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Abstract

We consider a hidden Markov model (HMM) with mul-
tidimensional observations, and where the coefficients
(transition probability matrix, and observation condi-
tional densities) depend on some unknown parameter.
We study the asymptotic behaviour of two recursive es-
timators, the recursive maximum likelihood estimator
(RMLE), and the recursive conditional least squares
estimator (RCLSE), as the number of observations in-
creases to infinity. Firstly, we exhibit the contrast func-
tions associated with the two non—recursive estimators,
and we prove that the recursive estimators converge
a.s. to the set of stationary points of the correspond-
ing contrast function. Secondly, we prove that the two
recursive estimators are asymptotically normal.

1 Introduction

We consider the problem of identification of a partially
observed finite-state Markov chain, based on observa-

tions in R®. We study the asymptotic behaviour (con-
vergence and asymptotic normality) of two recursive
estimators, the recursive maximum likelihood estima-
tor (RMLE), and the recursive conditional least squares
estimator (RCLSE), as the number of observations in-
creases to infinity. Assuming stationarity of the nonob-
served Markov chain, the non-recursive MLE has been
studied by Petrie {10] in the case of observations in a
finite set, and by Leroux [9], and Bickel, Ritov and
Rydén [3], in the case of observations in R?. These
results have been obtained in LeGland and Mevel [8]
without any stationarity assumption. The convergence
of the RCLSE has been proved in Arapostathis and
Marcus [1] for a special case of observations in a finite
set — see also Le Gland and Mevel [6] for a study of the
RMLE in the general case of observations in a finite set.
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The convergence and the asymptotic normality have
been obtained by Rydén in [11] for the recursive maxi-
mum split data likelihood estimator (MSDLE) defined
therein, under stationarity assumption. In this paper,
we prove the convergence and the asymptotic normality
of the RMLE and the RCLSE, in the case of observa-
tions in RY, without any stationary assumption, using
geometric ergodicity results on the approzimate predic-
tion filter obtained in LeGland and Mevel [7]. We prove
also that the RMLE is asymptotically efficient, i.e. its
asymptotic covariance matrix is the Fisher information
matrix.

1.1 Statistical model

Let {X,,n > 0} and {Y,, n > 0} be two sequences,
defined on the probability space (2, F, P), with values
in the finite set S = {1,---, N} and in R respectively.
On the space (2, F) we consider a family (P?, 8 € ©)
of probability measures, with © convex compact subset
of RP, such that under P? :

e The unobserved state sequence {X,,n > U} isa
Markov chain with primitive transition probabil-
ity matrix Qo = (g;”), i.e. for any i,j € S

4 =P Xpp1 =5 | Xn=1],

and initial probability distribution py = (pj) in-
dependent of € ©, and possibly different of the
true initial probability distribution p, = (pi) of
Xo,le.foranyie S

po=P°[Xo=i] #P[Xo =i] = p} .
o The observations {¥,,n > 0} are mutually in-

dependent given the sequence of states of the
Markov chain, i.e.

Po[YnGdym"',% € dyo ,Xn=ina"',X0=i0]

= HPQ[Yk € dyi [ X =ik] .

k=0

For any n > 0, and for any ¢ € S, the condi-
tional probability distribution of the observation
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Y, given that (X,, = i), is absolutely continuous
with respect to a positive and o—finite measure A
on R, i.e.

PYY, € dy | Xn =] = bj(u) A(dy)
with a A-a.e. positive density. For any y € R¢Y,
let
bG(y) = [bé(y% Tty bév(y)]* ’

By(y) = diag[b5(v), -, 65’ @)] -
Here and throughout the paper, the notation
denotes the transpose of a matrix.

*

Example 1.1 [conditionally Gaussian observations]
Assume that for any § € ©, the observations are of the
form '

Y = ho(Xn) + V2,
for all n > 0, where {V,! , n > 0} is a Gaussian white
noise sequence under P?, with identity covariance ma-
trix. The mapping hy from S to R? is equivalently
defined as hy = (h}) where b} € R% for alli € S. In
this case, the mutual independence condition is satis-
fied, and

)= (2m) ™ exp{ - Fly—hsl* } ,

for any i € S. Here and throughout the paper, the
notation | - | denotes the Euclidean norm.

Throughout the paper, the true value of the parame-
ter will be denoted by «, and we make the following
assumption :

Assumption A : For the true value a € ©, the tran-
sitlon probabilivy watiisa @4 — (y5?) is o positive ma-
trix, i.e. ¢4/ > ¢, for all 4,5 € S, and for some known
e>0.

Assumption A’ : The mapping 0 — @y is two—
times differentiable, with bounded first and second
derivatives, and Lipschitz continuous second derivative.

Assumption B : For any y € RY, the mapping 6 —
be(y) is three—times differentiable, and we define

os b
r?eagtl k1, rks o (¥)]

69 (y) = max max

0€0 ki, ks=1,-,p min bz(y)
i€S

Definition 1.2 For any p > 0, and eny s =0,1,2,3,

Al® — () ()17 bi
O = max max [ OGP B0 A

= (y)|IP b
Tp = max max | [max|log&W)[]” ba(y) M),

P — P jt
YP = max max » ylP by (y) Mdy) -

We use also the alternate notation A, = A;,O), AL =
AW, AL = AP, and A = AP

Assumption B’ : Y2 Al

5, and Al are finite.
1.2 Prediction filters

For alln > 1, let p, = (p,) denote the prediction filter,
i.e. the conditional probability distribution under P of
the state X, given observations (Yp,:--,Yp—1) : for
anyi €S

p‘il:P[Xﬂ:iII/Oa”'aYn—l] .

The random sequence {p},, n > 0} takes values in the
set P(S) of probability distributions over the finite set
S, and satisfies the forward Baum equation

Pl = Q5 Ba(Ya) Py,
m by (Ya) pp

for all n > 0. Notice that the initial condition pj is the
probability distribution p, of Xj.

The true value of the parameter, and the initial prob-
ability distribution of Xy are unknown, and for any
# € © we consider the following equation for the corre-
sponding approzimate prediction filter

s _ QBe(Ya) Pl & P
DPpt1 = b; (Yn) pel = fﬂ[Ynypn] ) (1)

for all m > 0, where Qg = (qg’j ) is the stochastic matrix
generated by the parameter 6.

Diiferentiating (1) w.r.t. the k-th component of the p—
dimensional parameter ¢ yields

6kpf;+1 = @9[Yn’pf¢] akpﬁ + aka[Yn,pf;] ’
where for any y € R¢, and any p € P(S).

ol p] = 20BeW) 7 _ b)),

b;(¥) p b(y)p
_ o7 Be@pe” . Bo(y)
=@l b3(y) P ] b5(y)p’

Bo(y)pe*] OxBs(y) p
b;(y)p bs(y)p

+ O0rQ; Bo(y) p
HOY

O foly,pl = Q5 [I -

The sequence 8p%, = (8xp?) belongs to X7, where
L={weRN :ew=0},

ande = (1,---,1)*.



It has been proved in LeGland and Mevel [7], that
under the probability measure corresponding to the
true value a of the parameter, the extended Markov
1. (70 v v B a0\ N N ikl craliias i
cnain {4, = \An, In,Pp,00,), 1t Z Uy WiLil valucs 11l
E = SxR*4xP(S) x £P, is geometrically ergodic under
suitable integrability assumptions. The existence and
uniqueness of the invariant measure ug for the extended
Marlkayv chain 179 n > n\ is used below to prove the
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convergence of the two recursxve estimators.

2 Recursive identification algorithm

In LeGland and Mevel [8], we have proved the con-
sistency and the asymptotic normality of the non-
recursive MLE and CLSE, under suitable integrabil-
ity conditions stated therein. In this section, we will
present the recursive estimators, and prove their con-
sistency.

Cr)

Deﬁnit.ion 2.1 Let Lo denote the set of functions

(90) defined on R? x ’P(S) x P, such that

ny k= . and any y € R the partial mappin
1,---,p, and an yyeRrR”, tral mappin

p,w) = gk(y,p,w) is locally szschztz continuous, in
the sense that

9% (v, p,w) — gk (y,p', w)| < Lip(g,) [llwe — wil)

Q
i3

+lip~2'll (1 + llwell + [lwi]l)]

for any p,p’ € P(S), and any w = (wi),w' = (w}) €
3P, and

Moreover, for anyk=1,---,p, anyy € R?, anyp €
P(S), and any w = (wy) € TP, the partial mapping
6 — gk(y,p,w) is locally Lipschitz continuous, in the
sense that for any 6,6’ € ©,,

|95 (4, , w)— g4 (3, w)| < Lipe(g,y) (1+[lwill) 16-6"]l .

With the above notations, we consider the recursive
algorithm defined as follows : forall k= 1,---,p

g%, = 7 (0% +7ap ¥, J(HE (Y, B Bn)))
. (2)
bnt1 = On + - (Brntr —0n) ,
here ~,. = n—2/3 1r-(\ is the projection on the set

w i 17 b 7 . TEN\ = Mes T TETEEET

O ={0 €0 : qa” > € forallzyGS}, U,(-) is
a projection on a ball of growing radius (hence made
only a finite number of times), and

Doy = f~ [Vom 1.
LT J0n+11, $ILTLY Y
-~k - rYA1&;k . f~ V. 5]
Wn+1 G Eno Pn] W T OkJg | 1 4n:Pn]

We define Z, = (Xp,, Yy, P, ©,). Then

P[2n+1 € B I 50’ o '7§n+17201 st ?2'"-] = H’G\ +1(2"“B) )
i.e. the algorithm (2) belongs to the class of stochastic
algorithms with Markovian dynamics, see Benveniste,
Métivier and Priouret [2].

2.1 The recursive MLE
It has been proved in LeGland and Mevel [8] that the

lao—likalihand fimetian (anitahly narmalizadl fax +ha
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estimation of the parameter § based on observations
(Ya,---,Y;) can be expressed as an additive functional
of the extended Markov chain {Z? , n > 0} as follows

£a(0) = = " loglB5(¥i) B} ]
k=0

In addition, we have proved that the following strong
law of large numbers holds :

Proposition 2.2 Under Assumption A, and if A, and
Ty are finite, then for any 6 € © there exists a finite
constant £(0) such that

£,(0) — £068), P-as.
as n — oo, where

ras s

P
(o) = log[b3(y) p] ve(dy, dp) ,
/ RIxP(3)
and where vy denotes the marginal on R® x P(S) of the
tnvariant measure lg.

Under the above assumptions, we define for any § € ©

e T2 ML _ 2 T _*17_ R
thc Kullback Lecibler information

Kmi(0) = —[£(0) — &)} 20,

and we have proved that the true value a of the pa-
rameter belongs to the set My of global minima of
Kwmy

My = ar{;egxngML(G) 2 {a}.

The maximum likelihood estimator (MLE) is defined

das

€ argmax £, (0) .
€8,

oML
b,

Theorem 2.3 Under Assumptions A, and B, and if
Ay, AL, Ty and Ty are finite, then any MLE sequence
{971‘“‘ , 1 > 0} converges tn probability to the determin-
istic set My as n — oo.

The recursive maximum likelihood estimator (RMLE)
BRML — (%), is defined by the following recursive al-
gonthm forallk=1,-

B 2 W (HE (Y. B..1.)
n ' In41 -“n\“"RML\‘nu'ny n/

=

- 1)
Yntl = fet /7



where for any 8 € ©, and any k = 1, - - -, p, the function
H} is defined by

O by(y)p
b3(y)p

by (y) Wk
b5(y)p

for any y € R, any p € P(S), and any w = (wi) € XP,
and belongs to the set Lg.

Hf(y,p,w) =

?

For any § € ©, and any k = 1,---,p, we define

R (8) = HE(y,p, w) Mo (dy, dp, dw)

-/Rdx‘P(S)x}:P
= akKML(g) 3

where g denotes the marginal on R?xP(S) x Z7 of the
invariant measure p9. We define the set of stationary
points of the Kullback-Leibler information KwumL

Ly =.{9 €0 : hmL(8) =0} .

Under the following two additional assumptions :
Assumption C : The function Ky is of class C?.

Assumption D : There exists ¢/, such that € > &’ >
0 and :

(i) LwmwCO,
(ii) Forany € O\ O,
R (8) (me(8) — 8) 2 8|me(0) — 0],

for some ¢ > 0.

the following result holds, which is based on Delyon [4],
and Delyon and Iouditski [5].

Theorem 2.4 Under Assumptions A, A’, B, B’, C,
and D, and if Ag, Ay, AY, AY', and T’z are finite, then
the RMLE sequence {§FML n > 0} converges P-a.s.
to the deterministic set L1, as n — o0, and assuming
that FML converges to a, then

VR (OFML — o) = N(0, IFY) ,

where
IF = 62KML(a) ’

is the Fisher information matriz.

2.2 The recursive CLSE
We define the following (suitably normalized) predic-
tion error criterion

en(6) 2 51;1- ZlYk —EY | Vel P

k=1

Introducing the N x d'matrix ¢g = (#%), where for any
i € S, the mean vector ¢ € R? is defined by

6= [ v,

(assuming the integral exist), the prediction error cri-
terion can be expressed as an additive functional of the
extended Markov chain {Z9, n > 0} as follows

1 n
en(0) = 5~ P T A

k=1

In addition, we have proved in LeGland and Mevel [8]
that the following law of large numbers holds :

Proposition 2.5 Under Assumptions A, B, and B’
and if A, and Y2 are finite, then for any 8 € © there
ezists a finite constant e(6) such that

en() — e(d), P-as.

as n — 00, where
@ =4 [ l-d¢inP wldydp),
R xP(S)

and where vy denotes the marginal on R% x P(S) of the
tnvariant measure [ig.

Under the above assumptions, we define for any § € ©
the prediction error contrast function

Kcrs(0) =e(0) —e(a) 20,

and we have proved that the true value a of the pa-
rameter belongs to the set McrLs Of giobal minima of

KoeLs
McLs = argmin Kc1s(8) 2 {a} .
geo

The conditional least square estimator (CLSE) is de-
fined as R
BCLS € argmine,(8) .
€0,

Theorem 2.6 Under Assumptions A, B, and B’, and
if ¥4 is finite, then any CLSE sequence {855, n > 0}
converges in probability to the deterministic set McLs
asn — oo.

The recursive conditional least squares estimator
(RCLSE) @RCLS = (§F), is defined by the following
recursive algorithm : for any k =1,---,p

é};+1 = Tre(aﬁ + Tn+1 ‘I'n(H’;ERCLS (Ynaﬁnamn))) ’

where for any 8 € ©, and any k = 1,-- -, p, the function
H} is defined by

HE (y,p,w) = [0 (y— 85 P) ]" wi+[Ordbs (y— 5 0)]" P -



for any y € R¢, any p € P(S), and any w = (wi) € X7,
and belongs to the set Le.

=]
Q_

where A denotes the marginal on R xP(S) x I? of the
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invariant measure pg. We define the set of stationary
points of the prediction error contrast function K cLs

Los={0€0O : hcs(@) =0} .

Adapting Assumptions C and D to the case of the
RCLSE, we obtain the counterpart of Theorem 2.4.

Theorem 2.7 Under Assumptions A, B, B’, C,
and D, and if Ag, A}, AY, Ay, and Y* are finite,
then the RCLSE sequence {§RCLS ' n > 0} converges
P-a.s. to the deterministic set LcLs as n — oo, and
assuming that §RCLS converges to a, then

Vv (6ECLS — o) = N(0, VY,

and

3 Numerical example

Our example consists in a three-state Markov chain
observed in white noise, i.e.

Yo, = hX5) + Wn,

where {W,,, n > 0} is an A/(0, 1) i.i.d. sequence, and

0.85 0.08 0.07
Q=| 04 05 0.1

h=(537),
\ 0.35 0.05 0.6 /
Lo o) MUREE NS FILIN IR SRR INPY s ER TN U i JUUNppy, At R | Sy
111e 1nitial estimates OI tne transitlon provapuivy ma-
trix entries are set uniformly at 1/N, and the initial

estimate of the vector h are randomlv hr)QP in an ap-
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propriate compact set, depending on prior knowledge
about the true value of the parameter. Firstly, assume
we know h exactly. In Figure 1 and Figure 2, we show
the respective performance of both estimators. We dis-
play the evolution of both estimators, on the basis of
the same observation sequence (1 unit = 10 observa-

tions). The theoretical better rate of convergence of

the RMLE over the RCLSE is obviously demonstrated,
by comparaison of the evolution of both estimators. In
Figure 3, we construct, for each estimator, an empiri-

cal canfidonece t1ihe L\ﬂﬂnr‘ AN o Bl Aernnisen asd scemins oo
Ldil CUMLIUTIILT vuuc, vaoclu Uil o uU—CApt:l.uuCU.l: avelage.

The tube is obtained by using the estimates of the co-
variance matrix of each estimator. The tube is centered
on the difference between 6, and a. The fact that the
zero value belongs to both tubes confirms the conver-
gence of both estimator to @. The diameter of both
tubes goes to zero, with a rate which is proportionnal
to the estimate of the corresponding asymptotic covari-
ance matrix. The RMLE tube is much thinner than the
RCLSE r.uue, which shows the d.aympr,ouc covariance

matrix of the RMLE to be the smallest.

Secondly, we relax the assumed knowledge about k. In
the experience displayed in Figure 4, we investigate the
effect of knowing the vector h or not, on the estimation
of the entries of the transition matrix, for both estima-
tors. In the case of the RCLSE, the lack of knowledge
about h results in a clear degradation of the perfor-
mance of the estimator. On the contrary, the RMLE
is less sensible to the lack of knowledge about A, and
seems to be a more robust algorithm in this respect (1
unit = 10 observations). Notice that the fast estima-
tion of h by the RMLE as seen in Figure 5, illustrates
the robustness of the RMLE (compare with the very
slow estimation of h by the RCLSE). More precisely,
using the same confidence tube construction as above,
we compa.re the behaviour of the RMLE, for the estima-
tion of L,J Zero uetongs to both confidence Lqu‘b and
their diameters goe to zero. In that worst situation,
the RMLE seems more robust, see Figure 6. On the

contrary, the behaviour of the RCLSE is less robust.

In Figure 7, we compare the adaptive prediction fiiter
f;,, and the prediction filter p¢ for the true value o of
A ad A e onn +hoad & naenan b adessa s

l;l].t: paiallicuicel, a.ud WE S&€ uiat l:hc dl.ffcl.cuu: UCDWCUII
both probablhty distributions goes to zero as n tends
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