Ot[,j_l) Z PB,Bibg:l)(n - l,n - 1)
i=j i=j—1
)

l
0, S oyt |G Vnn-1)— ¥ Pp,p b8 Vn-1,n-1)| + P, (b3 Y(n—1,n—1).
i=j—1

So, if bgl_l)(n, n) < bgl—l)(n, n —1), then, according to (D2), the vector between hooks is greater
than 0p,. This is equivalent to Zé___j Pp, B;bgi) (n—-1,0) < bgl)(n,O). By taking into account
equivalence (D2), we get bgl)(n, 1< bgl)(n, 0). ]

PROOF OF THE FIRST INEQUALITY OF THEOREM 2.5. To prove this first inequality, we proceed
by recurrence on the indexes j, n, and k. For 1 < J < m fixed, we consider the following

property R(7):

R() - [vnz LY1<k<n, andV¥j<l<m, b (n k) < bgl)(n,k—l)] :

For j = 1, according to Lemma D.1, the vectors b(Bll)(n, k) are independent of n, so R(1) is verified.
We suppose that R(j — 1) is true. In order to prove the property R(j), we proceed by recurrence
on n. For n = 1, the recurrence hypothesis R(j — 1) leads to bgl_l)(l, 1) < bgl—l)(l,o), which
gives according to Lemma D.2 ' ‘

b2 (1,1) < b9)(1,0).

We suppose now that the property holds for n — 1. This means that the property R(j,n — 1) is
true, where

R(j,n — 1) is [\11 <k<n-landVj<i<m, 8@(n-1,k) gbg,>(n—1,k-1)].

In order to prove R(j,n), we proceed by recurrence on k. For k = 1, the hypothesis R(j — 1)

allows us to write bg‘_l)(n, n) < bgf” (n,n — 1), which gives according to Lemma D.2,

b3 (n,1) < b3 (n,0).

At present, we suppose the property true for k — 1. That means that property R(j,n,k — 1) is
true, where

R(j,n k — 1) is [Vj SU<m, b8 (n—1,k) <b@(n -1,k 1)] .
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According to Lemma 2.2, b(gl)(n, k) and bgl)("’ k — 1) can be written as

l
bg,)(n, k) = al,jb(é,)(n» k=1)+(1 - o) ZPBIBib(l;;)(n - Lk=1),
i=j

l
b9 (n,k — 1) = a1 b (n, k —2) + (1~ o) 3" Pgpb8) (n -1,k -2).

Moreover, according to R(j,n — 1), we have bg? (n-1k-1)< bg_? (n -1,k — 2), and, since the
matrix P is positive and 0 < ay; < 1, we get

{ [
(1-a) Y PosbE(n=1k=1) < (1 - o) S Ppp b (n -1,k -2).

=] =7

The hypothesis R(j, n, k — 1) and the previous expressions for bgl) (n, k) and for bgl) (n,k—1) lead
to the required inequality
b (n, k) < b (n, k — 1).

The proof of the the first part of Theorem 2.5 is then completed. ]
PROOF OF THE SECOND INEQUALITY OF THEOREM 2.5. For j = 1, the sequence (bg,)(n, kY n>k
is independent of n. We suppose now that the property holds for j — 1. We must prove it for
the the index j. The elements bgl)(n, 0) and bgl)(n —1,0) are, respectively, equal to b(gl"l) (n,n)
and bg:l)(n —1,n ~ 1). According to Theorem 2.5, we have bg,—n(n,n) < bgl_l)(n,n —1), and
according to the recurrence hypothesis, we have bgfl)(n,n -1 < bg,_l)(n -1,n—-1). So, we
get bg,_l)(n,n) < bg"l)(n —1,n —1). It follows that

b9 (n,0) < b9 (n - 1,0).

This inequality proves the result for k = 0. We suppose now that the property holds for £ —1
and we show that bgl) (n,k) < b(él)(n —1,k). For this purpose, we write

!
b9 (n,k) = o ;b8 (n,k — 1) + (1~ ar) > Ppp b8 (n—1,k—1)

i=j

{
<o P -1k~1)+(1—uy) ) Pp, b3 (n— 2,k — 1)

i=j

= b (n - 1,k),
which completes the proof of Theorem 2.5. 1
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