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A time discretization scheme is provided for the Zakai equation, a stochastic PDE which gives the
conditional density of a diffusion process observed in white-noise. The case where the observation noise
and the state noise are correlated, is considered. The numerical scheme is based on a Trotter-like
product formula, which exhibits prediction and correction steps, and for which an error estimate of
order § is proved, where J is the time discretization step. The correction step is associated with a
degenerate second-order stochastic PDE, for which a representation result in terms of stochastic
characteristics has been proved by Krylov-Rozovskii [13} and Kunita [15,17]. A discretization scheme
is then provided to approximate these stochastic characteristics. Under the additional assumption that
the correlation coefficient is constant, an error estimate of order /8 is proved for the overall numerical
scheme. This has been proved to be the best possible error estimate by Elliott-Glowinski [7].

KEY WORDS: Diffusion processes, correlated noises, nonlinear filtering, Zakai equation, stochastic
PDE, stochastic characteristics, time discretization.

1. INTRODUCTION

The purpose of this paper is to present a computable time discretization scheme for
the Zakai equation of nonlinear filtering with correlated noises, and to provide an
estimate of the rate of convergence.

In the case of independent noises, the problem has been studied by Kushner
[18], Newton [21], Korezlioglu—Mazziotto [11], Bennaton [1], DiMasi—Pratelli-
Runggaldier [6], Picard [22], Bensoussan—-Glowinski-Rascanu [2] and Le Gland
[20]. Some of these authors have actually considered the associated Zakai
equation. Time discretization schemes have been provided with a rate of conver-
gence of order §, where ¢ is the time discretization step.

In the case of correlated noises, the problem has been studied by Elliott-
Glowinski [7]. The best approximation of the continuous filter based on the
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values of the observation process at a regular partition (with mesh §) has been
considered, and it has been proved that the rate of convergence is of order \/5
However, no algorithm is provided to actually compute this approximation.

The paper is organized as follows. In Section 2, the nonlinear filtering problem
is presented. Some results on the Zakai equation, and on a related degenerate
second-order stochastic PDE, are recalled in Section 3. A Trotter-like product
formula is then considered, with an error estimate of order 6. However, this
numerical scheme is not computable. In Section 4, a representation result in terms
of stochastic characteristics is presented for the degenerate second-order stochastic
PDE. This part follows mainly the work of Krylov-Rozovskii [13]—see also
Kunita [15,17]. A time discretization scheme is presented in Section 5, based on
an approximation of the stochastic characteristics. Under the additional assump-
tion that the correlation coefficient is constant, an error estimate of order \/5 can
be proved. In addition, this numerical scheme is actually computable, as far as time
discretization is concerned, i.e. up to space discretization.

2. THE FILTERING PROBLEM

Consider the following stochastic differential system, defined on the probability
space (Q, #, P)

dX,=b(X,)dt+0o(X,)dW,+p(X,)dV,
dY,=h(X,)dt+dV,

where the non observed component {X,t=0} takes values in R™ and the
observation {Y,,t>0} takes values in R% {W, =0} and {V,,t>0} are independent
Wiener processes of appropriate dimension, with covariance matrix I (identity) and
r respectively. For the clarity of exposition, it is assumed throughout the paper
that r=1. In addition, the random variable X, is independent of the Wiener
processes, with probability distribution py(x) dx.

Throughout the paper, it is assumed that the coefficients, b, o, p and h are
globally Lipschitz continuous functions defined on R™ so that the stochastic
differential system has a unique strong solution. The following definitions are used:
a2go* and c£ pp*. In particular, it is not assumed that either a or ¢ is uniformly
elliptic.

With the diffusion process {X,,t=>0} are associated the two partial differential
operators
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Another family of partial differential operators to be considered is

Introducing

t t
Z;2exp {5 WX )Y, ~ 2 [ WX P dr}, 2z,

235

it is standard that, for all 7> 0 the original probability measure P is equivalent on
[0, T] to the reference probability measure Pt with Radon—Nikodym derivative Zr,

so that under Pt

dX,=b(X,)dt+a(X,)dW,+ p(X ) [dY, — h(X,) dt],

@2.1)

where {W,,t=>0} and {Y,,t=0} are independent Wiener processes, with covariance
matrix I (identity), and the random variable X, is independent of the Wiener

processes, with probability distribution py(x) dx.
The Bayes formula gives

E(f(X,)|%) _Et(/(X)Z,|%)

ENZ|®%)
and in addition

EX(f(X)Z,| %)= f(x)p(x)dx,

where the unnormalized conditional density {p,,t =0} satisfies the Zakai equation

[25]

d
dp,=L*p,dt+ Y Bip,dYF.
k=1

Consider then the following decomposition of the Zakai equation (2.2)

d
dp,=L3p,dt+A*pdt+ 2 Bfp, de,
k=

1

where

ALAL—L =1 i Ci,ii..
°72, 82, ox0x;

(2.2)
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On one hand, the partial differential operator L, generates a strongly continuous
semigroup {P,t=0}. On the other hand, it is possible to associate a stochastic
semigroup {Q,0<s<t} with the following degenerate second-order stochastic
PDE

d
dp,=A*p.dt+ }. Bip.dY;, (23)
1

k=

which is studied below. Therefore, it is worth studying the following Trotter-like
product formulas for approximating the original Zakai equation (2.2)

Di+1= P:{-Q:L 1ﬁi9
(2.4)
Di+1= Q:L IP:{-I;.',

where 6,21t,,,—t, and O=t,<t; < <f; <

The main interest of such product formulas is that the original equation has been
split into a second-order deterministic PDE (prediction step), and a degenerate
second-order stochastic PDE (correction step). In the case of independent noises,
this stochastic PDE reduces to a zero-order equation, for which there exists a
straightforward explicit solution. In the case of correlated noises, a representation
result is available by the method of stochastic characteristics (i.e. involving the
stochastic flow of diffeomorphism associated with a SDE driven by the obser-
vation process), see Krylov-Rozovskii [13] and Section 4 below.

Remark 2.1 A similar prediction-correction numerical scheme was obtained by
Kushner [18] in the case of independent noises.

Remark 2.2 Written in Stratonovich form, equation (2.3) is a first-order
stochastic PDE. For such an equation, one can use the representation result of
Kunita [15,17], and translate the stochastic characteristics equations from Strato-
novich form back to Itd form, to recover the representation result of [13].

As a consequence of the above discussion, there will be two steps in designing
the approximation to the original Zakai equation (2.2)
e first use a Trotter-like product formula,

e then approximate the solution of the degenerate second-order stochastic PDE,
by approximating the stochastic flow of diffeomorphisms involved in the
stochastic characteristics method of [13].

It will be proved that the first step can be achieved with a rate of convergence of
order 8, whereas the rate of convergence for the second step (and a fortiori for the
global approximation procedure) is of order /8 only, where 6 £max;; g 6;.

3. TROTTER-LIKE PRODUCT FORMULA

For all n=0, let H” denote the space of real-valued Lebesgue-measurable functions
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on R™ whose generalized derivatives up to order n are square-integrable, with
norm ||-{|,

2 X fIDutofdx<co.

<|a|<n
In addition, the following shorthand notations will be used throughout the paper:

|12 llo and ||-[| ][l
The beginning of this section is devoted to recall existence, uniqueness and

regularity results for the Zakai equation
d
dp,=L*p,dt+ }, Bfp,dY;, (3.1
k=1
and the degenerate second-order stochastic PDE
d
dp,=A*p,dt+ Y, Bip,dYy, (3.2)
k=1

with semigroup {Q5,0<s<t}.
Although no coercivity hypothesis is satisfied, the following result is proved in
Krylov—Rozovskii [13].

THEOREM 3.1 Let n=1 be fixed. Assume that

e a and ¢ have bounded derivatives up to order max(n,2),
e b, p and h have bounded derivatives up to order n,
e the initial condition satisfies p, e H".

Then both Egs. (3.1) and (3.2) have a unique solution pe M*(0, T; H"). In addition
pe LAQ; C,([0, T]; H™),

and the following estimate holds

ET[ sup np,||2]<||po||2 .

0st<T
Similarly, for the Fokker—Planck equation
pi=L&p:, (3.3)
and the following deterministic PDE associated with (3.2)

=A*p,, (3.4)
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with semigroup {P¥,t20} and {T},t=0} respectively, it holds
THEOREM 3.2 Let n=1 be fixed. Assume that

e a and ¢ have bounded derivatives up to order max(n, 2),
o b has bounded derivatives up to order n,
o the initial condition satisfies poe H".

Then both Egs. (3.3) and (3.4) have a unique solution pe L*0, T; H"). In addition

peC,([0, T}, H"),

and the following estimate holds

sup_|lpdls =llpofla €™
0=<t=T

Remark 3.3 In the case where the coefficients a and ¢ are uniformly elliptic, a
slightly stronger theorem holds, see Krylov—Rozovskii [12] and Pardoux [23].
O Error Estimate
The purpose here is to study one of the Trotter-like product formulas (2.4).

Treorem 3.4 Consider the following approximation scheme

ﬁi+1=Pl’{.Q:§Hﬁ,~. (3-5)

Assume that

e a,c, b, p, and h have bounded derivatives up to order 3,
e the initial condition satisfies p, € H>.

Then p; approximates the solution p,, of the original Zakai equation (3.1) with a rate
of convergence of order 6. Indeed

{Et|p;i—p.,|*}2 £ Cé||po|5-

Proof The idea is to get an equation for v,2 P* Q¢ with ¢ smooth enough,
that is similar to the original Zakai equation for p,, except for some perturbation
terms which have to be estimated. This gives an estimate of the one-step error, and
the global estimate is obtained using the Gronwall lemma.

Differentiating with respect to t

d
dv,= L¥v,dt + P*_, [A*Q:¢ dt+ Y BrQio dyf]
k=1
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d
=L¥v,dt+A*v,dt+ Y, B}v,dY¢

k=1

d
+[PrA*—A*PY Qi dt+ Y, [PE BY—BPr 104 dY;
k=1
d d
=L*p,dt+ Y Bfv dY'+ fidt+ ) gkdYy,
k=1 k=1
where the perturbation terms are defined by
SA[PE A*—A*PE 10Qi¢ and gr&£[Pr Bf—B{PY 104,

respectively. The difference ¢, £ v,— p, satisfies
d d
de,=L*c,dt+ Y, Bye, dYi+ fidt+ Y gidYy.
k=1 k=1

Using estimates of [13]

! d ¢
ET|8,|2§|:ET|£S|2+CETJ’|ft|2 dt+CET Y. [|lg¥)? d{| £Cu-3)
s k=1s

Assume that the following estimates hold
Ef|f[< C(z—5)Et|g[3 e, (3.6)
Ef{|g4][2 < C(r—5)E+]| g3 e, (3.7
Then the Gronwall lemma would yield
Etle.f S[Ete, + C(t—5)Et]| ]3] 7,

provided ¢ e L% (Q; H?). Now, it follows from the assumptions and from Theorem
3.1, that p,e L2(Q; H3) for all i, so that setting s=t¢;, t=t;,, and ¢=p;

ETIﬁH 17 Pyss |2 = [ET|13i_Pz.-|2 +C(ty— t,)3ET||ﬁ,||§] gltiv1™m),

and the result follows from the discrete Gronwall lemma. The end of the proof is
devoted to proving estimates (3.6) and (3.7).

O Estimate (3.6)

The following perturbation result
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T
[P¥_A*—A*PY Ju=[P}{  [LEA*—A*LE]IP¥_udr,
s

holds for u smooth enough. It follows from the assumptions, that the partial
differential operator D2 [LXA*— A*L%] is bounded from H? to H°. In addition, it
follows from Theorem 3.2 that {P¥ t=0} is a strongly continuous semigroup in
both H° and H?3. Therefore

|f|Z[|P¥.DP¥_.0i¢|dv' < C(z—3)[|Qig]|5 €<~

Then
E|f|* < C(c—$)’EH]|Qi][3 €79 < C(r—5)°E{|¢][3 7.

[ Estimate (3.7)

Similarly, the following perturbation result

[P¥.B¥ —BYPY Ju=[P¥  [L§B¢ —BfLEIPY_udr,

T -5

holds for u smooth enough. It follows from the assumptions, that the partial
differential operator D, £ [L¥B¥— B¥L%*] is bounded from H* to H'. In addition, it
follows from Theorem 3.2 that {P},:=0} is a strongly continuous semigroup in
both H' and H?3. Therefore

e8| S flIP%- . DPE - Qig|lde < Clc—9)||Qid|s €.

Then
Erlgt]? < Cle—s7Er0i0l3 e s Clr—s EHg3 e O

Remark 3.5 1In the case where the coefficient a is uniformly elliptic, the same
error estimate can be proved under weaker regularity assumptions on the
coefficients and the initial condition, see Florchinger-LeGland [8].

Remark 3.6 1t is possible to approximate the stochastic differential equation
(2.1), in such a way that the approximation p; given by (2.4), is actually the
conditional density of the approximate process at time t;, given the observations
@,,. This problem will be addressed elsewhere.

The approximation scheme (3.5) is not yet computable. First, the Fokker—Planck
equation (3.3) with semigroup {P¥,t2=0}, has to be approximated: this is a rather
standard problem, for which one can use e.g. the backward Euler scheme, or some
other approximation scheme. On the other hand, some representation results are
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presented in the next section, which can be used for the approximation of the
degenerate second-order stochastic PDE (3.2), with semigroup {Q$, 0<s<t}.

4. STOCHASTIC CHARACTERISTICS

Parallel to the decomposition of the stochastic PDE (2.2), there is a similar
decomposition for the stochastic differential equation (2.1). With the first
component

dX,=b(X,)dt +o(X,)dW,

is associated the partial differential operator L, and the Fokker—Planck equation
(3.3). It is proved below that the second component

dX,=p(X)[dY,—h(X,)d1], (4.1)

is associated with the degenerate second-order stochastic PDE (3.2) and the
corresponding deterministic PDE (3.4).

The beginning of this section is devoted to recall results concerning the
stochastic flow of difffomorphisms associated with the stochastic differential
equation (4.1).

THEOREM 4.1 Let & () be the stochastic flow associated with the forward stochas-
tic differential equation

d,=p(E)[dY, —h(C,) dt]. (4.2)

Assume that the coefficients h and p have bounded derivatives up to order (n+1).
Then & (°) is a C"-diffeomorphism in R™.

Under the assumption that the coefficient p has bounded derivatives up to order 2,
the inverse map &, '(v) is given explicitly as the (backward) stochastic flow n, ()
associated with the backward stochastic differential equation

dn,= p(n)®LAY,— h(n) di]—po(n,) dr, (4.3)
with
d m i
oh 2 Prpi 1<izm,
k=1 j=1 53‘;‘

The regularity of £, ,(-) was first proved by Blagoveschenskii-Freidlin [3], whereas
the rest of the theorem is proved in Kunita [16].

ProposiTION 42 The Jacobian Jg (-) (i.e. the determinant of the Jacobian matrix)
of the diffeomorphism &, (*) satisfies
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T, ) L exp {fa*(fs,,(X))[dK—h(fs,,(x)) ]

— [ ho(&, (X)) dr—fa(E, (x))dr } (CX))
with

d m 6hk
d hy® L
o ° kgl igl 0x; Pk

Proof Transform first the stochastic differential equation (4.2) into Stratono-
vich form

dé,=p(&)o[dY,—h(&,)dr] —%Po(f:) dt.

Similarly to the Liouville formula for ordinary differential equations, see Hartman
[10], it holds

dlogJ, (x) =a*(&; (x)) o [dY, — h(&; (%)) dt] —ho(&, [x)) dt —3 div po(&,, () dt.
Transforming back to It6 form

dlog J, (x) = a*(&,, ()Y, — k(& (%)) dt] — ho(&, (x)) dt

—div po(&,, (%)) dt + 3ag(&, () dt.
Now it holds

which finishes the proof. O
Remark 4.3 Note that [J (1, (-))]' is actually the Jacobian of the inverse
diffeomorphism #, ,(*).

Define
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E,,{x)&exp {I h*(&s,((x))d Yt—%f (&, L] df}, (4.5)

and

O, (x) £E, (x)[J,,{x)]" ' =exp {I h*(Cs,(x)) dY, — %f [A(&s, ()| dt

— Ja* (&, LN AY. = h(E,, o(x)) de] + [ ho(&,, (X)) dT + [ 3, (%)) df}-

Introduce the following definition

1(x) £ q(n,, {(x)) O, (1, (%)), (4.6)

or equivalently

14(E,4(x)) =q(x) 0, (x).

where the same notation has been used as in the previous section. This will be
justified by the Theorem 4.8 to be proved below.

Remark 4.4 Under the additional assumption that the coefficient p has
bounded derivatives up to order 2, the Lemma 6.2 of [16, Chapter 2] gives the
following explicit expressions in terms of backward It6 stochastic integrals

E,, 1., x)) =exp {I h*(n, (x)@dY, — %I [, L))|* dz —§ ho(n,,o(x)) df},

8§

5, 5(x)) =exp {f oa*(n,, (%)) DAY, — h(n,, (x)) d7]

— [ ol ) e — [ &, () de — [ ol ) dr},

where the coefficients hy and o, have already been defined as

m

; d doy ; < & *pl
ho® ¥ Y 2ok and w® ¥ Bpi=y Y Sl

i k=1 i=1 0X; k=11i,j=1 axiaxj

Therefore
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[, ()20, (1, (x)=exp {I h*(n,, (x)@dY, — %f |h(n,, {))|* d

—fa*(n, LN@LAY,~h(n, {x)) de]+ [ aln, x)) dt+ [ ao(n, {x)) de } 4.7

Remark 4.5 1If p=0, then £, (x)=x so that

1a(x) = q(x) exp {F*()(Y,— Y) — 3|h(x)*(t~9)},

which is actually the explicit solution of the equation

d
dqt== E: hkqtd’,h

k=1

with initial condition g at time s. In this case, (2.4) reduces to the discretization
schemes considered in [2, 18,20].
First, the following stability result holds

PROPOSITION 4.6 Let n=0 be fixed. Assume that

e ¢, p and h have bounded derivatives up to order (n+1),
o the initial condition satisfies qe H".

Then QSq is a square integrable random variable with values in H". In addition, the
following estimate holds

{Et]|0iql7} ' <l|qll, e .

Proof 1t is enough to prove the result for n=0.

Using the change of variable x=7, (y) i.e. y=¢&; (x)

Et|Qiq* =E* [[|a(n, ()|O;, (., (¥)]* dy = [ [a(x)"E{O; (x)} dx,
and the result follows from the estimate

sup E{@, (x)} <™. O

xeR™

Another property of the two-parameter stochastic semigroup {Q5,0<s<t} is
provided by the following

ProposITION 4.7 Let {T,,t 20} be the semigroup generated by
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Then
EtQi=Tr .

Proof Using the same change of variable as in the proof of Proposition 4.6, it
holds

(EH(Q7a).f) =Et [ q(n,, {(9)Os (1, (1) f () dy = [ a()ELf (&, (x))] dx,
for any test-function f. Now, under the original probability measure P
d&,=p(&)dv,
where {V,,t=0} is a Wiener process with covariance matrix I. Therefore
(Et(Q2i9./) = T .)=(Tra.f). O
The following representation result of the solution of Eq. (3.2) in terms of the
stochastic characteristics #, -), is the stochastic counterpart of the usual method of

characteristics for linear first-order PDE. It has been proved by Krylov-Rozovskii
[13] and Kunita [15,17].

THEOREM 4.8 Let {Q$,s<t} be defined by (4.6). Then, the unique solution of
equation (3.2) satisfies

a(x) = Qiq,(x). (4.8)

Proof The proof given below is essentially that of [13]. Introduce

aenp {fgtar— 316,

where {¢,,s<t=<t} is deterministic.

It follows from the It6 formula that §, 2 Ef({5:q,) satisfies
d
g.=A*G.+ ), B¥q.¢% (4.9)
k=1

with the initial condition g,=E%(q,). On the other hand, define

W(x) & E"’[f (&, dx)) exp {f OFh(E,,(x)) dr’ }]

where under the probability P?
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dé.=p(¢)[dV?+ . dr],

and {V?,t>0} is a Wiener process with covariance matrix I. By the Feynman-
Kac formula, {w,s<t=<t} satisfies a PDE which is dual to (4.9), so that

(G,»f) =(ds w,). Consider now the right-hand side in the representation result (4.8).
Then

£3- Q1q(x) = gy(m,, X)) EL (., X)) exp {5 ¢Fh(n,, (X)) dr}[J SNUANES)) I
with
&S, ,(X) Aexp {f (A&, (X)) + ¢ J*dY. — % FIr(Es. ) + ¢t|2d1}

Define next 7,2 E({3- Q%q,). The Fubini theorem, the change of variable x=#, ()
and the Lemma 6.2 of [16, Chapter 2] give

@ N)=ET{ f(»adn, YNEL (n., ) exp {I ¢*h(n,, () dr}[J oM sO] ™ 1 dy
ZEF [ £(E, 00)40)E2 () exp {j ) dr} dx
— [ GOt [f(és,t(X))~s () exp {f o*h(E, () dr}]

= [4(x)E* [f (Gs.i(x)) exp {I O h(&s, (X)) df}] dx = (g, Wy).

It follows that (g,, f) =(7,, f) for arbitrary test-function f and arbitrary {¢,s<1<
t}, which finishes the proof. O

5. APPROXIMATION OF THE STOCHASTIC CHARACTERISTICS

It has been proved in Section 4 that the stochastic semigroup {Qf, 0<s<t}
associated with the degenerate second-order stochastic PDE (3.2) satisfies

Qip(x) = (1, (XN, o(x), (5.1

where 7, (-) is the inverse of the stochastic flow of diffeomorphisms & ()
associated with the stochastic differential equation (4.2), and I, (x) has been
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defined in (4.7). The purpose of this section is to investigate approximations of
(5.1).

Considering that », () is also the stochastic flow of diffeomorphisms associated
with the backward stochastic differential equation (4.3), it is natural to consider
the following approximation

0id(x) & o (1, ()T, (), (5.2)

where

A, (%) 2 x— p(X)[ Y, — Y, — h(x)(t — )] + po(x)(t — ),
and

L0902 exp (00— X) — 3 |C9[(t —9) —* (MY, ~ Y~ h(x)(t=5)]
+ a(x)(t —5) + ao(x)(t —5)},

are computable approximations of n, (x) and I', (x) respectively, both depending
only on the increments (Y,— ;).

Remark 5.1 One possible approach would be to approximate #, (-) by the
stochastic flow of diffeomorphisms associated with the ordinary differential
equation obtained from (4.3) by replacing the observation sample-path {¥,,0<:<
T} with some regular approximation, such as the Euler stepwise approximation or
the polygonal interpolation. The numerical analysis of such an approximation
should not be very difficult. However, the resulting approximation would not be
explicitly computable.

The remainder of this section is devoted to studying the rate of convergence of
this approximation. First, a stability result similar to Proposition 4.6 is needed.

ConpITiION A Let n20 be fixed. Assume that the initial condition satisfies g€ H".
Then Q3q is a square integrable random variable with values in H". In addition,
the following estimate holds

{EH|04l2} > < |lgl]n e 2.

Remark 5.2 Because 7, () is not a diffcomorphism, this stability result can not
be proved in the same way as in the proof of Proposition 4.6. The following
proposition, which is proved in the Appendix, shows that Condition (A) holds in
the simple case where the correlation coefficient p is constant. Whether this
remains true in the general case—or how to modify the approximation scheme in
such a way that Condition (A) holds without any additional assumption on the
correlation coefficient—is still an open problem (however, see Remark A.1 below).

ProrosiTION 5.3 Let n20 be fixed. Assume that

® p is constant,
e h has bounded derivatives up to order n.
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Then Condition (A) holds.

Remark 5.4 The approximations 7, (x) and T, (x) are based on the explicit
expressions for 7, (x) and I', (x), given in (4.3) and (4.7) respectively. This explains
why the regularity assumptions on the coefficient h are different in Proposition 4.6
and Proposition 5.3.

Remark 5.5 1In the case where the correlation coefficient p is constant, the
approximations of #, (x) and I', (x) take the simple form
7, o(X) 2 x—p[Y,— Y, — h(x)(t —5)],
and

T, () £exp {(B*(x)(Y,— ) = 3[h(x)|*(t - 5)},

respectively.

Next, the following proposition provides an error estimate for commuting the
operator Q¢ and spatial derivatives.

ProOPOSITION 5.6 Let n20 and o a multi-index, be fixed. Assume that

o p has bounded derivatives up to order (n+ |a| +2),
o h has bounded derivatives up to order (n+ |oc|),
e the initial condition satisfies ge H**1?,

Then, under Condition (A)
{EH||Q:D*q—D*Qidl[}'* S €/t =5{ldllur 1o
Here again, the proof of this proposition is given in the Appendix.
[ Overall Error Estimate

The main result of the paper is provided by the following

THEOREM 5.7  Consider the following approximation scheme
Pi+v1= P:{»Q:L ,ﬁi-

Assume that

a and ¢ have bounded derivatives up to order 4,

b and p have bounded derivatives up to order 3,

h has bounded derivatives up to order 2,

the initial condition satisfies p,€ H>.

Then, under Condition (A), p; approximates the solution p,. of the original equation
(3.1) with a rate of convergence of order \/5 Indeed
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({5~ .2} 2 < € /8| poll2-

Proof 1In view of Theorem 3.4, it is enough to prove that

{E+{5— 52} 2 < C/8|po -

Similarly to the proof of Theorem 3.4, the idea is to get an equation for Q¢ with
¢ smooth enough, that is similar to the original Eq. (3.2) for Q%, except for the
initial condition and for some perturbation terms which have to be estimated. This
gives an estimate of the one-step error, and the global estimate is obtained using
the Gronwall lemma. Throughout the proof, the summation convention over
repeated indices i, J, is used.

Differentiating both sides of (5.2) with respect to ¢

de¢(X)=£(nt (X)) [ Z pu()[AY] = hy(x) dt] + po(x) dt] I o(x)

¢

d
T (7o) T, [0l 1T, ()

d

Y. w(x)[dY;—h(x)dt]
=1

+ ¢(7;, s(x))|: Y h(x)dYi— = |h( |2dt— Y,
+ a(x) dt + oo x) dt+% |h(x) — a(x)|? dt] L %)

o o &
t o (7, x)) |: - kZH Pi(x) [ (%) — o (x)] dt] [, {(x)

2
C (DT, 0
Xj

_1;
=25

[po(x t z pk(x)ak(x)] %0 (1 doNT, ) dt
+ L) + a6() + 3o P10 () Fa() de

d
+ kzl [hi(x) = 0(x) ] (11, (X))T, x) d Y7
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d
Z k(x (11, LT (x) dYE.
Now, it can be checked that

1 &% oS ach
_ d 1 1 =
20x 6 an Pot kgl Piche Ox

i

d+ag+= |oc|2

Therefore, it holds

2
402009 = 349,72 7.09)
i0X;

0% 7, )41 2 G, 9070 |1, 0

+
i Ox; 2 0x; 0x;

6x

+y [hk(xw(ﬁ,,s(x)) =) 50 1.09) = 0980109 |y v
k=1 Xi X;

1 ¢ ¢ 1 e
| e e Ly (x)Q,¢(x)]dt
+3 [hk(x)wax)—p;;(x)Q: 009~ P00 |ar

so that

d
dQi¢=A*Qipdt+ y. BFQipdY;
k=1

1i,j s 62¢ _ 82 s aci,J a¢ a s
2 [Q'ax,.ax,. ox;ax, 20 | B 5 | Qi 3 4 |

YN

-3 pk[Q@? -2 :¢]d¥f.

i

The difference ¢, 2 Q3¢ — Qs satisfies

d a
de,=A*e dt+ Y Bre dYi+ fdt+ Y gkdYr,
k=1 k=1
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where the perturbation terms are defined by

11 s ¢ 62 s
f.2 |:Q 0x; 0x; 6x,~6ij'¢

and

respectively. Using estimates of [13]

t d t
ETlerlzé[ET|Bs|2+CEH|f,]2dt+CET y j||g5”2dr] oL
s k=1s

Moreover, it follows from Proposition 5.6 that
Ef|[7 < e R4l .
Et|lg* < C(z — ) Et]| ][5 9,
and therefore the Gronwall lemma yields
Efle|* <[Etle* + C(t—5)°Et||¢|3] 7,

provided ¢ € H?. Now, it follows from the assumptions and in particular Condition
(A), that p;e L¥Q; H?) for all i, so that setting s=t;, t=t;,,, ¢ =p; and Y =p,

EF|Q, .5~ Q. 5if* S[EF|Bi—if> + C(ti s — 1) EF||B]|3] 711 710,

Next
Et|pi1—pivi|* =EHPLIQE, 5:—Ch., 5|
<[EHpi—5if* + C(ti 1 — ) EF||5i[|3] 550170,
and the result follows from the discrete Gronwall lemma. O

A further step in the time-discretization would consist in approximating the
Fokker-Planck semigroup {P¥,:>0}, using some classical approximation scheme.
For instance, using the backward Euler scheme would result in the following
global approximation scheme

(I - 5iL3)ﬁi+ 1= Q:L 1p-i’

with the same error estimate.
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O Particle Approximation

Another possible approach to approximate the degenerate second-order stochastic
PDE (3.2)—based also on the representation (5.1) in terms of stochastic character-
istics—would be to use particle methods, adapting the results presented in Raviart
[24] for deterministic first-order PDE. The basic idea is to solve exactly Eq. (3.2)
for an approximation of the initial condition, rather than approximate the
stochastic characteristics as was done before.

Suppose that, at time f; an approximation of the conditional probability
distribution g(x)dx is available, in terms of a convex linear combination of Dirac
masses sitting at some particle locations {x¥,ke K} with corresponding weights
{a¥,keK} ie.

g(x)dx~ Y a¥é(x—x¥). (5.3)

keK

Solving exactly Eq. (3.2) in weak sense, with the approximation (5.3) as initial
condition, gives the following approximation

fead(x) dx~ Z af 18(x—xty o)
kekK

for the solution at time t;,,. The new particle locations {x},,keK} and the
corresponding weights {a¥, |, ke K} are computed according to

xi"-*— 1= ét,—.t.w 1(x;() and a{f+ 1= a:fEti,ti+ 1(x;()’
where ¢, () is the difffomorphism associated with Eq. (4.2), and E (-) has been
defined in (4.5).

The error estimate associated with this particle approximation will be studied
elsewhere.

6. CONCLUSION

A time-discretization scheme of the Zakai equation for diffusion processes
observed in correlated noise has been proposed, based on the stochastic character-
istics introduced in [13,15,17]. Under the additional assumption that the correla-
tion coefficient is constant, it has been shown that the rate of convergence of this
approximation is of order \/5, where 9 is the time discretization step.

The same rate of convergence has been obtained in Elliott—Glowinski [7] for a
different approximation

e on one hand, the approximation considered in [7] has a probabilistic
interpretation, which is not the case so far for the time discretization scheme
presented here (however, see Remark 3.6 above),
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e on the other hand, the latter is actually computable, whereas no numerical
algorithm is provide to compute the approximation considered in [7].

Another point of interest would be to study some particle approximation for the
degenerate second-order stochastic PDE, adapting the results presented in Raviart
[24] for deterministic first-order PDE.

As was pointed out to the authors by Harold Kushner and the anonymous
referee, one would have to discretize the space variable and to bound the state
space, in order to get a completely computable numerical scheme. This is a
different problem, for which several approaches have already been used: finite
difference approximation, by Kushner [18] and DiMasi-Runggaldier [5], finite
element method, by Bennaton [1] and Germani—Piccioni [9], with error estimate.
The reference [9] also provides error estimate for bounding the state space, using
weighted Sobolev spaces introduced by Krylov—Rozovskii [14]. Therefore, the time
discretization scheme presented in the paper should be combined with such space
discretization techniques, in order to be completely computable. To some extent,
the choice of the space discretization scheme is dependent on the application: for
instance, the method of characteristics (also called particle approximation in [24])
is well-adapted to first-order PDE arising in the filtering of noise-free processes,
and has been recently used in target tracking applications, see Campillo-Le Gland
[4] and Lasdas—Davis [19].
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APPENDIX

Proof of Stability and Commutation Estimates

The purpose of this appendix is to prove the stability and commutation estimates
for the approximation introduced in Section 5.

Proof of Proposition 5.3 1t is enough to prove the result for n=0.

Since 7, (*) is not a diffeomorphism, one can not use a change of variable as in the
proof of Proposition 4.6. Instead, one uses the fact that 7, (x) and T, (x) are very
simple functions of the Gaussian random variable (¥, — Y;). First

Et|Q:4q)> = Et [ [|q(,, {Lx))|T, {x)]* dx

=mf § |aCe—p(x)w—h(x)(t — )1+ po(x)(t — s))?

x exp {2h*(x)w — |h(x)|*(t — 5) — 2a*(x) [w — h(x)(t —5)]



ZAKAI EQUATION 255

+2a(x)(t —5) + 20t0(x)(t — 5) } exp { - %'_%)} dw dx.

Next

2[h(x) — a(x)]*w — J_K =2|h(x) — ()| Xt —s 1W-2[h(X)—a(x)](t~s)J2,
2(t— 2(t—>s)

so that, using the new variables (x,v) with v=w—2[h(x) — a(x)](t —5)

Et|Q:q? éec"'s)m“ lg(x—p(x)v

+v(x)(z—s))|2exp{ J—lz—}dudx

2t—s)

where 7(x) £ po(x) — p(x) [h(x) — 2a(x)].

In the particular case where p(x)=p, the application F(x)£ x— pv+y(x)(t—s) is
a diffeomorphism provided 0<(t—s) < 1/C, and moreover the Jacobian is bounded
below by [1— C(t—s)]. Therefore, using the new variables (y, z) with y=F(x)

C(t — 5) 1
EHONI S s Gy Tl e { JLZ( )}d vdy

eC(t —s)

gr(t—s)f la(y)|? dy,

provided 0= (t—s) £6<1/C, which finishes the proof. d

Remark A.]1 According to the detail of the proof above, it is enough for the
Condition (A) to hold, that

[27Z(t _1_ s)]d/z .‘.j |q(x - p(x)v + y(x)(t - S))|2 eXp { 2J(t_L)} dU dx < ec“ s) j |q(y)|2 dy,

for any bounded function .

Proof of Proposition 5.6 Here again, it is enough to prove the result for n=0
and |<x|= 1. Throughout the proof, the summation convention over repeated indices
Jj is used.

For g smooth enough, it holds
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01000 =92 1,0 | /= £ A7 = V(1= 9o

ax, k=1

+(t—s)<i 0 )+ a”?’(x))]i,s(x)

cai| ¥ ‘3""()—%() [¥E— Y5~ (1 — ()]
k=1 6

d —
+a—s>(z Pt () 422 (x gi?(x))]i,s(x)

k=1

= x> ) %WY?— Y's‘—(t—S)hk(X)]Qf%(X)

k=1

=0i

o oh o oph )50
+(t—s)(=1 ’axi‘x)+a(")>9'a’x}")

d
+ 3 (00 = G200 ) 7= Vi 9o Giato)
ve-9( ¥ %)) z4()
k=1 0x; ! '
Therefore, under Condition (A)
o - _ a 2 m
ET‘B;iqu—Qfg)% gcu—s)[ Py 7" +ETIth|2]

2
+lq12}

sce-slld’. O

j=1 6xj
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