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Abstract Some computable approximate expressions 
are provided for the conditional law of diffusion processes 
observed in continuous time. The numerical schemes are 
derived through an approximation of the original filter- 
ing problem. Given a partition of the time interval, this 
procedure consists in sampling the available observation 
sample path and approximating the a priori law of the 
diffusion process. This results in approximation schemes 
for the Zakai equation, for which rate of convergence are 
provided. 

1 Introduction 
The purpose of this paper is to give computable and 

accurate approximate expressions for the conditional law 
of a diffusion process observed in continuous time. Since 
this conditional law depends on both 

. the a priori information, provided by the semi-group 
{Pt , t 2 0) or equivalently the infinitesimal genera- 
tor L, 

. the available observation sample- path {Yt , t 2 0), 

the approximation problem under consideration should 
reduce in some sense to 

approximate the a priori law of the original diffusion 
process, e.g. by the more simple a priori law of some 
other process, 

extract the most useful information from the avail- 
able continuous time measurements { & ,  t > 0). 

The general situation of filtering a signal process from 
noisy continuous measurements will be considered. At 
each step of the approximation procedure, the general 
formulas will be applied to the particular case of diffu- 
sion processes, in order to check whether or not some 
computable expression has been obtained. Note that only 
time discretization is considered here: the discretization 
with respect to the space variable, e.g. the approximation 
of the partial differential operator L by finite differences 
is not taken into consideration. 
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2 The filtering problem 
On a measurable space (52,F) are given a probability 

measure P ,  and a pair of stochastic processes { X t  , t 2 0) 
and {& , t 2 0) taking values in R" and Rd respectively, 
such that under P 

d& = h ( X t )  d t  + dVt , (1) 

where {K , t 2 0) is a standard Wiener process, inde- 
pendent of { X t  , t 2 0). 

Note that the a priori law of the signal {Xt, t 2 0) 
is not specified at this point. The observation function 
satisfy the following hypothesis 

h is a measurable and bounded function from 
R" to Rd. 

Remark 2.1 As usual, (1) is the mathematical way of 
expressing that some measurement 

t t  = h ( X t )  + qt , (2) 

is available at time t ,  where { q t ,  t 2 0) is a Gaussian 
white-noise process, independent of { X ,  , t 2 0). 

Introduce the a-algebras 

A Ft = a ( X , ,  0 5 8 5 t )  , 
A y , " = a ( y T - Y a , S < T < t ) ,  y t g y , " .  

The problem is to estimate Xt from yt, i.e. to compute 
the conditional (a posteriori) law of X t  given &, defined 
by E(q5(Xt) 1 yt).  Introducing 

z,8 2 exp { 6' h'(XT) dYT - 1' lh(X,)l2 d r )  , 

and Zt = Z,", it is standard that, for all T > 0 the orig- 
inal probability measure P is equivalent on [O,T] to the 
reference probability measure Pt with Radon-Nikodym 
derivative ZT, so that under Pt  {yt, t 2 0) is a stan- 
dard Wiener process, independent of {X, , t 2 0). 

A 

By the Bayes formula 



so that it is enough to  compute {pt , t 2 0 )  defined by 

h 4 )  4 E+(4(Xt)zt  I Yd * 

In the particular case where the signal { X t  , t 2 0) is a 
diffusion process with infinitesimal generator L ,  { p t  , t 2 
0 )  is the unique solution of the Zakai equation 

dpt = L'ptdt + h'ptdYt . (3) 

I t  is readily seen on this equation that p t  depends on the 
a priori law of { X t  , t > 0 )  represented by the partial dif- 
ferential operator L, and on the observation samplepath 
{x , t > 0). However, equation (3) is not computable 
and should be approximated. The approach presented 
here, is to rather approximate the original filtering prob- 
lem by a simpler problem, and to consider the resulting 
equation for the conditional law in this new filtering prob- 
lem as an approximation to equation (3). In Section 5, 
the rate of convergence for such approximations will be 
provided, by direct numerical analysis of equation (3). 

The presentation adopted follows Korezlioglu-Maz- 
ziotto [2]. There is indeed three successive steps in the 
global approximation procedure. In the first step, sam- 
pling and data compression of the observation sample- 
path {yt , t > 0) is performed. Then, the signal {Xt , t 2 
01's approximated by some piecewise constant process 
{Xt , t 2 0). In the last step, the a priori law of the 
process {xt, t 2 0) is approximated. Only the first two 
steps will be considered here. 

3 Sampling of the observation 
sample-path 

Throughout the paper, an infinite partition 

0 = t o  < t ,  < * * e  < t ,  < * * e  

of [O,+oo) is introduced, to be denoted by A, with time 
increments 6i = ti+l - t i .  

Sampling and data compression is the preprocessing 
procedure by which the new information contained in 
the continuous measurements received in the time inter- 
val ti 5 t 5 ti+l and represented by y,"l',l, is summarized 
into a finite number of random variables. This is formal- 
ized in the following 

Definition 3.1 An admissible sampling procedure rel- 
ative to the partition A i s  a family {s::+, , i 2 0 )  of 
o-algebras which satisfy, for all i 2 0 

(i) yil+, is generated by  a finite number of 

A 

random variables, 

(ii) ij:;+l c Y,t;+l . 
In 'addition, the following notations are used 

i=l 
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Here are two examples of admissible sampling proce- 
dures, to be considered throughout the paper. 

Example 1. Define 

which is the mean value of the actual measurements (2) 
on the time interval ti 5 s I ti+1. In this example, yii+l 
is generated by the random variable ( i .  Note that, under 
the reference probability measure P t ,  { S i  , i 2 0) are 
mutually independent d-dimensional Gaussian random 
variables with zero mean and covariance matrix &I.  

Example 2. Define 

<: ; i : t l ( t i + l  - s ) d Y ,  = 6i l r + ' l ; a r , d r d s ,  
which are two other different ways of computing some 
mean value of the actual measurements (2) on the time 
interval t ,  5 s 5 t i+l.  In this example, is gen- 
erated by the random variables (! and t:. Note that 
( ! + E t  = ( ;  and that, under the reference probability mea- 
sure P t ,  {((!,(:), i 2 0) are mutually independent 2d- 
dimensional Gaussian random variables with zero mean 
and covariance matrix 6,C, where 

gr + I  

( i I  : I )  * 

In particular, the characteristic function of (t!, <!) satis- 
fies 

A 
(5) 

x ( a ,  b )  = Et(exp {a*<! + b ' t : } )  
= exp { b(la12 + a'b + lbI2)Sj} . 

The problem is now to estimate Xti from-yti, i.e. to 
compute the conditional law of Xti given Yti. By the 
Bayes formula 

so that it is enough to compute ( p i ,  a 2 0 )  defined by 

( P i ,  4) E+(4(xt i )z t i  I i j t ; )  

The first step is provided by the following 

Proposition 3.2 Introduce 
A 2:j+l = Et(Z&, I Fti+l V Y i : + l )  , 

A 
ui+l+ = Et(+(X,i+l)$i+, I Fti VTi:tl) * 

Then 
0;+1,+) = E'([Ui+14IZ*i I Yti,,) ' (6) 



PROOF. 4 Piecewise constant approxima- 
tion of the signal process 

The purpose of this section is to  investigate the effect 
of replacing the signal process {Xt , t 2 0 )  by a piecewise 
constant process {x,, t 2 0) whose values on "pieces" 
are related in some way to the values taken by the orig- 
inal signal process a t  some particular instants. This is 
formalized in the following 

Definition 4.1 A process {x, , t 2 0) i s  subordinate to 
the process {Xt, t 2 0) relatively to the partition r if, 
for all i 2 0 - Xt i s  Fti+, -measurable, ti 5 t 5 t i+l .  

The following example provide a particular class of 
subordinate process, to  be used throughout the paper. 

Going back to the examples introduced above, the ex- 
pression for E:;+, will be derived, and it will be checked 
whether or not the additional hypothesis that the signal 
{ Xt , t 2 0 )  is a diffusion process can lead to  computable 
expressions. 

Example 1 (Continued). For the sampling procedure 
defined by t i ,  it is proved in 121 that 

where 

However, replacing this expression into (6) does not pro- 
vide a computable expression, even if the additional hy- 
pothesis that the signal {Xt , t 2 0 )  is a diffusion process 
is introduced. 

Example 2 (Continued). For the sampling procedure 
defined by ((!,(!), it can be proved that 

where 

and the weight function 7Z is defined for all 0 5 8 5 1 by 
Z(8) = 68 - 2. 

Here again, replacing this expression into (6) does not 
provide a computable expression, even if the additional 
hypothesis that the signal {Xt , t 2 0) is a diffusion pro- 
cess is introduced. 

A 

Example. For all i 1 0 are given 

- a partition { A : ,  1 5 j 5 k ( i ) )  of the time interval 
[ t i , t i+l)  , 

. an increasing sequence 

t i  5 T i  < < T j  < . * '  < T:(i) 5 ti+l . 
Then the piecewise constant process {xt , t 2 0) defined 
by - 

Xt = X;' , if t E A: , 
is subordinate to {Xt , t 2 0) relatively to the partition 
r .  There is a similar class of subordinate processes, where 
the time interval to be partitioned is rather ( t i ,  ti+l] . 

The problem is to chose {xt, t 2 0 )  in such a way 
that the conditional law of wti given yti is moresimple 
to  handle than the conditional law of Xti given Yti,  and 
is even computable in the particular caae where the signal 
{X: , t 2 0) is a diffusion process. 

Introduce 

2, = exp (1' h*(xT) d ~ ,  - J' lh(x7)12 d r )  (9) 

and 'zt = 2,. Under the reference probability measure 
Pt, the processes {xt, t 2 0 )  and {Yt, t 2 0 )  are in- 
dependent, so that the stochastic integral in (9) is well 
defined, although {xt , t 2 0) is not necessarily adapted. 
Therefore, it is possible for all T > 0 to define a new 
probability measure P equivalent on [O,T] to  Pt with 
Radon-Nikodym derivative ZT, so that under P 

-a A 

a 

A 4  

dY,  = h(Xt )  dt  4- dVt , 
where (7, , t 2 0) is a standard Wiener process, inde- 
pendent of {x, , t 2 0). 

The problem is now to e s t i m a k x t i  from-Ft,, i.e. to 
compute the conditional law of Xti given Yt,. By the 
Bayes formula 
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so that it is enough to compute Gi, i 2 0 )  defined by 

@i,4) k Et(4(Tti)Zti I Yti) 

It follows from the proof of Proposition 3.2 that 

Gi+i 4) = E+(pi+~+Izti  I $ t i + , )  9 (10) 

where, for all i 2 0 

=ti 0 
=ti+, = Et&:+, I &+, VS;:+,) , 

ui+i4 = Et(4(Tti+,)Ei;+, I Fti V Y::+,) a 

Going back to the examples introduced above, some 
particular piecewise constant subordinate processes will 
be considered, the corresponding expression for $+, will 
be derived, and it will be checked whether or not the 
additional hypothesis that the signal {Xt,  t 2 0) is a 
diffusion process can lead to computable expressions. 

- A  

Example 1 (Continued). For the sampling procedure 
defined by ti, $+, has the same form than (7) where 
now 

hi = * - ii L:" h ( x , )  ds . 

Two different piecewise constant subordinate processes 
will be considered. 

Define 
- 
Xt = Xti , if t i  5 t < ti+l . 

Then hi = h(Xti) and si;+, = *i(Xti) , where for all 
zER" 

h 
\ki(z) = exp { h*(z)li - ilh(z)126i} . (11) 

Therefore 
- 
Ui+ld = *i(xt;) E+(d(Xt;+,) 1  ti) 

Under the additional hypothesis that the signal {Xt , t 2 
0) is a diffusion process with semi-group {Pt , t 2 0 )  

- 
ui+ld = *i(Xti) [p&i4](Xti) 3 

and 

@i+l,d) = Et(*i(Xti) [P&i#](Xti)'ti I yti+i) 

= @i,*i[p6i+]) > 

so that {p'i , i 2 0) satisfies the following recurrence 

Fi+1 = pi;[*iFil 9 (12) 

which is a computable expression, and can be considered 
as a time discretization scheme for the Zakai equation 
(3). The rate of convergence of this approximation will 
be considered in Section 5. 

Define 

X t  = Xt;, ,  , if t i  < t 5 t i+l  . 

Then hi = h(Xti+,) and z::+, = 9i(Xti+,) . Therefore 
- 
~ i + l +  = ~ t ( ~ t ~ + , )  *i(Xti+l 1 I Fti v Z:+l) - 

Under the additional hypothesis that the signal {Xt , t 3 
0 )  is a diffusion process with semi-group {Pt , t 2 0 )  

vi+ld = P&i[*i#](Xt,) 9 

and 

(pi+l, 4) = Et(J'6;[*i4](Xt;)-Zti I Yti+i )  

= @i,P6i[*i#]) 

This results in the following recurrence 

Fi+l = *i[GiFil 9 (13) 

which gives another time discretization scheme for the 
Zakai equation (3). 

Remark 4.2 In the numerical scheme (12) (resp. (13)) 
the transition from pi to Fi+l reflects the following sit- 
uation: A new measurement & is available, which is a 
compression of the information provided by {zt , ti 5 t 5 
t,+l} according to (4). This measurement is interpreted 
as a noisy nonlinear observation of Xti (resp. Xti+,), and 
is combined with the current estimate pi of Xti to pro- 
duce an estimate jji+l of Xti+, . 

Example 2 (Continued). For the sampling procedure 
defined by ((j,i$), E::,, has the same form than (8) 
where now 

The following family, parametrized by 0 < a < 3, of 
piecewise constant subordinate processes will be consid- 
ered 

i f t E A 4  
A - x* = 

where for all i 2 0, A? denotes the following subset of 
the time interval [ t i ,  ti+l)  

It is then possible to find a particular value a0 for 
which 

Therefore (8) becomes 

' hf = h(Xti+,) , h: = h(X:;) . 

=ti+, = *!(X*,+,) *;(&A =t i 

-exp {&lh(Xt,+,) - h(Xti)126i} 
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where for all x E R" 
*!(x) = A exp { h*(x)<f - tlh(x)l26i} , 

\~:(z) e exp {h*(x)lt - tlh(x)l26i} , 
and 
- 
u i + l 4  = *!(xti) ~ ~ ( + ( ~ t i + i )  @(xti+,) 

.e- {+jlh(xt4+1) - h(xt,>12ai) I Fti ~ Y t i , , )  
Under the additional hypothesis that the signal { Xt , t 2 
0 )  is a diffusion process with semi-group {Pt , t 2 0) 

- 
ui+l4 = *e(Xt;) Qai[*\kf4](Xti) 3 

and 

@i+1,4) = Et(*r(Xti) Q6i[*!#](Xti)'Zti I Yt;+,) 

= @i,*!Q6i[*!4]) 3 

so that (pi, i 2 0) satisfies the following recurrence 

Fi+l = *!Q:i[*bil 7 (14) 

where the family of operators { Q6 , 6 2 0) is defined by 

Qa4 e Et(4(Xt+6) exp {$jlh(xt+6) - h(Xt)l26} I Ft) 

Note that !Pj(x) !If!(.) = @i(x) , and that the opera- 
tor Qai can be seen as a perturbation of the semi-group 
Pai. However, it  is not obvious that (14) is a computable 
expression and can be considered as a time discretization 
of the Zakai equation (3). The relevant analysis and the 
rate of convergence of this approximation will be consid- 
ered elsewhere. 

5 A product formula and its rate 
of convergence 

The purpose of this section is to  study, from the point 
of view of numerical analysis, the following recurrence 

Fi+l = G,[*iFi] 9 (15) 

derived in the previous section, as a time discretization 
scheme for the Zakai equation 

dpt = L'pt dt + h*pt d x  . 

(Pt',4) = E+(4(Xt,)zt,  134,) 9 

@i,4) = Et(+(xt,)Zt,  I Yt,) 9 

(16) 

Recall that 

so that jii should be "close" to p t , .  Indeed it will be 
proved below that 

{EtlFi -Pt.12}1'2 L c-6 , 
where 6 is the mesh of the partition ?r up to time t i ,  and 
1 .  I denotes the norm in the Sobolev space L 2 ( R m ) .  

Remark 5.1 Similar rate of convergence has already 
been obtained for approximation of nonlinear filtering 
problems, in Picard [6] and Newton [4]. The proof in [6] 
uses only probabilistic arguments and does not consider 
the Zakai equation, but rather the underlying nonlinear 
filtering problem. In [4], the Zakai equation is consid- 
ered for pure-jump Markov processes rather than diffu- 
sion processes, and the approximation procedure relies 
on the stochastic Taylor formula of Wagner-Platen [7,8]. 

Define, for all x E Rm 

*:(x) = exp {h*(x) (yt - yd) - 41h(x)12 ( t  - 8 ) )  . 
Note that two operators are involved in (16) 

A 

the unbounded operator L' which generates the ad- 
joint semi-group {P: , t 2 0) , 

- the multiplication operator B which generates the 
two-parameter stochastic semi-group { * t i ,  0 5 s 5 

so that the time discretization scheme (15) is a Trotter- 
like product formula for the Zakai equation (16). See 
Bensoussan-Glowinski-Rascanu [I] for a related work in 
this direction. 

t )  9 

The main assumption of this section is that the signal 
{ X t  , t 2 0) is a diffusion process 

dXt = b(Xt)  dt + .(Xt) dWt , Xo N P O ( Z )  d x  

observed in continuous time through measurements 

d& = h ( X t )  dt + d G  

A " aai i  
Define a = uu* and $ = -. The coefficients sat- 

8 X j  
i=l  

isfy the following hypotheks 

(i) PO is a density on R", 
(ii) U is a continuous and bounded function on 

R" and a ia a uniformlg elliptic m x m 
matriz, i.e. a(.) 2 a1 , 

( i i i )  b and si are bounded and measumble func- 
tions from R" to R" , 

(iv) h is a measurable and bounded function 
from R" to Rd . 

The infinitesimal generator of the semi-group {Pt , t 2 
0 )  is defined by 

and satisfies, under the hypotheses, the following coer- 
civity property: for all U E H'(Rm) 

2(LU,U) + PIl4l2 5 XlU12 9 (17) 
where 11 * 11 denotes the norm in the Sobolev space 
H' (R"). Existence and uniqueness of a solution to  equa- 
tion (16) is proved in Pardoux [5] and Krylov-Rozovskii 
[31- 



Theorem 5.2 Suppose that, in addition to (;)-(;U) 

(U) a,  b and E have bounded first derivative, 
(vi) h has bounded derivatives up to order 2 . 

Then, if PO E H'(Rm) 

O l k l c  m a . { E t b t h  -Fk12)"' 5 c6 . (18) 

PROOF. Under the hypotheses, it follows from Theo- 
rem 2.1 of [SI that p E L'(52; C([O,T]; H'(Rm))). Also, 
for all i 2 0 , Pi E L2(R; H'(R")) and in addition 

where the perturbation term is defined by 

A Pt = [P,'_,,B - BP,'_,,] [*:'Fk] 

Note that p E L'(S2; C([tk,T]; H'(Rm))). The identity 
of energy of [5] applied to the difference E = v - p ,  and 
the coercivity property (17) give 

E ~ ~ E , J '  5 Etlet,12 + C Etlca12 ds + C' 1; EtlpaIZ ds . 
l h  

Assume the following estimate holds 

Etlpa12 5 C I S  - t k I 2  exp { c ( s  - t k ) }  EtllFkl12 . (19) 

Applying Gronwall's lemma and setting t = t k + l ,  yields 

Et IFk+l - Pth+lIz 

5 [EtlFk - P t k I 2  -k Cltk+l - tkI3]  exp {C(tk+l - t k ) }  , 
and the rate of convergence (18) follows from the discrete 
Gronwall lemma. The end of the proof is devoted to 
proving estimate (19). 

First, the following perturbation result holds 

[P:-t,B - BP:-t,,] 21 

P:-, [L'B - BL']  P,'_,,uds , 
= 1: 

provided U is smooth enough. Under the hypotheses, 
[L'B - BA'] is a bounded operator from H'(R") to 
L2(R") , so that it  is enough that U E H'(R") for (20) 
to hold. Now, [*:'Fk] E H'(Rm) a.s. so that 

Pt = 1: Pc-8 [L'B - BL'] p.'_th [*;*Fk] ds * 

Therefore 

lPt12 5 Clt - tkI2 Il*:'Fkl12 9 

and 

EtlPt12 5 clt - tk)' Et)l*PFkl12 
5 Clt - t k I 2  exl.'(C(t - t k ) }  EtllFkl12 9 

which proves (19). 0 

Remark 6.3 The same rate of convergence holds for the 
approximation scheme (13). 

The next step is to approximate the adjoint semi- 
group {P,  , t 2 0) itself, i.e. to approximate the asso- 
ciated Fokker-Planck equation. For instance, using an 
implicit Euler scheme results in the following approxi- 
mation scheme 
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