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ABSTRACT

Localization, navigation and tracking form a special appli-
cation domain of Bayesian filtering, where the position and
velocity of a mobile (and possibly additional hyper—parame-
ters) should be estimated based on (i) a prior model for the
possible displacement of the mobile, (i) noisy measurements
provided by a sensor, and (iii) a georeferenced information
source (digital map, reference data base, etc.), providing for
each spatial position an estimate of the quantity measured by
the sensor. For example in terrain—aided navigation (TAN) a
radio-altimeter combined with an inertial navigation system
(IN'S) provides an estimation of the terrain height below the
platform, which can be correlated with the terrain height at
each horizontal position, as read on a digital map. In wire-
less communications, the signal power received by the mo-
bile from an access point (WiF1) or from a base station (GSM,
UMTS) and measured by the maobile itself, can be correlated
with another estimation of the signal power received at each
spatial position, as read on a digital attenuation map or from
a reference data base.

Values read on a digital map are usually subject to er-
rors which are in general spatially correlated and modeled as
Gaussian random flelds, with a known correlation function.
This results in a temporal correlation of measurement noises,
which should be accounted for in evaluating the likelihood
function, an essential step in the derivation of the equation for
the Bayesian filter. The method described below shows how
to perform this evaluation in an optimal way, using classical
properties of Gaussian random vectors, and how to implement
numerically the resulting Bayesian filter in terms of a particle
filter.

1. SPATTIAL ERROR MODEL

The value ¢ ap () read on the digital map at the spatial posi-
tion r differs from the true value ¢(r} by a global bias b which
1s assumed independent of the position r and by an additive
Gaussian noise £(r) with zero mean and variance o2(r), and
with correlation coefficient p(r, v} depending on positions r
and v/, 1.e.

Ele(r}e(r}] = o(r)o(r'} plr, '),
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with —1 < p(r, v} < 1. Notice that p(r, ') = 1 automat-
ically reflects that errors due to the map at two different in-
stants are the same if the mobile has the same spatial position
at these two different instants. At time ¢, a value ¢y, is pro-
vided by the sensor, with an additive non necessarily Gaussian
error V},, independent of the error due to the digital map. In
view of

(fbmap(rkz} = ‘?B(Tk) +b+ E(Tk} y
and

= d(ri) + Vie s

the following observation equation

(f'sk ES (f)map(rk) - b+Vk - E(Tk):

1s obtained after elimination and relates the measurement ¢y,
with the unknown spatial position .

Notice that in integrated navigation problems, the state
variable is the inertial estimation error dry, = r, — r}c‘“ rather
than the raw position ry, where the preliminary estimation
i in position is obtained as an output of INS, and accord-
ingly the observation equation is usually written in the form

P = (fbmap(ﬂcns +6Tk:} —b4+Vy— E(?"Lns +5Tk) ,

with a prior model for the inertial estimation error dr ;.

The following model is considered, where hidden states
{ X4} form a Markov chain with values in a space £ — not
necessarily a Huclidean space — with initial probability dis-
tribution
P[Xo € dz] = noldz) ,

and transition probability kemels
PXy € da’ | Xp—1 = ] = Qrlx, dx') .
Scalar observations { ¥}, } are related to hidden states by
Vi = hie( X} + Vie + £(Xx)

where {V}.} is a sequence of independent — not necessarily
Gaussian — random variables, and {&(z), = £ E} is a scalar
Gaussian random field with zero mean, variance ¢2{x) and
correlation function p(z, 2’} for any z, 2" € E. Tt is assumed
that the Markov chain { X}, the noise sequence {V)} and
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the Gaussian random field {{z), z £ E} are independent,
but clearly the random variables {£{X}} are correlated, and
are dependent on the Markov chain { X}, which makes the
problem non standard. As a result, conditionnally w.rt. the
hidden sequence Xo., = (Xo, -+, X, ), the random vector

{(e(Xo), - ,e(X,}) is Gaussian, with zero mean and covari-
ance matrix

Roin = (B0 ki=0,1, 0 »
defined by

R =0(Xy) o (X)) p(Xe, X1} .

2. GAUSSIAN SENSOR NOISE

Consider first the case where the sensor noise {V} is mod-
eled as a Gaussian white noise sequence, and where V3 has
zero mean and variance ¢. Conditionnally on Xo.,, = zg.,
the observations Yp.,, = (Yo, -+, V) form a Gaussian ran-
dom vector, with mean vector

mO:n(IO:n) = (mk(lk)}kzo,l,--- s

defined by
mp(zr) = he{zk)

and covariance matrix
Rg. (@0 ) = (By j(@k, 20 )k =01, 1 s
defined by
Ry (g, @) = o3 O 1 + o(zr) o{x) p(xk, 71) -

2.1. Memoryless channel property

Introducing the block decomposition

R 1(mom—1)  Snlzon)
b
Sy (xon) o*(@n) + op
for the covariance matrix, it follows that a simple recursive
expression holds for the inverse information matrix

Ig.n(om) = Ron (z0m)

(T Tizon)
o)

Ig’:nfl (:CO:TL*I} 0
0 L/AS (2.0

I 0
P T
where by definition

T;f(ﬂfo:n} = [()l;nfl(IO:n—l} Sn(IO:n} »

Rg:n(IOZn) = (

and
A% (zom) = o* (zn) + ‘77%
- S:L (IOZTL) jrg:nfl(x[):nfl) Sn(ID:n) 5

is the Schur complement of the matrix RS, ;(xom,—1) in the
block-matrix Rf.,, (., ), hence

|’Un - TS* (330:71,) UO:n—1|2
Al {@oin )

* a
+ Yom—1 IO:nfl(a:OZn—l) Voin—1

ﬂg:n Itt)l:n (IO:TL) Yo =

and in addition

det If,. 1 (z0o:n—
det IS, (z0:n) = Z(;E 0) 1)

Therefore

IEDD!/O?:, = dyO:n ‘ XO:n — IO:n]
= H Qk(yk, Hoik—1; Io:k} dyo - dipn, ,
k=0
with

1
Gk, Yo:k—1, Tock) = ——
( )= Ao

S
L g
Q30:3{3)

— T8 (@o:) (Wouke—1 — Mokt (woe—1)) [P} .

In other words, the classical memoryless channel property
holds in path—space and the equation for the Bayesian filter
results immediately, as well as its numerical implementation
in terms of particle filters.

2.2. Bayesian filter

The idea is to introduce the Markov chain { X, } with values
1n path—space, with imtial probability distribution

P[Xoo € dz] = no(dx),
and transition probability kernels
P[onk < CEIB;k | Xogp_1= ID:kfl}
= dxg (daz{))- e 533&;71(0!33@:71) Qrlrr_1, dxfk) )

and to express the conditional probability distribution of the
hidden state Xj.,, given cbservations Yj.,, as

<’YO:na QSO:TL)

(paim, dn} = Eldoin (Xom) | Yom] = 2o
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where
<’YO:na¢0:n> == ¢’0 TL(XOTL H XO k)

for any bounded measurable function ¢g.,, defined on the path—
space oy, = E x -+ x E, and where

gre{zox) = 9(Ye, Yo:u—1, Zo:k)

with the usual abuse of notation. The expectation in the above
definition only concerns the random variables X, and the
observations Y., are considered as parameters.

2.3. Particle approximation

The interpretation of the Bayesian filter in terms of Feynman—
Kac flows in path-space [1] results in the following particle
approximation

Mz

Hom = Wy, gOn with Zw

i=1 i=1

in terms of the weighted empirical probability distribution
associated with the particle system (&1, &N ) in path—
space. The resulting SIR algorithm can be described as fol-
lows

For k = 0, independently for¢ =1,... | N
o simulate & ., ~ no(dx),
o define the weight wi oc go (&l )-
For any k > 1, independently fori =1,--- , ¥V

, IV} according to
,wfc\il}, and select Eg:kfl accord-

e simulate 7} with values in {1,
weights (wi ,, .-
; i T
mgly as £g.p_1 = &oo 1>

o simulate &} ~ Qu(E £ 1, da’), and define a new path
& asély, = (%:k-v&):

o define the new weight w}, oc gi(€.,.).

3. NON GAUSSIAN SENSOR NOISE

In the general case, the sensor noise {V3} is modeled as a
sequence of independent random variables, and V), has prob-
ability distribution ¢} (v) dv. Conditionnally on Xg., = 0.
and V., = vou, the observations Yo, = (Yo, , ¥, ) form
a Gaussian random vector, with mean vector

mg;n (IO:na 'UO:n) = (m%(xk: vk))k:o,l,--- £

defined by
mi(xy, vi) = he(ze) + v,

and covariance matrix

Rozlom,) ={(Bi llawE) elevrs »

defined by
Ry g(xp, 21} = o(xw) o(x) plak, x1)

3.1. Memoryless channel property
Introducing the block decomposition

RO:n—l(xO:n—l} Sn(£0n)>

S (o:n) o? ()

Ro:n(xo;n) = (

for the covariance matrix, it follows that a simple recursive
expression holds for the inverse information matrix

IDZTL(IOZTL) — R&;(Io:nfl)

B I 7Tn(10:n)
)

JTO:nfl(IO:nfl) 0
0 1/An(33ﬂ))

I 0
(—T;i (zo:n) 1) ’

TTL(IDZTL) = IO:nfl(IO:nfl)Sn (IO:H) s

where by definition

and

An(lo:n) = 0'2 (In) - S:,(:COn) IO:n—l(IO:n—l) Sn(xo:n) »

1s the Schur complement of the matrix Rq.,,_1(2g.,—1) in the
block-matrix Ko.n (0.5 ), hence

|'Un - T;: (IDZTL) U[):7'L71|2

A7‘&(330:71,}

¥
+ Vg1 ID:nfl(IO:nfl) Voin—1,

@S:n IO:n (IO:n) Yoin =

and in addition

det IO:n—]_ (IOZ?‘L—].)
AH(IDZH)

det IO:n(l"O:n) =

Therefore

IEDD/YO:TL = dyO:n ‘ XD:n = X0:n %:n = UO:n]

= H 9 (Yks Y0:ke— 1, TO:k Vouke) Ao - -
k=0

din
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with
1
Ap(zo:x)
1

eXP{*m | 4 — mi(zh, Vi)

Qﬁ(yk, York—1, Fo:ks Uo:k} =

— Ti (zok) (York—1 — MEg_1(To:k—1, Yok—1)) |*} -

In other words, the classical memoryless channel property
holds in path-space and the equation for the Bayesian filter
results immediately, as well as its numerical implementation
in terms of particle filters.

3.2. Bayesian filter

The idea 1s to introduce the Markov chain { (Xo.,, Vo.n 1} with
values in augmented path—space, with initial probability dis-
tribution

P[Xoo € dz, Vo 0 € dv] = no(dx) qg';(v)dv ;
and transition probability kernels
IED[X():k = dIB;ka Vour € d’UB;k | Xob—1 = Zo:—1,

Voik—1 = 'U[):kfl}
= Ogg (dzg) -+ Oy (dle_1} Qulan—1, day)

g6 (b}~ i (v} dug -+ d,,

and to express the conditional probability distribution of the
hidden state { Xo.n, Von ) given observations Y., as

<'ug3n’¢0m'> = E[(f)o:n(XO:na VO:n) ‘ Y‘O'n] - %
where
(Voens Poin) = Elgon(Xoim, Voun) [ 9f(Xo, Vour) ],
k=0

for any bounded measurable function ¢y, defined on the aug-
mented path-space £¢,, = E x --- x E x R**!, and where

gﬁ (IO:k: vO:k) == gﬁ(Yk: YO:kfla X0k, 'UO:k) )

with the usual abuse of notation. The expectation in the above
definition only concerns the random variables Xg., and Vj.;,
and the observations Yj.,, are considered as parameters.

3.3. Particle approximation

The interpretation of the Bayesian filter in terms of Feynman—
Kac flows n augmented path—space [1] results in the follow-
ing particle approximation

N N
o 7 > W 5(58-w v ) with > wl =1,
=1 ' : i=1

in terms of the weighted empirical probability distribution
associated with the particle system (£3.,, -+, €2} in aug-
mented path-space. The resulting SIR algorithm can be de-
scribed as follows :

For k = 0, independently fori =1,--- | N
o simulate &5 ~ no(dz) and v, ~ gf (v) du,
e define the weight w} o< g& (&0, V.0 -
Forany k > 1, independently foréi =1,... | N

e simulate 7} with values in {1,..., N} according to
weights (w}_|, ,wj;\r_l),‘ and select (fg:k_l,ﬁg:k_l)
2 2
accordingly as {5,y = fg:kieq and v, = Ug:kic—p
o simulate & ~ Qu(E7_,, da’) and v} ~ ¢¥ (v)dv, and
define anew path (£f ;, v, ) as &, = (&6, 1, &L) and
cineans AN : .
Vo = (Vok—15 Vk)>

e define the new weight w} o< g2 (€5, vi ).

4. CONCLUDING REMARKS

The size of the problem, e.g. the dimension of the information
matrices 1§, (xp.,} and [y, (x.,), increases with the time
horizon n. This cannot be avoided, and it is the price to be
paid to account for the possibility in a navigation or tracking
problem that after a long excursion the mobile returns now to
a region where 1t was before, which implies that the error due
to the map now 1s the same as, or i1s highly correlated with,
the error due to the map before.

Notice that in the special case of a Gaussian sensor noise, two
different particle approximations have been presented, which
depend on

¢ whether the sensor noise is incorporated in the mean
vector mé.., (To.ms Vo:n s

¢ or its variance is incorporated in the covariance matrix
Rg:n(x()iﬂr}'
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