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I Models of Partially Observed Systems
We consider partially observed systems of the form

dX, = (X)) dl + o(X,) dW,
(1)
dY; = h(X,)dt + dV,

where {W;, ¢t > 0} and {V;, t > 0} are independent Wiener processes of appropriate dimensions,
with covariance matrices I and I? respectively. We are interested in the state estimation problem,
under various hypotheses concerning a = o 0* and R.

Consider first the two extreme cases : If a = 0 and R = 0, we are dealing with an observer
problem for the deterministic system

Ry = h(Xg)

At the other extreme, if R is non-singular, we are dealing with a nonlinear filtering problem for
the diffusion process (1) . We can also easily handle the following intermediate case : If R is non—
singular and a = 0, we are again dealing with a nonlinear fillering problem but the state cquation is

now an ODE .
{ X; = b(X‘)
dY; = (X)) dt + dV,

Let us point out that the solution of the state estimation problem is radically different, depending
on whether R is non-singular or identically zero. On the other hand, whether a is non-singular,
singular or identically zero only affects the algorithms to be used.

Our purpose is to present, for each of the three main cases described above, a solution to the state
estimation problem, and to suggest some numerical approximation procedures. The general idea is
to study the asymptotics B — 0. As a by-product, we expect to obtain some numerical algorithms
for the nonlinear filtering problem, that are robust when the non-singular matrix R is small.
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I1 Solutions to State Estimation Problems

We assume for simplicity that b € C}{R™,R™) and &k € C}(R™, R?), unless otherwise stated.
Let us begin with the nonlinear filtering (NLF) problem.

O When R is non-singular, the Bayesian approach to the state estimation problem is to compute the
unnormalized conditional probability distribution p(dz) of the state X;, given the past observations
YVi=a(Y,,0< s <t). By definition

(l‘nf} = Et{f(Xs) Zi | Wi,

for any test function f, where
t ¢
Z! =exp {/ h*(X,)RtdY, ~ %/ (X )3 dr} and Z; =2},

and Pt is the reference probability measure. The probability distribution p,(dx) satisfies a stochastic
PDE in weak sense. Usually, this p.d.f has a density w.r.t. the Lebesgue measure, ie. y{dz) =
pi(z)dz. A sufficient condition for this to hold, is that the probability distribution go(dz) of the
initial condition X; has already a density w.r.t. the Lebesgue measure, i.e. po{dz) = po(z)dz. We
will assume that pe(z) > 0 for all z € R™. The unnormalized conditional density p,(z) is the unique
solution of the Zakai equation

dp, = L*pydt + ph*R™' dY; 3

with initial condition po(x), where L* is the formal adjoint of the second-order partial differential
operator

8% 7]
=1 —_— . —_—
L=}ulagzs]+b o,
associated with the SDE
dXy = b(X)dt + o(Xy) dW; . {4

O If in addition ¢ = 0, then the Zakai equation ((3)) becomes a first order stochastic PDE, for
which a representation result is available in terms of the flow ®,(x) associated with the ODE

Xe=b(X) . (5)

Actually, define
Qt o

Jio{z) = det] —=(z) | = exp {f div b(‘I’,...,(a:))df} s

Buw) = exp{ [ ‘h'@,-.(m)m*' @Y, =} [ 1h(@rs(e))fis )

In this case, the unique solution of the Zakai equation ((3)) satisfies

PD1-s(2)) * Jims(2) = Epe(2) - pol) (6)
or equivalently, introducing the logarithmic transform Wi(z) = —log pi(x)
Wi(91-s(2)) — log Ji-s(2) = W, (2) — log E, (<) - O]

We turn now to the observer problem.

Let {z;,0 < t € T} denote the true state trajectory producing the available observation tra-
jectory {2,, 0 < ¢t £ T'}. The idea is to build an observer by considering the limit of a sequence of
nonlinear filtering problems with noise covariances going to zero. Two different cases are possible
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- Introduce small noises of similar intensities in both the state equation and the observation, i.e.
seta=¢fand R=el,

- Introduce a small noise in the observation only, i.e. set a =0 and R =¢].

O In the first case, it is proved in James [2] that
= o,
~elogpi(a) L% mi(2)

in probability uniformly on compact subsets of z € R™, where up to an additive constant independent
of z, mj(z) is the unique solution of the Ilamilton-Jacobi equation
2 Im;

tbr5= V=0, ®)

am!
__‘_+%

at

am;

dx

with initial condition my(z) = 0, in the viscosity sense, where
Vi(w) = Heo— (@) -

In addition, mj(z) is the value function associated with the following control problem. Introduce
first the action functional

¢
Y bR
106 =} [ 16 - W& ds
if £ € C{|0,T]; R™} is absolutely continuous, and I,({) = +oo otherwise. Define also

Fi(g) = /0 Vi) ds = 1 /0 “lzs — h(&) ds .

Then
mij(@) = inf {1(&) + Fu(é) : & =2} .

Clearly mi(z) 2 0 and mj(z;) = 0 for the {ruc state trajectory, and we define our observer as the sct

Fi= argrrrllin my(z) = {x ER™ : mi(z) = 0} . (9)
zelt™

Obviously z} € Z, for all £ > 0. It is proved in James [3] that, provided the deterministic system ((2))
is observable on [0, T] (i.e. the map zo — {z,, 0 < s < t} is injective), the set-valued observer ((9))
is actually a finite—time observer (FTO) on [0,7] (meaning that £} is defined in terms of a recursive
syslem with the property that 2} = {z}} forall ¢ 2 T).

0 In the second case, it follows from equation ((7)) that
—¢logpi() = eW(z) 2 mi(a) ,

in probability uniformly on compact subsets of z € R™, where up to an additive constant independent
of , my(z) is given by

m(@@) = [Vi@ue)ds o mule) = [ V(@) ds,

ie. my(z) = F,(£4%), where £4 is the unique solution of the ODE {(5)) ending in z at time 4. In
addition, m,(z) is the unique solution of the linear first~order PDE
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Im, amy,
oM 5 O™y
o te g V=0,

satisfying the initial condition mg = 0. Just as above, it is clear that my{z) > 0 and m,(z}) = 0 for
the true state trajectory, and we define our observer as the set

argmin my(z) = {n: eR™: m(z) = 0} (10)
zeRm
Ilere again, it is obvious that z} € &; for all £ > 0, and in addition the set—valued observer defined
by ((10)) is actually a FTO on [0,T), provided the deterministic system ((2)) is observable on [0, T).

Note that m(z) = Fy(£"*) where I,(£%%) = 0 (i.e. £ solves the ODE ((5)) cxactly) and &° = =,
whereas in the definition of mj(z), a penalty I¢(£) is put on those trajectories ¢ that do not solve the
ODE ({5)). This is a less severe requirement, and is rellected in the relation mj(z) < my(z). Note
however that £, = Z;. This is the set of those points that are indistinguishable {from the true state
;. In conclusion, the observer {(10)) is more precise than the observer ({(9)), whercas the latter is
expected to be more robust w.r.t. modeling errors.

III Numerical Approximation

In this section, we restrict ourselves to the situation where the state satisfies an ODE, in which case
the solution to the NLF problem is given by ((6}), where R is non-singular, and the corresponding
FTO is given by ((10)), where R =0,

Concerning the approxnmatlon of the NLF ((6)), we wish to compute an approximate normal-
ized conditional density pp*(z) (where A and § denote the time discretization step and the space
discretization step respectively) with the following property

(x) asA,6 |0
E/Rm ‘1’(?/’2}(-”) —ep{z)|de — 0 forallt >0,
where ¢, is a normalization constant.

Concerning the approximation of the FTO ((10)), our approach is to build a family 5 with the
following property

{x+) if the deterministic system {(2}) is observable on [0,T}, then as A,§ | 0
dist(:?ﬁ}g}, {z{}})—0 forallt>T.
A necessary and sufficient condition for {(#x} to hold is dist.(if':‘/"z\}, Z¢) — 0 as A,6 | 0. The approxi-
mate observer Zo will be defined in terms of an approximate value function met(z), ie.
AAJ_{xERm . ?‘E(Q)SCA'E} ,

and a suflicient condition for (s*) to hold is ¢ | 0 and m(,/A](:L') — my(z) uniformly on compact
subsets of R™, as A, 5§ | 0.

Time Discretization
Consider a uniform partition 0 = 43 < -+ < ¢ < «-- of the time interval [0,00), with time step
A =1 —t,_y. The first step is to sample the available observation trajectory.

The nonlinear filtering problem. If noisy observations {Y;, ¢ > 0} are awailable, we first build the
following sequence of compressed observations
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1 7 " i
* B(X,)ds + <[Vl — Vi)

1
yi? = Z[Yi& - Yiba] = A s A

and we use the approximate model
X, = b(Xy)
(11)

3/1? = h(Xy) + "kA
where {v2, k= 1,2,--.} is a Gaussian white noise sequence with covariance matrix R/A.

The solution of the NLF problem for the approximate model ((11)) is given in terms of the a
priori and a posteriori conditional probability densities defined by

Ph-y(@)de = P(Xy €dz | Viy) and  pp(z)dz = P(X, €dz|YP),

respectively, where Y2 = a(y2,--+,yf). The transition from p2_,(z) to p2(z) is divided into two
steps

- prediction step : Transport by the flow gives pf__%(z) = Tp pp_,(z) where {T¢, t > 0} is the
semigroup associated with the linear first-order PDE

%Et-t- = L*p, . (12)
An explicit solution is available for this equation
Pe-1(2a(2)) - Ja(z) = pe_y(2) (13)
or equivalently
[perde= [, o) de, (14)

{or all Borel set A ¢ R™,

- correction step @ According to the Bayes formula
AOEER HORANOR (13)
where
V2 (z) = exp{-}A g — hla)lk}

is the likelihood funclion for the estimation of Xy, in the approximate model {(11)), based on
the observation yf alone, and ¢ is a normalization constant.

Introducing the logarithmic transform W2(z) = — log p(z), it follows {rom from ((13)) and ((15))
that

Wi (z) — log Ja(23'(2)) = —log e + Wi 1(83'(2)) + }4 [y — h(z)[k- - (16)

The observer problem. If perfect observations {z,, ¢ > 0} are available, i.e. R = 0, we can simply
use 2 = 2i,, and our model becomes

{ Xt = b(Xt) (17)

ze = h(X,)

Introducing the asymptotics R = el in the NLF problem and sending € to zero, it follows from

equation ((16)) that

~elog pp*(z) = WP (z) <5 mP(a)
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in probability uniformly on compact subsets of z € R™, where mp(z) satisfies the following relation
mi (z) = mi_1 (03" (2)) + A ViA(2)

where
L 1 ty

1 -
V() = 4z — h(z)]? and 2P = A z,ds = N h(X,)ds # z .
It is clear that m@(z) > 0. Iowever, because the averaged observation z{ used in the definition of
mg(z) is different from the actual observation 2, we have V2(z},) # 0 in general for the true state
trajectory. Therefore, we decide to use the actual observation z; in the definition of mg(z), instead

of the averaged observation 2, i.e.
my (z) = mg 4 (23" (2)) + A Vi(z) (18)
where
Vi(z) = §las = h(z)[* .
This relation can be divided into two steps
+ prediction step : Transport by the flow gives m2_, (x) = Sa m§_,(z) where {S:, ¢ > 0} is the
semigroup associated with the linear first-order PDE

dm, am,

—+4+b—=0. 19
at + Oz (19)

An explicit solution is available for this equation
iy (2a(s)) = my(a) (20)

+ correction step : The contribution of the new observation z; to the approximate value function
is given by
me(z) = m,?_%(z) + A Vi(z) .

We note that
mf_%(m) = FkA_l(Elk'z‘) and mkA(:v) — Fﬁ(f""z) ,

where £4* is the unique solution of the ODE ((5)) ending in x at time t, and the functional F2(¢)
satisfies for all £ € C([0,T]; R™)

FR(8) = FRL(8) + A Vi) = & {Vi(&w) +- + Va(tw)} -

Now il is clear that mf () > 0 and m@ (z},) = 0 for the true state trajectory, and we define our
observer as the set
#5 = argmin mf(z) = {a: ER™: mi(z) = 0} . (21)
zeR™
Obviously =7, € Z¢ for all k, and one can verify using the explicit formulas that mf}, (z) — mu(z)
uniformly on compact subsets as A | 0, with the consequence that property (*x) holds for this
discrete-time approximation.

Model Approximation and PDE Discretization

To obtain computable algorithms, it is necessary to discretize the linear first-order PDE (12) or
(19) involved in the prediction step. Generally speaking, two classes of methods can be used : in
the finite difference approximation (FD) a fixed bounded grid is used, and partial differential opera-
tors are approximated by finite differences on grid points, whereas in the flow-based approximation
(FLOW) the explicit representation (13) or (20) is used to move grid points (or alternatively cells)
along the flow of the ODE (5) .
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A Finite Difference

A finite difference nonlinear filter. To derive a finite difference algorithm, we must first constrain
the nonlinear filtering problem to a bounded domain. Let D C R™ be a m~dimensional open cube.
After Dupuis-Ishii {1], we constrain the ODE (5) to the convex set D as follows. For z € 8D, let
vz)={veR™: [y=1,(r,z -2 <0 forall z € D} denote the set of inward unit normals.
For € D, v € R™, the projection m(z,v) of the velocity vector v at z is given by v if z € D,
or v + l{v, —v*(z,v)} V 0] »*{z,v) if x € 0D, where v*(z,v) is an element of v(z) which maximizes
{v,~v}, v € v(z). Define then ¥(z) = #{(z, b(z}), = € D. By Theorem 5.1 of Dupuis-Ishii [1}, there
exists a unique absolutely continuous solution of the constrained ODE

£,=5(¢) ae0<s<t (22)

satisfying &=z € D.

A finite difference algorithm is obtained using a Markov chain scheme similar to those described
in Kushner [5]. Let R}* dencie a coordinate grid of size § > 0. We define a system of neighborhoods
Ni(z) ={z€RP : z=z orz = x4 forsomei = 1,...,m } for z € RP, where ¢; € R™
denotes the i-th unit vector. We define next D* = D n Ry, D® = { z € D® : Ns(z) c D® },

and 8D° = D* \ D®. We define the jump intensity matrix Ls(z,z) of a pure jump Markov process

{Tj, t > 0} taking values in D® by

—|B(z)/6 ifz=az,
Ls(z,2) = 3';*(:::)/6 ifz=ztbe;and i=1,...,m (23)
0 if 2 ¢ Ng(z),

with the notation |uly = Ju;] + -« + Jup| for any u = (us,--+,un). If we use an implicit time
discretization scheme, we obtain the finite difference equation

pe@) - A X Lis,2) 5() = - WP () - pi\(a) (24)
2ENi(z}

forz € D% and & = 1,- .-, where ¢; is a normalization constant, and the initial condition pDA"’(x) is
a suitable approximation of the density po(x). This relation can be divided into two steps

- prediction step : Transport by the flow gives
(- & L] 52, (2) = pf(2) -
- correction step : According to the Bayes formula
() = o 9P() 4 (a)
where ¢; is a normalization constant.

The following result is proved in Kushner [5] using weak convergence X=X asé) 0.
Theorem 1 Property (%) holds for the finite difference nonlinear filtering algorithm.

A finite difference observer. To derive a finite difference algorithm, we still need to constrain the
observer problem to a bounded domain. However, because we are going to approximate (18), we
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must consider the ODE (5) as running backward in time, before we constrain it to the convex
set D. We use the same definition as above for the set v(x) of inward unit normals. For z €
D, v € R™, the projection x(z,v) of the velocity vector v at z is now given by v if z € D, or
v+ [{v,»*(2,v)} VO] »*(2,v) if z € D, where v*(z,v) is an element of v(z) which maximizes (v, ),
v € v(z). Define then ¥(z) = —n(z, —b(z)), z € D. By Theorem 5.1 of Dupuis-Ishii [1] again, there
exists a unique absolutely continuous solution ¢ = £%* of the constrained ODE

L=0t) aec0<s<t, (25)

satisfying & =z € D.
Select 8 € C(R™) non-negative, § = 0 on D' C D, with D'N 3D = §, and § > 0 on 3D. Now
define the value function forz € D, £ > 0 by

ma) = Aleo) + [ V(&) + AEN s (20)

where ¢ is the solution of the constrained ODE (25) . Then my(z) is the unique viscosity solution
of the Hamilton-Jacobi equation, see Lions [6]

Bm, 6m¢ - .
--a—t-+b-~5;—-—V,—ﬂ_0 me(O,S],
(27)
3m¢
-V - —a—x——o onan(O,S],

satisfying the initial condition mq(z) = f(z) for z € D. In addition, m satisfies in the viscosity sense

émy, -~ Omy

-'-52—'-}-3) ax—-Vg B=0 ondDx{(0,5]. (28)
Define the corresponding observer as the set
£; = argmin my(z) = {x €ER™ : mz) = 0} . (29)
zeR™

Let T = {zo € D' : O,(z0) € D', 0 < s < S} Ifzy €I, thenz; € Fforall0 <¢ <5, and
the observer (29) defines a FTO provided the deterministic system ((2)) is observable on [0, T}, see
James {4}.

We again use a Markov chain finite difference scheme. However, we discretize the boundary
equation (28) rather than the boundary condition in (27) . We use the same definition as above
for the grid R, the system of neighborhoods Nj(z), and the subsets D%, D® and 8D% = D*\ D® of
the grid RY. Assume that v = §/A is a fixed real number, indicating the “speed” of the algorithm,
satisfying

v 2 max [B(z))s - (30)
We deﬁne the transition probabilities 74%(z, z) P(Ert = 2 | £° = 1) for a backward Markov
chain {¢87°, k = [S/4),...,0} by
1= 8(z)/v ifz==z,
#¥(z,2) = { BF(a)fv fz=zxéeandi=1,...,m {(31)
0 if 2 & Ng(z) .

Note that B2 ~ 27 | ¢8F = 2] = —A B(z).

If we replace ®3!(z) in (18) by the state o) of the backward Markov chain starting at e
and take expectations, we obtain the finite difference equation
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mpt(e) = ) 7%%(z,2) mpi(2) + A [Vi(z) + Blz)] , (32)

+€Ns(z)

forz € Df and k= 1,...,[S/A], with initial condition m5>*(z) = f(z). This relation can be divided
into two steps

- prediction step : Transport by the flow gives

As AS
mk_%(m) = x2f mel (=) .
- correction step : The contribution of the new observation z; to the approximate value function
is given by as ns
my " (z) = m 7y (<) + A [Va(z) + B(=)] -

The finite difference observer set is defined by
2 = argmin mp(x) . (33)
zeD?

Obviously, there is no reason for this approximate observer to satisfy the non-asymptotic consistency

property : in general we can not guarantee that z], € £,

The following result is proved in James [4].
Theorem 2 If z§ € Z, then property (%+) holds for the finite difference observer algorithm.

Remark 3 I{ is also shown in [4] thatl under additional regularily assumptions dist(iﬁ}i],x;) =

O(V8)asélo.

Remark 4 The speed constraint (30} which appears in the finite difference observer algorithm is
actually a stability condition for the explicit time~discretization scheme used in (32) . From the
probabilistic point of view, it ensures that (31) defines transition probabilities. We do not need
a similar constraint for the finite difference NLF algorithm, because we are using there an implicit
time-discretization scheme,

B Flow—Based Approximation

Let us first describe the approximate model we are going to use.

We assume that at each time tg, a partition {Bf, i € I} of the state space R™ is given, and we
define the discrete If-valued state nd by the relation

{nf =i} ={x4€Bi}. (34)

The idea behind our approximation is to suppose that, at each step of the algorithm, any information
{e.g. probability distribution, likelihood function, value function) about the continuous state X, is
immediately compressed into some information about the discrete state nf. We can think of memory
constraint as a justification for this compression mechanism. As a consequence, whenever information
is nceded about the continuous state Xy, it has to be deduced from the corresponding information
about the discrele state nf, resulting in compression error.

Making explicit use of the flow associated with ((5)), we have

{eneBi}={t,,eoaB)}= U {t eBi,nez(z)}, (35)

Jer§_ (i
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where ) .
Balil={jel, : B, naz'(B})+#0},
provided £ solves the ODE ((5)). Notice that in general the set JZ_,[¢] has finite cardinality.

Various possiblc choices are available for the partitions, e.g.

I8 =If_,=1°and B = ®,(Bj_,) for all i € I%, In this case n§ = ni_,, i.e. the discrete state
process is constant over time, but the sets B} can become very complicated after some steps.

s If =1, =1I°and B! = B}_, for all i € I°. In this case, the partition is constant over time,
but updating the discrete state can be cumbersome.

Between these two extreme cases, a trade—off has to be found in order to reduce the computational
burden of updating both the partition and the discrete probability distribution : Bj should both be
“close” to ®a(B}_,) and have a simple geometry.

A flow-based nonlinecar filter. According to our approximatiion approach, we introduce the discrete
a priori and a posteriori conditional probability distributions

ﬁ;c—% = P(X,, EB}: lyl?—l) and ﬂ;;:P(ng EBI';!ykA) )

respectively, where again Y = o(y®,--+,yf). Making use of (35) transport by the flow gives

ﬁi_g = 3y, P(X4,€Bi,ne3'(Bl) VL)

Jef
. ) 1
= MBl_,ndYB))- _ ) & (2)dz
jeg;l(q ( ! A( *)) ’\(BJ-J ﬂ@z’(B;‘)) Bi_‘nQZI(Bi) P 1( )
~ Y MBI NO(B)) = [, Piui(=)dz
PRI 1 MBIy e,
Y I SIAL )
€l 1 ABi_,)
Next, according to the Bayes formula
G a A
A = Ck j;i ¥ {x) p,:_%(m) de
Ve (@) pe_yl2) da

A Bk
= ¢ /.p_:_(l‘)dz-
b Pt (@)
B Fe

— A
oo fy_ 1 -max Ve (z
k /1,,_,1; zeB; k( ) 3

where ¢; is a normalization constant. This approximation can be justified in the small noise case,
using the Laplace asymptotic formula.

To oblain a computable algorithm, we introduce new discrete probability distributions ;ti_ 3 and

i, and the corresponding densities

(@) = py/MBY)  and pe’(z) = u/MBY)  iffzceB.
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We then define the transition from {u}_,, i € £{_,} to {u}, i € I{}, by the following two steps

- prediction step : Transport by the flow gives
. . ABi_,n®3'(BL))
i J k-1 1195 (B
Iuk-’s - E Hr-1 A(B’,,l)

Jeni_ [0

- correction step : The contribution of the new observation y is given by
Bo=cn Ry s (36)
where ¢ is a normalization constant, and
Rl = max ¥2(x
k =€ B“; k( ) ]
is the generalized likclihood function for the estimation of nf based on the observation yf* alone.

Theorem 5 In the case If = If_, = I°, let {B}, i € I’} denote a finile partition of a bounded
domain D with diam(Bj) < §. Then property (x) holds for this flow-based nonlinear filtering algo-
rithm.

A flow—based observer. According to our approximation approach, we introduce the a priori and a
posteriori discrete value {unctions

.y = inf {F2,(¢%°) : c € B}} and = inf {FA(£"") : z € Bl} , (37)

respectively. Making use of ((35)) transport by the flow gives

mi_y = inf inf{FA,(¢%*):ze Bl ,nez}(BH}> inf .
Mt ’.Q}?_’m n { Pl (4 )+ z € Bi_, n®5Y( k)} ”je;,’fl_lli}mk 1
Next, by definition of the functional F2(¢),
iy = inf {F2, (") + A Vi(z) : z € B} > Ay + A inf, Vi(a) .
Ty

Thus the discrete value functions satisfy difference inequalities. Unfortunately, this does not give
a recursive mechanism for computation. Instead, we introduce new discrete value functions m)_,
2

and mj, and the corresponding value functions
mf_"l(x) = m,’;_% and mpt(z) = mi iffz € B .
We then define the transition from {mi_,, i € I{_,} to {m}, i € I} by the following two steps

- prediction step : Transport by the flow gives

mi_y = inf mj_,.
3 et

- correction step : The contribution of the new observation z; is given by

mi = mi_;_ +A xiélg;‘wg(m) .
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By construction, it is clear that m2*(z) > 0 and mf’s(x;‘*) = 0 for the true state trajectory, and we
define our observer as the set

28 = argmin mp¥(z) = {x ER™ : mp¥(z) = 0} . (38}
rclitm

or equivalently ) .
glf=UB with B={iell:mi=0}.
i€}
By an inductive comparison argument, it is easy to show that m2*(z) < m# (), with the consequence
that 28 € £5°°. Therefore, z}, € 5" .

Theorem 6 In the case If = If_; = I’ and B = ®5(Bj_,) Jor all i € I’, let {Bj, i € I’} denote
a finite partition of a bounded domain D with diam(Bg) < 6. If a5 € D, then property (x) will hold
for this flow-based observer algorithm.

As noticed in James [3], the only thing that matters is the argmin set, not the value function
itself. This remark can be used to design a simplified algorithm for the construction of the set-valued
observer ((38)). We introduce the piecewise-constant logical value functions 2" (z) taking values
TRUE or FALSE, and defined iteratively by the following relations

mi~l = V mf;—l ’
jelf_y 1
m=m,_ AV,
where .
TRUE  if inf Vi(z) =0
i z€B;
Vi =
FALSE  otherwise

It is clear that i, = TRUE iff m} = 0, so that an equivalent expression for the set-valued ob-
server {(38)) is given by

%= | Bi with f,f:{iej,f : rn;;zTnUE} .
i€l?

Corollary 7 Under the assumptions of Theorem 6, property (x*) will hold for the simplified algo-
rithm.

Remark 8 In the particular case where If = I{_, = I° and B} = ®a(Bj.,) for all i € I, the
algorithms exhibit a parallel structure explicitly. On the other hand, these algorithms assume that
certain calculations can be made exactly. This is not always possible, in which case one would have
c.g. to discretize the ODE (5) or use the following approximations

i ~ N A ~ LD i
SO Jug PO > B maxwi(e) = vGe),
jntm(@) x m(e) i Vile) = W),

where z is some point in Bj.
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IV  Numerical Experiments

A A One Dimensional Example
We consider a one dimensional model with
b(z,t) = —0.2z + 0.8 cos(2.5t) h{z) = sgn(z) .

Even though the observation function is discontinuous, the convergence results are still valid, see
James [4]. The location of the trajectory is determined at the first time £* it crosses the origin, so
the system is obscrvable.

Figure 1 (below) shows results for the simplified (logical) flow-based observer algorithm, with
the choice If = If_, = I’ and B] = ®(Bi_,) for all i € I, A = 0.05, § = 0.02, and noise-free
observations. The estimate Z; is a one-dimensional set for times ¢ before t*, and zero-dimensional
after this time.

Figure 2 illustrates the numerical results obtained from the finite difference nonlinear filter algo-
rithm. Here, A = 0.05, § = 0.005, 2 = 10~%, and the observation path was noise-free. Notice the
jumps in the conditional mean trajectory and the peaking of the conditional density function each
time the origin is crossed. Numerical viscosity causes the density to spread between these times.

Figure 3 shows results for the finite difference observer algorithm, with § = 0.02, A = 0.0198,
v = 1.01, and noise-frece observations. The plot of the value function clearly shows the valley
containing the state trajectory.

Figure 4 shows results for the flow-based nonlinear filtering algorithm, with the choice If = If_; =
I’ and B = ®a(B}_,) forall i € I’, A = 0.05, § = 0.02, R = 10~%, and noise~free observations.
Marginals for the conditional density are shown for times before and after time ¢*.

100 |- -

078 |- -

Figure 1. Flow-based observer, simplified algorithm.
State z; and estimate Z, trajectories,
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Figure 2. Finite difference nonlinear filter.
{(a) State z; and conditional mean Blz,|),] trajectories; (b) Conditional density function.
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Figure 3. Finite difference observer.
(a) State z, and estimate T, trajectories; (b) Value function.
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time = 0,20

050 §- =

(a)

tiroe = 0.50

e =

(b}

Figure 4. Flow-based nonlinear filter.
{(a) State z, trajeclory, 90% confidence region, density at £ = 0.2;
(b) State z; trajectory, 90% confidence region, density at ¢ = 0.5.
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B A Four Dimensional Example

We consider here the problem of target motion analysis, which is to estimate the trajectory (position
and velocity) of a target moving at constant speed along a straight line at the surface of the sea.
We suppose that bearings—only measurements are available in discrete time, taken from a moving
observation platform. If the observation platform itself moves at constant speed along a straight line,
the problem is non-observable. However, as soon as the observation platform changes its course, the
problem becomes observable. Assuming that the direction of motion of the target is known, which is
true in the case of perfect observations, we can reduce the problem to three dimensions. The state
vector is X = (z,y,v) and the state equation

.’i’g:m f/¢=0 l')¢=0.

The observation function is
z—zP

h{z,y,v,t) = arctan| B

where (z7, yf) is the (known) position of the observation platform at time t.

For this problem, the flow is known explicitly, and the flow-based algorithms (for both the
nonlinear filtering and the observer case) are explicitly parallelizable. A variant of the flow-based
NLF algorithm has been implemented at INRIA on a 16K Connection Machine from Thinking
Machines Corporation. Numerical experiments have been carried out, using noisy observations with
standard deviations ranging between one and five degrees. The goal is to find better maneuvers, and
to investigate them off-line. The filter is not intended to be run in real-time on the ship.

Acknowledgment: Research supported by NSF Grant “USA-France (INRIA) Collaborative Re-
scarch in Stochastic Control” NSF-INT-89-06965.
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