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Summary. A sequential particle algorithm proposed by Oudjane (2000) is studied
here, which uses an adaptive random number of particles at each generation and
guarantees that the particle system never dies out. This algorithm is especially useful
for approximating a nonlinear (normalized) Feynman-Kac flow, in the special case
where the selection functions can take the zero value, e.g. in the simulation of a
rare event using an importance splitting approach. Among other results, a central
limit theorem is proved by induction, based on the result of Rényi (1957) for sums
of a random number of independent random variables. An alternate proof is also
given, based on an original central limit theorem for triangular arrays of martingale
increments spread across generations with different random sizes.

1 Introduction

The problem considered here is the particle approximation of the linear (un-
normalized) flow and of the associated nonlinear (normalized) flow, defined
by

(o 8) = El6(X) [ on(Xe)] and () = 1220
k=0 <’Yna 1>
for any bounded measurable function ¢, where {X;, k = 0,1,--- ,n} is a

Markov chain with initial probability distribution 7y and transition kernels
{Qk,k=1,--- ,n}, and where {g, k =0,1,--- ,n} are given bounded mea-
surable nonnegative functions, known as selection or fitness functions. This
problem has been widely studied [3] and the focus here is on the special case
where the selection functions can possibly take the zero value. Clearly

Ye = gk (Ve—1 Q) = gr (-1 Q) (Ve—1,1) and Yo=9gomo , (1)

or equivalently 7, = 7x—1 Ry where the nonnegative (unnormalized) kernel
Ry, is defined by Ry(z,dz’) = Qk(z,dx’) gr(z'), hence

H.A.P. Blom, J. Lygeros (Eds.): Stochastic Hybrid Systems, LNCIS 337, pp. 351-389, 2006.
© Springer-Verlag Berlin Heidelberg 2006



352 F. LeGland and N. Oudjane

(Vs 1) = (pw—1 Qs gk) (Yr—1,1) and (70, 1) = (0, 90) , (2)

and the minimal assumption made throughout this paper is that (v,,1) > 0,
or equivalently that (ng,go) > 0 and (ug—1 Qg,gr) > 0 for any k =1,--- | n,
otherwise the problem is not well defined. There are many practical situations
where the selection functions can possibly take the zero value

e simulation of a rare event using an importance splitting approach [3, Sec-
tion 12.2], [1, 6],

e simulation of a Markov chain conditionned or constrained to visit a given
sequence of subspaces of the state space (this includes tracking a mobile in
the presence of obstacles : when the mobile is hidden behind an obstacle,
occlusion occurs and no observation is available at all, however this infor-
mation can still be used, with a selection function equal to the indicator
function of the region hidden by the obstacle),
simulation of a r.v. in the tail of a given probability distribution,
nonlinear filtering with bounded observation noise,
implementation of a robustification approach in nonlinear filtering, using
truncation of the likelihood function [10, 16],

e algorithms of approximate nonlinear filtering, where hidden state and ob-
servation are simulated jointly, and where the simulated observation is
validated against the actual observation [4, 5, 18, 19], e.g. when there is
no explicit expression available for the likelihood function, or when a like-
lihood function does not even exist (nonadditive observation noise, noise—
free observations, etc.).

This work has been announced in [12], and it is organized as follows. In
Section 2, the (usual) nonsequential particle algorithm is presented, and the
potential difficulty that arises if the selection functions can possibly take the
zero value, i.e. the possible extinction of the particle system, is addressed.
Refined L' error estimates are stated in Theorem 1, for the purpose of com-
parison with the sequential particle algorithm, and the central limit theorem
proved in [3, Section 9.4] is recalled. In Section 3, the sequential particle al-
gorithm already proposed in [15, 11] is introduced, which uses an adaptive
random number of particles at each generation and automatically keeps the
particle system alive, i.e. which ensures its non—extinction. The main contri-
butions of this work are ! error estimates stated in Theorem 3 and a central
limit theorem stated in Theorem 4. An interesting feature of the sequential
particle algorithm is that a fixed performance can be guaranteed in advance,
at the expense of a random computational effort : this could be seen as an
adaptive rule to automatically choose the number of particles. To get a fair
comparison of the nonsequential and sequential particle algorithms, the time—
averaged random number of simulated particles, which is an indicator of how
much computational effort has been used, is used as a normalizing factor. The
different behaviour of the two particle algorithms is illustrated on the simple
example of binary selection functions (taking only the value 0 or 1). The proof
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of Theorem 4 relies on results stated in Section 4 for sums of a random number
of i.i.d. random variables, especially when this random number is a stopping
time. A conditional version of the central limit theorem, known in sequential
analysis as the Anscombe theorem and proved in [17], is stated in Theorem 6,
and a central limit theorem for triangular arrays of martingale increments
spread across generations with different random sizes, is stated in Theorem 7.

The remaining part of this work is devoted to proofs of the main results.
The central limit theorem for the sequential particle algorithm, stated in The-
orem 4, is proved in Section 5 by induction, based on the central limit theorem
stated in Theorem 6 for sums of a random number of i.i.d. random variables,
and an alternate proof is given in Section 6, based on the central limit theo-
rem stated in Theorem 7 for triangular arrays of martingale increments spread
across generations with different random sizes. Finally, Theorems 6 and 7 are
proved in Appendices A and B respectively. Further details, including the
proofs of Theorems 1 and 3 can be found in [13, Sections 5 and 6].

2 Nonsequential Particle Algorithm

The evolution of the normalized (nonlinear) flow {ux, k = 0,1,--- ,n} is
described by the following diagram

ol —— M = -1 Qp ———— U = Gk " Tk >

with initial condition ug = gg - 19, where the notation - denotes the projective
product. It follows from (2) and from the definition that

n

E[J] 9x(Xi)] = (v, 1) = T ] Ok 98)
k=0

k=0

i.e. the expectation of a product is replaced by the product of expectations.

Notice that the ratio

sup g ()
xEFE

(s Ik

is an indicator of how difficult a given problem is : indeed, a large value of
pr means that regions where the selection function g is large have a small
probability under 7. The idea behind the particle approach is to look for an
approximation

Pk =

N
e g = wOgi
=1 k

in the form of the weighted empirical probability distribution associated with
the particle system (&}, w},, ¢ =1,---,N), where N denotes the number of
particles. The weights and positions of the particles are chosen is such a way
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that the evolution of the approximate sequence {u{cv ,k=0,1,--- ,n} is de-
scribed by the following diagram

ppy ————— = SN (il Q) =gl

with initial condition defined by ul’ = go - 78’ and )" = SN (ng), where the
notation SV (1) denotes the empirical probability distribution associated with
an N—sample with common probability distribution p. In practice, particles

e are selected according to their respective weights (w} ,,i = 1,--- ,N)
(selection step),

e move according to the Markov kernel @ (mutation step),

e are weighted by evaluating the fitness function g5 (weighting step).

Starting from (1) and introducing the particle approximation

Y=gk SN (1 Qi) (i1, 1) =gy (1. 1)

and
8 = g0 SN (o) = gond

for the unnormalized (linear) flow, it is easily seen that

1) =gk (-1 and (07 1) = (0, o) (3)
hence
N N
Vi N N Yo N N
=gk M =i and =go- Ny = o -
(", 1y bR (W', 1) o

However, if the function g; can possibly take the zero value, and even if
(K, gk) > 0, it can happen that (n¥, g,) = 0, i.e. it can happen that the eval-
uation of the function g; returns the zero value for all the particles generated
at the end of the mutation step : in such a situation, the particle systems
dies out and the algorithm cannot continue. A reinitialization procedure has
been proposed and studied in [5], in which the particle system is generated
afresh from an arbitrary restarting probability distribution v. Alternatively,
one could be interested by the behavior of the algorithm until the extinction
time of the particle system, defined by

™ =inf{k>0: (n,gr) =0} .

Under the assumption that (v,,1) > 0, the probability P[7%¥ < n] that the
algorithm cannot continue up to the time instant n goes to zero with expo-
nential rate [3, Theorem 7.4.1].

Ezample 1 (Binary selection). In the special case of binary selection functions
(taking only the value 0 or 1), i.e. indicator functions g = 1 Ay of Borel
subsets for any £ =0,1,--- ,n, it holds
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Po = (Mo, go) = P[Xo € Ao] ,

and
Pk = (M gk) =P Xk € A | Xo € Ag, -+, X1 € A1),

for any k =1,--- ,n, and it follows from (2) that

n

P, :P[XO € AO)"' 7Xn eAn} = <7n71> = H<77kagl~c> .
k=0

On the good set {7 > n}, the nonsequential particle algorithm results in the
following approximations

pk%pkN:<771{:vak> ‘k| where IéVZ{Z:l,’Nf;ﬁéAk}?

denotes the set of successful particles within an N—sample with common prob-
ability distribution 7o (for k& = 0) and u)y , Qg (for k = 1,--- ,n), and it
follows from (3) that

k::O

In other words, the probability P, of a successful sequence is approximated
as the product of the fraction of successful particles at each generation, and
each transition probability py separately is approximated as the fraction of
successful particles at the corresponding generation. Notice that the compu-
tational effort, i.e. the number N of simulated particles at each generation, is
fized in advance, whereas the number |7, ,]CV | of successful particles at the k—th
generation is random, and could even be zero.

The following results have been obtained for the nonsequential particle al-
gorithm with a constant number N of particles : a nonasymptotic estimate [3,
Theorem 7.4.3]

0
¢
sup E|1, n @) — (pin, ) | < 2= +P[rN < n]
LS By (i 9) — (6| < B <
and a central limit theorem (see [3, Section 9.4] for a slightly different algo-
rithm)

VN[LeN oy (58 = (ins @)] = N(O,v3(9))

in distribution as N 7 oo, with an explicit expression for the asymptotic vari-
ance. In the simple case where the fitness functions are positive, i.e. cannot
take the zero value, these results are well-known and can be found in [7,
Proposition 2.9, Corollary 2.20], where the proof relies on a central limit the-
orem for triangular arrays of martingale increments, or in [9, Theorem 4],
where the same central limit theorem is obtained by induction.

For the purpose of comparison with the sequential particle algorithm, the
following nonasymptotic error estimates are proved in [13, Section 5].
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Theorem 1. With the extinction time 7 defined by
™ =inf{k>0: (n,gr) =0},

it holds

(v, 1)
BN > ) D)

—1] <2y + Pl <n]

)

and

sup E[1, n i, @) = (pin, d) | < 220 +P[rN <],
LS LN 5y n s @) = (s ) | [ ]

where the sequence {z} , k=0,1,--- ,n} satisfies the linear recursion

v N Vs

2 <pr(1+ =) 50, + Y=

VN VN
Remark 1. The forcing term in (6) is \/pr/V'N, and

and 2 <

2=

limsup [VN z)] < pi limsup [VN 22 ]+ /pk
NToo NToo

and

limsup [VN 2] < /po -

NToo

Notice that with a fixed number N of simulated particles, the performance is
VPr/V N and depends on py : as a result, it is not possible to guarantee in

advance a fixed performance, since py is not known.

For completeness, the central limit theorem obtained in [3, Section 9.4] for

a slightly different algorithm is recalled below.

Theorem 2 (Del Moral). With the extinction time 7V defined by
™ =inf{k>0: (n,gr) =0},

it holds

Y1)
{r" >n} (3, 1)

—~

VN1

—1] = N(0,V?),

and

VN[Lx oy (€)= (ins 6)] = N(0,03(9)

i distribution as N T oo, for any bounded measurable function ¢, with the

asymptotic variance

n

Vo _ Z var(gr Req1:n 1, M)
" (Mies g Rigg1:m 1)

)

k=0
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and .
Z var(gr Rey1:n (0 — (fin, @), k)
P (M, g R1:m 1) ’
respectively, where
Rit1n ¢(x) = Rippr - R d(2) = H 9p(Xp) | Xi = 2],

p=k+1

for any k = 0,1,--- ,n, with the convention Rpi1., ¢(x) = ¢(x), for any
r€eEFE.

Remark 2. Notice that

(N05 90 Rin (¢ — (pin, @) ) = (Y0 Ry @ — (i @) ) = (Yns @ — {fim, ) ) =0,
and

<’7n7 ¢ — <Mm¢> >

= 07
<7k—171>

(s G Ri1:n (9= (bins 8)) ) = (p—1 Rigeny = (in, ) ) =

for any k = 1,--- ,n, hence the following equivalent expression holds for the
asymptotic variance

0 _ - M1y |9k Biq1:n [ — (pn, D)) |2>
(¢) B kZ:O <"7k:7 9k Rk+1:n 1>2 '

Ezample 2 (Binary selection). In the special case of binary selection functions,
it holds

Riyim 1(z) =P[Xpq1 € Apg1,--- , X € A | Xy =1,

for any k = 0,1,--- ,n, with the convention R, 1., 1(z) = 1, for any = € E,
and it follows from Theorem 2 that
VN o 0

in distribution as N T oo, with the asymptotic variance

n

- ZZ*—l +z”: 1 var(Rey1m 1, pig)
" Dk ¢ Dk (e, R 1)2 7

Indeed, since g,z = gk, it holds
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V&I’(gk Rk+1:n ]-7 77k) _ <nk7 gk |Rk+1:n 1|2> _1
(k> gk Riv1:n 1)? (k> gk Riv1:n 1)?
_ i </J/ka |Rk:+1:n 1|2> _1
Pk </1Jk7Rk+1:n 1>2
1 1 | Rps 1 12
— (7_1)+7[</1'k| k+1: |2>_1]’
Pk Pk <,U/k7Rk+1:n ]->

for any k=0,1,--- ,n.

3 Sequential Particle Algorithm

The purpose of this work is to study a sequential particle algorithm, already
proposed in [15, 11], which automatically keeps the particle system alive, i.e.
which ensures its non—extinction. For any level H > 0, and for any k =
0,1,--- ,n, define the random number of particles

N
NE=if{N>1:Y g(¢) > H sup gi(1)} .
i=1 ze

where the random variables &},--- &}, -+ are i.i.d. with common probabil-
ity distribution 7o (for k = 0), and where, conditionally w.r.t. the oc—algebra
(H,Ij_l generated by the particle system until the (k—1)-th generation, the ran-
dom variables §,i, e 75};.7 -+ are i.i.d. with common probability distribution
pfl Q. (for k=1, ,n). The particle approximation {uff | k =0,1,--- ,n}
is now parameterized by the level H > 0, and its evolution is described by the
following diagram

e =gy

H
p— ——— i = S (i, Q)

with initial condition defined by pfl = go - ni! and nff = NG (o). Starting
from (1) and introducing the particle approximation

H
W= g0 SN (1 Q) (e, 1) =gk’ (1)
and o
% =90 SN (110) = gomg
for the unnormalized (linear) flow, it is easily seen that

1y =i ge) (it 1) and (g7, 1) = (g, g0) (7)

hence
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71? H H ’Y(I)LI H H
=9k M = Ky and =go-M =Hp -
<7k 71> <’7(1Jq7 1>

Clearly, N > H and if (ufl | Qk,gx) > 0 — a sufficient condition for which
is

gr(z) = Qr gr(z) = Elgr(Xy) | Xp—1 =2] >0,
for any z in the support of /lqu — then the random number N, ,f of particles
is a.s. finite, see Section 4 below. Moreover

(it g0) = (S™0 (o). g Zgo &) > —x Supgo( )>0,
and
(i gy = (SN (ul Qn), gx) ng (&) > ?jgpgk( z) >0,
for any £k =1,--- ,n, i.e. the particle system never dies out and the algorithm

can always continue, by construction.

NH

Remark 3. It follows from Lemma 3 below that 70 — po in probability,

H
and in view of Remark 8 (ii) below, if (1} | Qk,gx) > 0 then i b —1in

Pl
probability as H T oo, where

sup g ()
pkH _ zeE
</~‘L]Ig—171 Qka gk:>

forany k=1,---.n

Remark 4. For any £k = 0,1,--- ,n and any integer ¢ > 1, let 3",5{1- = 3",?0 Vv
o(&r, -+ &), where Fly = {0, 2} (for & = 0) and Fly = H" | (for & =
1,--+,n) by convention. The random number Nk is a stopping time w.r.t.

= {3",5[ i > 0}, which allows to define the o—algebra F7 RN T = K.

clearly NH . 1s measurable w.r.t. 5—(,’;{ , and therefore the random variable
of =Ng' +--+ N,
is measurable w.r.t. J—C,f.

Ezample 3 (Binary selection). In the special case of binary selection functions,
the sequential particle algorithm results in the following approximations

H .
pk%pﬁzwg,ngﬁ where NI =inf{N >1: |I}V| = H},
k
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for any integer H > 1, and where for any integer N > 1
IV ={i=1,-- N : & €A},

denotes the set of successful particles within an N—sample with common prob-
ability distribution 1o (for & = 0) and ufl | Qp (for k = 1,--- ,n), and it
follows from (7) that

n n

H
Py~ P = (3], >:H<77£79k>:]:[ﬁ'
k=0 k=0 "'k

Notice that the approximation uf = gi - nf obtained here is exactly the
empirical probability distribution associated with an H—sample that would be
obtained using the rejection method, with common probability distribution

0 no (for k = 0) and gi - (uf', Qx) (for k = 1,---,n). Here again, the
probability P, of a successful sequence is approximated as the product of
the fraction of successful particles at each generation, and each transition
probability py separately is approximated as the fraction of successful particles
at the corresponding generation. In opposition to the nonsequential particle
algorithm, notice that the number H of successful particles at each generation
is fived in advance, whereas the computational effort, i.e. the number N} of
simulated particles needed to get H successful particles exactly at the k—th
generation, is random.

The main contributions of this paper are the following results for the se-
quential particle algorithm with a random number of particles, defined by the
level H > 0 : a nonasymptotic estimate (which was already obtained in [11,
Theorem 5.4] in a different context), see Theorem 3 below

sup  E|(u — pn, 9) | <
6 lgll=1

<

and a central limit theorem, see Theorem 4 below
\/E <Mrlj — fin, ®) = N(0,v,(9)) ,

in distribution as H T oo, with an explicit expression for the asymptotic
variance.

Theorem 3. If (ufl | Q,gr) >0 for any k =1,--- ,n — a sufficient condi-
tion for which is

gr(z) = Qr gr(z) = E[ge(Xy) | Xp—1 =2] >0,

for any x in the support of pfl | — then

H
;1
gl com g sup B —pd) <227 ()

(Yn» 1) é:lloll=1
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where the sequence {z,f , k=0,1,--- ,n} satisfies the linear recursion
H 2\ H
2 < pe(l+wn +wi) 2z +wn (1+wm pr) 9)

and
2! <ww (14 wn po)

1
where wy = T H +1 is of order 1/v/H.

The proof of Theorem 3 can be found in [13, Section 6].

Remark 5. Up to higher order terms, the forcing term in (9) is 1/VH exactly
(which is equivalent to  p; NH in view of Remark 3), and

limsup [VH 2] < pr limsup [VH 2 ]+1 and limsup [VH 2] < 1.
HTloo H7oo HToo

In opposition to the nonsequential particle algorithm, notice that it is possible
here to guarantee in advance a fixed performance of 1/v/H exactly, without
any knowledge of py, at the expense of using an adaptive random number N/
of simulated particles : this could be seen as an adaptive rule to automatically
choose the number of particles.

Remark 6. 1t follows from Theorem 3 that (uf | Qk, gx) — (nk, gk} in proba-
bility, hence pf — pi in probability, for any £k = 1,--- | n, and it follows from

NH
Remark 3 that ?k — pg in probability as H T oo, for any £ =0,1,--- ,n.

Theorem 4. If (ufl | Q,gr) >0 for any k =1,--- ,n — a sufficient condi-
tion for which is

gr(z) = Qr gr(z) = E[ge(Xy) | Xp—1=2] >0,

for any x in the support of pil | — then

Jﬁ[mu:wm,m, (10)
and
VE (4 = iy 8) — N(O0,0(6)) , (1)

i distribution as H | oo, for any bounded measurable function ¢, with the
asymptotic variance

<77k7gk Rk+1:n 1>2 Pk ’

n
Rii1..1 1
V. — Z var(gr Ri+1:n 1, 7%)
k=0

and
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() = 3 20 Rt (9= (. 0).me) 1

<nkvgk Rk+1:n 1>2 or

E—0 Pk

respectively, where
Rit1m &(x) = Riy1 - R ¢(2) = H 9p(Xp) | Xi = 2],
p=k+1

for any k = 0,1,--- ,n, with the convention R,i1., ¢(x) = ¢(x), for any
xe L.

In view of Remark 2, the following equivalent expression holds for the asymp-
totic variance

_ = <77k7 ‘gk Rit1:n [¢ — <U7u ¢>] ‘2> i
on(®) = Z (M, Gle Rigg1:m 1)2 Pk

k=0

Remark 7. To prove Theorem 4, it is enough to prove that

H _
VA D2 =200 o, v 9)) (12)

for any bounded measurable function ¢, where the asymptotic variance V;,(¢)
is defined by

Va(®) (n, 1)?

1 & o
= var(go Ri:n ¢,10) — + Z var(gr Ri41:n k) - D7 ,
po = Ok
(13)

or equivalently by

_ zn: var(gr Rey1:n @, k)
(M, 9k Rie1:n 1)2 pie

)

k=0
since
<’Yn7 ]-> = <’70 Rl:nv ]-> = <7707.g() Rl:n 1> )
and since
(Yns 1) = (V-1 Bins 1) = (Ve—1, 1) (M, g Riey1in 1)
for any k = 1,--- ,n. Indeed, notice that

H _
O 1) = )y

B = s @) = (22 6 — (s 6)) =
A " (V1) Y (s 1)

(vt 1)’
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for any bounded measurable function ¢, and it follows from Theorem 3 that
(2 1) — (v, 1) in probability as H T oo, hence (10) and (11) follow from (12)
and from the Slutsky lemma, with V,, = V,,(1) and v, (¢) = Vi(¢ — (tin, ¢)),
respectively.

Moreover, if (12) holds, then

<’YTI7:I7]‘>_ H H _
(VH V), VH (pl! — i, 1), VH (= 1, 60))

<'Yn7 1>
converge jointly in distribution as H T oo to a Gaussian limit, for any bounded
measurable functions ¢1,- -+ , ¢4, using the Cramér-Wold device.

Two different proofs of (12) are given in Sections 5 and 6, respectively. A
first proof follows the approach of [9, Theorem 4] by induction, and relies on
an extension of a central limit theorem for sums of a random number of i.i.d.
random variables, see Theorem 6 below. An alternate proof follows the ap-
proach of [3, Chapter 9], see also [7, Proposition 2.9, Corollary 2.20], and relies
on an original central limit theorem for triangular arrays of martingale incre-
ments spread across generations with different random sizes, see Theorem 7
below.

To get a fair comparison of the nonsequential and sequential particle algo-
rithms, the time—averaged random number of simulated particles, which is an
indicator of how much computational effort has been used, can be used as a
normalizing factor instead of the level H > 0. It follows from Remark 6 that

1 1 - 1 ~
il NH N
H[nJrlkZ_O k] n+1 kz_opk’

in probability as H T oo, hence under the assumptions of Theorem 4, and
using the Slutsky lemma

1 < <7H_7n 1>
NH 1/2 n ? :>N0,V; ,
and
1 < .
n+1 SONETZ (Ul — i, ¢) = N(0,0}(6))
k=0

in distribution as H T oo, with the asymptotic variance

n

Vicl—— Sl Ve and k(@) = [—— 3 el va(9)

n+l k=0 k=0

respectively, where V,, and v, (¢) are defined in Theorem 4. Notice that the
asymptotic variances V.0 and v (¢) defined in Theorem 2 for the nonsequential
particle algorithm coincide with the asymptotic variances V.* and v} (¢) for
the renormalized sequential particle algorithm respectively, in the special case
where pg = p1 =+ = pn.
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Ezample 4 (Binary selection). In the special case of binary selection functions,
the support of Mkal is contained in Ag_1, and if

Qr(x,Ap) =P[Xp € Ay | X1 =2] >0,

for any x € Ag_1, then it follows from Theorem 4 that

PH
\/E(P—" —1) = N(0,V,,) ,

n

in distribution as H T oo, with the asymptotic variance

= ~ var(Rpq1:n 1, i)
Vn = 1-— + )
kz:;)( pk) ch:O </f('k:7Rk+1:n 1>2

since 1/px = (g, g) = p for any k =0,1,--- ,n.

4 Limit Theorems in Sequential Analysis

In this section, some basic properties are proved for sums of a random number
of i.i.d. random variables, especially when this random number is a stopping
time. Let &1,---,&;, -+ be i.i.d. random variables with common probability
distribution u, and let A be a nonnegative bounded measurable function,
possibly taking the zero value. For any H > 0, consider the stopping time

N
Ny =inf{N >1: ZA(&) > HM\} where A =sup A(x) .
i—1 reE

Lemma 1. If {(u, A) > 0, then the stopping time Ny is a.s. finite and inte-
grable.

PROOF. By the strong law of large numbers, it follows that
|
S AE) — (n ).
i=1
a.s. as N 1 oo, and if (u, A) > 0, then
N
ZA(&) — 00,
i=1

and the finite level H X\ is reached after a finite number of steps, i.e. the
stopping time Ny is a.s. finite. In addition, for any a > 0
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N
P[Ny > N| = ZA &) <HN = Plexp{—a ) A(&)}>e "

i=1 i=1

eaH)\ 71N

IN

Y

by independence, where

— Elexp{—a A(€)}] = /E 0@ p(di) = (g, ey |

and r < 1 if and only if (i, A) > 0. This proves that the stopping time Ny is
integrable, and the estimate

E[Ng] :iIP’NH>N e HA Zr
N=0

holds. O

aH)\

Lemma 2. If (u, A) > 0, then the rough estimate

sup (B8 = s AG) P12 S

and the refined estimate

¢-T\iﬁ—1E| (SN (1) =, Ad) | < wmr [(p, A) +wm AT

1
hold, where wy = i H + 1 is of order 1/v/H.

PrOOF. Let
6g = A(SN () —p)  and 0y =

Notice that

O = 0 (SM (), 4) = 8 [{p, A) + (0, 1) ]

= O [, A) + (0, 1) (SN (), A)]
hence
| O, &) | < [(05: @) [ A
and
| (Orr @) | < [ (05 &) | [, A) + (0, 1) | AT

for any bounded measurable function ¢. It follows from (the proof of)
Lemma 5.4 in [11] that
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1
sup {E[(0,0) [P} < 2 VA +1=wn ,
o:¢ll=1

which immediately proves the rough estimate, and using the Cauchy—Schwartz
inequality and the Minkowski triangle inequality yields

El(0m,¢)| < E[| (0 é)] [, A) + (55, 1) | A]]

IN

{E[(0,0) P}/ [, ) + {E| (0, 1) [ }1/2 A]

< wp (A +wr A |48,

which proves the refined estimate. O

N H 1
Lemma 3. If (u, A) > 0, then H—H — 1 and — — = in L2 as H 1 oo, with

\ p Nuw p
rate 1/ H, where p = ———.
/ (0.4
PROOF. For any N > 1, define
N N
Dy=) A&) and  My=) [A(&)—(p,A)] =Dy —N(p,A) .
i=1 i=1

By definition of the stopping time Ny, it holds
HX<Dn, =Dn,—1+Aény) S (H+1) A,
hence, upon subtracting H A throughout
0< Dy, —HIXA.
Using the decomposition
Ny (u,A) — HXN= Dy, — HX — My, ,
and the triangle inequality yields
[Nu (p, A) — HA < |Dny, — HA| + [Mny, | < A+ [ My, |

Since {u, A) > 0, it follows from Lemma 1 that the stopping time Ny is
integrable, and it follows from the Wald identity, see e.g. [14, Proposition IV—
4-21], that

E[Dn,] =E[Ng]{n,4)  and  E|My,|* =E[Ng]var(4,p) ,

hence
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var (A, p)

{1, A)
since var(A, u) = (u, A%) — (u, A)? < (u, A%2) < X(u, A), and since Dy, <
(H + 1) A. Using the Minkowski triangle inequality yields

{EING (u,4) — HAPYY? < A+ {E|My, P}V2 < VET1+1)A,

E[My,|* = E[Dn,] < (H+1)X\*,

and, upon dividing by H A throughout

Ny . 1 1
E—-Z 12\ 2< _(VH¥14+1)= —

where wy is of order 1/\/H Since Ny > H, it holds

H 1 Ny H 1 1
o< BE L Ny (A — HA

hence

H 19710 1 1

{E|N7H_;‘}/ Sﬁ(m+l)—wH+ﬁ. O
Remark 8. A direct look into the proofs of Lemma 2 and Lemma 3 shows that a
conditional version of the same results holds under the following assumptions.
For any H > 0, let ¢f,... ¢H ... be ii.d. random variables conditionally
w.r.t. the o-algebra F, with common conditional probability distribution
1tH, let A be a nonnegative bounded measurable function, possibly taking the
zero value, and consider the stopping time

N
Ny =inf{N >1: ZA(@-) > H\} where A = sup A(z) .

i—1 zeE

If (g, A) > 0, then (i) the rough estimate

o (BIHS™ o) = i, A0) P | 57112 <

and the refined estimate

sup  E[[(SM (uy) — p, Ad) | | F'] < wpyr [(um, A) +wy A]

é:oll=1
hold, where wy of order 1/v/H, and (ii)
N 1
(Bl -~ T <on+ 57
and H Lo qHp1/2 1
{E[ NiH_p7H| | 7]} swn+t 55
with pg = A

<ILLH’A>.
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The following central limit theorem, known in sequential analysis as the
Anscombe theorem, has been proved in [17] for sums of a random number of
i.i.d. random variables, see also [8, Theorem 1.3.1] or [20, Theorem 2.40].

Theorem 5 (Anscombe). For any H > 0, let pg > 0 be a deterministic
constant, and let X ... XH ... be i.i.d. random variables with zero mean
and variance 0%. If ry = |Hppy | — oo, if

Ny

—_— 1,

Hpy

in probability, and if the Lindeberg condition
XH
E[l yu 22— o0,
(1= zeyrmy 78

OH

holds for any ¢ > 0, then

1 HxH 1 A XA
— - — N(0,1 and
\/NH ; OH ( ) \/HpH P OH

in distribution as H T oco.

Remark 9. Using the Slutsky lemma, and since

VN : .
o — 1 in probability as
H 7 oo, the two convergence results are indeed equivalent.

The next theorem provides a stronger result, with a precise statement
on the convergence of conditional characteristic functions, in a special case
where both 0% and py are random variables. It is used in an essential way in
Section 5, in the proof of Theorem 4 by induction.

Theorem 6. For any H >0, let XH ... 7XZ»H7 -+ be i.i.d. random variables
conditionally w.r.t. the o—algebra FH, with zero conditional mean and condi-
tional variance 0'12L1, and let pg > 0 be a FH _measurable r.v. Ifry = |Hpu| —
oo in probability, if

Ny

in probability for any d > 0, and if the conditional Lindeberg condition

XH
Ru(c) =E[1 |==* [ F7] —0

xH o ’
{‘ o | > C\/TH}

holds in probability for any ¢ > 0, then for any fixed real number u
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Nuo yH

u .
Elexp{i L FH] — exp{—21u?}, 14
[p{\/m;w}\ ] p{—5u”} (14)
in L' as H 1 co. If in addition oH 7 probability, then for any fixed

PH P
real number u
\/7 1 Nn 'LL2O'2

Elexp{iuvH — XV | FH] 5 exp{—L —1 | 15
[exp{ NH;]H] p{gp} (15)

in L' as H 1 0.

Using the Lebesgue dominated convergence theorem, it is sufficient to
prove that (14) and (15) hold in probability. The proof of Theorem 6 is post-
poned to Appendix A.

Remark 10. If (14) holds, then in particular

1 & x
Zy = ZL— N0, 1),
H HPH;UH (0,1)

in distribution as H T oco.

Remark 11. If Fy(d) — 0 in probability for any d > 0, (or equivalently in
L! using the Lebesgue dominated convergence theorem), then equivalently
E[Fg(d)] — 0 for any d > 0, since these r.v.’s are nonnegative, which means
that —~— — 1in probability as H T oo.
Hpy

The last result of this section is a central limit theorem for triangular
arrays of martingale increments spread across generations with random sizes.
It is used in an essential way in Section 6, in an alternate proof of Theorem 4.

Theorem 7. For any k =0,1,--- ,n, let F = {?ﬁi , 1> 0} be an increasing

sequence of o—algebras, let N,f be a stopping time w.r.t. 3",?, which allows to

define the o—algebra Hf' = F 1, assume that Iy = {0, 2} (for k =0) and
ng,o =HH | (fork=1,---,n), and let {lei, i > 1} be a sequence of square

integrable random variables adapted to 3",?, such that

]E[Xl?z | gllcq,i—l] =0, (16)
EHXI?JQ | gﬁifl} = Vk{{) ) (17)
and
H,
E[‘lez‘Q 1{|X,f[| > 6} | ?ﬁiq] < Yk,oa ) (18)

foranyi > 1, where V,ﬂ) and Y,fo’s are measurable w.r.t. 3‘}:{0. If for any e > 0
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n n
SN ONIVH, — W, and Y NIV —0, (19)
k=0 k=0
i probability, then

H
n Ny

SH=N"> X[ =N, W),

k=0 i=1
i distribution as H T oo.

The proof of Theorem 7 is postponed to Appendix B. The idea is to rewrite
SH as a single sum across all generations, and to use a central limit theorem
for triangular arrays of martingale increments [2, Theorem 2.8.42].

5 Proof of Theorem 4 by induction
In view of Remark 7 above, the problem reduces to prove (12), i.e. to prove

asymptotic normality for the unnormalized linear flow. The proof given below
follows the approach of [9, Theorem 4] by induction.

PROOF OF THEOREM 4. Notice first that

NH
H 1 o

(" =0, 0) = (S™ (n0) — 110, 90 ) = NH ngj((b) )
0 j=1

where ‘ A

X555(9) = 90(&0) (&) — (10,90 8)
for any j = 1,--- 7N0H, and where &},--- 7§g7~-~ are i.i.d. random vari-
ables with common probability distribution 7y, hence the random vari-
ables X#,(¢), - ,ij(qﬁ), -+« are i.i.d. with zero mean and with variance

NH
var(go ¢,m0) independent of H > 0. It follows from Lemma 3 that 70 — po

in probability as H T oo, hence the assumptions of Theorem 5 are satisfied,
and the induction assumption (12) holds at step 0, with

Vo(®) (10, 1)? = var(go 6, 10) pi .

Assume now that the induction assumption (12) holds at step (k — 1). Notice
that

W= =7 — Y1 R+ (v — we-1) R

hence

<PYI€I - 7k7¢> = <’7]<:H - IYkal Rk>¢> + <7]€£1 - /kalaRk ¢> )
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for any bounded measurable function ¢, and the last term goes to zero in
probability as H T co. Notice also that

=L Ry = (SN (i) Q) — ihy Qro g 0) (i1, 1)

NH
1 N oH
j=1

where 4 _
Xzf{j(ci)) = [gk(fi) ¢(§i) - <NkH—1 Qk, 9k ¢>] <71€I—17 1,

forany j = 1,--- ,N,fl, and where, conditionally w.r.t. the o—algebra 9—(,5{1
generated by the particle system up to the (K — 1)-th generation, the ran-
dom variables f,i, o, &, are 1i.d. with common probability distribution
pl | Qy, hence the random variables X,f‘fl(qﬁ)7 e ,X,fj((ﬁ), -+ are i.i.d. with
zero conditional mean and with conditional variance

(od'(¢))? = var(gr &, 1f_1 Q) (viq,1)% .

In view of Remark 8 (ii)

NH suggk(x)
Fy(d) =P[| —1>d|HI,]—0 with pf=-2E
Hpy! Tt Qe gr)

in probability for any d > 0, as H T oco. It follows from Theorem 3 that

<7}€I—171> - <7k—1a1>a </’(‘kH—1 Qk)7g/€> - <771m9k> and Var(gk? ¢7/’(‘kH—l Qk}) -
var(gi ¢, M) in probability, hence p,’j — pr and af(¢) — o(¢) in proba-
bility as H T oo, with

on (@) = var(gr ¢, pr—1 Qr) (ve—1,1)

Therefore, the assumptions of Theorem 6 are satisfied, and for any fixed real
number u, it holds

E[exp{iuvH (VW — v Ry, 0)} | HE ]

[exp{zu\F Zij } 9G] (20)

2@}

—s exp{—3u o

)

in L' as H T co. Notice that
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E[exp{iu VH <’YI€I — Yis )} ]

_ exp{_% U2 U}%((JS) _ %uQ Vk—l(Rk d)) <’Yk—1, 1>2}
Pk
. H H H 1 2‘71%(@
=E[[Elexp{iuVH (v —vi—1 Bk &)} | H_1] —exp{—5u 7}]

exp{iuVH (v | —vu_1, R ¢)}]

T exp{—Lu? C’p<¢>} Elexp{iuvH (7L, — 1, R 6)}]
02
— exp{—3 v? kp(k@} exp{—3u® Vi 1(Ry ) (-1, 1)%}

and the triangle inequality yields
|Elexp{iuvVH (7 =, ¢)}]

2
~exp{—Lu? "’fp(f) 1wV (Re @) (s 1)) |

H

2
<E|Ef[exp{iuVH (3 — 9 Bi, ¢)} | 7614 — exp{—3 v’ U];(I:b)

+ | Elexp{iuvH (v_y — -1, R 9)}]

—exp{—2 u* Vi1 (Rr ¢) (-1, 1)*}| ,

where the first term goes to zero using (20), and the second term goes to
zero since the induction assumption (12) holds at step (k — 1), as H 1 oc.
Therefore, the induction assumption (12) holds at step k, with

V(@) (s 1)? = "kp(f) Vit (R 8) (s, 1)?

and iterating the above relation yields

Va(9) (7, 1) = Vo(Rin 6) (30, 1)* + Y 07 (Ris1:n 9)

1
1 Pk

) <7k—13 1>2
Pk

)

1 n
= Var(go Rl:n ¢7 770) ; + E Var(gk Rk+1:n d)a Nk
0
k=1

which is the expression given in (13) for the asymptotic variance. In view of
Remark 7, this finishes the proof of Theorem 4. O
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6 Alternate Proof of Theorem 4

The alternate proof given below follows the approach of [3, Chapter 9], see
also [7, Proposition 2.9, Corollary 2.20], and relies on an approximate de-
composition of v H (v — ~,, #) in terms of a triangular array of martingale
increments, with a different random number o = NI + ... + NH of such
increments on each different row of the array. T hlS requires a specific central
limit theorem, see Theorem 8 below, which is of independent interest.

Let f = (fo, f1, -+, fn) be an arbitrary collection of bounded measurable
functions. For any i = 1,--- , N}, the random variable
sug go(x)
Xga(f) = [fo(&6) = (no, fo)] ~ where  py = *Zo—rr |

Pof {10, 90)

is measurable w.r.t. 3"52, where £},--+ €0, -+ are i.i.d. random variables with
common probability distribution 7. Moreover

E[Xg(f) | T =0, (21)
and 1
EHXOZ( DI 01 1] = (pO\/ﬁ)Q var(fo, o) = Vol,{)(f) ) (22)

with the convention Fgfy = {0, 2}. Notice that

XL < 2| foll and  pp=>1,

of

hence for any € > 0

EHX&(]C)P 1{\X({Il(f)| > 6} | ?(1){141]

(23)
< — @lfl)* 1 = Yo" (/)
poH {—=2llfoll > ¢}
VH
For any k = 1,--- ,n, the random variable
sup g, (z)
pkH _ zelR
</~LkH_1 Qk, 9k)

is measurable w.r.t. ?C,f_l = 3",5{0, and for any i = 1,--- ,N,f, the random

variable
<7k 1 >

\F [fk(fk) <N£I—1kafk>]7

Xii(f) =
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is measurable w.r.t. 5 ki» Where, conditionally w.r.t. the o—algebra HH | gen-
erated by the particle bystem up to the (k—1)-th generation, the random vari-

ables &, , &, -+ are i.i.d. with common probability distribution Hqu Q.
Moreover
]E[lez(f) | 5"5{2-71] =0, (24)
and
<’yk 1) 1>2

E[X5 (NP T8 = var(fie, i1 Q) = Vilo(f) . (25)

(oI VH)?

where the random variable Vk{{)( f) is measurable w.r.t. K | = 3",50. Notice
that

X)) < D g

Ifell - and gl > 1,
hence for any € > 0
E[|X1§z(f)|2 1{|X,£{l(f)| > 5} | 9:11;1,’2‘—1]

(26)

< S @ian R VA

vVH
where the random variable YkHdE(f) is measurable w.r.t. HZ | = 3'“};{0.

Theorem 8. For any collection f = (fo, f1, -, fn) of bounded measurable
functions

n N

k=0 =1

i distribution as H T oo, with asymptotic variance

i 2
Wn(f) = ;10 Var(fo’no) + Z M

var(fr, k) -

p Pk
Remark 12. Since the mapping f —— SH(f) is linear (which incidentally im-
plies that the mapping f —— W, (f) is quadratic), the result of Theorem 8
is easily extended to any collection f = (fo, f1, -, fn) of d—dimensional
bounded measurable functions, using the Cramér—Wold device, and it follows
from the structure of the asymptotic variance that the random variables

Zon ZXIH ZX

are mutually independent, asymptotically as H T oc.
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PROOF OF THEOREM 8. It follows from (21) and (24), from (22) and (25),
and from (23) and (26), that the assumptions (16), (17) and (18) of Theorem 7
are satisfied, respectively. It follows from Theorem 3 that (v |, 1) — (y5_1,1)
and var(fi, uit | Q) — var(fx,mx) in probability as H 1 oo, for any k =

1,--- ,n. Therefore, it follows from Remark 3 that
> NIV
k=0
NI 1 ONE (1) "
=7 — Var(fo,no + —— 7 var(fe, pr—1 Qk)
~ Hpo p ) ; Hpfl  pff o
1 = :
— Wn(f) — var f07770 + Z rYk L Var(fkank) )
Po ]
and
> N V()
k=0
NH
] ° 7 2llfol)* 1 Lo pl > )
€
vH
- e 2 2
F3 g O PRI e
k=1"k {TQHJ%H > e}
—0,
in probability as H T oo, and the proof follows from Theorem 7. O

PROOF OF THEOREM 4. For any bounded measurable function ¢, the fol-
lowing decomposition holds

<7£I _’Yn;¢> = <7]€{ —71?71 Rkka+1:n ¢> + <IY(§{ _’yole:n ¢>

M= 10

<’)’1€{717 1) (g (’7 - Mk: 1 Qk)s Rit1:n 6)

b
Il
_

+<g() (77 - 770) Ry ¢>

(VLD (i — il Qu, fr) + (0d = o, fo)

I
NE

>
Il
—
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where the collection f = (fo, f1,--- , fn) of bounded measurable functions is
defined by

Jr(@) = gr(r) Rpy1m 0(x) |

for any k = 0,1, -+ ,n, with the convention R,i1.,¢(z) = ¢(x), for any
x € E. Notice that

Ng'
o =m0 fo) = g SoUo(&h) ~ (. o)
i=1

= LS R )
- \/ﬁ g 0,i HPO Mo Mo, Jo) »

and
(V1 (il = iy Qs f)

H N
_ WWU S UAED) — il Q. i)

i=1

1 k NH
= T 2 X+ 1) 0= ) (ol = Qi i)

for any k =1,--- ,n. Taking the sum of both sides for k =0,1,--- ,n yields

\/H<’YTIL—I_’VTL7¢>:S ( +EO +Z,Yk 17 ),
k=1
where N
sé{(f):\/ﬁ(l—H—Opo) <77(1)q—770,f0> )
and where N
EkH(f) = \/ﬁ (1 - H;H) <77]1;{ - /J“llj—l Qkafk> )
Kk

for any k = 1,--- ,n. Using the Cauchy—Schwartz inequality, it follows from
Lemma 3 and from the rough estimate of Lemma 2 that

Eleg' (/)] < VH{E[l- T o | Y2 AE (g — 0. fo) P Y2

1
< VH (wi + o) @ llgoll [|Rin &1l

and in view of Remark 8 (i) and (ii)
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E[lef (M) 19GL1] < VH {E|

|2|j{k 3

pH
{B[ (" — ity Qus fi)* | 3G Y2

1
< \/H(WH+—

) @i 9kl | Brsrin O

for any k =1,--- ,n, hence

EVH (7 =y, ) = S (f)]

i Ulgoll | Bun @l + D B[O DT lgrll 1 Ris1:n 01T
k=1

1
where ), = VH (wi + E) wg is of order 1/v/H. Tt follows from the above
discussion that

in probability, and it follows from Theorem 7 that v H (vX —~,,, ) converges
in distribution as H T co to a Gaussian random variable with zero mean and
with variance

1 " :
Walf) = - var(go R 6,10) + 3 Ot gy R )
0 k=1

which proves (12) with the expression given in (13) for the asymptotic vari-
ance. In view of Remark 7, this finishes the proof of Theorem 4. O

A Proof of Theorem 6

PrOOF OF THEOREM 6. For any H > 0, notice that

1 2 XH
Zg =
Hpp —
ZX.H ZXH)] (27)
Hp =1 VIH 20 OH D OH
= aH(SH—I—OH),
with

ag = ﬁ<1, Z iX'H)’

Hppy — OH
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and

Notice that

\/ \/ 1
0<1l-ag=1- Y1 <9 VI =e(ry)
\/HpH vrg +1 27“H+1

N2 < 1
Vz+1 7~ 20+1

where the straightforward estimate 1 —

holds for any non-

negative real number x > 0, and
E[|Su|| 71 <1

using the Cauchy—Schwartz inequality. Therefore, for any fixed real number u
xH
Elexp{i —— 2 }IF7) = exp{—§ u?}
o 2 2
= E[exp{iuZy} | T7] - exp{—3 u?}

= E[exp{iuZy} —exp{iuSy} | F]

u O XH
+ Elexp{i L FH) —expf—142) .
[ p{ﬁ;m}\ ] p{—3u’}

The last term can be controlled easily, using classical estimates in the central
limit theorem for sums of i.i.d. random variables. Moreover, for any B > 0
and any 0 < d < 1

E[| exp{iuZg} —exp{iuSy}|| F¥]
< E[1{|0H‘ < B} |exp{iuZH} —eXp{iuSHH | .FJFH]
E[1{|OH| > B lexp{iuZy} —exp{iuSy}| | FH)

< |ul (1 = an)E[|Su| | 5] + an B) + 2P[|On| > B | 5]
Ng H

< |u| (e(rmr) + B) + 2P[|Ox| > B, | - — 1| < d | 5]
Hpn

Ny H
12P[ | — 1> d| 1],
[ = 1> d | 57]
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and the second term can be controlled using the Kolmogorov maximal in-
equality, along the lines of the proof of [8, Theorem 1.3.1].

» For any fixed real number u

E[exp{iu Sy} | 7] = E[exp{i

Z J}I?H (DN (w)™

by independence, where

Bir(w) = Elexpli = 21} | 7]
= X R —
" PO on !
does not depend on j =1,--- ,rpy, and it follows from [13, Lemma C.3] that
2 3 2
) —(1-1 Y < 1. |u| u
2 - (1-3 D) < b Lo Ry 2

for any ¢ > 0. Using the straightforward estimate |z" — y"| < r |z — y|, which
holds for any integer r and for any complex numbers x,y such that |z| <1
and |y| < 1, yields

2 2

u u
(@ (u)™ —(1=5 —)" [ <rg [Pr(u)—(1-5 —)| < gelul’ + Ru(c)u® .
TH TH

Using the same estimate again and the straightforward estimate |[e™* — (1 —
x)| < %xz, which holds for any nonnegative real number x > 0, yields

2 2 u2 4

exp{~3 0} = (1= § )™ [ <rglexp{-§ —}— (1§ )| <.
TH TH TH TH
Combining the above estimates together and using the triangle inequality,
yields
H 2 3 2 u
[E[exp{iuSk} | F7] — exp{—5u*}| < g clul’ + Ru(c)u® + g R CL)
and on the good set {rg > r}
4
) u
|E[exp{iu Sy} | ?H] — exp{—%u2}| < %c|u\3 + Ry (c)u® + % s

» Notice that
Ny
|NH_TH|§|NH_HPH|+1§‘7H — 1| Hppg +1,
PH

N,
hence if \H—H —1| <d, then [Ny —rg| <d(rg + 1)+ 1 = dpy, and either
PH

rg — [dg| < Ng <rgorrg < Ng <rg+ [dy]. Therefore, for any B > 0
and any 0 <d <1



380 F. LeGland and N. Oudjane

N
IP[|OH|>B,|H7;I—1|§d|§H]

Ng
XH
P i X/ . B Nor ol < o] |57
H;U Z | Ve, [Ng —rg| < [dy] | ]
TH XH N XH
<P max i X B gH
B [TH_’VdH—‘SNST‘H|;U ;UH‘ ﬁ| ]
N xH i}
+P i Z _ 5
[”H<N<TH+MHW|;U ; | Ve | 7]
<2— 1 [dr]
B27’H H
<2M
- B2’]"H

using the Kolmogorov maximal inequality, and on the good set {rg > r} € FH

d(r+1)+2

Nu i
P B, |—/———-1|<d|F7] <2
[108]> B, |7 1 <d| 57 <2 S

» Combining the above estimates, using the triangle inequality and taking
B = d'/3, yields
Ny xXH

|E [eXP{Z\/— Zl —} [ 1] — exp{—5 u’}|
§2'1{THSr}+RH(C)u2+2FH(d)

d(r+1)+2

4
1 3,1U 1/3
+EC|U|+§7+|U|(€(T)+d )+4 B3y

Taking d so that d — 0 and d*/3r — oo when r ] oo, it is possible for any
a > 0, to find r > 0 large enough, ¢ > 0 small enough, such that

d(r+1)+2

dz/3r <

4
u
%c|u\3+§7+|u|(z—:(r)+d1/3)+4 a,

1
2
in which case

Nu xH

T 2 gy T me(ht >

<SP2-1g, <) + Rp(c)u*+2Fy(d) > 1a],

P[| E[exp{i ——
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which goes to zero as H 1 oo : this terminates the proof of (14).

To prove (15), notice that

1 Hpyg og
VH— Y X/ = —L =cyZy,
Vo 2 N o T 2y e
where
Hpg onm q e O
cyg = ——— an = —,
Nu \/pu N

and where Zp is defined in (27), hence

ulo
p

Ny
) 1
E[exp{w\/ﬁN—H SOXF) —exp{-1 }
j=1
=E[exp{iucy Zp}] — exp{—% u*?}

=E[exp{iucy Zn} —expl{iucZy} | F¥]

Ng xXH

[exp{z\/i Zl —L 3| FH] —exp{—1u?c?}.

The last term goes to zero in L! as H | oo, using (14). Moreover, for any
b>0andany0<d< 1

E|E[exp{iucy Zy} —exp{iucZy} | F7]|

<E|exp{iucy Zy} —expliucZy}|

oy g
{l=—=—-—>=l<b |7—1\<d}
PH
| exp{iucy Zp} —exp{ivcZg}|]

> 0] .

+2P[|?—1|>d]+2ﬂb[ W f

The last two terms go to zero as H T oo, by assumption and in view of

N, H d
Remark 11. Next, if |H—;I — 1] < d, then clearly |NL;I -1 < T and

since

Hpy og o Hpn oH OH o
e =m0 _ o _([on_y) on om0,
Nu o /P Nu VPH VPH /P
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then it holds

1 N |CH—C
(I - | <, |- —1] < d}
VPH /P Hppy
g
d—+5b
d
§7(1+b)+b:L.
1—d p 1-d

Therefore, using the straightforward estimate |e!* — e/*’'| < min(|z — z'[,2)
which holds for any real numbers x, z’, yields

[1 oy (o NH
75 - 2y <b, |2~ 1] <d)
Ve P PH

| exp{iucy Zp} —exp{ivcZu}|]

min(|ul [ex — ¢f |2, 2)]

— oy g H
I Ty |2 q1<g
(15 - Ty g~ 1< a)
g
d—+Db
< Emin(u] 7| Zy),2)

hence using (14) yields

limsup E|E[exp{iucy Zi} — expl{iucZy} | F7]|

HToo
< limsup E[1 N
Hioo (2L - 2 <p, |2 ) <a)
VPH AP Hpy
| exp{iucy Zu} —exp{iucZy}|]
o
d—+b
< E min(ju] 2 |2],2)

in view of Remark 10, where Z is a standard Gaussian r.v. (with zero mean and
unit variance). Finally, using the Lebesgue dominated convergence theorem,
it follows that

Elexp{iucy Zy} —expliucZy} | T — 0,

in L' as H T oo, since b > 0 and 0 < d < 1 are arbitrary : this terminates the
proof of (15). O
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B Proof of Theorem 7

By definition, S is written as a double sum over generations with different
random sizes : the idea is to rewrite this as a single sum across all genera-
tions, and to use a central limit theorem for triangular arrays of martingale
increments [2, Theorem 2.8.42]. Notice that the i—th particle within the k—th
generation can be associated in a unique way with an integer p between 1 and
ol = N + ...+ NI : clearly py; = o/ | + 4, and conversely the random
integers k, and i, are defined by

k, =1inf{k >0 : off > p} and ipzp—af;i_l,

with the convention o, = 0, or in other words k, = k and i, = i if and only
if
o +1<p=ofl +i<af,

with 1 <4 < N,ff, see Figure 1.

k—th generation

o——————e—0

1 i NH

H H H H

1 (o) :NO Uk:71+1 T Op
H H H
o) = oj—1 + Nj;

Fig. 1. The i—th particle within the k—th generation (above), seen as the p-th
particle across all generations (below)

For any £ =0,1,--- ,n and any integer ¢ > 1

79

{kp:kaip:i}:{P:Ul?—1+iai§le} 6?15{1'—1 Cfﬂf

since {p = af_l +i} € J-Cf_l and {i < le} € Sf,fi_l, which allows to define
the o—algebra 95 = ?ﬁyip in the usual way : by definition, A € 95 if and
only if AN{k, = k,ip, =i} € S’Ei for any £k = 0,1,--- ,n and any integer
1 > 1. Using this new labeling of the particle system yields
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n N[ ol
H __ H __ H
Sn - E : E :Xk,i - E Up )
k=0 i=1 =1

where the time changed random variable Uf =X ,f; i is measurable w.r.t.

H
n

9{,{, foranyp=1,---,0. :indeed for any Borel subset B, any k =0,1,--- ,n

and any integer ¢ > 1
(U € BYn {ky = ki, =i} = {X{; € By {kp = k,i, =i} ,

hence {U} € B} € G, since {X,fi € B} e ?ﬁi and {k, = k,i, =i} € ?ﬁi_l.
Moreover, the random variable ¢ is a stopping time w.r.t. ¥ = {95 , P>

1} : indeed, for any integer p > 1, any k =0, 1,--- ,n and any integer ¢ > 1
{on =py{ky =kii, =i} = {o =p}n{p=oi’y+i,1<i< N}
0, if k #n,

{p=cl | +i}n{NI =i}, ifk=n,

hence {0} = p} € §/f since {p =o' | +i} e H[' | and {NJ =i} € F}.

PROOF OF THEOREM 7. To apply Theorem 2.8.42 in [2] to

o
H _ H
SE=>"Ul,
p=1

H

where o’

is a stopping time w.r.t. §7 = {G]I, p > 1}, and where the random

variable Uf is measurable w.r.t. Sf for any p = 1,---,0, the following

) n ’
three conditions have to be checked : a martingale increment property, the
convergence of conditional variances, and a conditional Lindeberg condition.

These three conditions follow immediately from (19) and from

H

Tn

S EUL G =0,
p=1

H

O’TL

ZEHU;”Q ‘ 91111] = ZNE Vk% )
p=1 k=0
and
0'71;1 n
ZEHU”HF 1{IUHI >e} | 9571] = ZNkH ka’(f J
p=1 p k=0
which follow from (16), (17) and (18) respectively, using properties of the past

o—algebra 9{,{1, see [13, Lemmas B.1 and B.2], and using the preservation of
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the martingale property under time change, see Lemma 4 below. Indeed, it
follows from Lemma 4 and from (16), that

E[U," | $504] =0,

for any integer p > 1, hence

H
UTL

ZE[U;{{ | 911,{—1] =

p=1
Similarly, it follows from Corollary 1 and from (17), that
EHU;];LIF ‘ 95—1] = ka,o s
for any integer p > 1, hence

H
Tn

S CE[UF? 1G]

p=1
Jf n "’k
_ H _ H
—E Vkp,o—g E Vk O_E Ny VkOa
p=1 k=0 p=cH | +1

since k, = k if offl | +1 < p < o}f. Finally, it follows from Corollary 2 and
from (18) that

H,e
EHU;{P 1{\Uf| > 5} | 9571] < Yk ,0

for any integer p > 1 and any € > 0, hence

o
E H |9p 1]
2 B0 P L 5 o)
U n
H, H, H~ H,
SZY -y Z Vil = 2 NiYig®
p= k=0 p=cH  +1 k=0
since k, = kif ol | +1<p<of. O

Lemma 4. If for any k =0,1,--- ,n and any integer i > 1
E[Fk,i | ?ﬁi_l] =0,
then for any integer p > 1, the time changed random variable G, = F},

satisfies
E[Gp | 95—1] =

Pvlp
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Corollary 1. If for any k =0,1,--- ,n and any integer i > 1
E[Fk,i | fﬂgi—ﬂ = FkH >

where the random variable ﬁ,f is measurable w.r.t. 3"};{0, then for any integer

p > 1, the time changed random variables G, = Fy ;. and @f = ﬁ,g satisfy

E[G, | $7,]= G .

p

Proor. Notice that
]E[sz - F\I;H | ?ﬁpl] =0,
under the assumption, and it follows from Lemma 4 above that
E[G, — Gy | 9] =0,

or equivalently R
E[G, | §4] =Gy
since @f is measurable w.r.t. §I |, in view of [13, Lemma B.2]. O
Corollary 2. If for any k =0,1,--- ,n and any integer i > 1
Fy, <F;,

where the random variable F} is measurable w.r.t. FE  then for any integer
p > 1, the time changed random variables G, = Fy, ;, and G, = F,;"p satisfy

E[G) | 95—1] <G, .
ProoF. Notice that
E[max(Fy; — F;,0) | F_1] =0,

since max(Fy, ;—F},0) = 0 under the assumption, and it follows from Lemma 4
above that
E[max(G, — G;,0) | 67, =0,

hence using the Jensen inequality yields
max(E[G, — G5 | §)14],00=0  ie. E[G,—G; |5 ,]<0,

or equivalently
EGy | $ 1] <Gy
since G is measurable w.r.t. §I |, in view of [13, Lemma B.2]. O

PROOF OF LEMMA 4. First, recall the following identity
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2 M= =X vz =i

which is easily obtained using summation by parts. For any A € G |, and

any integer M > 1

p—1

NIAM

E[G, 1Azl{k — k) Z L, = i)

=E[Gy1y I;)l{kp =k} ; Lt > iy Wiy =iy

n

|
.Mg

ElGplgn {kp = k,ip, =i} 1{N,f > i}]

B
I
<
-
I

1

3

B LA 0 {ky = k,i, = i} YNE > )]

I
.ME

b

=0 =1

Notice that AN {k, = k,i, = i} € F',_, in view of [13, Lemma B.1] and
{N[ =i} e FT._, hence

BIFsil A0 (ky = kyiy = i} YNH > )]

= E[E[Fui | Tl 1A {ky = koiy = ) Lt > gl =0
under the assumption, and
NHAM
B[Gy 14 Zl{k =i 2 =)= 0
or equivalently
NHEAM

G”Azl{k — k) Z L, = i)

NEAM

ELG, 1A21{k =i 2 =iy

where G = max(Gp,0) and G, = max(—G),0). Finally, using the monotone
convergence theorem yields
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n NI:I
+ _ +
E[Gy 14l = EGS 14 g — 5y 21, = i)
k=0 =1
n NHEAM
= m EGIIA D 1, gy D iy =iy
k=0 =1
NEAM

= Jm BG4 Vg —ky D i, =)
k=0 i=1

n N
=BG 1A D> g, = k) D10, = ) = ElG; 4],
k=0 =1

or equivalently E[G,14] = 0, hence E[G}, | G5 1] = 0, since A € G/ | is
arbitrary. O
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