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Abstract 

We consider a hidden Markov model (HMM) with mul- 
tidimensional observations, and where the coefficients 
(transition probability matrix, and observation condi- 
tional densities) depend on some unknown parameter. 
We study the asymptotic behaviour of two recursive es- 
timators, the recursive maximum likelihood estimator 
(RMLE), and the recursive conditional least squares 
estimator (RCLSE), as the number of observations in- 
creases to infinity. Firstly, we exhibit the contrast func- 
tions associated with the two non-recursive estimators, 
and we prove that the recursive estimators converge 
a.s. to the set of stationary points of the correspond- 
ing contrast function. Secondly, we prove that the two 
recursive estimators are asymptotically normal. 

1 Introduction 

We consider the problem of identification of a partially 
observed finite-state Markov chain, based on observa- 
tions in Rd. We study the asymptotic behaviour (con- 
vergence and asymptotic normality) of two recursive 
estimators, the recursive maximum likelihood estima- 
tor (RMLE), and the recursive conditional least squares 
estimator (RCLSE), as the number of observations in- 
creases to infinity. Assuming stationarity of the nonob- 
served Markov chain, the non-recursive MLE has been 
studied by Petrie [lo] in the case of observations in a 
finite set, and by Leroux [9], and Bickel, Ritov and 
Rydkn [3], in the case of observations in Rd. These 
results have been obtained in LeGland and Mevel [S] 
without any stationarity assumption. The convergence 
of the RCLSE has been proved in Arapostathis and 
Marcus [l] for a special case of observations in a finite 
set - see also Le Gland and Mevel[6] for a study of the 
RMLE in the general case of observations in a finite set. 
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The convergence and the asymptotic normality have 
been obtained by Ryden in [ll] for the recursive maxi- 
mum split data likelihood estimator (MSDLE) defined 
therein, under stationarity assumption. In this paper, 
we prove the convergence and the asymptotic normality 
of the RMLE and the RCLSE, in the case of observa- 
tions in Rd, without any stationary assumption, using 
geometric ergodicity results on the approximate predic- 
tion filter obtained in LeGland and Mevel[7]. We prove 
also that the RMLE is asymptotically efficient, i.e. its 
asymptotic covariance matrix is the Fisher information 
matrix. 

1.1 Statistical model 
Let {X, , n 2 0) and {Y* , n 2 0) be two sequences, 
defined on the probability space (a, 3, P), with values 
in the finite set S = { 1, . . . , N} and in Rd respectively. 
On the space (0,3) we consider a family (PO, 8 E 0) 
of probability measures, with 0 convex compact subset 
of RP, such that under PB : 

l The unobserved state sequence {X,, , n 2 01 is a 
Markov chain with ,primitive transition probabil- 
ity matrix Qe = (q>l), i.e. for any i,j E S 

4y =POIXn+pj)Xn=i], 

and initial probability distribution po = (ph) in- 
dependent of 8 E 0, and possibly different of the 
true initial probability distribution p. = (pf) of 
X0, i.e. for any i E S 

ph = Pe[Xo = i] # P[Xo = i] = pf . 

The observations {Y, , n 2 0) are mutually in- 
dependent given the sequence of states of the 
Markov chain, i.e. 

PS[Y, E dy,,*** ,Yo Edy0 (Xn=inr--a,XO=iO] 

n 

= j-J @[Yk E dyk 1 XI, = ik] . 
k=O 

For any n 2 0, and for any i E S, the condi- 
tional probability distribution of the observation 
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Y, given that (X, = i), is absolutely continuous 
with respect to a positive and g-finite measure X 
on Rd, i.e. 

PO[Y, E dy 1 x, = i] = b;(y) X(djr) ) 

with a X-a.e. positive density. For any y E Rd, 
let 

&I(Y) = diag [b;(y), -. -, by(y)] . 

Here and throughout the paper, the notation * 
denotes the transpose of a matrix. 

Example 1.1 [conditionally Gaussian observations] 
Assume that for any 8 E 0, the observations are of the 
form 

K =he(Xn)+V,e, 

for all n 2 0, where {V,” , n 1 0) is a Gaussian white 

noise sequence under Pe, with identity covariance ma- 

trix. The mapping he from S to Rd is equivalently 
defined as he = (hi) where he E Rd for all i E S. In 
this case, the mutual independence condition is satis- 
fied, and 

b;(y) = (2n)-d/2 exp { - 4 Iy - hiI } , 

for any i E S. Here and throughout the paper, the 
notation ] . I denotes the Euclidean norm. 

Throughout the paper, the true value of the parame- 
ter will be denoted by (Y, and we make the following 
assumption : 

Assumption A : For the true value Q E 0, the tran- 
sitiorl plub&iliLy 111aLli2. Qa - (~2~) ia a pooitivc mcz- 

trix, i.e. q:j > e, for all i, j E S, and for some known - 
& > 0. 

Assumption A’ : The mapping 19 I+ Qs is two- 

times differentiable, with bounded first and second 
derivatives, and Lipschitz continuous second derivative. 

Assumption B : For any y E Rd, the mapping 8 * 

be(y) is three-times differentiable, and we define 

Definition 1.2 For any p 2 0, and any s = 0, 1,2,3, 

At) = msx max 
869 iE.5 I 

[@)(Y)I~ f-&y> X(h) > 
Rd 

Pp = Mg lny 
J Rd IyIp b;(y) Wy) - 

We use also the alternate notation Ap = f$,@, AL = 
A”’ AlI = A’“’ 

P’ P 
p , andAr=A$s). 

Assumption B’ : Y2, A;, A$, and Ay are finite. 

1.2 Prediction filters 
For all n 2 1, let pi = (pi) denote the prediction filter, 
i.e. the conditional probability distribution under P of 
the state X, given observations (Ye, ... , Y,-r) : for 
any i E S 

The random sequence {pi, n 2 0) takes values in the 
set P(S) of probability distributions over the finite set 
S, and satisfies the forward Baum equation 

for all n 1 0. Notice that the initial condition pi is the 
probability distribution p. of Xe. 

The true value of the parameter, and the initial prob- 
ability distribution of Xe are unknown, and for any 
19 E 0 we consider the following equation for the corre- 
sponding approximate prediction filter 

for all n > 0, where Qe = (qB’j) is the stochastic matrix 
generated by the parameter 0. 

urfferentiatmg clj w.r.t. the fr-th component of the p- 

dimensional parameter 0 yields 

akd+l = %9[Yn,P;] akpf, + akh’f,[Y,,P:] , 

where for any y E Rd, and any p E P(S) 

= Q; [I - ‘;!;j;;* ] Be(Y) , 
e Q(Y)P 

The sequence ap: = (&pz) belongs to CP, where 

C={WER~: e*ur=O}, 

and e = (1,. -. , 1)‘. 



It has been proved in LeGland and Mevel [7], that 
under the probability measure corresponding to the 
true value (Y of the parameter, the extended Markov 
chain {Zft = (X,,Y,,pE,dpi) , n 2 0) with values in 

E%xRdxP(S)xCP, 
./ 

is geometricaIly ergod& under 

suitable integrability assumptions. The existence and 
uniqueness of the invariant measure pe for the extended 
Markov chain (2:) n 1 0) is used below to prove the 
convergence of the two recursive estimators. 

2 Recursive identification algorithm 

In LeGland and Mevel [8], we have proved the con- 
sistency and the asymptotic normality of the non- 
recursive MLE and CLSE, under suitable integrabiI- 
ity conditions stated therein. In this section, we will 
present the recursive estimators, and prove their con- 
sistency. 

Definition 2.1 Let Le denote the set of functions 
zy=k$i defined on Rd x P(S) x CP, such that for 

-. . , p, and any y E Rd, the partiaE mapping 

(P?~) I+ ik(Y>PG4 is locally Lipschitz continuous, in 
the sense that 

Id(ytptw) -dbP’,w’)l I LiP(g,Y) [Ilwk -will 

+ lb - P’ll (l + b”kil + ~~w~~~ > 1 

for any p,p’ E P(S), and any w = (Wk),w’ = (w;) E 
Cp, and 

kIhv’)l 5 K(g,y) (I+ bkII> 7 

/VI u7q y c F(S), WlJ *ray w - (q) c 9. 

Moreover, for any k = 1,. .. ,p, any y E Rd, any p E 
P(S), and any w = (wk) E cp, the partial mapping 
0 H gi(y, p, w) is locally Lipschitz continuous, in the 
sense that for any 0,8’ E Q,, 

ls~(y,p,w)-g~~(y,p,w)l I LiPe(g,y) (l+llwll> IF-@II . 

With the above notations, we consider the recursive 
algorithm defined as follows : for all k = 1, . . . , p 

@,l = n& + %a+1 %(q (Y,,p^,,~7l>> > , 
n 

= s, + t (ii,, - e,) ) 

(2) 

&I+1 

where T,, = nmzi3, 7rc(.) is the projection on the set 

Q, = (0 E 0 : qy 2 E ,for all i,j E S}, *n(*) is 
a projection on a ball of growing radius (hence made 
only a finite number of times), and 

We define &, = (X,, , Y, , p^,, i&) . Then 

P[‘%z+1 E B I e^o,...,e^,,,,$,...,~*l = ~~~,,~%B) 7 

i.e. the algorithm (2) belongs to the class of stochastic 
algorithms with Markovian dynamics, see Benveniste, 
Metivier and Priouret [2]. 

2.1 The recursive MLE 
It has been proved in LeGland and Mevel [8] that the 
log-likelihood function (suitably normalized) for the 
estimation of the parameter 8 based on observations 

(yo,-*,Y,) can be expressed as an additive functional 
of the extended Markov chain (2: , n 10) as follows 

&a(e) = ; -&)g[b;(fi)?‘;] . 
k=O 

In addition, we have proved that the following strong 
law of large numbers holds : 

Proposition 2.2 Under Assumption A, and if A, and 
I’r are finite, then for any tJ E 0 there exists a finite 
constant l(0) such that 

t,(e) + t(e) , P-a.s. 

asn+oo, where 

t(e) = 
J Rd XP(S) 

lodbi(y)pl ~e(dy,dp) , 

and where ve denotes the marginal on Rd x P(S) of the 
invariant measure /.Js . 

Under the above assumptions, we define for any 0 E 0 
the Kullback Lciblcr information 

KMLw = -[@> - w] 1 o , 

and we have proved that the true value QI of the pa- 
rameter belongs to the set &fML of global minima of 
-- 
KML 

MML = ay$KML(@ > {a} . 

The maximum likelihood estimator (MLE) is defined 
as 

Theorem 2.3 Under Assumptions A, and B, and if 
AZ, AL, I?1 and I’2 are finite, then any MLE sequence 

c@“” 7 n 2 0) converges in probability to the determin- 
istic set MML as n + 0;). 

The recursive maximum likelihood estimator (RMLE) 

sRML = (e^“,), is defined by the following recursive al- 
g&ithm : for all k = l,...,p 

s^,,l = &E(E + yn+1 Kz(qR,, Kz,p?l, SJ) > 7 
7x 



where for any I3 E 0, and any k = 1,. -. ,p, the function 
Ht is defined by 

H,“(Y,P,w) = 6 (9) wk + ak b; b> P 

Q(Y) P @(YIP ’ 

for any y E Rd, any p E P(s), and any w = (wk) E CP, 
and belongs to the set Le. 

For any 0 E 0, and any k = 1;-.,p, we define 

G4LP) = J Hsk(~,p,w)Xe(d~,dp,dw) 
Rdx?‘(s)xCp 

= akKML(a) , 

where X0 denotes the marginal on Rd x P(S) x CP of the 

invariant measure ~0. We define the set of stationary 
points of the Kullback-Leibler information KML 

Under the following two additional assumptions : 

Assumption C : The function KMJ, is of c1a.s~ Cp. 

Assumption D : There exists E’, such that E > E’ > 

Oand: 

(i> LML c % 

(ii) For any B E OEP \ 0, 

h+MLw9 h(e) - 8) L b Id9 - e I , 
for some f.7 2 0. 

the following result holds, which is based on Delyon [4], 
and Delyon and Iouditski [5]. 

Theorem 2.4 Under Assumptions A, A ‘, B, B’, C, 
and D, and if As, A&, At, AT, and I?2 are finite, then 
the RMLE sequence {e^,““” , n 2 0) converges P-a.s. 
to the deterministic set LML as n -+ 00, and assuming 
that $tML converges to (Y, then 

&i @ML - CY) =i- N(O,I,-l) , 

where 
IF = d2h~(a) , 

is the Fisher information matrix. 

2.2 The recursive CLSE 
We define the following (suitably normalized) predic- 
tion error criterion 

2 1 Yk - E”[Yk 1 yk-11 1’ . 

k=l 

Introducing the N x d’matrix $0 = (4$), where for any 
i E S, the mean vector 4; E Rd is defined by 

4; = kd y b;(Y) X(h) ’ 

(assuming the integral exist), the prediction error cri- 
terion can be expressed as an additive functional of the 
extended Markov chain (2: , n 2 0) as follows 

In addition, we have proved in LeGland and Mevel [8] 
that the following law of large numbers holds : 

Proposition 2.5 Under Assumptions A, B, and B’, 
and if AI and E2 are finite, then for any 0 E 0 there 
exists a finite constant e(0) such that 

de> + 44 , P-a.s. 

as n + co, where 

e(e) = $ J Rdxp(S) IY - 6~1~ ve(dy,dp) , 

and where ve denotes the marginal on Rd x P(S) of the 
invariant measure /4s. 

Under the above assumptions, we define for any 0 E 0 
the prediction error contrast function 

KCLs w = e(e) - e(a) 2 0 , 

and we have proved that the true value Q of the pa- 
rameter belongs to the set MCLS of global rmmma of 

KCLS 
MCL.S = arsyeinKcLs(e) 2 {a) . 

The conditional least square estimator (CLSE) is de- 
fined as 

iFcLs E ygr$n en(e) . n 
c 

Theorem 2.6 Under Assumptions A, B,-and B’, and 
if P4 is finite, then any CLSE sequence {BzLs, n 2 0) 
converges in probability to the deterministic set MCLS 
asn-boo. 

The recursive conditional least squares estimator 
(RCLSE) $zcLs = (e^“,), is defined by the following 
recursive algorithm : for any k = 1, * * . , p 

where for any 0 E 0, and any k = 1,. a. ,p, the function 
H,k is defined by 

H;(Y,P,w) = [d’e b-&d]*Wk+[akh (Y-&P)l*P* 



for any y E Rd, anyp E P(S), and any w = (wk) E Cp, 
and belongs to the set Le. 

For any 8 E 0, and any k = 1, . . . , p, ye define 

hkCLSW = J WY, P, WI b(4h dP, dw) 
RdX?-qS)XCP 

= &KCLS(@ , 

where Xe denotes the marginal on Rd x P(S) x CP of the 
invariant measure ~0. We define the set of stationary 
points of the prediction error contrast function Kcxs 

LCLS = {e E 0 : hCLS(B) = O} . 

Adapting Assumptions C and D to the case of the 
RCLSE, we obtain the counterpart of Theorem 2.4. 

Theorem 2.7 Under Assumptions A, B, B’, C, 
and D, and if AS, Ah, A!j, AT, and P4 are finite, 

then the RCLSE sequence (e7p”““, n 2 0) converges 
P-a.s. to the deterministic set LCLS as n + co, and 
assuming that gEcLs converges to (Y, then 

where 

fi (tpLS - a) * N(0, v-l) ) 

V = d2K~&) R-l a2K&cy) , 

and 
R = ,,limw n E[ be,(a) aeL( . 

3 Numerical example 

Our example consists in a three-state Markov 
observed in white noise, i.e. 

Y7Z = h(L) + Wn , 

where {W,, , n 2 0) is an N(0, 1) i.i.d. sequence, 

h=(537), Q= 

chain 

In Figure 7, we compare the adaptive prediction filter 
& and the prediction filter p: for the true value a of 
the parameter, and we see that the difference between 
both probability distributions goes to zero as n tends 
to infinity. 
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