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Abstract : We consider the problem of identification
of a partially observed finit~state Markov chain, based
on observations in a finite set. We first investigate the
asymptotic behaviour of the maximum likelihood es-
timate (MLE) for the transition probabilities, w the
number of observations increases to infinity. In partic-
ular, we exhibit the ssociated contrast function, and
we discuss consistency issues. Baed on this expression,
we design a recursive identification algorithm, which
converges to the set of local minima of the contrast
function.
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1 INTRODUCTION

In this paper, we consider the problem of recursive
identification of a partially observed finite-state Markov
chain, based on observations in a finite set. In a first
part, we investigate the mymptotic behaviour of the
maximum likelihood estimate (MLE) for the transition
probabilities, M the number of observations incre~es
to infinity. The problem hm already been considered
by Petrie [6], and our main contribution is to exhibit a
convenient expression for the associated contr~t func-
tion. In a second part, we propose a recursive iden-
tification algorithm, based on the expression obtained
for the contrast function. Similar algorithms have been
already considered, based rather on the recursive min-
imization of the prediction error :

● An extensive motivation for the algorithms and
interesting discussions of implementation issues
can be found in Krishnamurthy and Moore [5]
and Conings, Krishnamurthy and Moore [3], in
the case where the observation is a function of
the state in additive Gaussian white noise.

c A complete mathematical analysis of the algo-
rithm can be found in Arapostathis and Mar-
cus [1], in a very special case of observations in a
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finite set, where the prediction error can still be
defined.

In this paper, we try and prove results similar to those
of [I] in the general case of observations in a finite set,
and in fact many of our intermediate results are bor-
rowed from [1]. Our main result is that the proposed
recursive identification algorithm converges to the set
of local minima of the contrast function.

The statistical model is as follows. Let {Xn , n ~ 0}
and {Yn, n z 1} be two sequences, with values in the
finite sets S = {l,, N} and O = {1,., M} respec-
tively, On the corresponding canonical space, a family
(P”, 0 ~ ~) of probability measures is considered, with
@ C RP compact, such that under P“ :

The unobserved state sequence {Xn , n z O} is a
Markov chain with transition probability matrix
Qe= (q&),i.e. foranyz,j ~ s

q; =P@[xn+l=j [x. =i] ,

and initial probability distribution p. = (p;) in-
dependent of 0 E ~, i.e. for any i E S

p: =P@[xo =i]

The observations {Yn, n ~ 1} are mutually in-
dependent given the sequence of states of the
Markov chain, i.e.

Pe[yn= en,... ,Yl=ell xn=zn, ..-, xl=zl] =

n

=~pe[yk=eklxk=zk].
k=l

For simplicity, the transition probabilities

b:= P@[Yn=llxn=i],

are independent of the parameter 0 E 0.

Notations. Let (.,,) denote the scalar product in
RN. For any e c O, let

b~=(b; ,... ,b~)* and Bt = diag(b~)
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For any n ~ 1, let

and

B(Y.) = ~ Bt l[yn = ~1 = diag(b(Y~)) .
!Eo

Lete= (l,., 1)* denote the N–dimensional vector
with all components equal to 1, and notice that Bt e =
bi for any / c O, hence B(Y~) e = b(Yn) for any n z 1.

Throughout the paper, the tme value of the pa-
rameter will be denoted by a c @, and we make the
following assumptions :

Assumption A : For the tne value a ~ @, the tran-
sition probability matrix Q@ = (q:) is an irreducible
and aperiodic stochastic matrix.

Assumption B : Foralli ~S, 1~0, b~>O andwe
define

(1)

Model parametrization. The parameter @ to be
estimated is the set of transition probabilities of the
Markov chain {X. , n 2 O}. We parametrize any N x N
stochastic matrix by the collection of its off-diagond
entries. As a result, the parameter space is a closed con-
vex subset of Rp, p = N(N – 1), defined as the N–fold
product @ = A. x ~~. x A. c Rp, where A. c RN–l

is the (N – 1)–simplex

N–1

A. = {u c RN-l : x Ui <l,
i=l

andui~O, foralli= l,... ,N– 1}.

Let@ =(61,,6~) e@:then,for all i=l, -.., N

ifj=l, . . ..l-l

(e;_l , ifj=i+l, . . ..N.

On the parameter space @, we define the following dis-
tance :

As in [1], we consider for each e > 0 the set e, of
stochastic matrices with all entries larger than e, de-
fined as the N-fold product @g= A. x ~~~x A, where
A< C A. is

N–I

i=l

anduazc, foralli=l, ,N– 1}.

The sets A. c RN–l are closed convex polytopes, and
we define me(u) as the unigue closest point to u E RN–l
in Ag. We consider also the set @+ of stochastic matri-
ces with positive enties, defined a the N–fold product
@+= A+, x... x A+ where A+ C AO is

N-1

A+= UA, ={ue RN-l: ~ui< 1,
C>o i= 1

andui>O, foralli=l!. ,N- 1}.

Instead ok Assumption A, we make the stronger as-
sumption :

Assumption A’ : For the true value a c 0, the
transition probability matrix Qa = (g:) has positive
entries. (In other words, a 6 ~+, i.e. a E @Cfor some
unknown &> O).

2 MAXIMUM LIKELIHOOD ESTIMATE

Let the probability distribution of (Yl, ~~~,Yn) under
Pg be denoted as

p$[tn, . . . ,11] =P@[Yn= ln, ... Yl=l l].

By definition, the log–likelihood function (suitably nor-
malized) for the estimation of the unknown parameter
0 based on observations (Yl, . . , Yn) is

tn(8) = : logp@[Yn, ... Yl] ,

and the maximum likelihood estimate (MLE) satisfies

~LE ~ argmaxln(o) , (2)
oEeco

for some &o>0.
In order to derive convenient equivalent expressions

for in(0), we introduce the following standard frame-
work for state estimation in HMM’s.

Let~n=a(Y1, ..., Yn) denote the o–algebra gener-
ated by the observations, and let pn(e) denote the pre-
diction probability distribution under P@of the state
Xn given ~n–l, i.e.

P:(e) = Pe[xn = i IY.-l],

for any i e S. The sequence {p*(e) , n z O} satisfies

Pn+l(e)= Q; B(Yn) pn(e)
(b(Yn),pn(e) ) ‘

(3)

with initial condition p.(e) = p. independent of e c @.
Notice that

(e, Qj B(Yn) Pn(e) ) = (B(Yn) Qe e,pn(e) )

= (b(Yn), pn(e) ) ,

hence the probability distribution defined by the right-
hand side of (3) is properly normalized. Let P(S) de-
note the set of probability distributions on S.
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Notations. For any 9 G ~, any e c O, and any p E
P(S), let

hence for any n ~ 1

so that equation (3) reads also

Pn+l(e) = f8[Yn, pn(o)] .

For any parameter sequence (61, ~~., 6n) ~ ~, any ob-
servation sequence (el, . . . . en) G O, and any initial
condition p. c P(S), we consider the sequence {pn , n ~
1} with

Pn+l = t:: (Pn) ,

and we introduce the notation

Pn = P&;:::;$,(Po) ,

so as to express the dependency upon the parameter
sequence, the sequence of observations, and the initial
condition.

We can now provide the following expression for the
log–likelihood function :

Proposition 2.1 For any 6 c @

en(e) =: ~Iog(b(Yk),pk(e) ) .
n

k=l

PROOF. By successive conditioning

p@[Yn,.... YII = fi Pe[y~ I Yk-1] .
k=l

On the other hand, under the mutual independence
condition

= ~b:p;(e) = (b’,p,(e)) ,
iCS

hence

Pe[yk I Yk-1] = (b(yk)>pk(o) ) >

which concludes the proof. a
For any 0 c ~, we define W*(8) = (Xn, Y~,pn(0)),

and we consider the extended sequence {Wn(0) , n ~
1}, which is a Markov chain under Pa, with values in
s x o x P(S).

The following key estimate can be proved exactly
as in [1, Corollary 2.1] :

Lemma 2.2 Under Assumption B, define jor any &E
(0, $)

6, = 6B (1 -c)/e , TC= l-6:3, KE=N6C

Then, for any (all,, On) C ~,, any (cl,-,en) G 0,
and any po, p~ c P(S)

l[Pfi;:~ (Po) - P&;~(P&)lll ~ K. ~; Ilpo- p~lll ~

From this, we can prove the following geometric er-
godicity property :

Proposition 2.3 Under Assumption B, for any 6 c
@+ the 4Varkov chain {Wn(@) , n ~ 1} has u unique in-
variant probability measure under Pa, which is a prob-
ability distribution p“’a on S x O x P(S).

If e E 6,, then for any real-valued measurable func-
tion g = (gi,l) defined on S x O x P(S), such that the
coordinate functions p - gi,f(p) are locally Lipschitz
continuous on P(S), there exist constants C. > 0 and
0< p. <1 such that

lE~[g(wn(e))] - pe’=(g)l <c. p; . (5)

In addition, the following strong law of large num-
bers holds :

Proposition 2.4 For any e e @+

en(e)- e(e,~) , Pa-as.

and Ve’a denotes the

J log{bz,p)~:’a(~P) ,
P(s)

marginal ofp”’a on O x P(S).

For any e c ~+, define the contrast function

K(e,~) = –[e(e,~) – e(a,a)] , (6)

which is nonnegative. Define also

M(a) = argmin ~(e, a)
ece+

= {e~~+ :K(e, a)=o}q{a}.

In order to characterize the set M(a), we introduce
the following assumption, which turns out to be a suf-
ficient condition for identifiability :

Assumption C : There exist e c O such that

b; = bt3 if and only if i=j.

Indeed, it follows from [6, Theorem 1.3] that M(a) =
{a} under Assumptions A’, B and C.

Finally, the following consistency result holds :
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Theorem 2.5 Assume that &O>0 in the definition (2)
of the MLE is such that, for some &> &O

dEecceeo.

Then, under Assumptions B and C, any MLE sequence
{8~LE , n ~ 1} converges Pa-as. to the true value a
as n-w.

In the next section, we design a recursive identifica-
tion algorithm, based on the expression of the contr~t
function obtained in Proposition 2.4.

3 RECURSIVE IDENTIFICATION
ALGORITHM

Recall that the log-likelihood function is defined by

In(e) = : ~ log{ b(Yk),pk(e) ) ,
k=1

for any 0 c @. Its gradient w.r.t. the parameter @=
(61,... , eN), or score function, is defined by

where

~;(e)= ~pn(e) ,

for any e E 9, and any i = 1: ~.., N. The sequence

{c;(e), n Z 1} satisfies

(i+l(e) =

‘; ‘(Y”)[1 - Pn(e) Q b(Yn) ~
= (b(yn), pn(e) ) (b(Yn),pn(e))] c~(e) (7)

~i(yn) PL(@)
‘Ri (b(yn),pn(e))‘

where the N x (N – 1) matrix

can be computed explicitly, and does not depend on e.
Let S = RNXP, with p = N(N–1). Foranye E ~,

wedefineun(e) = (p~(e), ~~(e), . -. ,~~(e)) c P(S)XZ.

Notations. For any e c @, any 1 c
P(S), recall that

and let

O, and any p ~

Foranye ~@, anyl GO, andanyu=(p, Cl, !CN) E
P(S) x Z, let also

(8)

Hence, for any n ~ 1

Q; B(yn)~l_ p@ b(yn) ~
= (b(Ym),p) (b(Y~), p) ‘

bi(Ym) pi
~z[yn,p] = ~r~(p) l[ym = /] = ‘i (b(Yn), p) ‘

!Eo

so that equations (3) and (7) read also

pn+l(e) = fe[yn, pn(d)l,

(i+l(e) = Qe[yn,pn(e)] (:(e)+ ~i[yn,pn(e)] ,

and the score function reads also

More generally, for any parameter sequence (el, ~. ~, on) c
~, any observation sequence (el,. ~., en) 60, and any
initial condition U. ~ P(S) x X, we consider the se-
quence {un, n ~ 1} with u~ = (p~,~~, ,~~) and

for all i = 1, . . . N, and we introduce the notation

so as to express the dependency of the sequence {um, n z
1} upon the parameter sequence, the sequence of ob-
servations. and the initial condition.

The algorithm is defined as follows : For all z =
l,..-IN

Fn+l ‘i= ~.o(en + ~n+l H~[Y~,on]) , (lo)

where ~n = l/n, TCOdenotes the projection on the
convex polytope Aco for some &o> 0, and the sequence

{tin, n z 1} is defined by On = (Fn,t~, ,?#), and

For any e ~ @, we define Z~(e) = (X., Y., u.(e)),
and we consider the extended sequence {Zn (e) , n ~
1}, which is a Markov chain under Pa, with values in
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SXOXP(S)XZ. Let He,a denote the corresponding
transition probability matrix/kernel. Then

= n;n+1,a(2n,B),

i.e. the algorithm (10) belongs to the class of stochastic
algorithms with Markovian dynamics, see Benveniste,
M6tivier and Priouret [2].

The first step in the study of the algorithm (10)

is to study the Markov chain {Z~(0) , n z 1}, for a
fixed value 0 c ~. The following compactness result
has been proved in [1, Proposition 2.2].

Lemma 3.1 Under Assumption B, there exist a com-
pact neiqhbourhood U~ C X of the o~gin, constants
K. >

(i)

(ii)

0 and O < r. <1 such that :

For any (OI,. ~‘ ,6n) C @e, any(ll,. .,ln) @O,
and any uo, u~ ~ P(S) x U.

u~;;:;$l(uo) e P(s) x u. ,

and

lm,,~l (u~)lll ~ Kc r; lluo-uhl[l ~llu~;:::jl(~o)-uen,...,el

FOT each M > 0, there exists an integer no =
no(M) such that for any (81, ..., On) E ~~, any
(/,,, ln) E O, and ang uo ~ ?(S) x B(O, M)

u~::::$, (Uo) G P(s) x u. , for all n ~ no .

From this, we can prove the following geometric er-
godicity property, as in [1, Proposition 3.2] :

Proposition 3.2 Under Assumption B, for any e 6
@+, the Markov chain {Zn(e) , n ~ 1} with an ini-
tial distribution such that CO(e) is bounded as., has a
unique invariant probabilitymeasure under Pa, which
is a probabilitydistribution Pe’a in S x O x P(S) x Z.

If e E 9., then the support of P“’ais contained in
S x O x P(S) x Uc, and for any real-valued measur-
ablefunction y = (Yi,t) defined on s x o x p(s) x ~,
such that the coordinatefunctions (p, <) w Ti,t(p, <)
are locallyLipschitz continuous on P(S) x X, there ex-
ist constants Cc >0 and O < p. < 1 such that

[Ea[~(zn(e))]–p8’a(7)l<c. P: ~

Finally, as in [1, Corollary 3.1]

Proposition 3.3 Under Assumption B, for any e G
@e)and any real-valued measurable function g = (ga,l)
defined on S x O x P(S), such that the coordinatefunc-
tions p H gi,f(p) have Lipschitz continuous derivatives
on P(S), there em”stconstants C. > 0 and O< p. < 1
such that, in addition to (5)

11+ E~[9(Wn(e))l – ~ ~@’a(9)111sc. p;,

foTaili=l,, N.
220

We conclude this section with the following result,
which identifies the mean vector field of the algorithm
as the opposite of the gradient of contrast function.

Proposition 3.4 For any e c @t

Ea[~i(zn(e))] - hi(e,~) ,

as n + w, where

foralli=l, ,N, and Ae’a denotes the marginalof
P“a on O xP(S) x X.

In addition, for any e G ~+

hi(e, a) = ~ei~t(e,d) = –dei~K(e, a) ,

foralli=l,., N.

PROOF. By definition H~(Z~(e)) = Hi[Y~, un(e)]. It
follows from Propositions 2.3 and 3.2 that

E~[lOg( b(Y*),p~(e) )] - t(e, ~) ,

and

E~[Hi(zn(e))]=

= -; K(e, a) ,

as n ~ m. On the other hand, it follows from Propo-
sition 3.3 that

as n + m, and the proof is complete. ❑

For any e c ~+, define

We consider the recursive identification algorithm
defined in (10), where the initial condition ~. can be
chosen arbitrarily in P(S), and the initial condition <O

is set to ~0 = O G U,O, in such a way that (P*, ~~) c

P(S) x U,, for all n ~ O, according to Lemma 3.1.

The following convergence result holds :

Theorem 3.5 Assume that so >0 in the definition (10)
of the recursive algotithm is such that, for some & >
Eo > Cr

L(a) c e, c e,” c e,f ,

~(hi(e,~),rgo(ei) -ei) >0. (11)
ie s

Then. u~der Assumption B, the Tecursive estimate se-
quence {en, n z 1} converges Pa -a.s, to the determin-
istic set L(a) as n ~ m.



Remark 3.6 The condition (11) roughly means that
outside of @.O,but close enough, the mean vector field
of the algorithm is pointing towards @CO.

PROOF. We follow Delyon [4]. Let K(6, a) ~ O be
defined as in (6). It waa proved in Proposition 3.4 that

for all i = 1, ~. ~,N. Therefore

for any 0 # L(a), which is Assumption (A) of [4].
Moreover, it follows from the condition (11) that

= -~(h,(e, a),nto(o’)-o’) <0,
tcs

for any 0 S @./ \ @.0, which is Assumption (Proj)
of [4].

Finally, the following decomposition holds for all
i=l, . . ..~

Hi(z.) = Hi[Yn, nn]

where, for any e E Q,O, the function V~,a denotes a
bounded solution of the Poisson equation associated
with the function Hi.

Following [4, Corollary 1], it is then enough to prove
that foralli=l, -., N

~ ~ [e(’) +e(2) +e(3)] converges.
n n,a n,t n,%

n= 1

The details will appear elsewhere.
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