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Abstract : We consider the problem of estimating
the state of a diffusion process, based on discrete time
observations in singular noise. We reduce the prob-
lem to a static problem, and we show that the solu-
tion is provided by the area or co–area formula of ge~
metric measure theory, provided the observed value is
a regular value of the observation function. In order
to address the case of singular values, we propose an-
other approach, based on small–noise perturbation and
asymptotic of Laplace integrals.

1 INTRODUCTION

One major limiting assumption in the nonlinear filter-
ing literature is the non degeneracy of the observation
noise covariance matrix. However, there are numer-
ous situations of practical interest, where some perfect
noisefree information is available about the unknown
state, and yet the problem of state estimation with de-
generate observation noise hm received little attention,
except in the linear case.

An additional motivation for studying this prob-
lem, is the existing connection with various problems
of st ate estimation for non cl=ical dynamical systems,
including : hybrid systems, i.e. systems with state con-
straints, stochmtic differential-algebraic systems, sy~
terns with colored noise, see Korezlioglu and Rung-
galdier [8], systems with stat~dependent observation
noise, see Takeuchi and Akashi [11], etc.

Finally, a better understanding of the nonlinear fil-
tering problem with nois+free observations should help
designing robust and efficient numerical approximation
schemes in the important case where the observation
noise is small.

To be more specific, we consider the following state
equation in R*

dXt = b(Xt) dt + a(Xt) dWt , (1)

where {Wt , t > O} is a Wiener process of appropriate
dimension, and the noisefree d–dimensional discrete
time observations

z~ = h(xtk) .
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The objective of nonlinear filtering is to compute the
conditional probability distribution

p~(d~) = P[Xt, c dx I21, -., zk] .

What makes this problem singular is that the state X*,
is known exactly to belong to the level set MZh, where
for all z C W

M. = h-l(z) = {ZGRm : h(z) =z} .

Therefore, the conditional probability distribution pk
is supported by the set MZ~, which in general has null
Lebesgue measure, and ~~ does not have a density
w,r.t. the Lebesgue measure on Rm. The question
naturally arises whether Pk has a density w.r. t. some
canonicalmeasure on the level set M.k. The objec-
tive of this paper is to give conditions under which this
holds, and to provide an explicit expression for the den-
sity.

As usual, the transition from p~ to p~+l consists in
two steps.

● In the prediction step, i.e. between times tk and
tk+l, we solve the Fokker-Planck equation

where L“ is the adjoint of the infinitesimal gen-
erator L associated with equation (1). For all
tk < t~ tk+lit holds

#:(dc)=p[Xtedzlzl,...,z~].

and in particular at final time tk+l we obtain the
prior probability distribution p~+l = p~~+, of the
state Xt~+l,

In the correction step, i.e. at time tk+l, we have to
combine the prior probability distribution P;+l
and the new observation ~k+l which defines the

level set ~Zh+l, so ~ tOobtain the pos~eriorprob-
ability distribution fik+l of the state Xt~+l.

We make now the following two assumptions.
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Assumption A :

For all O < s < t, and all z c Rm, the
conditional probability distribution

p:’z(dy) = P[xt Edylx, =z],

which is the solution of the Fokker–Planck
equation

has a continuous density w.r.t. the Lebesgue
memure on P.

Assumption B :

The mapping his continuously differentiable
from ~ to Rd.

The purpose of Assumption A is to make sure that,
even though Pk is supported by a set of null Lebesgue
measure, the prior probability distribution V;+ ~ has
a continuous density w.r.t. the Lebesgue measure on
Rm. Assumption B is used to describe the level sets
M.. A stronger resumption (Assumption C) will be
introduced later.

Under Assumptions A and B, the original problem
reduces as follows :

Let X be a r.v. in Rm, with absolutely con-
tinuous probability distribution p, and con-
tinuous density p w.r. t. the Lebesgue mea-
sure on W. Let the mapping h be contin-
uously differentiable from Rm to Rd. Com-
pute the conditional probability distribu-
tion

p,(dz) = P[X G dX I h(X) = z] ,

for all z G Rd.

Our objective is to provide an explicit expression for the
conditional probability distribution pz. In particular,
assuming that a canonical measure ~z exists on the
level set Mz, we want to give conditions under which
p, is absolutely continuous w.r.t. J,, and to provide an
explicit expression for the density.

2 D~ECT APPROACH
FOR REGULAR VALUES

We begin this section with some definitions, and prop-
erties of the level sets associated with the continu-
ously differentiable mapping h from R~ to Rd. For
all z G Rd, the level set M. is defined by

M. = h-l(Z) = {xcRm : h(z) =2} .

Notice that for all z ~ R~, h’(x) is a linear mapping
from Rm to Rd, i.e. a d x m matrix. By definition,
x e Rm is a regular point iff the matrix h’(x) has full
rank min(m, d). We distinguish two c~es :

● In the csse m s d, x E Rm is a regularpoint iff
h’(x) has rank m, i.e.

et ( [h’(x)]” h’(x) ) >0.

● In the case m > d, x G Rm is a regular point iff
h’(z) has rank d, i.e.

J~(x) 8 det ( h’(z) [h’(x)]* ) >0.

Remark 2.1 If the mapping h is only Lipschitz con-
tinuous, it follows from the theorem of Rademacher,
see Federer [6] or Evans and Gariepy [5, Chapter 3],
that h is differentiable a.e., and the Jacobian Jh(x) is
defined as above for a.e. x c P.

By definition, z c Rd is a regularvalueiff all x E M=
are regular points. We distinguish again the same two
Cwes

In the c=e m ~ d, if z E Rd is a regular value,
then MZ is a collection of isolated points, i.e. a O–
dimensional submanifold of Rm, and the canoni-
cal measure A=on MZ is the counting measure.

In the case m ~ d, if z < Rd is a regular value,
then M. is a (m – d)–dimensional submanifold of
W, and the canonical messure AZon M. is the
Lebesguemeasure on MZ, see Berger and Gosti-
aux [1, Chapter 6].

Under additional smoothnessassumption on the map-
ping h, itfollows from the theorem of Sard that the set
of regular values has full Lebesgue measure on Rd, see
Berger and Gostiaux [1, Chapter 4] or Sternberg [10].
We are therefore focusing our attention below on regu-
lar values z G Rd. We first recall the area and co–area
formula, see Federer [6]or Evans and Gariepy [5, Chap-
ter 3].

Theorem 2.2 (Area formula) Let the mapping h be
Lipschitzcontinuousfrom Rm to Rd, andassumem <
d. Thenfor eve~ g c Ll(Rm)

whereMm denotes the m-dimensional Hausdorffmea-
sure on Rd.

Theorem 2.3 (Co–area formula) Let the mapping
h be Lipschitzcontinuousfrom P to Rd, and assure;
m ~ d. Then for every g E L1(~), the restriction of
g to the level set M= is Z ‘-d-integrable for almostall
z c Rd, and

/
g(x) ~h(x) dx =

R“ /JRd{ M 9(X) ~m-d(dx) } d.,
.

where Zm-d denotes the (m – d)-dimensional Haus-
dorfl measure on Rm.
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Remark 2.4 For a regular value z c Rd, the restric-
tion to M, of the (m – d)–dimensional Hausdorff mea-
sure agrees with the canonical measure AZon Mz.

Rem-k 2.5 If the mapping h is only locally Lipschitz
continuous from Rm to Rd, the formulm still hold for
every g ~ L1(~ ) vanishing outside a compact subset
of Rm .

Remark 2.6 If the mapping h is proper(i.e. h-l (K) C
Rm is compact, whenever K C Rd is compact), then
all the level sets ~, are compact, and in addition the
set of regular values is open in Rd. Indeed, assume
the contrary, i.e. assume that there exists a sequence
{z~ , n 2 1} in Rd, converging to the regular value z.
By definition, there exists a sequence {x. , n ~ 1} in
Rm such that h(zn) = Zn and J~(z.) = Ofor all n ~ 1.
The converging sequence {z~ , n ~ 1} stays in a com-
pact K c Rd, hence the sequence {x. , n ~ 1} stays
in h-l(K) c Rm, which is compact since h is proper.
Any limit point Z* of the sequence {x” , n ~ 1} satis-
fies h(z*) = z and J~(x*) = O, which contradicts the
assumption that z is a regular value. This motivates
the introduction of the following stronger assumption.

Assumption C :

The mapping his continuously differentiable
and proper from Rm to Rd.

Under Assumption C, we deduce from the area and
co–area formula, the following characterization of the
conditional probability distribution p~ for a regular
value z c Rd.

Theorem 2.7 Let Assumption C hold,andassumem ~
d. Let z E Rd be a regularvalue, with finite level set
Mz = {xi, i E I}. The followingsummability condi-
tion holds

x
p(xi) < ~

iE1J~(Xi) .

If in additionthe densityp does not identicallyvanish
on M=, then

P. = x qi 6Xi 1
icI

with density
P(xi)

Jh(xi)

x p(Xj) .
~el ‘h(xj)

Theorem 2.8 Let Assumption C hold,andassumem >
d. Let z E Rd be a regularvalue, and let A= denote the
canonical measure on the compact level set M=. The
followingintegrability conditionholds

If in additionthe density p does not identicallyvanish
on M=, then

pz(dx) = q(x) A.(dx) ,

with density

p(x)
Jh(X)

q(x) =

J
P(Y) “— A.(dy)

~’ Jh(y)

PROOF. Under Assumption C, there exists a compact
neighborhood V= of the regular value z c Rd, such
that all values in VZare regular. For any test function
4 defined in Rm, and any Borel set B C Vz in Rd, define

p(x)
g(x) = d(x)l(h(z)G B) ~ ~

This mapping is Lebesgu*integrable and vanishes out-
side h-1 (V=), which is a compact subset of W. There-
fore, it follows from Theorem 2.3 and Remark 2.5 that

E[#(x)l(h(x)G B)]=

=
J

g(x) Jh(z) dx
R“

= J{J g(x) fim-d(dx) } dz’
Rd M,,

J{J p(x)~m-d(dx)}dz’= ~(x) —
B M.] Jh(x)

J{J ‘(x)Az/(dz)}dz’ .= ~(z) —
B M./ Jh(x)

By taking #(x) = 1, we get

p(x)
P[h(x)c B]=JB{JM,,~ Azj(dx) } dz’ .

The result follows from the definition of E[#(X)
z], see e.g. Breiman [2].

3 ASYMPTOTIC
OF LAPLACE INTEGRALS

[ h(X)=
n

To obtain an expression of the conditional probabil-
ity distribution p, for any (regular or singular) value
z E Rd, and motivated by the design of robust and ef-
ficient numerical approximation schemes in nonlinear
filtering with small observation noise, we introduce the
following perturbation procedure : For &>0, define

Z’=Z+V’=h(X)+V’,

where VCis a d–dimensional Gaussian r.v. with covari-
ance matrix e Id, independent of the r.v. X. Using the
Bay- formula, it is emy to define a regular conditional
probability distribution for the r.v. X given Z’ : For
any test function # defined in P

E[#(X) I Z’] =

J
4(x) exp { – AIZE–h(x)l’} P(X)dx

R“=

J
exp { – ~lZC – h(X)12 } P(X) dz

R“

Two questions arise at this point :
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Does the left–hand side have a limit as e J O, and
does this limit provide a version of the conditional
probability distribution of the r.v. X given Z, i.e.
given h(X) ?

How can we compute the limit of the right-hand
side=e~O?

The answer to the first question is provided by the fol-
lowing result.

Proposition 3.1 For any test function # defined in
R“

E[E[#(X) I Z’] I Z] _ E[#(X) I Z] ,

in L1, as&JO.

PROOF. Given a d–dimensional Gaussian white noise
sequence {Vn , n ~ O} with unit covariance matrix, we
define m.-

zn=z+~6kvk=z+vn,
k=n

with 6k ~ ~k —~k+l, and {cn , n ~ O} is a sequence
of positive numbers decreasing to zero. It follows from
Takeuchi and Akashi [11, Lemma Al] that

E[@(X) [ ~n] _ E[4(X) I Z] ,

as. and in L1, m n -0. As a result

E[E[4(X) I En] I Z] - E[#(X) I Z] ,

in L1, as n ~ O. Notice that (X, ~n) and (X, Zs” ) are
identically distributed, hence

E(E[#(X) I ~n] I Z] = E[E[~(X) I Z’m] I Z]

as., and and therefore

E[E[#(X) [ Z’”] I Z] _ E[@(X) I Z] ,

in L1, as n ~ O. Since the convergence holds for an
arbitrary sequence {&n, n ~ O} of positive numbers
decreming to zero, the result is proved. ❑

Corollary 3.2 For any test function 4 definedin R*

/1 ~~ – E[@(X) I h(X) = z] \ ~(dz) _ O ,
Rd

as c J O, where

Q; 2 E[E[@(X) I Z’] I h(X) = z] ,

and where~ denotes the probabilitydistm’butionof the
T.v.h(x).

In the remaining of this section, we are going to an-
swer the second question, i.e. to study the mymptotic
behaviour of Q: as &j O,for a given z c Rd. For every
x E Rm, v c Rd, we define

rj(x, v) = exp { – $~j(~,~) } P(x) ,

with
H:(x, v) = ~ Ih(z)– (z+&v)12 ,

JRm

The first step is to show that the behaviour of Q;
is determined only by the points x E ~ in a neigh-
borhood of the level set M,. For this purpose, we
introduce the following identifiabilitycondition.

Assumption D :

Forallz CRd, r>O

g.(r) 2 inf [h(z)– 21>0 ,
x~M;

where

Mj~{xe Rm:d(x, M.)<r}.

Remak 3.3 Under Assumption C, this identifiability
condition is always satisfied. Indeed, resume the con-
trary, i.e. assume that g=(r) = Ofor some z ~ Rd, r >0.
By definition, there exists a sequence {xn , n ~ 1} in
Rm\M~ such that h(xn) converges to z as n * w. The
converging sequence {h(xn) , n ~ 1} stays in a com-
pact K C Rd, hence the sequence {xn , n ~ 1} stays
in h-1(K) C Rm, which is compact since h is proper.
Any limit point x* of the sequence {x. , n ~ 1} sat-
isfies h(z*) = z and d(x”, MZ) ~ r > 0, which is a
contradiction.

We define

Dc,r ~ {vz

and we notice that

a; =
J ,,.D.

with

J
~(x) r;(x, v)dx =

J
4(X) rj(X, V) dx

R“ M:

+
J

d(~) r;(x, v) dx ,
R“ \M:

and for any x @Ml, v G D~!r

Ih(x)– (z+&v)[ 2 Ih(x) - ZI - l&vl 2 ~g.(r) ,

hence

r;(x, v) ~ exp { – +g~(r) } p(x) ,
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and

‘L.\M:
O(Z)r:(z, V)dzls

(3)

~ \l@l]exp { – ~ g;(r) } ,

for any v c D~l”. As a consequence, we concentrate
below on studying the asymptotic behaviour of

ase JO, foragivenv CR d. For the sake of brevity,
we will limit ourselves to recover the expression given
in the Theorem 2.8 above for a regular value z E ~,
in the case m ~ d, following the method used in Ellis
and Rosen [3], [4] and Hwang [7].

Proposition 3.4 Let Assumption C hold, and assume
m ~ d. Let z E Rd be a regular value, and let J=
denote the canonicalmeasure on the compact(m – d)-
dimensional submanifoldMz. Then, for any fixed v E
Rd, and any r >0 small enough

o:’’(v) -
/

‘(z)A=(dx) ,~(z) —
M= Jh(x)

PROOF. We prove the result under the additional as-
sumption that the mapping h has a continuous second
order derivative. For any x c M,, let N=MZ denote the
normal space to the submanifold Mz at point x. This
is a d–dimensional affine subspace of ~, isomorphic
to Rd, Define also

NrM, $ {(x, v)c Mzx Rm :VCN;MZ}.

Since M= is compact, we know that for r > 0 small
enough, the canonical mapping

(c, v) EN’M, *x+v EM:,

is a diffeomorphism, see Berger and Gostiaux [1, Chap-
ter 2]. Moreover, the Jacobian of this diffeomorphism
is a continuous mapping G. (x, v), with GZ(Z, O) = 1,
for all z G M=. The change of variable formula gives

r;(z + v, v) G.(x, v) pz,r(dv) } Az(dx) ,

where pz,=is the canonical measure on the d–dimensional
linear space N=MZ. To evaluate the inner integral

r:(z +&v, v) G.(z, ev) pz,=(dv) ,

we use a first order Taylor expansion for the mapping
v + Hj(x+&v, v), where z c ~z and v ~ Rd are fixed,
i.e.

H:(x + Cv, v) = H:(x, v) +& [H;] ’(x, v) v

J
+e2 V* { 1(1 –0) [H~]’’(x+Osv, v)dO } v .

0

Notice that if x c MZ, i.e. if x satisfies h(x) = ~, then
for every v E Rd

H;(x, v) = + &zIV12,

[H;]’(x, V) = -c V*h’(z) ,

[H;] ’’(z, V) = ‘SV* h“(z) + [h’(x)]” h’(z) .

It follows from these observations that

+~:(X+CV, V) - + IV– h’(x)v\2 ,

m e J O. Therefore, by the Lebesgue dominated con-
vergence theorem

~$’r(x> v) - d(~) P(x) ~z(~,v) ,

as &J O,where the integral lZ(x, v) is defined ss

J(2T;di2 ~=~z
exp { – + IV– h’(z)v12 } pz,=(dv)

To evaluate this integral we select an orthonormal bmis
{u,,..., ~d} of N=LWZ,and we define the linear map-
ping

d

U:a ERd H x ~kuk E N=MZ z Rd .
k=l

This mapping is otihogonal,i.e.

U* U= Iti and UU*= IR(u) ,

and the change of variable formula gives

“(”v)=& ‘
where

2(z) = [h’(z) U]* h’(z) U .

Since h’(x) U is a square d x d matrix, we obtain

det Z(z) = det ( h’(x) U [h’(z) U]* ) .

Notice that the rows of h’(z), i.e. the columns of [h’(x)]*,
are d linearly independent m–dimensional vectors in
N=MZ = R(U). It follows that, for any a,@ G Rd

~ h’(x) U U* [h’(x)]* a = fl h’(z) [h’(z)]” a ,

since [h’(z)]” a E R(U). Therefore

{det ~(z)= Jh(z) ,

which finishes the proof. a
Collecting this result with the estimates (2) and (3),

we obtain the following limit, i.e. we recover the expres-
sion given in the Theorem 2.8 above.
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Theorem 3.5 Let Assumption C hold,andassumem ~
d. Let z c Rd be a regularvalue, andlet A= denote the
canonicalmeasureon the compact(m – d)-dimensional
submanifoldMZ. Then

asc JO.

4 APPLICATION TO HYB~D SYSTEMS

With the approach presented in this paper, it is possible
to address the following estimation problems, which
for the sake of simplicity are stated in the static case,
i.e. for finit~dimensional r.v.’s rather than for random
sequences.

Let X be a r.v. in R“, with absolutely continu-
ous probability distribution p, and continuous density
p w.r.t. the Lebesgue measure on W.

● Assume that we learn that X satisfies the con-
straint

0 = h(x) ,

where z * h(z) is a proper continuously differ-
ential mapping from Rm to Rd.

If O is a regular value of the mapping z * h(z),
then the conditional probability distribution P[X c
dz I h(X) = O]can be computed explicitly, and
is supported by M = {z c ~ : h(x) = O}.

● Assume that we learn that X satisfies instead the
constraint

o = g(x, Y) ,

where Y is some observed deterministic variable
in RP, e.g. input, parameter, etc., and where x *
g(x, y) is a proper and continuously differential
mapping from Rm to Rd, for any y c W.

If we observe Y = y, and if O is a regular value
of the mapping x w gv(x) = g(x, y), then the
conditional probability distribution P[X c dx I
9y(x) = O] can be computed explicitly, and is
supported by My = {xGR~ : g,(x) =0}.

5 EXTENSIONS

In the case of a singular value z c Rd, some partial re-
sults could be obtained in the case m ~ d, using ideas
contained in Ellis and Rosen [3]. Only the most singu-
lar points will contribute to the conditional probability
distribution p=.

The case of observations in continuous time should
also be considered. A possible approach would consist
to sample the observations and take the limit as the
sampling rate goes to infinity, but this has not been
addressed yet.

Let us finally mention another related problem, ari~
ing in parameter estimation for a diffusion process with

small noise. In the case where the standard identi-
fiability condition does not hold, i.e. where the corre-
sponding Kullback–Leibler information does not have a
uniqueminimum, the consistency of the Bayesian esti-
mate could be obtained w an application of the asymp-
totic of Laplace integrals. Notice that the c~e of a
finite number of minima of the contrast function has
already been considered in Kutoyants [9].
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