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F R A N C E  

I Models of Partial ly Observed Systems 

We consider partially observed systems of the form 

dXt = b(X,) dt + a(X,)  dW, 
(1) 

dY, = h ( x , )  dt  + , tv,  

where {Wt, t > 0} and {Vt, t > 0} are independent Wiener processes of appropriate dimensions, 
with covariance matrices I and R respectively. We are interested in the state estimation problcm, 
under various hypotheses concerning a = a a ° and R. 

Consider first the two extreme cases : If a = 0 and R = 0, we are dealing with an observer 
problem for the deterministic system 

L = b(X,) 
(2) 

zt = h ( X , )  

At the other extreme, if R is non-singular, we are dealing with a nonlinear filtering problem for 
tile diffusion process (1) . We can also easily handle the following intermediate case : If R is non-  
singular and a = 0, we are again dealing with a nonlinear filtering problem but the state equation is 
now an ODE 

X', = bCX,) 

dYt = h(Xt) dt + dVt 

Let us point out that the solution of the state estimation problem is radically different, depending 
on whether R is non-singular or identically zero. On tile other hand, whether a is non-singular, 
singular or identically zero only affects the algorithms to be used. 

Our purpose is to present, for each of the three main cases described above, a solution to the state 
estimation problem, and to suggest some numerical approximation procedures. The  general idea is 
to s tudy the asymptotics R -~ 0. As a by-product ,  we expect to obtain some numerical algorithms 
for the nonlinear filtering problem, that  are robust when the non-singular matr ix R is small. 
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I I  S o l u t i o n s  t o  S t a t e  E s t i m a t i o n  P r o b l e m s  

We assume for simplicity that  b e C~ (R  '~, R ' )  and h e C~ (R '=, RP), unless otherwise stated. 

Let us begin with the nonlinear filtering (NLF) problem. 

[] When R is non-singular, the Bayesian approach to the state estimation problem is to compute the 
unnormalized conditional probability distribution #~(dx) of the state Xt, given the past observations 
Y~ = a(Y, ,  0 < ~ < t). By definition 

(jut, f} = ]~tIf(Xt) Zt I Yt] ,  

for any test function f ,  where 

{/, , } o Z; = exp h*(Xr )R- '  dYe. - ~ h(Xr)[tt-, dr and Z, = Z , 

and p t  is the reference probability measure. The probability distribution t~,(dx) satisfies a stochastic 
PDE in weak sense. Usually, this p.d.f, has a density w.r.t, the Lebesgue measure, i.e. Ih(dx) = 
p,(z) dx. A sufficient condition for this to hold, is that the probability distribution tLo(¢lx) of the 
initial condition X0 has already a density w.r.t, the Lebesgue measure, i.e. #o(dx) = po(z)dr.  We 
will assume that po(x) > 0 for all x C I t ' .  The unnormalized conditional density pe(z) is the unique 
solution of the Zakai equation 

dpt -- L'pt  dt + pth*R -1 dYt , (3) 

with initial condition po(x), where L* is the formal adjoint of the second-order partial differential 
operator 

L =  }trf~ ~ l + b .  
0 

O z  "ff'd' 
associated with the SDE 

dX,  = b(X,) dt + ,,( X,)  dW, . (4) 

o 
which a representation result is available in terms of the flow ¢~(x) associated with the ODE 

£ = b(X,).  

If in addition a = 0, then the Zakai equation ((3)) becomes a first order stochastic PDE, for 

(5) 

0 ~ _ .  exp ( ~ d i v  b ( @ , _ , ( x ) ) d r } ,  ~,_,(x) = dell - -FF- (x )  ] = 

In this case, the unique solution of the Zakai equation ((3)) satisfies 

p , ( ~ , _ . ( x ) )  . J , _ . ( x )  = z . , , ( x )  . p , ( ~ )  , (o) 

or equivalently, introducing the logarithmic transform W~(z) = - logp~(x)  

w,(~,_ . (x))  - log J,_.(x) = w.(~)  - log ~, , , (~) .  (7) 

We turn now to the observer problem. 

Let {x~, 0 < t < T} denote the true state trajectory producing the available observation tra- 
jectory {zt, 0 < t < T}. The idea is to build an observer by considering the limit of a sequence of 
nonlinear filtering problems with noise covarianccs going to zero. Two different cases are possible 

Actually, define 
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• Introduce small  noises of similar intensities in both the state equation and the observation, i.e. 
set  a = ¢ I  and R = e I ,  

• In t roduce a small  noise in the observation only, i.e. set  a ~- 0 and R = eI .  

D In the first case, it  is proved in James [2] that  

- ~  log p a x )  ~ m',(x) 

in probabi l i ty  uniformly on compact  subsets of x E R ' ~  where up to an addit ive constant  independent 
of x, m:(x) is the unique solution of the I Iamil ton-Jacobi  equation 

Or,,~ , lOm'l' b. 0, ,4 _ + ~[~-~ [ + o~ v , =  o ,  (s) Ot 

with initial condition m'o(x ) = 0, in the viscosity sense, where 

V,(x) h(x) l  ~ = ~ 1 ~ , -  

In addition, m't(x ) is the value function associated with the following control problem. Introduce 
first the action functional 

1 f t . 

I , (~ )  = ~ j 0  I~, - b(~,)[ 2 ds 

if ~ E C([O, T] ; R " )  is absolutely continuous, and ls(~) = +oo otherwise. Define also 

f t I [ 
~:(~) = Jo V~(G)ds = ~Jo lz, - h(~.)12 ds . 

Then 
m:(x) = inf {It({) + Ft({) : {t = x} . 

Clearly mi(z) >_ 0 and m~(x;) - 0 for the true s ta te  trajectory, and we define our observer as the set 

~: = argmin m:(x) = {x q R ' ~ :  m:(x) = O} . (9) 
x61"tm 

Obviously x ;  q ~ for all t > 0. I t  is proved in James [3] that ,  provided the determinist ic system ((2)) 
is observable on [0, 7'] (i.e. the map  xo H {Z,, O < S __< t} is injective), the set-valued observer ((9)) 
is actual ly a fiuile-time observer (FTO)  on [0, T] (mcaning that  ~ is defined in terms of a recursive 
system with the property that  ~ = {zT} for all t >__ T).  

O In the second case, it  follows from equation ((7)) that  

-~  l o g p ; ( ~ )  = ~w: ( . )  ~ . ~ , ( ~ )  , 

in probabil i ty  uniformly on compact  subsets of x E l:tm~ where up to an addit ive constant  independent 
of x, mr(x) is given by 

m,(v,(~))= ~.( .))a~ or m,(~)= • .(~))d~, 

i.e. mr(x) = F~(~t'~), where ~t'~ is the unique solution of the ODE ((5)) ending in x at  t ime 1. In 
addition, rot(x) is the unique solution of the linear first-order PDE 
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O u  t 0 m ~  

ot + b ' - g T -  v' = ° '  

satisfying the initial condition m o =  0. Just  as above, it is clear tha t  nh(x) E 0 and mt(x~) = 0 for 
the true s ta te  trajectory,  and we define our observer as the set 

£t = argmin mr(x) = {x C: R "  : mr(x) = 0} . (10) 

IIcre again, it is obvious that  x[ E £t for all t > 0, and in addit ion the sct-vMued observer defined 
by ((10)) is actually a FTO on [0, T], provided the dcterminlstic system ((2)) is observable on [0, T]. 

Note tha t  mr(x) = Ft(~ t'~) where lt(~ ',~) = 0 (i.e. ~"~ solves the ODE ((5)) exactly) and ~'~ = x, 
whereas in the definition of m~(x), a penal ty lt(~) is put  on those trajectories ~ that  do not solve the 
ODE ((5)). This is a less severe requirement, and is reflected in the relation m~(x) < mr(z). Note 
however tha t  £t = ~ .  This is the set of those points tha t  are btdistinguishable from the true s ta te  
x; .  In conclusion, the observer ((10)) is more precise than the observer ((9)), whereas the lat ter  is 
expected to be more robust w.r.t, modeling errors. 

I I I  N u m e r i c a l  A p p r o x i m a t i o n  

In this section, we restrict ourselves to the situation where the s ta te  satisfies an ODE, in which case 
the solution to the NLF problem is given by ((6)), where R is non-singular,  and the corresponding 
FTO is given by ((10)), where R = 0. 

Concerning the approximation of the NLF ((6)), we wish to compute  an approximate  normal- 
izcd conditional densi ty p~'~(x) (where A and 5 denote the t ime discretlzation s tep  and the space 
dlscretization step respectively) with the following proper ty  

(*) as A, 6 ~ 0 
? 

I~[t/~,](X E JR ~ -c ,p,(z) l  dx ----, 0 

where c~ is a normalization constant• 

for all t E 0 ,  

Concerning the approximation of the FTO ((10)), our approach is to build a family £~'~ with the 
following proper ty  

(**) if the determinist ic system ((2)) is observable on [0, T], then as A,  5 ~ 0 

• ^ , % 6  * &st(zlt/a], {x,}) - - ~  0 for all t >__ T .  

• ^A,$ ^ 
A necessary and sufficient condition for (**) to hold is &st(xiq~x], xt) --* 0 as A,  5 ~ 0. The  approxi- 

mate  observer £ ~  will be defined in terms of an approximate  value function m~'S(x), i.e. 

and a sufficient condition for (**) to hold is c a's J. 0 and a s mit)al(X ) ~ mr(x) uniformly on compact 
subsets of I t " ,  as A,  6 ~ 0. 

T i m e  D i s c r e t i z a t i o n  

Consider a uniform part i t ion 0 ---- t o < . . .  < t~ < . . .  of the t ime interval [0, c~), with t ime step 
A --_ tk -- tk-1. The  first s tep is to sample the available observation trajectory.  

The  nonlinear filtering problem. If noisy observations {Yt, t > 0} are available, we first build the 
following sequence of compressed observations 
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I Yt~_,] = 1 [ t ~  1 V,, Y~ = x[Y~, - "~ jt~,_ h( Xs) ds "{- "~[ t~, - I~,_,] 

and we use the approximate model 

x,  = t,(x,) 
(la) 

where {v~, k = 1, 2 , . . .}  is a Gaussian white noise sequence with covariance matrix R / A .  

The solution of the NLF problem for the approximate model ((11)) is given in terms of the a 
priori and a posteriori conditional probability densities defined by 

p~_½Cx)dx = PCX,, e d= I Y?-,) and p2Cx)d= = e ( x , ,  e d z l Y ~  ) , 

respectively, where y~x = a(y# , . . .  ,yZ~). The transition from p~'_,(x) to p~(x) is divided into two 
steps 

• prediction step : Transport by the flow gives 1~k_½(x) = Ta pLa(z)  where {Tt, t > 0} is the 

semlgroup associated with the linear first-order PDE 

Opt 
O-T = L°pt " (12) 

An explicit solution is available for this equation 

p~_½(~'aCx))" ,la(x) = p~_,(x), (13) 

or equivalently 

for all Borel set A C R m. 

• correction step : According to the Bayes formula 

P~(x) = ~ "  ~ ( z )  "PLLCx),  (15) 

where 
• ~(=) = exp { -~a  ty~ - h(=)l~-,}, 

is the likelihood function for the estimation of Xtk in the approximate model ((11)), based on 
the observation y~X alone, and ek is a normalization constant. 

Introducing the logarithmic transform Wka(x) = - logp~(x), it follows from from ((13)) and ((15)) 
that 

W p ( x  ) - log J , , ( ¢ 2 ( x ) )  = - l o g  ~ + W ~ _ , ( ¢ Z ' ( = ) )  + }A  IV2 - h(=)l,~-,  • (16) 

The observer problem. If perfect observations {zt, t ~ O} are available, i.e. R ~ O, we can simply 
use z~ = zt,,, and our model becomes 

2 ,  = b(X,) 
(17) 

l " z~ = ' ( ) h , )  

Introducing the asymptotics R = eI  in the NLF problem and sending ~ to zero, it follows from 
equation ((16)) that 

-~  los  p~"(=) = ewe"(=) ~ "2C=), 
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in probability uniformly on compact subsets of x E R m, where m~(x) satisfies tile following relation 

. ,~ (x)  = m L , ( ¢ 2 ( x ) )  + a V?(x ) ,  

where 

v~(~) = '  ~ f,i h(x,)ds  # ~l~k-h(~) l '  and ~ = L f" i , ,  A J,h-, zo ds = X __-, Zk• 

It is clear that m~(x) > O. Ilowever, because the averaged observation z~ x used in the definition of 
m~(x) is different from the actual observation zk, we have V~(x[,) # 0 in general for the true state 
trajectory. Therefore, we decide to use the actual observation zk in the definition of m~(z), instead 
of the averaged observation z~, i.e. 

where 
Vk(x) h(x)l ~ = ½1~ - 

This relation can be divided into two steps 

• prediction step : Transport by the flow gives m~_~(x) = Szx m~_l(x) whcre {St, t >_ 0} is the 
semigroup associated with the linear first-order PDE 

Omt Omt 
Ot +b'~=O" 09) 

An explicit solution is available for this equation 

mL,(¢~(~) )  = ~f_,(~). (20) 

• correction step : The contribution of the new observation zk to the approximate value function 
is given by 

• @(~) = .12_,_(~) + a v~(~). 

We note that 
k-~( ) = Fka-a(~ '*' ') and mr(x) = Fka(~tk"), 

where ~*,. is the unique solution of the ODE ((5)) ending in x at time f, and the functional F~(~) 
satisfies for all ~ e C([0, T]; R ' )  

F~(¢) = F2_I(~) + A Vk(~th) = A {V~(~t~) +... + Vk(¢tk)} • 

Now it is clear that m~(x) >_ 0 and m~(x~,) = O for the true state trajectory, and we define our 
observer as the set 

x2 = argmin m~(x) = {x E R "  : m~(x) = O} . (21) 
x E I L  m 

Obviously xT~ E ~ for all k, and one can verify using the explicit formulas that m~/al(x ) .-4 mr(x) 
uniformly on compact subsets as A £ 0, with the consequence that property (**) holds for this 
discrete-time approximation. 

M o d e l  A p p r o x i m a t i o n  a n d  P D E  D i s c r e t i z a t i o n  

To obtain computable algorithms, it is necessary to discretize the linear first-order PDE (12) or 
(19) involved in the prediction step. Generally speaking, two classes of methods can be used : in 

the finite difference approximation (FD) a fixed bounded grid is used, and partial differential opera- 
tom are approximated by finite differences on grid points, whereas in the flow-based approximation 
(FLOW) the explicit representation (13) or (20) is used to move grid points (or alternatively ceils) 
along the flow of the ODE (5) . 
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A F i n i t e  D i f f e r e n c e  

A, f ini~ difference nonlinear filter. To derive a finite difference algorithm~ we must  first constrain 
the nonlinear f l ter ing problem to a bounded domain. Let  D C R "  be a m--dimensional open cube. 
After Dupuis-Ishii  [1], we constrain the ODE (5) to the convex set D as follows. For x E 019, let 
v(z) = { u E R '~ : [ul = 1, (v,x - z) < 0 for all z E D } denote the set of inward unit normals. 
For x E / ) ,  v E I t ' ,  the projection r ( x ,  v) of the velocity vector v at  x is given by v if x E D, 
or v + [(v, - v ' ( z ,  v)) V 0] u*(x,v) if x E cgD, where u*(z, v) is an element of ~(x) which maximizes 
( v , - v ) ,  v E u(x).  Define then b(x) = Ir(x ,b@)) ,  x E D.  B y  Theorem 5.1 of Dupuis-Ishii  [i], there 
exists a unique absolutely continuous solution of the constrained ODE 

~,,=b(~¢o) a . e . O < s < t  (22) 

satisfying ~o = x E / ) .  

A finite difference algori thm is obtained using a Markov chain sclmme similar to those described 
in Kushner [5]. Let R ~  denote a coordinate grid of size ~ > 0. We define a system of neighborhoods 
N s ( x ) =  { z E R'~ : z = x or z = x4-~e~  f o r s o m e i  = 1 , . . . , m  } f o r x E  R ~ ' , w h e r e e i E R  m 
denotes t h e i - t h u n i t  vector. We define next b s = / )  13 R ~ ' , D  s = { x E D s : Ns(=) C D s }, 
and OD s = :D s \ D s. We define the jump intensity matr ix  Ls(x ,  z)  of a pure jump Markov process 
{X-r~t , t > 0} taking values in D s by 

L~(x , z )  = 

- I ~ ( z ) l , / 6  if : = =, 

" ~ ( z ) l ~  i~;: = z + , s e ~  and i =  l ,  . . . .  m 

0 if z ¢ N~(x), 

(23) 

with the notat ion lul, = lull + . . -  + I,,,~1 for any u = ( u l , . . . , u , a ) .  If we use an implicit  t ime 
discretization scheme, we obtain the finite difference equation 

* • • pk_ l t x )  , (24) 

for a: E b s and k = 1 , . . . ,  where ck is a normalization constant ,  and the initial  condition p~o's(x) is 
a suitable approximation of the density po(x). This relation can be divided into two steps 

• prediction step : Transport  by the flow gives 

[I - A L}] a ~ "z" a s "z" Pk:~*, ) = Pk=lt ) • 

• corTection step : According to the Bayes formula 

• . v k _ ½ ( = ) ,  

where ck is a normalization constant.  

The following result is proved in Kushner [5] using weak convergence ~ .  ~ X. as ~f ~ 0. 

T h e o r e m  1 Property  ( , )  holds for  the f inite difference nonlinear fi l tering algorithm. 

A finite difference observer. To derive a finite difference algorithm, we still need to constrain tile 
observer problem to a bounded domain. However, because we are going to approximate  (18) , we 
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must consider the ODE (5) as running backward in time, before we constrain it to the convex 
set D. We use the same definition as above for the set v(x) of inward unit normals. For x E 
D, v E R "~, the projection r (x ,  v) of the velocity vector v at z is now given by v if x E D, or 
v + [iv, v*(x, v)) V 01 v:(x,  v) if z e 0D, where v*(x, v) is an element of v(x)  which maximizes iv, v), 
v E v(x). Define then b(z) = -~r(z, -b (x ) ) ,  x E D. By Theorem 5.1 of Dupuis-Ishii [11 again, there 
exists a unique absolutely continuous solution ~ = ~,.t of the constrained ODE 

4 , = b ( ¢ . )  a.e. 0 < s < t ,  (25) 

satisfying ~t = x E D. 

Select/~ E C ( R  "~) non-negatlve,/9 - 0 on D'  C D, with D'  1"30D = 0, and/9 > 0 on OD. Now 
define the value function for x E D, t > 0 by 

I' ,,,,(=) = ~(~0) + [v,(~,) +/9(~,)1 ds ,  (~6) 

where ~ is the solution of the constrained ODE (25).  Then m~(z) is the unique viscosity solution 
of the Hamilton-Jacobi equation, see Lions [6] 

Omt Omt 
- g T  + b . - g 2 - -  ~ - ~ --- o in Z) x (O,S], 

(27t 

cgmt = 0  o n 0 D x ( 0 , 8 ]  
- v -  0---z" 

satisfying the initinl condition too(x) = fl(x) for x E D. In addition, m satisfies in the viscosity sense 

Omt +-~. Om~ 
0"-~ -~x -- Vt - fl = 0 on OD x (0, S ] .  (28) 

Define the corresponding observer as the set 

~, = a r g o n  m,(=) = {= e R - :  m,(~) = 0 ) .  (~o) 
x E K  ~ 

L e t 2 " =  {xofi  D'  : Co(X0) e D', 0 < s < S}. I f x ~ E  2" , t henx ;  e at for a l l0  < t < S, and 
the observer (29) defines a FTO provided the deterministic system ((2)) is obsewable on [0, TI, see 
James [41 . 

We again use a Markov chain finite difference scheme, tIowever, wc discretize the boundary 
equation (28 / rather than the boundary condition in (27) . We use the same definition as above 
for the grid R~ ,  the system of neighborhoods N~(x), and the subsets D s, D s and OD s = D s \ D s of 
the grid R~.  Assume that v = 6 /A is a fixed real number, indicating the "speed" of the algorithm, 
satisfying 

v ___ m ~  Ib(~)l~ • (a0) 

We define the transition probabilities ra's(x,  z) a,s ~ .6  = P(~k-1 = z I = x) for a backward Markov 

chain { ~ , s ,  k = [S /A] , . . . , 0 }  by 

{ 1 - I ~ ( x ) h / ~  i f  z = x ,  

~ . ' ( = , ~ )  = ~ ( ~ ) / ~  i f ~ = = + ~ e ~ a n d  i =  1 , . . . , -~  (31) 

0 if z ¢ Ns(x) • 

Note that E[~_ a I ¢ , s  = x] = --A b(x). 

a,s Markov chain starting at ~ . s  = x If we replace eX t (x) in (18) by the state ~ -1  of the backward 
and take expectations, we obtain the finite difference equation 
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,~ m k _ l ( Z  ) + A [Vk(x ) 4. fl(:T)] , (32) 

for x E/ )6  and k = 1 , . . . ,  [S/A], with initial condition reno'S(x) = fl(x). This relation can be divided 
into two steps 

• prediction step : Transport by the flow gives 

. correction step : The contribution of the new observation zk to the approximate value function 
is given by 

~ " ( x )  = ~_ '~ (x )  + / '  [V~(x) + fl(x)].  

The finite difference observer set is defined by 

~ , a  = argmin m~'a(x). (33) 
zEf l  s 

Obviously, there is no reason for this approximate observer to satisfy the non-asymptotic consistency 
property : in general we can not guarantee that x~' k E ~*~'~, 

The following result is proved in James [4]. 

T h e o r e m  2 If x~ E iT., then property (**) holds for the finite difference observer algorithm. 

R e m a r k  3 It is also shown in [4] that under additional regularity assumptions &st(xiqal ,zt)  = 

o ( ~ )  ,~ ,5 .L o. 

R e m a r k  4 The speed constraint (30) which appears in the finite difference observer algorithm is 
actually a stability condition for the explicit time-discreLization scheme used in (32).  From the 
probabilistic point of view, it ensures that (31) defines transition probabilities. We do not need 
a similar constraint for the finite difference NLF algorithm, because we are using there an implicit 
time-discretization scheme. 

B F l o w - B a s e d  A p p r o x i m a t i o n  

Let us first describe the approximate model we are going to use. 

We assume that  at each time tk, a partition {B~, i E I~} of the state space R 'n is given, and we 
define the discrete I~-valued state n~ by the relation 

{ 4  = i} = {x , ,  (3,,) 

The idea behind our approximation is to suppose that, at  each step of the algorithm, any information 
(e.g. probability distribution, likelihood function, value function) about the continuous state Xth is 
immediately compressed into some information about the discrete state n~. We can think of memory 
constraint as a justification for this compression mechanism. As a consequence~ whenever information 
is needed about the continuous state Xt~, it has to be deduced from the corresponding information 
about the discrete state n~ resulting in compression error. 

Making explicit use of the flow associated with ((5)), we have 

• /El~_l l i ] 
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where 
l~_,[il = { j  6 I~_, : B ~ n ~TJ(BD # O} 

provided ~ solves the ODE ((5)). Notice that in general the set l~_~[i] has finite cardinality. 

Various possible choices are available for the partitions, e.g. 

• I~ = IS_, = I s and B~ = (b~,(B~_,) for all i ~ I s. In this case n s = nS_,, i.e. the discrete state 
process is constant over time, but the sets B~ can become very complicated after some steps. 

• I s = l~S_~ _= I ~ and B~ = B ~a_, for all i 6 I s. In this case, the partition is constant over time, 
but updating the discrete state can be cumbersome. 

Between these two extreme cases, a trade--off has to be found in order to reduce the computational 
burden of updating both the partition and the discrete probability distribution : B~ should both be 
"close" to Ozx(B~_l) and have a simple geometry. 

A flow-based non|incar filter. According to our approximation approach, we introduce the discrete 
a priori and a posteriori conditional probability distributions 

~'~_~ = e(x,~ e B'~ I Y~-,) and ~ = e(x,~ e B~ l y e ) ,  

respectively, where again y ~  = a ( y ~ , . . .  ,y~). Making use of (35) transport by the flow gives 

f dx 

Bi n ¢7~(Bi))" 1 JB P ~ - l ( x ) d x  
JcJ~_~i,] 

Next, according to the Bayes formula 

-;  • max OJ~ (z) c~. #~_½ 
z~B~ 

where c~, is a normalization constant. This approximation can be justified in the small noise case, 
using the Laplace asymptotic formula. 

To obtain a computable algorithm, we introduce new discrete probability distributions tt~_ ½ and 

tt~, and the corresponding densities 

~,6 i B i p~_ ~(~) = ~ _  ½/~( ~) and p~%:) = ~Ua(B'~) i~r ~: e B~ . 
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t i We then define the transition from {t k-l ,  i E Ig_l} to (/t~, i e Ig}, by tim following two sLeps 

• prediction step : Transport by the flow gives 

A(B~_, N ¢~1(B~)) ~_~= ~ ~-, 

• correction step : The contribution of the new observation y~ is given by 

= • -u~_½,  (3a) 

where ck is a normalization constant, and 

~eB~ 

is the generalized likelihood function for tile estimation of n~ based on the observation ya alone. 

Theorem 5 In the case I~ = IS ~ = 16, let {B~o, i e I~} denote a finite partition of a bounded 
domain D with diam(B~) < 6. Then property ( .)  holds for this flow-based nonlinear filtering algo- 
rithm. 

A flow-based observer. According to our approximation approach, we introduce the a priori and a 
posleriori discrctc value functions 

--i - i n f { F ~ _ , ( ~ " " )  : x e B~} and m k = m~_~ - - '  in~{r2(¢'*,~) : x e . ~ }  (37) 

respectively. Making use of ((35)) transport by the flow gives 

- - '  = inf inf{F~_,((t~-"~): z e B ~ _ l n q ~ X l ( B ~ ) } >  inf N{_ . .  
m k - ~  j E l ~ _ , [ i  I - -  ie l~_ l [ i  I " . 

Next, by definition of the functional F~a(~), 

~ = inf {F~_,(~t*'*) + A V,(x) : x e B i }  > fi'i~ , _+A inf Vk(x) . 

Thus the discrete vMue functions satisfy difference inequalities. Unfortunately, this does not give 
a recursive mechanism for computation. Instead, we introduce new discrete value functions i ink- 
and mJ,, and the corresponding value functions 

m~';~(~) = ~ _ ~  and ~ 2 ' % )  = r 4  ~ • ~ ~;;. 
We then define the transition from {m~_,, i e I~_,} to {m~, i e I~ e} by the following two steps 

• prediction step : Transport by the flow gives 

m~_½= inf m~_ 1 . 
jet~_,[q 

• correction step : The contribution of the new observation z~ is given by 

m k =  ~ _ } + A  inf Vk(x) .  
=eB~ 



170 

By construction, it is clear that m~'S(x) >_ 0 and m~'S(z~,) = 0 for the true state trajectory, and we 
define our observel: as the set 

or equivalently 

• ~" = argmin m~"(x)  = (x E R ' ~ :  rn~'S(x) = 0} , 
arEltra 

(38) 

^AJ . 

x k = [.J B], with ~ = { i E I ~  : rn~=O) . 

By an inductive comparison argument, it is easy to show that m~'S(x) < m~(x), with the consequence 
that ~ t  C ~k a ' ' .  Therefore, zT, E ~ " .  

T h e o r e m  6 In the case 12 1~_ I =- I s and B~ B i = = ( I ' a ( k - l )  for all i E I s, let {B~, i ~ I '}  denote 
a finite partition of a bounded domain D with diam(B~) < (5. Ifx~ E D, then property (**) will hold 
for this flow-based observer algorithm. 

As noticed in James [3], the only thing that matters is the argmin set, not the value function 
itself. This remark can be used to design a simplified algorithm for the construction of the set-valued 
observer ((38)). We introduce the piecewise-constant logical value functions m'T~'6(x) taking values 
TRUE or FALSE, and defined iteratively by the following relations 

V 

where 
V~ = { TReE if i n f V k ( x ) = 0  

FALSE otherwise 

It is clear that ~ = TRUE iff m~ = 0, so that an equivalent expression for the set-valued ob- 
server ((38)) is given by 

x~" = U B~ with ~ = {i E I ~ :  ~ = TRUE) • 

Corol la ry  7 Under the assumptions of Theorem 6, property (**) will hold for the simplified algo- 
rithm. 

R e m a r k  8 In the particular case where I~ = I~_ 1 - I a and B~ - ea(B~_~) for all i E I a, the 
algorithms exhibit a parallel structure explicitly. On the other hand, these algorithms assume that 
certain calculations can be made exactly. This is not always possible, in which case one would have 
e.g. to discretize the ODE (5) or use the following approximations 

A(Bf) P(=)& P(=f) xEB~ 

inf re(x) ", m(x~) inf Vk(x) --~ Vk(z~) , 

where x~ is some point in B~. 
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IV Numerical  Experiments 

A A One Dimensional Example 

We consider a one dimensional model with 

b(x, t) = -0 .2x  + 0.8 cos(2.ht) h(x)  = sgn(x) . 

Evcn though the observation function is discontinuous, the convergence results are still valid, see 
James [4]. The location of the trajectory is determined at the first time ~" it crosses the origin, so 
the system is obscrvable. 

Figurc 1 (below) shows results for the simplified (logical) flow-based observer algorithm, with 
the choice I~ = I S 1  =. I s and B~ = (lia(B~_,) for all i e I s, A = 0.05, 8 = 0.02, and noise-free 
observations. The estimate E-, is a one-dimensional set for times t before t*, and zero-dimensional 
after this time. 

Figure 2 illustrates the numerical results obtained from the finite difference nonlinear filter algo- 
rithm. Here, A = 0.05, (5 = 0.005, R = 10 ";4, and the observation path was noise-free. Notice the 
jumps in the conditional mean trajectory and the peaking of the conditional density function each 
time the origin is crossed. Numerical viscosity causes the density to spread between these times. 

Figure 3 shows results for the finite difference observer algorithm, with ~ = 0.02, A = 0.0198, 
v = 1.01, and noise-free observations. The plot of the value function clearly shows the valley 
containing the state trajectory. 

Figure 4 shows results for the flow-based nonlinear filtering algorithm, with the choice 1~ = I~_1 
I s and B~ = @a(B~_l) for all i E I s, A = 0.05, 8 = 0.02, R = 10 -4, and noise-free observations. 
Marginals for the conditional density are shown for times before and after time t*. 

o . , ~ a ,  

o . s o  

u e s  

m 

° o o , ~ s  

. u . . . o ~  

....... W . . . . . . . . .  111111 . I  

1 

I | I ............................ 41 

Figure 1. Flow-based observer, simplified algorithm. 
State xt and estimate ~Et trajectories. 
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F i g u r e  2. Finite difference nonlinear filter. 
(a) State x, and conditionM mean g[zdy, ] trajectories; (b) Conditional density function. 
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Figure  3. Finite difference observer. 
(a) State xt  and estimate St trajectories; (b) Value function. 
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(a) 

(b) 

Figure 4. Flow-based nonlinear filter. 
(a) S ta te  zt trajectory,  90% confidence region, density a t  t = 0.2; 
(b) Sta te  xt trajectory,  90% confidence region, density at  t = 0.5. 
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B A Four  D i m e n s i o n a l  E x a m p l e  

We consider here the problem of target motion analysis, which is to estimate the trajectory (position 
and velocity) of a target moving at constant speed along a straight line at the surface of the sea. 
We suppose that bearings-only measurements are available in discrete time, taken from a moving 
observation platform. If the observation platform itself moves at  constant speed along a straight line, 
the problem is non-observable. However, as soon as the observation platform changes its course, the 
problem becomes observable. Assuming that the direction of motion of the target is known, which is 
true in the case of perfect observations, we can reduce the problem to three dimensions. The state 
vector is X = (x, y, v) and the state equation 

&, = v, /), = 0 /'t = 0 .  

Tile observation function is 
h(x, y, v, t) = arctan[ x - xff 

where (x P, yP) is the (known) position of the observation platform at time t. 

For this problem, the flow is known explicitly, and the flow-based algorithms (for both tile 
nonlinear filtering and the observer case) are explicitly parallelizable. A variant of the flow-based 
NLF algorithm has been implemented at INRIA on a 16K Connection Machine from Thinking 
Machines Corporation. Numerical experiments have been carried out, using noisy observations with 
standard deviations ranging between one and five degrees. The goal is to find better maneuvers, and 
to investigate them off-line. The filter is not intended to be run in real-time on the ship. 
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