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Abstract : We consider the problem of identification
of a partially observed finite-state Markov chain, based
on observations in a finite set. We first investigate the
asymptotic behaviour of the maximum likelihood es-
timate (MLE) for the transition probabilities, as the
number of observations increases to infinity. In partic-
ular, we exhibit the associated contrast function, and
we discuss consistency issues. Based on this expression,
we design a recursive identification algorithm, which
converges to the set of local minima of the contrast
function.
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1 INTRODUCTION

In this paper, we consider the problem of recursive
identification of a partially observed finite—state Markov
chain, based on observations in a finite set. In a first
part, we investigate the asymptotic behaviour of the
maximum likelihood estimate (MLE) for the transition
probabilities, as the number of observations increases
to infinity. The problem has already been considered
by Petrie [6], and our main contribution is to exhibit a
convenient expression for the associated contrast func-
tion. In a second part, we propose a recursive iden-
tification algorithm, based on the expression obtained
for the contrast function. Similar algorithms have been
already considered, based rather on the recursive min-
imization of the prediction error :

¢ An extensive motivation for the algorithms and
interesting discussions of implementation issues
can be found in Krishnamurthy and Moore [5]
and Collings, Krishnamurthy and Moore [3], in
the case where the observation is a function of
the state in additive Gaussian white noise.

A complete mathematical analysis of the algo-
rithm can be found in Arapostathis and Mar-
cus (1], in a very special case of observations in a
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finite set, where the prediction error can still be
defined.

In this paper, we try and prove results similar to those
of {1] in the general case of observations in a finite set,
and in fact many of our intermediate results are bor-
rowed from [1]. Our main result is that the proposed
recursive identification algorithm converges to the set
of local minima of the contrast function.

The statistical model is as follows. Let {X,,, n > 0}
and {Y,, n > 1} be two sequences, with values in the
finite sets S = {1,---,N} and O = {1,---, M} respec-
tively. On the corresponding canonical space, a family
(P?, 8 € ®) of probability measures is considered, with
© C RP? compact, such that under P? :

¢ The unobserved state sequence {X,,, n > 0} is a
Markov chain with transition probability matrix
Qo =(gy), ie foranyi,j€ S

3 =P Xps1 =7 Xn=1],

and initial probability distribution py = (p}) in-
dependent of 8 € ©, 1.e. foranyi € S

ph = P[X, =] .

e The observations {Y,, n > 1} are mutually in-
dependent given the sequence of states of the
Markov chain, i.e.

Pe[Ynzena'”)}flzelIXTI:inv"'le:il]:

=[] PP%e = £ | X = it] .
k=1

For simplicity, the transition probabilities
b= PlY,=4]| X, =1],
are independent of the parameter § € ©.

Notations. Let {-,-) denote the scalar product in
RY™. For any ¢ € O, let
bt = (bt b))

and B* = diag(b?) .



For any n > 1, let

b(Yn) = Zbl I[Yn - e] s

teo
and
B(Y.) =y B’ 1y _ g = diag(b(¥y)) .
Leo
Let e = (1,---,1)* denote the N-dimensional vector

with all components equal to 1, and notice that B e =
b for any £ € O, hence B(Y,) e = b(Y,,) for any n > 1.

Throughout the paper, the true value of the pa-
rameter will be denoted by a € ©, and we make the
following assumptions :

For the true value o € O, the tran-
(g¥) is an irreducible

Assumption A :
sition probability matrix Q4
and aperiodic stochastic matrix.

Assumption B : Foralli€ 5, £€ O, b! > 0 and we

define
»t

2

max

_ i€5,teo

min _b¢
i€$,t€0

<.

(1)

Model parametrization. The parameter 8 to be
estimated is the set of transition probabilities of the
Markov chain {X,, , n > 0}. We parametrize any Nx N
stochastic matrix by the collection of its off-diagonal
entries. As a result, the parameter space is a closed con-
vex subset of RP, p = N(N — 1), defined as the N-fold
product ©® = Ag x -+ x Ag C RP, where Ay C RV~!
is the (N — 1)-simplex

N-~1
Ay = {’U,ERN_]' : ZuiSI,
=1

and u; >0, foralli=1,--- N -1} .
Let § = (,---,8Y) € © : then, foralli=1,--- N

rgi_’

: ifj=1,,i~1

N-1

1->"6,

=1

ij

¢ = ifj=1

AN

9t

\ Yj—1 "7

ifj=¢4+1,--,N.

On the parameter space @, we define the following dis-
tance :

_pp A g ij
16 -6 = max{ 3 laf — a5l } -
i€s
As in [1], we consider for each ¢ > 0 the set O, of
stochastic matrices with all entries larger than ¢, de-

fined as the N—fold product ®. = A, x --- x A, where
Ag C AO is

N-1
A, = {U,ERN_I : Zu,’SI—E,
i=1

and u; 2 ¢ ,foralli=1,--- N -1} .
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The sets A, € RY~! are closed convex polytopes, and
we define 7, (u) as the unique closest point tou € RV -1
in A,. We consider also the set @7 of stochastic matri-
ces with positive enties, defined as the N-fold product
Ot = At x - x AT where AT C Ay is

N1
: Zui<1,
i=1

and u; >0 ,foralli=1,---, N -1} .

At = LJA,,;:{UERN"1

e>0

Instead of Assumption A, we make the stronger as-
sumption :

Assumption A’ : For the true value o € O, the
transition probability matrix Q, = (¢?¥) has positive
entries. (In other words, & € @7, i.e. a € ©, for some
unknown ¢ > 0).

2 MAXIMUM LIKELIHOOD ESTIMATE

Let the probability distribution of (Y7, --,Y,) under
P? be denoted as

Pl ] = P[Ya = bn, - Vi = 44] .

By definition, the log-likelihood function (suitably nor-
malized) for the estimation of the unknown parameter
8 based on observations (Y1, --,Y,) is

1
£a(0) = ~ logp’(Ya, -+, 1],

and the maximum likelihood estimate (MLE) satisfies

(2)

g,l\fLE € argmax £,(0) ,
9€O,,

for some g9 > 0.

In order to derive convenient equivalent expressions
for £,(8), we introduce the following standard frame-
work for state estimation in HMM’s.

Let Y, = o(Y7, - -, Y,) denote the o—algebra gener-
ated by the observations, and let p,(8) denote the pre-
diction probability distribution under P? of the state
X, given Vn -1, Le.

Pa(8) = P°[Xn =i | Vo],
for any i € S. The sequence {pn(8), n > 0} satisfies

_ Q3 B(Y,) pa(0)
(b(Y),2a(8))

with initial condition pp(#) = po independent of § € ©.
Notice that

(ew Q; B(Yn) pn(e)) = (B(Yn) Qs e, pn(g))

Pn+1(6) (3)

= (0(Ya), pa(6))

hence the probability distribution defined by the right—
hand side of (3) is properly normalized. Let P(S) de-
note the set of probability distributions on §.



Notations. For any § € ©, any £ € O, and any p €
P(S), let
Q; B'p

filp) = 22—,

o) =)
hence for any n > 1

Q; B(Ya) p
ot} = 2 50 Yy, = 0 = )

teO

so that equation (3) reads also

Pn+1(9) = fG[YmPn(e)] .

For any parameter sequence (61, --,0,) € ©, any ob-
servation sequence (¢y,---,£,) € O, and any initial
condition pg € P(S), we consider the sequence {p,, n >
1} with

fe (pﬂ) H

and we introduce the notation

Pnt+1 =

n1 -l

Pn =Py, .. ,31(730) ’

so as to express the dependency upon the parameter
sequence, the sequence of observations, and the initial
condition.

We can now provide the following expression for the
log-likelihood function :

Proposition 2.1 For any 8 € ©

=S log(B(Ya), Bx(6) ) -

k=1

£,(0) =
PRrRoOF. By successive conditioning

= [T P°(¥% | 2%-a] -

k=1

P°[Ya,

On the other hand, under the mutual independence
condition

PlYy =& Yeu] =

= ZPG[Yk ={| Xx =i] Po[Xk =’ilyk-1]

€S
= > bl pi(8) = (b4 pu(6))
i€S
hence
PPIYe | Veoa] = (b(Ya), px(8) )

which concludes the proof. a
For any 8 € ©, we define W,(8) = (X,, Ya,pa(8)),
and we consider the extended sequence {W,(8}, n >
1}, which is a Markov chain under P*, with values in
S x O xP(S).
The following key estimate can be proved exactly
as in [1, Corollary 2.1] :
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Lemma 2.2 Under Assumption B, define for any e €
(0,3)

8. = re=1-673 K.=N6§, .

ép(l—¢g)fe,

Then, for any (64, --
and any po, py € P(S)

agn) € 987 any (Zly"'vzn) € 0)

Loy d Loyt
”po,“,..,;1 (o) — Pom...,oll (Po)llx < Ke v {lpo — polls -
From this, we can prove the following geometric er-
godicity property :

Proposition 2.3 Under Assumption B, for any 6 €
OF the Markov chain {W,(8), n > 1} has a unique in-
variant probability measure under P*, which is a prob-
abslity distribution pu®* on § x O x P(S).

If8 € O, then for any real-valued measurable func-
tion g = (gi¢) defined on S x O X P(S), such that the
coordinate functions p — g;¢(p) are locally Lipschitz
continuous on P{S), there exist constants C. > 0 and
0 < pe <1 such that

|E*[g(Wn(0))] -

w"%(g) < Ce p? (5)

In addition, the following strong law of large num-
bers holds :

Proposition 2.4 For any 8 € ©F
£,(8) — £(8,c), P%-a.s.

as n — oo, where

200, a) = Z/ log(b%,p)

teo

2% (dp)

and v%% denotes the marginal of u®* on O x P(S).

For any 8@ € ©1, define the contrast function
~[¢(8, a) = t(a, a)] ,

which is nonnegative. Define also

K0, o) =

M(a) = argmin K(9, o)
fco+
= {#e®t: Kfa)=0}2{a}.

In order to characterize the set M(«), we introduce
the following assumption, which turns out to be a suf-
ficient condition for identifiability

Assumption C : There exist £ € O such that

bt =t

z J

Indeed, it follows from [6, Theorem 1.3] that M(a) =
{a} under Assumptions A’, B and C.

if and only if t=7.

Finally, the following consistency result holds :



Theorem 2.5 Assume thateg > 0 in the definition (2)
of the MLE s such that, for some € > &g

€@, CO, .

Then, under Assumptions B and C, any MLE sequence
{OAf‘fLE ,n > 1} converges P*-a.s. to the true value o
asn — 0.

In the next section, we design a recursive identifica-
tion algorithm, based on the expression of the contrast
function obtained in Proposition 2.4.

3 RECURSIVE IDENTIFICATION
ALGORITHM

Recall that the log-likelihood function is defined by

0) == 3 log(b(¥i),pel®))
k=1

for any 8 € ©. Its gradient w.r.t. the parameter 8 =

(6*,---,6"), or score function, is defined by
] 1 < e*B(Y:) (i (8)
SE0) = mta(8) = = S S RS
"0 = 5@ =3 2 55, m(@)
h
o G8) = 2pn(6)
n hand agipn ’

for any 8 € ©, and any ¢ = 1,.--, N. The sequence

{¢i(8), n > 1} satisfies
C:H-l(e) =
_ _ 9 B(Yx) -
(5(Yn),pn(8)) (b(Y ) Pn(8) )

bi(Ya) pn(6)
(b(Yn), pn(8

)"
where the N x (N — 1) matrix

0

(7)

+ R;

aqi '

R; = ( 39’

)i

can be computed explicitly, and does not depend on 6.
Let £ = RM*P with p = N(N —1). For any § € 0,
we define u,(8) = (pn(0),CL(6),---,¢N(8)) € P(S)xZ

Notations. For any 8 € ©, any £ € O, and any p €
P(8), recall that

¢
fio = B
and let
B = L (1o 28Yy ) g B
{8%,p) (b%,p) (b%,p)
Forany 8 € ©,any £ € O,andanyu = (p, (.-, (M) e

P(S) x L, let also
ea«Bl C‘i

W = Ty

(8)
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Hence, for any n > 1

Bo[Ya,pl = D ¥5(p) 11y, = g

¢e0

_ Qi B(Yx) - P®b(yn)]

(b(Yn),p) (b(Ya),p)"’
T = 7‘1' = . bl(Yn) pl
i{Ya, 7] Z_; Py, ==& Gy 57

and

HilYn,ul =) Hi(u) 1y, _ 4= ?ZB’(L))ECT ©

teO

so that equations (3) and (7) read also

pn+1(3) = f@[Yn,pn{G)] »

Cn+1(6) = @0[ nypn( )] Cn. +T1[Yn Pn 9)] y

and the score function reads also
1 n
== > Hi[Vs,ux(6)] -
n k=1

More generally, for any parameter sequence (8y,--,0,) €
©, any observation sequence (£, -, £,) € O, and any
initial condition ugq € P(9) X &, we consider the se-

quence {un, n > 1} with up, = (pn, 2, -, ¢Y) and
Prtr = g7 (pn)
Cipr = 85 (pn) G+ 75" ()
foralli =1,---,N, and we introduce the notation
Un = gl G (o)

0 as to express the dependency of the sequence {u, , n >
1} upon the parameter sequence, the sequence of ob-
servations, and the initial condition.

The algorithm is defined as follows : For all i =

1,---,N
By = 7o (O + Ynis HilYa,@a]) . (10)

where v, = 1/n, 7., denotes the projection on the
convex polytope A,, for some g9 > 0, and the sequence

{@n, n > 1} is defined by T, = (ﬁn,A},, X -,Z,I:’), and
§n+1 = 0 . [an Pn]
Criz+1 = ‘I’;; +1[Yﬂvﬁ"] C:z + Ti[Ymﬁn] .

For any 8 € ©, we define Z,(9) = (X,, Ya,un(6)),
and we consider the extended sequence {Z,(8),n >
1}, which is a Markov chain under P%, with values in



S x O x P(S) x £. Let Ilg o, denote the corresponding
transition probability matrix/kernel. Then

Pa[2n+1 € Biao,"'y§n+1,20»"',2n] =

i.e. the algorithm (10) belongs to the class of stochastic
algorithms with Markovian dynamics, see Benveniste,
Métivier and Priouret (2].

The first step in the study of the algorithm (10)
is to study the Markov chain {Z,(6),n > 1}, for a
fixed value # € ©. The following compactness result
has been proved in [1, Proposition 2.2}.

Lemma 3.1 Under Assumption B, there exist a com-
pact neighbourhood U, C ¥ of the origin, constants
K.>0and 0 <1, <1 such that :

(i) For any (61,---,65) € ©, any (&1,---,4,) € O,
and any ug,uy € P(S) x U,

ug” o (uo) € P(S) x U
and

fovt RS
llegr g (wo) —ugtt g, (uo)lls < Ke v luo—uolly

(i) For each M > 0, there exists an integer ng =
no(M) such that for any (01, --,0,) € O, any
(£1,---,4s) € O, and any uo € P(S) x B(0, M)

w8 () e P(S)x U, foralln 2o .

From this, we can prove the following geometric er-
godicity property, as in [1, Proposition 3.2] :

Proposition 3.2 Under Assumption B, for any 0 €
®*, the Markov chain {Z,(0), n > 1} with an ini-
tial distribution such that (3(8) is bounded a.s., has a
unique invariant probability measure under P, which
is a probability distribution p®* in § x O x P(S) x E.

If 6 € ©., then the support of p®* is contained in
S x O x P(S) x U, and for any real-valued measur-
able function v = (i) defined on S x O x P(S) x &,
such that the coordinate functions (p,{) — 7is(p, ()
are locally Lipschitz continuous on P(S) x X, there ex-
ist constants C. > 0 and 0 < p, < 1 such that

|E*(1(Z.(8))] = P (7)) < Ce 7

Finally, as in [1, Corollary 3.1]

Proposition 3.3 Under Assumption B, for any 8 €
©., and any real-valued measurable function g = (gi )
defined on S x O x P(S), such that the coordinate func-
tions p — gi ¢(p) have Lipschitz continuous derivatives
on P(S), there exist constants C; > 0 and 0 < p. <1
such that, in addition to (5)

I (W) = g0 4@l < C s

foralli=1,---,N.

We conclude this section with the following result,
which identifies the mean vector field of the algorithm
as the opposite of the gradient of contrast function.

Proposition 3.4 For any § € ©F
E*[Hi(Za(0))] — hi(6, ) ,
as n — oo, where

{8, a) Z/’P

teo (S)x):

* £~
B A""‘(d ,d¢)

for alli=1,---,N, and A% denotes the marginal of
%% on O x P(S) x &
In addition, for any 8 € ©F

9 Kib,a),

)
—£(6,a) = ~ 36

o6t
foralli=1,--- N.

Proor. By definition H;(Z.(8)) = H;[Yn,ua(8)]. It
follows from Propositions 2.3 and 3.2 that

E*[log(b(Yr), pn(9)}] — £(6,0) ,

hi(9,a)

and
E*(Hi(Z.(0))] =
8
= D B og(b(Ye), pal6))] — ptl6.0) =
3
=gz k0.2

as n — oco. On the other hand, it follows from Propo-
sition 3.3 that

(2O = BTy ey — MO
as n — oo, and the proof is complete. a

For any § € ©F, define
={8€ 0Ot : hf,a)=0}.
We consider the recursive identification algorithm
defined in (10), where the initial condition Py can be

chosen arbltrarlly in P(S), and the initial condition Go

is set to Cg =0 € U,,, in such a way that (pn,(n)
P(S) x U, for all n > 0, according to Lemma 3.1.

The following convergence result holds :

Theorem 3.5 Assume thatcg > 0 in the definition (10)
of the recursive algorithm is such that, for some ¢ >
go > ¢’

La)CcB®, CO, CO.,

and for any 8 € O, \ O,
S ({8, a),we, (6°) = 6°) > 0. (11)
€S

Then, under Assumption B, the recursive estimate se-

quence {8, , n > 1} converges P®-a.s. to the determin-
istic set L(a) as n — oo.
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Remark 3.6 The condition (11) roughly means that
outside of ©,,, but close enough, the mean vector field
of the algorithm is pointing towards ©,,

Proor. We follow Delyon [4]. Let K(f,c) > 0 be
defined as in {6). It was proved in Proposition 3.4 that

3]
86"K(0’a) = —hi(8,a) ,
foralli=1,.---,N. Therefore
9 2
_Z( S5 K62, h —Z|h,~(9,a)l <0,
€S i€sS

for any 8 € L(a), which is Assumption (A) of [4].
Moreover, it follows from the condition (11) that

S (K (6,0), 72, (6) ~ 6°) =
i€sS
= =) (hi(6, @), 7, (8) — 6') < 0,
€S

for any 8 € ©. \ ©,,, which is Assumption (Proj)

of [4].

Finally, the following decomposition holds for all
i=1,--- N
Hi(z'n) = Hi[Yn»an]

hi(Bn, o) + VF},‘,a(Z ) — H;n,aVéln a(Z")

hi(ama)“’i,a(zn)‘Ha,a"é,.,a(z )

i 7 i 7
+ Hen,avgn,a(z - H -n+1 QV3n+1 a(Zﬂ,)
i Fa i 7
+ H;n+lyavan+1,a(zn) - H;n,avan,a(zn)

M el + el

n,i n,i n,i

= hi(§n, a)+e
where, for any 8 € ©,.,, the function Voi,a denotes a
bounded solution of the Poisson equation associated
with the function H;.

Following [4, Corollary 1], it is then enough to prove

that foralli=1,---,|N
[>+]
Z ~ (e, (1 it e£, i+ efl] converges.
n=1

The details will appear elsewhere.
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