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Abstract 

We study the asymptotic behaviour of the Bayesian es- 

timator for a deterministic signal in additive Gaussian 

white noise, in the case where the set of minima of 

the Kullback-Leibler information is a submanifold of 

the parameter space. This problem includes as a spe 

cial case the study of the asymptotic behaviour of the 

nonlinear filter, when the state equation is noise-free, 

and when the limiting deterministic system is nonob- 

servable. We present a practical example where this 

situation occurs. We give an explicit expression of the 
limit, as the noise intensity goes to zero, of the poste- 
rior probability distribution of the parameter, and we 
study the rate of convergence. 

1 Introduction 

Consider a nonlinear filtering problem with noise-free 

dynamics, where the unobserved process {X, , 0 5 t 5 

T} evolves according to the ODE 

At = f-vt) , 

with unknown initial condition Xc, and the observa- 
tions are corrupted by some small additive white noise 

dYt = h(Xt) dt + E dVt . 

The general nonlinear filtering problem consists in com- 

puting the conditional distribution & of the state Xt 

given the past observations yt = o(Y8, 0 5 s 2 t}. 

Let {A(.) , t 2 0) d enote the flow of diffeomorphisms 
associated with the ODE, and consider the following 
deterministic system 

{ 

kt = b(st) 

(9 
zt = h(a) 
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obtained in the limit as E J. 0. If the system (C) is 

obseruabIe on the time interval [0, t], in the sense that 

the mapping 

-wods(~),O5sIt) t 

is injective, then 

I4 - %t (4 

as E J, 0, where zo is the true initial condition. The 

purpose of this paper is to describe the asymptotic be- 

haviour of the conditional distribution & as E J- 0, when 
the system (C) is nonobservable. 

This problem can be considered as a particular case of 
the problem of studying the small noise asymptotics 
of the Bayesian estimator in nonidentifiable nonlinear 
regressions. To be more specific, assume that the m- 

dimensional observation {Xt , 0 5 t 5 T} has the dif- 

ferential 

dXt =m,(8)dt+aWf, 

where 9 E 0 c RP is an unknown parameter and 

{~,e,oltlT~ is a standard Wiener process. The 

process {Xt , 0 < t 5 2’) could be thought of as the 
sum of a parameter dependent signal corrupted by 
an additive white noise, see Ibragimov and Khasmin- 
skii [7]. The problem is to estimate the unknown pa- 

rameter 0, given the observations {Xt , 0 5 t 5 T}. We 

assume that for any 8 E 0, the mapping t e mt (0) is 
measurable and satisfy the finite energy condition 

J 

T 

lmt(8)12 dt < 00 . 
0 

In addition, we assume that for a.e. 0 5 t 5 T, the 
mapping 0 H mt(8) is continuously differentiable, 
and for any 0 E 0, the p x p symmetric nonnegative 

matrix (Fisher information matrix) 

/ 

T 

I(e) = [tit(e)]* tit (8) dt 
0 

can be defined. For any E > 0, let {PE, , B E 0) be 
the family of the probability measures generated on the 
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canonical space C([O, 2’1; Rm) by the process {X, , 0 < 

t 5 2’) for different values of the parameter 0. The 

likelihood function for the estimation of 8 based on 

{Xt , 0 5 t 5 T} is given by 

LE(6) = exp{$ J 0 
1 = -- 

J 2&2 0 
Imt(a2 dtl . 

Using the Bayesian approach, we model the a priori 

information on the unknown parameter 19 by the prior 

probability distribution p(0) de. The posterior proba- 

bility distribution pE is then defined by the Bayes rule 

J 4(e) L’(e) P(B) do 

(PW = e 

J . L’(8) p(B) dt’ 
8 

The Bayesian point estimator % associated, with a 

quadratic loss function coincides with the conditional 

mean, i.e. 

& J t’p’(dB) . 8 
We introduce the contrast process f?(O) = 
-Ed logL”(8) and we denote by Q the true value 
of the parameter. Discarding additional terms that 

are independent of 8, the contrast process could be 

written 

t?(e) = --E J [mt (e) - rnt (a)]’ dWtu 
0 

J 
T 

1 
+z Im(e> - mt(412 dt , 

0 

and converges to the Kullback-Leibler information 

Ka(6) = 3 J - w(412 dt , 
0 

in PE,-probability, as E 4 0. 

Under the usual identifiability assumption that the true 
value of the parameter is the only minimum point of 

K,(8), the Bayesian estimator is consistant, i.e. 

$+a or equivalently CLE - &I > 

in PE,-probability, as E l. 0, and is asymptotically nor- 
mal, i.e. 

p - 4 - w, r-‘(a)) , 

as E .l. 0, provided the Fisher information matrix I(cY) 
is invertible, see Kutoyants [ll]. 

However, there are some practical situations, see Ex- 

ample 2.1 below, where nonidentifiablilty occurs, i.e. 

MO # {a} where 

MO 4 yyein K. (0) , 

by definition. In this case, the point estimator % is not 
relevant, and we are rather interested in the asymptotic 
behavior of the posterior probability distribution pE as 

E 10. 

In this paper, we address the case where the set of 

points with minimum contrast (Kullback-Leibler infor- 

mation) is a submanifold of RP. It is easy to show that 

asymptotically as E .l. 0 the probability distribution @ 

is supported by it&. We show that, using first order 
terms, such as the Fisher information matrix, it is pos- 

sible to characterize the limit as E J 0 of the probability 

distribution p’, as a random probability distribution 
pa on M,, absolutely continuous w.r.t. the canonical 

measure on Ma, and to provide an explicit expression 

for the density. We also study the rate of convergence. 

These results have been announced in Joannides and 

LeGland [lo]. 

2 Prototypical situation, and example 

As a prototypical situation where nonidentifiability oc- 
curs, consider the nonlinear filtering problem intro- 
duced at the beginning, where the unobserved process 

{X, , 0 5 t 5 T} evolves according to the ODE 

-& = b(-%) , 

with unknown initial condition Xc, and the observa- 

tions are corrupted by some small additive white noise 

dYt =h(Xt)dt+edVt =ho&(Xo)dt+&dVt . 

In the Bayesian approach, the unknown initial condi- 
tion X0 is given the probability distribution m(s) dz, 

and the general nonlinear filtering problem consists in 

computing the conditional distribution of the state Xt 

given the past observations yt = o(YS , 0 5 s 5 t}. 

The limiting deterministic system (C) is nonobservable 
if 

MO = argmin 
J 

=lhoh(x) -hodt(xo)12dt# {xo}, 
zERm 0 

where x0 is the true initial condition. In this exam- 

ple, the notion of nonobservability of the limiting de- 

terministic system is equivalent to the notion of non- 
identifiability of the corresponding statistical problem. 

In this context, the Fisher information matrix reads as 

follows : 

I(x) = 
J 

=[ h’[c&(414;(4 I’ Wh)l&(4 dt 
0 



for any z E R”, and has been introduced in James [S] Denoting by 8 f (r-t, TOY, v;, vg) the initial condition 
as the observability Grammian for the limiting deter- of the above set of equations, the problem reduces to 
ministic system (C). estimating 0 based on the observations 

Example 2.1 Let us mention the target motion anal- 

ysis (TMA), or tracking with bearings only measure- 
ments, as a typical application where nonobservability 
occurs, see Levine and Marino [12]. 

dYt = mt(d) dt + .cdW/ , 

where 

rnt (e) = arctan 
81 + tes 
e2+te4 * 

In this problem, a ship (the platform) is trying to esti- 

mate the position and velocity of another ship (the tar- 

get), using angle only measurements provided by a pas- 

sive sonar. We denote by T = (r’, r”) and v = (v’, vv) 

the relative position and velocity of the target w.r.t. the 

platform. The measurements available at time t 2 0 

are of the form 

dYt = h(q,q)dt +EdWt 

where the observation function is 

Denote by M, = (0 E R4 : mt(0) = mt(a) , 0 5 t 5 

T} the set of points that cannot be distinguished from 

Q. Clearly, 8 E M, if and only if for any 0 5 t 5 T 

i 

e1 + te, cry1 + taa 
e2+te4 = a2+ta4 ’ 

i.e. if and only if 

‘Y 

.- 

Target 

Platom i 

Figure 1: Target motion analysis (TMA) 

In general, both ships move at constant velocity along 

straight lines, so that the motion of the target could be 
described by the equation 

rt” = ro” + vo” t , rt Y=rOy+v;t, 

‘Ut = = v= 0 3 vt” = vo” . 

Notice that the rows of this matrix are linearly inde- 

pendent vectors of R4, provided that CY~ or -CYZ (~3 # 0. 
If this is the case, then M, is the one-dimensional ker- 
nel of this matrix. We can easily check that cr is in the 
kernel, hence 

M,={YER~ : y=pcll forsomepER}. 

Indeed there exist a one-dimensional manifold, in the 

four-dimensional parameter space (initial relative po- 

sition and velocity of the target w.r.t. the platform), 

of points that cannot be distinguished from the true 

value. One would need additional measurements, e.g. 

range measurements provided by an active sonar, to 
overcome this problem. 

The case where cz4 ~1 - ~2 (~3 = 0 corresponds to some 
values of a! for which the platform and the target are 

moving along the same line. We do not consider that 

type of problem here and therefore, we discard these 

values of Q from the set of parameter 0. 

3 Convergence result 

For 13 E 0, recall the Fisher information matrix 

1(e) = J =[m,(e)]*~t(Wt 9 
0 

and notice that for any y E n/r,, I(y) is the Hessian ma- 

trix at point ~9 = y of the Kullback-Leibler information 
K,(8). If I(y) has full rank p, then by the local in- 
version theorem, y is an isolated minimum point. This 
case has been considered in Kutoyants [ll] for a slightly 



different model however. Since our goal is to address 

the case where the set of points of minimum contrast 

is a submanifold, we will make hereafter the following 

Assumption A: 

The Fisher information matrix I(y) has 

constant rank d < p for any y E Ma. 

By the rank theorem, this assumption ensures that Ma 

is a (p - d)-dimensional submanifold of Rp. For y E 

Ma, we denote respectively by TyMO and NYMn the 

tangent and normal spaces to M, at point y. We easily 

check that TYM, = kerI(y), and NVMa = ImI(y). In- 
deed, for any tangent vector v to M,, let {y(s), s E I} 

be a smooth curve in M, such that ~(0) = y and 

W) = v. For any s E I and for a.e. 0 5 t 5 T, 

mt[y(s)] = mt(cx), hence tit[y(s)]~(s) = 0 and in par- 

ticular for s = 0, 7&(y) v = 0. Since the latter holds 

for a.e. 0 s t 2 T, we have I(y) v = 0 which implies 

Im I(y) c iVyMo, since for any u E RP, [I(y) U]*V = 0. 
By Assumption A, Im I(y) is a d-dimensional subspace 
of Rd, hence NY MO = Im I(y), which in turn implies 

Ty Mo = ker I(y). 

The above discussion also shows that the Gaussian pro- 

cess 

indexed by y E M, belongs to N, M, , since V* 6 (y) = 

0 for any v E T,M,. In addition, for any y E M,, 
the restriction IL(y) of the linear mapping I(y) to the 
normal space NyMn is invertible, since it has full rank 
d. Thanks to these remarks, the Gaussian random field 

Q(Y) = PL(Y>I-“2 Q(Y) 

indexed by y E M, is well defined. We also introduce 

the random probability measure on M, 

d&) = ca exp{$ I~(Y>I~I d& Udy) 1 

where ca is a normalizing constant. In this definition, 

X, denotes the canonical (or Lebesgue) measure on 
Ma, see Berger and Gostiaux [l, Chapter 31. We re- 

call at this point that the normal space N,M, is also 

equipped with a canonical Lebesgue measure &, as 

a d-dimensional vector subspace of RP. 

Sotice that both ,u’ and pL, are random measures, i.e. 
random variables with value in MY, the set of probabil- 

ity measure on RP. Since $ is absolutely continuous 
w.r.t. the Lebesgue measure on RP, and ,U~ is sup 
ported by a set of zero Lebesgue measure, the topology 
associated with the total variation distance is obviously 

too strong, and we use instead the topology associated 

with the following norm on 3M, which is equivalent to 

the Prokhorov distance 

lb - $llBL* = ,,r;;;wl I (I4 f) - w f) I , 

where I] . 11~~ is the norm on the space of bounded and 
Lipschitz continuous functions, i.e. 

Ilf IIBL = mWflL Ilfll~) 1 

where I] * I] and I] + I] d L eno es respectively the supremum t 
and the Lipschitz norm. The equivalence between the 

Prokhorov distance and the norm I] . /]BL* is proved in 

Dudley [2, 31. 

We now state the main result of this paper. 

Theorem 3.1 We assume that 0 is a compact subset 

of RP, and that the prior density p is continuous and 

strictly positive on M,. Under Assumption A, and un- 

der additional regularity assumptions 

II/f - bllBL+ + 0 , 

in Pi -probability as E J. 0. 

SKETCH OF THE PROOF. From the definition of the 

norm I] . ]]m,*, it is enough to look at the difference 

(F, 4) - hw 4) f 

between the unnormalized probability distributions j7 

and j!ia defined by 

(jy , 4) = E-d 
J 

#(ejp(e) exp{-~eV)}de, (1) 
8 

(po,+> = (2+d/2 J, 4(y) ew{i ILMI~I 
0 

P(Y) 

d=mia 
Mdy) . 

respectively. The approach is to obtain suitable esti- 
mates for this difference, holding at least on some good 
sets, and to control the probability of the complemen- 
tary bad sets. 

The integral in (1) is viewed as a Laplace integral, 

hence for small values of E, we expect its behaviour 

to be determined only by the set of minimum points 
of ec. As E J- 0, this set shrinks to M,, so we are 
naturally lead to evaluating this integral over a small 

neighborhood of M,. Following the same approach as 

in Hwang [6], the first step consists in replacing the 
integral over the whole space 0 by the integral over a 
small tubular neighbourhood of M,, and to estimate 



the resulting approximation error. For T > 0, the T- 

neighborhood of Ma is the set 

M, ii (0 E 0 : d(6,M,) < r} , 

and we show that the contribution of O\ML is exponen- 

tially small as E .l. 0. The next step.is to evaluate the 

integral over ML using a Fubini-like theorem. Since 

Ma is compact, then by the tubular neighbourhood 

theorem, see Berger and Gostiaux [l, Theorem 2.7.121, 

for T > 0 small enough 

ML = {(y,u) : y E Ma,u E N,M,, lul 5 r} i N’M, , 

under the diffeomorphism 

j, : (y,u)~N+M~t-,e=y+u~M;. 

It is proved in Weyl [13] that the Jacobian determinant 

Jo (y, U) of the transformation j, is a positive contin- 

uous function, identically equal to 1 on the manifold 
Ma, i.e. for u = 0. The change of variable 6’ = y + u in 

the integral over ML yields 

&-d { J I Ma NY% 

P(Y + u> J,(y,u) k,,(du) } Aa 

= / J 1 
M, NyM:” 

P(Y + EU) J,(Y,E~) kv,(du) } L(~Y) , 

after resealing the innermost integral. Notice that the 
factor E -d was chosen in order to balance this resealing. 

The only indetermination left in the resealed integral 
is with the exponential. We therefore focus on the ex- 
pression 

-&+Eu) = 
J 

= 
o[ 

mt(y +&u) -W(Y) 
E 1*myt” 

-- 
f J 

=,mr(Y+E+-dY),2dt 

0 & 

Taylor expansion to the first order yields 

-+(Y +EU) + Qa,&) =~*L(Y) - +*L(Y>u , 

ELS E 3.0, where IL (y) and ca (y) have been defined above 

in Section 3. Notice that 

exp{Q&, u)l L,Jdu) = 

= (2~)~‘~ exp{~lQ(y)12~ d& ra(Y~du) 7 

where Icr (y, &L) is a Gaussian probability distribution 

on NJ&, with random mean vector (Gaussian r.v. 
with values in N,M,) 

and covariance matrix [IL(y)]-l. As a result, the fol- 

lowing convergence holds 

(F14) + (Pa74 7 

as E .l. 0. Further details are given in Joannides [9]. •i 

4 Rate of convergence 

To study the rate of convergence, we define as follows 

the projection K on M, 

i 

YY ifO=y+uEMg, 
n(e) = 

0, otherwise. 

and we consider the small noise asymptotics of 

(6 f) = WC e-;(e)) 14, 
which is the conditional probability distribution of the 

r.v. f. [0 - n(e)]. Following the same approach as in 

EllisfRosen [4], we define the following mixture of ran- 
dom Gaussian probability distributions 

(Jh,f) = J, { J, M f(u)rcz(y,du) } cLa(dy) 7 
L1 Y 0 

and we obtain our second theorem. 

Theorem 4.1 Under the same assumptions as in The- 

orem 3.1 

Ilv’ - &IlTV + 0 , 

in PE,-probability as E 4 0. 

In particular, the mean value of the probability distri- 

bution V, satisfies 

J 
uv(l(du) = 

J 
XP(Y) Pa(dY) - 

MC8 

5 Application to TMA 

The results obtained in the previous two sections can 

be applied to the target motion analysis example, pre- 

sented in Example 2.1 above. Simple calculations yield 

92 + tea 

[rizt(e)1* = [e, + t 6312 : [62 + t 8412 
( 1 

-+A + to31 

t[e2+te4] ’ 

-t [e, + t e,] 

forany8E0,henceforanyyEMaoftheformy=po 
for some p E R 

7&(y) = $(a) . x=(y) 2 [IL(Y)]--l jyMY)l’dW 



It follows that for any y E M, of the form y = pa for 

somepER 

and similarly for the 3 x 3 matrix 

MY) = -$Lb, , 

hence 

Jza&+am. 

It follows also that for any y E M, of the form y = pa 
for some p E R 

&Y(Y) = [L(Y)l-“2 
J 
oTIGlt(Y)l* dJq = L(Q) ? 

does not depend on p, i.e. is constant over M,, and 

xa(y) = [I*(Y)]-l jdTh(l)l’ dWP = PXa(Q) . 

Therefore, the limiting probability distribution pa on 

Ma is nonrandom, and has the form 

Pa @PI = ca P3 P(P a> dP T 

where co is a normalizing constant. 

Since h& is a one-dimensional linear submanifold, the 
normal spaces N,M, for y E Ma are three-dimensional 
linear submanifolds, all parallel to the single vector 
space 

M; = {v E R4 : v* a = 0) , 

and the probability distribution governing the rate of 
convergence has the form 

(va, f) = J 
MC3 

(2 7r)-d’2 &m3 /, f(PV) 

exp{-i [V - Xu(Q)]* IL(Q) [V - XCY(~)II dv k(dP) ’ 

In particular, the mean value has the form 

J 
J P4 P(P a) dP 

uv,(du) = xa(a> Ma 

J 
P3P(PQ) dP M 

L1 
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