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Abstract. In this paper we provide a consistency result for the MLE for 
partially observed diffusion processes with small noise intensities. We prove that 
if the underlying deterministic system enjoys an identifiability property, then any 
MLE is close to the true parameter if the noise intensities are small enough. 
The proof  uses large deviations limits obtained by PDE v~inishing viscosity 
methods. A deterministic method of parameter estimation is  formulated. We 
also specialize our results to a binary detection problem, and compare determin- 
istic and stochastic notions of identifiability. 
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1. Introduction 

In this paper we provide a consistency result for the Maximum Likelihood Estimator 
(MLE) for partially observed diffusions with small noise. 

The problem of computing the MLE for partially observed diffusions has 
received recent attention. Dembo and Zeitouni [8] have investigated the EM 
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algorithm, and Campillo and Le Gland [3] have compared this algorithm with a 
direct maximization approach. Of course, the goal of such efforts is to compute a 
good estimate of  the unknown parameter. The success or otherwise of such algo- 
rithms depends on whether the ML E  itself is a good approximation to the unknown 
parameter. The purpose of  this paper is to address this question of consistency when 
the diffusion and observation noise intensities are small. 

Our result was in part inspired by some large deviations limit results for 
nonlinear filtering in [14], [16], and [17]. The theory of  large deviations for diffusions 
with small noise is presented in [12]. We  exploit the fact that, on finite time intervals, 
the diffusion X with observations Y are close to a deterministic process x ~ with 
observations y ~. We formulate a deterministic method of  parameter estimation for 
this deterministic process. 

We prove that if the underlying deterministic system is identifiable and if a is 
the true parameter, then any MLE 0 ~ is close to a if e > 0 is small enough. Our  
proof  uses PDE vanishing viscosity methods and Laplace's asymptotic method. 

As an application of our  results, we study a binary sequential detection problem, 
discussed in [1], when the noise intensities are small. Deterministic and stochastic 
notions of identifiability are compared in the context of threshold decision policies. 

2. Maximum Likelihood Estimation 

On a measurable space ( f L g - ) w e  consider 

�9 for each e > 0, a family ~ '~  = {Po, ~, 0 ~ | of probability measures, 
�9 a pair of  stochastic processes X - {X t, 0 < t _< T} and Y - {Yt, 0 < t < T} 

taking values in R m and R d, respectively, 

such that under Po, 

d X  t = b o ( X  t) dt + dWt ~ 

d Y  t = h o ( X  t) dt + dVt ~ ~, 

)Co - pg' ~(x) ~,  

Y 0 = 0 ,  

where {Wt ~ ~, 0 < t < T} and {l/t ~ ~, 0 < t < T} are independent Wiener processes, 
with covariance matrices e l  m and e I  d, respectively, and X 0 is a random variable 
independent of the Wiener processes, with density of  the form 

, ~S0 (x)) p ~  & C o ~ e x p ( -  1 0 . (2.1) 

Note that the coefficients b o, h o as well as the initial condition depend on the 
unknown parameter 0. 
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The set of  parameters  | c R e is compact,  and the coefficients satisfy the 
following hypotheses: 

(A1) For all 0 ~ O, b o ~ Cbl(R m, R m) and h o ~ Cb2(R m, Ra). 
(A2) For all 0 ~ O, S ~ is locally Lipschitz continuous, and, for some 2 0 ~ R ~, 

S~  8) = O, S ~  > 0 if x ~ Yc 8. Assume also that 

C 1 -[- CllX[ 2 ~_~ a S ( x )  >__ C2[x I - C~,  

for all x ~ R m, 0 ~ @. 

Further,  the functions bo, ho, and S ~ depend continuously on the parameter  0 
in the sense that: 

(A3) For each 6 > O, R > O, there is y > 0 such that [ O' - O I < y implies 

sup Ibo,(X) - bo(x)l  < 8, sup Iho,(X) - ho(x)[  < 6, 
x~R m x~R m 

sup [S~  - S~ < 8. 
x~B(O, R) 

There  is no loss in generality in assuming that f~ is the canonical space 
C([0, T]; R'n§ in which case X and Y are the canonicalprocesses on C([0, T]; R m) 
and C([0, T]; Rd), respectively, and Po, ~ is the probability law of (X,  Y). 

It  is assumed that only Y is observed. Let  Y r  denote the o--algebra generated 
by the process Y on C([0, T]; Ra). The probability measures in A "" are mutually 
absolutely continuous, and the log-likelihood function for estimating the parameter  0 
in the statistical model  A '~ given Y r ,  can be expressed (note the minus sign) as 

- l ~ ( 0 )  = e logE0*, . (Z~ 

Here  Po t, ~ is a probability measure  on ~ ,  equivalent to Po, ~ with Radon-Nikodym 
derivative 

dP~ ~ 2 e o 

so that under  Po t ' 

d X t = b o ( X t )  dt W dWt ~ X 0 ~ p ~  dx, 

where {Wt ~ ", t > 0} and {Yt, t > 0} are independent  Wiener  processes, with covari- 
ance matrices e l  m and d d ,  respectively, and the random variable X 0 is independent  
of the Wiener processes, see [3]. 

The M L E  of the paramete r  0 in the statistical model  ~ '~  is defined on the 
canonical space C([0, T]; R a) by 

0~ ~ a r g m i n U ( 0 ) .  
0 ~ 0  
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The likelihood function can be computed via the Duncan-Mortensen-Zakai 
(DMZ) equation 

1 
dp ~ ~(x, t) = L], ,pO, ~(x, t) dt + -h~(x )p~  ~(x, t) dYt, pO, ~(x, O) =pO, ~(x), 

(2.2) 

where L] , ,  is the adjoint operator of the infinitesimal generator Lo, ~ of the 
diffusion process X under the probability measure Po, ~: 

Lo A ~ my, 0 2 ~ 0 

i,j=l OXiOXj i=1  cOXi 

Indeed 

l~(0) = - e log fRmp ~ ~(x, T) dx. (2.3) 

The filtering problem is discussed in detail in [9] and [18]. The following lemma 
is proved in Appendix B. 

Lemma 2.1. The log-likelihood function - 1 ~( 0 ) depends continuously on the parame- 
ter O ~ | a.s. 

Now let 0 be fixed. When e $ 0, the following weak convergence result holds on 
C([0, T]; Rm +d): 

650 
eo, e .~ 6(x~176 

where (x ~ yO) is given by the deterministic differential system 

[2~ = bo(x~ ), x ~ =2 ~ 
(~o) 1 9~ ho(x~ ), yO = O. 

In particular, for all 0 c O, 6 > 0, 

Po, ~(oSUPTIYt - -  r~ > 6 )  ~ , o  0, (2.4) 

see [12]. 

Remark 2.2. As long as ~ > 0, the probability measures in ~'~ are mutually 
absolutely continuous, which allows us to define the log-likelihood function -U(O). 
On the other hand, asymptotically when e $ 0, these probability measures look more 
and more mutually singular, which, together with an identifiability property of the 
underlying deterministic system, indicates that the MLE may be consistent. Actually, 
this result is proved below. 
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The purpose of the next section is to consider the problem of estimating the 
unknown paramete r  0 in the deterministic model  ./t "~ = {(E0), 0 ~ | 

3. Determinist ic  Parameter Estimation 

Consider the family J/d ~ = {(N0, 0 ~ O} of deterministic differential systems 

[ = bo(xO), xg = 

(E~ ho(xOt), yO = O. 
(3.1) 

Note that, for all 0 ~ O, (E ~ describes the weak limit as 8 $0 of the family of 
probability measures  {Po, , ,  ~ > 0}. 

The problem is to estimate the unknown parameter  0 on the basis of an 
observation record, which is supposed to be  the output  of some deterministic 
differential system in jr Introduce the following definition: 

Definition 3.1. The model  ~/0  is identifiable on [0, T] if, for all 0 '  va 0 in O, there 
is t ~ [0, T] such that 

yt ~ v~ yt ~ 

In other words, the mapping 0 ~, {yt ~ 0 < t < T} is injective. The deterministic 
parameter  estimation problem consists of  inverting this mapping. This can be 
expressed in terms of the following variational problems. 

A natural  idea is to define on O the following criterion: 

d~(O) ~= �89 foT]p[ ~ - pt~ 2 dt (3.2) 

and to define the deterministic estimate (DPE) of the unknown parameter  0 in the 
model  l ~ on the basis of  the observation record Yt, 0 < t < T}, by 

t~ ~ M~ & argmind~(0) .  (3.3) 
0EO 

Obviously 

M~ = {0 ~ O: Yt = Yt ~ for all t ~ [0, T]}, 

i.e., M~ is the set of  those parameter  values that  we cannot distinguish, on the basis 
of  the available observation record, f rom the true value a ~ O. Notice that a ~ M~. 
If  in addition the model  ~ o  is identifiable, then by definition 

Mo = { ~ }  

for all a ~ O. 



52 M.R. James and F. Le Gland 

However, we define on {9 another criterion l~(0), with the following two 
properties: 

(i) -Is(O) is the limit in some sense of the log-likelihood function - l ' (O) 
when e ~, 0, see Lemma 4.2 below. 

(ii) The DPE  based on l~(O) coincides exactly with the DPE M s introduced 
above, which was based on the original criterion ds(O), see Proposition 3.2 
below. 

Define first the following functional on C([0, T]; Rm): 

1 rt I .~12 J~ #' t )  & Sg(#~ + �89 f ' l L  - b~162 as + �89 fo'lP~ - he(#s)12 ys ds, 

(3.4) 

if ~: is absolutely continuous, jo(~:, t) = + ~ otherwise. For  all x ~ R m set 

W~O(x, t) & inf{J~ ~:, t):  ~:t = x}. (3.5) 

The value function W~ t) is continuous in (x, t) and is the unique viscosity solution 
of the Hamil ton-Jacobi  equation [17] 

O 
_ _  0 otW~e(x,t) + H~(x,t, DW~(x,t)) = 0, W~ = Sg(x), (3.6) 

where the Hamiltonian HO~(x, t, A) is defined by 

11 2'1 11 " ~  1 " ~  2 He(x, t ,a)  & max {a*(bo(x) + u ) - ~ u  j --~yt -ho(x)l  2 +gy t  
u ~ R  m 

= b~(x)A + �89 2 + h~(x)p7 - �89 2. (3.7) 

For definitions and an introduction to viscosity solutions of Hamil ton-Jacobi  equa- 
tions, the reader is refered to [5] and [6]. 

Consider then the following alternate criterion, defined on O by 

Is(O) & inf W~ = i n f { J ~  ~ e  C([O,T];Rm)}. (3.8) 
x E R  m 

The main result of this section is the following: 

Proposition 3.2. For all  ~ ~ @, 

argmin l~ (0 )  = M~, 
0 ~ |  

where M s has been defined in (3.3). 

Proof. From (3.4) we have 

�89 fo T 2 ds, J ~  > c~ & - I)~l 
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for all ~ ~ C([0, T]; Rm), and therefore from (3.8) we have 

l ~ ( o )  >__ ca .  

From (3.4) we have 

J ~ 1 7 6  T )  = de(O)  , 

for the particular choice ~ = x ~ and, therefore, from (3.8) we have 

c a < I~ (0 )  < d~(0) ,  

for all 0 ~ O. Therefore  

M~ c argmin l~ (0) .  
0~@ 

To prove the reverse inclusion, assume that l~(O) = %. Since J2(-, T) is lower 
semicontinuous 

l~(0)  = inf{J~(~, T):  ~ ~ C([0, TI;Rm)} = J~(~,  T) ,  

for some ~ ~ C([0, T]; Rm). Then from (3.4): 

( i )  ~ ^ s0(~:o)  = 0. 

(ii) ~s = bo(~s), 0 < s < T. 

(iii) Y7 = ho(~) ,  0 < s < T. 

^ ~ 0 < s < T. Then (iii) and From (i) ~0 = s and therefore, by (ii) and (3.1), ~, = x~, 
(3.1) imply 

- -  " o r  p ~  = h~ x - y~ , O <_ s < T .  

Therefore  0 ~ M~, and the proposition is proved. [] 

The following lemma is proved in Appendix C. 

Lemma 3.3. For all a ~ O: 

(i) There are constants C > O, C '  > 0 such that, for  all x @ R m, 0 ~ ~ ,  

Cllxl  2 + C > W ~  T )  > Crxl - C ' ,  

where the constant C 1 was defined in (A1). 
(ii) For all R > O, 6 > 0 there is T > 0 such that I O' - O] < 3' implies 

sup  I w ~  - W ~  < ~. 
x~B(O, R) 

(iii) The mapping 0 ~ l~( O ) is continuous. 

Remark 3.4. The notion of identifiability is reminiscent of a notion of observability 
for nonlinear systems, which also has a variational characterization, see [15] and [16]. 
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For instance, if b o and h o do not depend on 0, and the mapping 0 ~ s is injective, 
then the identifiability of the model ~ ,o  is equivalent to the observability of the 
system 

2 t = b(x t )  , 

( s  ~),  = h(x t ) ,  Yo = O. 

4. Consistency Result for MLE 

The main result of this paper is the following: 

Theorem 4.1. For all a ~ O: 

(i) Any M L E  sequence {0", 8 > 0} converges in P~, ~-probability to the determinis- 
tic set M~: for a// /5 > 0, 

O~,M~) ~ o   o,o(d( >/5) 0 

(ii) I f  the deterministic model ~ o  is identifiable, then any M L E  sequence {0~, 
8 > 0} converges in P~, ~-probability to the true parameter: for all/5 > 0, 

P~,~(18 ~ -  ~1 >/5)  ~ o  o. 

The proof of this theorem depends on a technical extension of large deviations 
limit results for nonlinear filtering contained in [15] and [17]. We need to show that 
certain limits are uniform in the parameter  0 ~ O. The key technical lemma is the 
following: 

Lemma 4.2. The sequence {l~(0), 6 > 0} converges in P~,~-probability, uniformly in 
0 ~ O, to l~(0): for  all /5 > O, 

)e$O 
P~,~ supl l~(0)  - l~(0)l > /5 ~ 0. 

We next prove Theorem 4.1 using Lemma 4.2. The remainder of this section is 
concerned with proving Lemma 4.2. 

Proof o f  Theorem 4.1. By Lemma A.1, for all /5 > 0 there is 3' > 0 such that 

-oeo(sup[l~(0)-l~(O)l < T} c {d(0~,M~)  < /5}. 
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Therefore, by Lemma 4.2, 

0~O 

which proves (i). 

The proof of (ii) follows at once from (i). [] 

Remark 4.3. Note that the log-likelihood function - l ~ ( 0 )  (resp. the DPE func- 
tional l~,(O)) can be defined as an integral (resp. an infimum) over either the state 
space R m or the path space C([0, T]; Rm). Actually 

- l ~ ( 0 )  = 8 log fR, p~  T) dx = 8 logE0* ' , ( Z  ~  

and 

l~(O) = inf W~ = i n f { J ~ 1 6 3  ~=~ C([O,T];Rm)}. 
X ~ R m 

To prove the large deviations result we are interested in, we could adopt the path 
space formulation and employ Varadhan's theorem, which relies on probabilistic 
arguments only. Instead we use the Laplace's asymptotic method on the state space, 
which entails use of the PDE vanishing viscosity method. Our choice is motivated by 
the fact that PDEs provide the most efficient way for computing both the log- 
likelihood function and the DPE functional. 

As in [15] and [17] we employ the vanishing viscosity method of Evans and Ishii 
[10]. We proceed by a logarithmic change of variables used by Fleming and Mitter 
[11]. Define 

W~ t) & - e  log p ~  t).  (4.1) 

The ~-measurable random variable [W ~ t) + h~(x)Y t] can be extended to a 
continuous function defined on the whole canonical space 12 o - {r/~ C([0, T]; Rd): 
~70 = 0}, which we denote by u ~ ~[~?](x, t), see [11] and [17]. For any fixed r / ~  12o, 

U ~  E C 2 ' I ( R  m X [0, T];R) 

is the unique solution of the Hamilton-Jacobi-Bellman equation 

@ 
1 - j fu  ~ "[~?](x, t) - Au ~ ~[~/](x, t) + H ~ ~[~?](x, t, Du o, ~[r/](x, t))  0 

u~ O) = S~(x)  - ~ log Co, e, (4.2) 
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where the Hamil tonian H ~ ~[~](x, t, A) is defined by 

H~ t, A) & g~(x ,  ~?,)A + IIAI 2 - V ~ *(x, ~7,), 

vO,~(x, ~?) & V~  ~?) + �89 Aho(x )  + ed i v  go(x,  ~?), 

V~ n) ~= llho(x)12 + bg(x)n*Dho(x) - �89 

go(X, ~?) & bo(x) - ~?*Dho(x). 

Next, for ~ /~  1~o, let 

u~ ~ C(R m • [0, T ] ; R )  

denote the unique viscosity solution of the Hami l ton-Jacobi  equation 

0 
- -u~  t) + H~ t, Du~ t)) = O, 
at 

M. R. James and F. Le Gland 

(4.3) 

u~ = SO(x), 

(4.4) 

where the Hamil tonian H~ t, A) is defined by 

H~ t, A) & g~(x ,  TIt)A + 1-1~[22 -- V ~  "Or ).  (4 .5 )  

The following estimate is obtained as in [15] and [17] using methods introduced 
in [10]. 

Lemma 4.4. Let R > O, and K c D o be bounded. Then, if e > 0 is sufficiently small, 
we have 

lu~ <_ C, 

for some constant C > 0 and for all 0 ~ 0 ,  ~? ~ K, and (x, t) ~ B(O, R)  • [0, T]. 

Proof. Consider the function 

1 
v(x ,  t) = R2 _ [XI2 + /~t + M. 

Then, for sufficiently small ~ > 0, we have 

0 
- - v ( x , t )  1 A v ( x , t ) + H ~  D v ( x , t ) ) < O  
Ot 

for all ~ ~ K, 0 ~ | provided ~ > 0 is chosen sufficiently large. Choose M > 0 so 
large that 

S ~  - e log Co,~ < M in B(0,  R) ,  

in B(O,R)  • [O,T], 
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for all 0 ~ O. The comparison theorem implies 

u ~ t) < v (x ,  t) in B(0, R) • [0, T], 

and hence, for some constant C > 0, 

u ~ t) < C in B(0, 1R) • [0, T]. 

Similarily, we can find a lower bound for u~ in B(0, �89 X [0, T], which proves 
the result. [] 

The comparison theorem used in this proof, and in the proof of the next lemma, 
is classical, see, for instance, Lemma 4.2 of [17]. 

Remark 4.5. It follows from the proof of Lemma 3.3 that a similar estimate holds 
for the solution of (4.4). Indeed, let R > 0 and z ~ 120. Then 

lu~ t)l _< C, 

for some constant C > 0 and for all 0 ~ O, and (x, t) ~ B(0, R) x [0, T]. 

Lemma 4.6. Fix z ~12o. For all [3>0 ,  there are 7 > 0 ,  e o > 0  such that if 
117/- zl[ < 3' and 0 < ~ < ~o, then 

sup sup ]u~ - u~  < [3, 
0 ~ |  ( x , t ) ~ Q n  

where QR = B(0, R) x [0, T]. 

Proof. We claim first that 

lim u ~  t ' )  = u~  t) in R m x [0, T]. 
~ O ,  O' ~ O, ~ l~z ,x ' - - -~x , t '  ~ t  

Following Barles and Perthame [2], if we let ~ denote the upper limit 

~(x, t) = lim sup u ~ ~[~T](x', t ' )  
~'-~ O, O' --~ O, TI--~Z , x '  - '~X, t '  "~ t 

(4.6) 

d 
- - ~ ( x ,  t) + H~ t, D~(x,  t)) < O, 
8t 

d 
- ~ u ( x ,  t) + H~ t, Du_(x, t)) > O, 

in the viscosity sense. To see this, we proceed as follows. Let ~o ~ C2'I(R m X [0, T]) 
and assume, without loss of generality [5, Theorem 1.4], [2, Theorem A2 and Lemma 

) 

i n  R m X [0, T], 

and _u denote the corresponding lower limit (these functions are well-defined in view 
of the uniform bound in C(QR) ensured by Lemma 4.4), then as in Theorem A.2 of 
[2] we deduce 
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A3], that K - q~ attains a strict local maximum at (Xo, t o) ~ R n x (0, T). Then there 
is a sequence indexed by i such that u~ - ~ attains a local maximum at a 
point (x'i, t~),(x'i, t~) ~ (Xo, to), u~ t~) ~ ~(Xo, to) , ei ~ O, Oi ~ O, rli ~ z as 
i --* ~. Let us write ui(x,  t)  = u ~ "~[rli](x, t) and H i ( x ,  t, p )  = H ~ ~[r/i](x, t, p) .  Then 

0 
- -  t v 1 v i v v v t 
Ot q~ ti) - 5~176 m q 3 ( x i '  t~) --]- H ( X i ,  ti, Dq~(xi, t i))  

0 
_~< i v ,' 1 i t v . . . .  ti, D u  (x i ,  t~)) = O. Ot u (x , ,  t~) ~o~ i AU (Xi, ti) + Hi(x~,  ' i , 

Since ~o ~ C 2'1 and, by our continuity assumptions, sending i ~ ~ gives 

8 8 
i-,lim - ~  ~(x~, t~) = - ~  ~~176176 i-,~lim A~p(x'i, t~) = A g~(Xo, to) , 

and 

lim i r v v t H (xi ,  ti, D~o(xi, ti)) = H ~  to, D ~ ( x o ,  to)); 
i - - > ~  

hence 

0 
O---~q~(Xo, t o) + H ~  to, Dq~(Xo, to)) < 0, 

which proves that ~ satisfies the first inequality in the viscosity sense. Similarly, it 
can be shown that _u satisfies the second inequality in the viscosity sense. 

By definition, __. < ~, and by the comparison theorem [6], [2], ~ < u, thus 

lim u ~ t ' )  = ~(x ,  t)  = u (x ,  t)  
s---~ 0 ,  0 '  --* 0 ,  77---~ 2'~ X '  ---~ X,  t '  ~ t 

= u ~  in R m X [0, T].  

This proves (4.6). 
Suppose the assertion of the lemma is false. Then there are 13 > 0, sequences 

8j $ 0, yj $ 0, r/j E l I  0 with II~j - zll _< 3'j, 0j --, 0 in O, and (xj, tj) ~ (x, t) in QR, 
such that 

l u ~  tj) - u~  tj) I > 13. (4.7) 

However,  (4.6) implies that 

lim u~ '"j[r/jl(xj, tj) = u ~  t) .  (4.8) 
j---) ~ 

In addition, it follows from Remark  4.5 above, that the set {u~ E N} is 
uniformly bounded in C(QR).  Repeating exactly the same argument  as above, we see 
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that, for (x, t) ~ R m X [0, Z], 

lim ur z ]( xj, tj) = u~ z ](x, t ). 
j ~  

Clearly, (4.8) and (4.9) contradict (4.7), which proves the result. 

Note that 

W ~ t) = u ~ t) - h ~ ( x ) Y  t 

and 

W~ t) = u~ t) - h~(x)y~.  

59 

(4.9) 

[] 

Lemma 4.7. We have 

lim W ~ ~(x, t) = W~ t) 
E$0 

in P~, ~-probability, uniformly in 0 ~ 0,  t ~ [0, T], and uniformly on compact subsets of 
x ~ R  m. 

Proof. Let p denote a metric on C(RmX [0, T], R) corresponding to uniform 
convergence on compact subsets. By (2.4), it is enough to show that, for each 6 > 0, 

P ~ , ~ ( s u p p ( u ~ 1 7 6  6)~ . j . o  O. 
0~|  

From Lemma 4.6, for all /3 > 0 there are 3' > 0, e 0 > 0 such that if 0 < 8 < s o, 
then 

{llY-y~ll _< ~/} c (supp(u~176 <_/31" 
l 

Therefore, if 0 < e < Co, then 

( ) . , 0  
P~,~ supo(u~176 >/3 <_P~,~(llg-y~ll > !I) ~ O, 

0 ~ 0  

by (2.4). [ ]  

Proof of  Lemma 4.2. Recall from (2.3) and (3.8) that 

a . s . ,  
JR ~ ] 

1~(0) = inf W ~  
x E  R m 

From estimate (B.2) below, we see that 

W ~  > C21xl - c '  a.s. 
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for all 6 > 0, 0 ~ @, where C' is random and satisfies the following estimate: 

f '  < fol lY-y '~l l  2 + Co. 

From Lemma A.3, for all 6 > 0 there are e o > 0, 
0 < e < e o, then 

{supp(W~ - l . ( 0 ) [ <  8}. 

Therefore.,. for 0 < e < Co, 

P~,~( sup [I~(0) - I s ( 0 ) ]  > ~) 

< P ~ , , ( s u p p ( W  ~ + P ~ , ~ ( [ [ Y - y ~ [ l > c )  ~ 0  0, 

by (2.4) and Lemma 4.7. [] 

/3 > 0, and c > 0 such that if 

5. Binary Sequential Detection 

In this section we discuss some aspects of a binary detection problem studied by 
Baras and La Vigna [1], when the noise intensities are small. 

Let O = {0, 1}, and let X and Y be the signal and the observation processes 
described in Section 2. For e > 0 fixed, we consider the two hypotheses H 0 and H 1. 
Under H 0 the law of (X, Y) is Po, ~, whilst under H 1 the law of (X, Y) is P1, ,- The 
problem is to determine which hypothesis is true, that is to detect the signal. In this 
section l~ = C([0, o~), Rm+d). 

A key technical assumption, essentially an identifiability condition, used in [1] is 
the following: 

s [/~o,~(t) - ~l,~(t)l 2 d t  = 

where 

~to, ~(t) ~ Eo, ~(ho(St)ly,), 

and 

y ,  A ~(Y~,0 _<s < t). 

The deterministic analogue of (5.1) is 

oo s IS, ~ - ~ , 1 2  a t  = ~o. 

P~, ~-a.s. (5.1) 

(5.2) 
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Clearly, (5.2) implies that the model  . go  defined by (3.1) is identifiable. In fact, if 

~ :0 o" = inf T > 0: 1))o _ 5,tl1 > 

then . g o  is identifiable on each interval [0, T] with T > ~r. 
The  following result is a consequence of Theorem 4.1. 

Theorem 5.1. Assume (5.2) holds and T > or. Let O" denote the MLE for the interval 
[0, T]. Then, for a = O, 1, 

P , , , ( O ' =  cl) ~ o  1. 

In [1] Baras and La Vigna use a threshold decision policy to decide which of the 
hypotheses is valid. Define the likelihood ratio 

A ~ = Z ~ e x p / 1 - - ~ T [ h l , ( t ) - h 0 , , ( t ) l * d Y t  o ' ~l ~T[lhl"(t)12-'h~ ' ' " 

Note that, as e $ 0, 

- �89 f f  I/~l,o(t) - 2~ dt under H 0, 

e log A~r • 
" o  

+ �89 T 1/~o, 1(t) - 9)712 dt under H 1 , 

provided the limits/~0, ~(t) = lim~ ~ 0/~0, , ( t )  exist in P~, ,-probability (0, a = 0,1). 
A threshold policy u ~ = (~-', ~ )  consists of  a {Yt, t > 0}-stopping time ~-~ and a 

~/~,-measureable {0, 1}-valued random variable 8"  defined by 

~-" & inf{T > 0: A~T q~ (e a/ ' ,  eb/O},  

1 if A ~ . = e  b/', t J ' &  
0 if A % , = e  " / ' ,  

for some constants a < 0 < b. If  8"  = 1 we decide that hypothesis H 1 is valid (i.e., 
that 0 = 1), whilst if 8 ~ = 0 we decide H o is (i.e., 0 = 0). Of  course, our decision 
may be in error. Define an error probability for the policy u~: 

e ( u ' )  a p o , , ( 8 -  = 1) + P I , , ( ~  e = 0). 

Theorem 5.2. I f  (5.1) holds, then 

e(u~ ) e~o O. 
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Proof. 

Te  < oo 

and 

P0 , , (6  ~ =  1) 

M. R. James and F. Le Gland 

Under  assumption (5.1), Baras and La Vigna [1] prove that 

e ~ - a . s .  

[] 

1 - e a/~ e a / ' ( e  b/~ - 1) 
e b / e  _ e a / ~ ,  P l , s ( 6  ~ = 0 )  = eb/e  _ e a / ,  

Since a < 0 < b, the conclusion follows. 

Thus, assuming (5.1), the probability of  making an incorrect decision converges 
to zero as s $0, and so (5.1) can be viewed as an identifiability criterion for the 
statistical model ~ /"  = {P0, ~, P1, ,}- 

We can define a deterministic threshold policy u = (r, 6) as follows. Define 

1 /'T[ "0 1 /'T] "1 
FT = ~ Jo yt - )~t[ 2 d t -  : Jo yt - yt] 2dt.  

Let a < 0 < b a n d s e t  

z = inf{T > 0: F T r (a ,  b)}, 

1 if F.~=b ,  

6 =  0 if F.~=a.  

Theorem 5.3. A s s u m e  that (5.2) holds. Then, for  any threshold policy u = (z, 6) with 
a < O < b ,  w e h a v e z < o o a n d  

6 = 1 i f  and only i f  H 1 is valid, 

6 = 0 i f  and only i f  H 0 is valid. 

Proof. Under  H1, Yt = Ylt and, for T > 0, 

1 f T [  .o 
FT = Uo Yt - Y]I 2 dt > O. 

By (5.2), T 1 > 0 exists such that FT1 = b. Consequently r _< T 1 and 6 = 1. 
Similarly, under H0, Yt = yO and, for T > 0, 

1 FT[ "1 
F r  = - 2 Jo Yt - )~t~ 2 dt < O. 

We conclude again r < ~ and 6 = 0. []  

Thus a deterministic threshold policy always makes the correct decision under 
the (stronger) identifiability condition (5.2). 
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To compute u ~ (approximately), Baras and La Vigna [1] use a numerical 
solution of the DMZ equation. The above suggests an approximation when e $ 0 is 
small. Now 

Fr = Fr(yO, yl; y).  

Compute approximations )5 ~ )51 to yO, yl by numerically integrating the differential 
system (3.1). Set 

P~ = FT( Y~ i~I; Y ) ,  

where Y is the noisy observation record. Now define, for a < 0  < b, 

~ ' =  inf(T > O: P;  ~ (a,b)},  

~ =  ( ;  if ff (5 = b, 

if f f ~ = a .  

If the integration is sufficiently accurate, then we expect, for a = 0,1, 

P . , ~ ( ( ~ =  6") ~$00.  

Note that la], b can be increased to increase the level of confidence. 

Appendix A. Uniform Laplace's Asymptotic Formula 

The purpose of this appendix is to prove Lemma A.3 below, which is an extension of 
the Laplace asymptotic formula to the situation where the integrand may depend on 
a parameter. 

Lemma A.1. Let A c R p be compact. For any q~ ~ C(A, R) define the set 

M(~)  A argmin~(A). 
AEA 

Let f ~ C(A, R). Then for all a > 0 there is ~ > 0 depending on f ,  such that if 

g ~ C(A,R)  and supIf(A) -g(A)[  < fl, 
AEA 

then, 

VA ~ M(g),  d(A, M ( f ) )  < a. 

Proof. 

and 

If not, a > 0 and a sequence {gi, i > 0} exist such that 

sup I f ( A ) - g i ( h ) ] ~ O  as i ~ o %  
A ~ A  

d(]ti, M ( f ) )  > a for some it i ~ M(gi).  
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Since A is compact,  we can assume that  ~i ~ ~* E A as i ~ w. Consequently, 

d(A*, M ( f ) )  > o~. (A.1) 

Let  ~t( f ) ~ M(  f ). Then 

f (~i)  = f ( A ( f ) )  q- [gi(A(f  )) - - f ( A ( f ) ) ]  -[- [gi(Xi) --gi(A(f))] 
+ - 

< f ( A ( f ) )  + 2 sup I f (A)  - g i ( A ) [ .  
A~A 

Sending i --* ~,  we obtain f(A*) < f (A ( f ) ) .  That  is A* ~ M ( f )  which contradicts 
(A.1). []  

]_,emma A.2. Let A c R p be compact, and let F A ~ C(R m, R) be such that: 

(a) There are constants C > 0, C '  > 0 such that, for all z ~ R m, A ~ A, 

FX(z )  > C l z l  - C ' .  

(b) For all R > O, 6 > 0 there is 3' > 0 such that I A' - AI < y implies 

sup l E a ( z )  - F X ( z ) l  < 6. 
z~B(O, R) 

Define m A & infz~ Rm FA(Z). Then: 

(i) A constant R > 0 exists such that, for all A ~ A,  

argmin FX(z )  c B(O, R) .  
zER rn 

(ii) The mapping A ~ m A is continuous. 

Proof. For  any A ~ A let z A ~ argminz~R~ FA(z). The existence of  z ~ follows 
from the continuity of F ~ and the coereivity hypothesis (a). Moreover,  

m A = FA(z  x) > CIzAI  - C ' ,  

and thus, for all A ~ A, 

m ~ + C '  
leVI _< 

C 

Fix A o ~ A. By (b) for each 6 > 0 there  is 3, > 0 such that I A - Aol < 3, implies 

m A < FA(z  x~ = m A~ + [FA(z  A~ - FA0(za0)] < m A~ + 8. 

Then IA - Aol < y implies 

z a ~ B(0,  R)  with 

which proves (i). 

m x~ + ~ + C '  
R A  

C 
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By (b) again, this implies 

mXo < FXo(z ~) = m a + [FXo(z x) - F~(zX)] 

< m x + sup IFXo(z) - F a ( z ) l  < m ~ + 6, 
zEB(0 ,  R) 

and the proof  of  the lemma is now complete. [ ]  

The next lemma is a variant of Laplace's asymptotic method. 

Lemma A.3. Let  A c R p be compact, and let F x, G a ~ C(R  m, R) be such that: 

(a) There are constants C > O, C'  > 0 such that, for all z ~ R m, A ~ A,  

F ~ ( z )  > C l z l  - C ' ,  GX(z )  >__ C l z l  - C ' .  

(b) For all R > O, 6 > 0 there is 3' > 0 such that I h '  - A] < 3' implies 

sup IFX(z) - FX'(z)l  < 6, sup [GX(z) - GX'(z)l < 6. 
z E B ( O ,  R )  z E B ( O ,  R )  

Let p denote a metric on C(R m, R) corresponding to uniform convergence on compact 
sets. 'Then, for all 8 > 0 there are [3 > O, e o > 0 (depending on G) such that 
0 < 8 < e o and 

sup p ( F  ~, G ~) </3 
AEA 

implies 

8 l o g f m e X p I - ! F X ( z )  I d z +  inf GA(z,  < 8 .  sup 
AEA JR ~ 8 J z E R  m 

Proof. Define 

reX(F) & inf FX(z ) ,  reX(G) & inf GX(z).  
z E R  m z E R  m 

Lower Bound. It follows from Lemma A.2 that the mappings A ~ reX(F) and 
A ~ reX(G) are continuous. Further, there is a constant R > 0 such that 

argminGX(z)  c B(0, �89 
z E R m 

1 for all A ~ A. Thus we can choose 0 < / 3  < 3 6  such that sup~ E A P( Fa, G~) < / 3  
implies 

sup ImP(F)  - mX(G)l < �89 
AEA 

and 

argminFX(z)  c B(O, R )  
z ~ R  m 
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for all h c A. Set 

B~ ~ {z E Rm: F ~ ( z )  - m a ( F )  < �89 

Increasing R if necessary, B~ c B(0, R) for all A ~ A by the uniform coercivity 
hypothesis (a). 

Now (z, A ) ~  GX(z) is uniformly continuous on B(0, R) • A, so r > 0 exists 
such that 

1 [ z - z ' l + l A - A ' l < r  implies [ G X ( z ) - G X ' ( z ' ) [ < z 6 ,  

and also, since 0 < /3  < 1 6  12 , 

1 [FA(z) - FX'(z')[ < 2 ~ 6  + 61-6 = ~-8, 

for any z, z '  ~ B(0, R) and any A, A' ~ A. Let z z ~ argminz~ R m FA(z) .  Then z x 
B(0, R) and 

I ]z - zX[ < r implies [F~(z) - m~(F)[ < ~-8, 

for all A ~ A. That  is B ( z  x, r)  c B~  for all A ~ A. Therefore  

o~ > VR > /z(B~) > v, > 0, 

where /z denotes the Lebesgue measure in R m, and v r (resp. v 8)  denotes the 
Lebesgue measure of a ball of radius r (resp. R) in R m. 

Now 

{ } { i } 
> f B e x p  - 1 F ~ ( z )  dz  > . ( B 2 ) e x p  - - ~ ( m ~ ( F ) +  1 6 )  

and 

8 log aX(s) > 8 log v,  - m a ( F )  - ~6 

> 8 log v r - reX(G) - 28 > - r e X ( G )  - 8,  

provided 0 < e < 81 for some 81 independent of A ~ A. 

Upper Bound.  Let 0 < ~, < 1. The uniform coercivity hypothesis (a) implies 

a'~(8) < m exp 8 

) < e x p  8 mX(F) exp - F A ( z )  dz  

exp(  PrnX(F))  e uC'  ,; 
( ) ( vC'l~181m 

1 - l, m a ( F  ) exp -T-JtT-(] ' < exp s 
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for all e > 0. Therefore 

E log a X ( e ) <  - ( 1 -  v ) m X ( F ) +  v C ' +  me( log  e - l o g  vC) 

< - m ~ ( G )  + �89 - v ) 6  + vm~(G) + vC' + me( log  e -  log uC). 

1 Choose v so small that urea(G) + vC' < ~6. Next, choose 0 < e o < e 1 such that 
me( log e -  log vC) < �89 for 0 < e < e 0. Then we have 

e log aX(e) _< -reX(G) + 6 

provided 0 < e < e 0. []  

Appendix B. Proof of Lemma 2.1 

F r o m  Sections 2 and 4 we have 

(1 ) 
U(O) = - e l o g f ~ m q ~  p ~ h ~ ( x ) Y  r dx, 

where, for a.e. to ~ ~o,  

qO,, ~ C6a,2(Rm • [0, T] )  

solves the robust D M Z  equation, see [4] and [7], 

o 
__at q o.~ (x,  t) - � 8 9 1 7 6  + g ~ ( x , t ) D q ~  

1 
+ _~-o, ~(x, t )q ~ "(x,  t) --- 0, (B.1) 

E 

qO, ~(x,O) = pO, "(x) ,  

with go(X, t) = go(x, Yt) and ~0, ~(x, t) = V ~ ~(x, Yt) as defined in (4.3). 
Fix e > 0 and to ~ f~0 such that the above holds. Now I~,o(X,t)l < C and 

IV ~ ~(x, t)l _< C in R m • [0, T]. Then 

1 _ _  

_ �89 ~ ~(x, t) + g~(x,  t )Dq ~ ~(x, t) - - C q  ~(x, t) _< 0, 

and the fundamental  solution F~ t; x ' , 0 )  of  (B.1) satisfies the following esti- 
mate, see [13]: 

< C(Et) m/2e  I tx-x'12 I 
_ -c -; I' 

where C > O, and c > 0 are independent of 0 ~ O. By the maximum principle, for 
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all (x, t) ~ R m x [0, T], 

m 

0 <_ qO,,(x,  t) <_ F ~ ~(x, t; x , O)po' ( x ) d x  exp , 
m 

and 

fR" F~ "(x,  t; x ' ,  O)p ~ "( x ' )  dx' 

(xx2  (1 ) 
<_ C(,~t) -m/2 fR m exp - c  6t ] exp -- -~(C2lx'l - C~) dx' 

_< C e x p (  1 - - ~ ( C 2 l x [  - C " ) } .  

Therefore 

W~ t) ~ C2]xl - C' ,  (B.2) 

where C '  is random and satisfies the following estimate: 

C' ~ ColIY-Y~112 + Co" 

Therefore, by the Lebesgue dominated convergence theorem, it is enough to 
show that if 0 k ~  0 o in 0 as k - - > %  then q ~ 1 7 6  each 
x ~ R m. The difference z k & q ok, ~ _ q o0,, satisfies 

c) 1 _  
-~Zk(X , t)  -- �89 , t) + g~k(X, t )Dzk(x  , t) + - V  ~ ~(x, t)Zk(X, t) 

= - [gok(x, t)  - goo(X, t)] *Dq ~176 ~(x, t) 

_ _ [pok,  ~(x, t ) -  pOo, ~(x, t)]q ~176 " ( x ,  t ) ,  

and hence 

0 1 _  1 
--~z~(x, t)  - l e A z k ( x ,  t) + g*k (x ,  t )Dz~(x,  t) - --Czk(x,  t) < --Cp k, 

where p~ --9 0 as k ~ ~. Then by the maximum principle 

- -  ~ Zk(X' t )  <-- m F ~  + -~ Ctpk exp 

Now 

Izk(x,O)l ~ (ICo~,~ - Coo,~l 
1 / ( 1  ) 

+ - IS~  - S~~ exp - - ( C 2 1 x l -  C~) . 
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By the Lebesgue dominated convergence theorem again, we obtain 

lim sup {qOk, *(x, T)  - qOo. *(x, T)} < lim supzk(x,  T)  < O. 
k--+m k~co 

Similarly, we obtain the reverse inequality and conclude 
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[] 

Appendix C. Proof of  Lemma 3.3 

In what follows every constant independent  of  0, a ~ | and (x, t) ~ R m )< [O, T] is 
denoted by C or C ' .  For any absolutely continuous function ~ ~ C([0, T]; R m) and 
any A > 0, we have 

] fst I ~rl2 fst ] ~712 d'r, I~e12 -< I~s12 + S a ,  + A 

and, by Gronwall 's  lemma, 

Since suP0~o supx~Rmlho(x)t < C it follows that, for all c~ ~ O, 

~ffl~212 as_< c, 0 
and hence, for all a ,  0 E O, 

W ~  > - C ,  ( x , t )  ~ R m • [0, T].  

Let  0 " L~(~ ,  ~, t) denote the Lagrangean in (3.4). It  is easy to prove the following 
estimates: 

1 t lfstl~r dT <__ } fstl~r -- bo( ~.)[2 dT -{- -2 fs IbO( ~')12 dg 

f,o < L ~ ( ~ , , e , , r ) d r + C ,  

In particular 

�88 <_J:(e,t) <_sg(eo) + s  as + c. 

Proof of (i). Setting s r - x on [0, T], gives, for 0 < t _< T, 

W ~  < J ~  < S~  + C < Cllxl 2 + C. 
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1 Choose A > 0 such that N = T / A  is an integer and 4eC1A < -f. For n = 1 , . . . ,  N 
the Dynamic Programming principle implies 

I  ,no- I W~ tn) = i n f  W~ tn_l) + Jr. 1L~{ ~s'~s's)ds: ~r = z , 

with t. = nA. Given 6 > O, recursively select ~:'~ ~ C([0, T]; R m) for n = N . . . . .  1 as 
~ n - 1  n follows: s~t~ = x, t, = ~t,, and 

0 n rtn 0 " n 
Jtn L~ ~ ,~, ,s)  ds < " - -  (C.2) W ~ ( ~ t n _ i , t n _ l )  + ( "n -- W : ( ~ t " ' t n )  + N 

6 
GI $,~1 z + c + ~ .  (C.3) 

/ ' 4  

T h e n  

8 
�88 [~nl2.ds ~ Cl1~t~[2 + C + ~ ,  

tn- 1 

and from (C.1) 

I~t:12 < ( .~tn 112+ Aft"t._~ l~12 de )  e 

�89 + 6 / N )  
_< el ~t, ~ ,I 2 + &12 ~t n12 + 

C1 

C + 6 / N  

C1 

which implies 

[s~tn] 2 < 2el~,n 12 + 

Define s e~ ~ C([0, T]; Rm) by ~t 0 = ~ 
and by iterating (C.4) we obtain 

Ix[ 2 < Cgl~~ z + C g. 

Now also, by  iterating (C.3), 

J~176  < W ~  + 6, 

and consequently 

o o _ s ~  ~ c > C l x l - C ' ,  W ~  > J~(~ , T ) - 6 >  

which proves (i). 

(C.4) 

for t ~ [tn_l,t,], n = 1 , . . . ,N .  Then ~o = x 

(c.5) 
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Proof o f  (ii). Let R > 0, 6 > 0, and x ~ B(O, R).  Choose ~0 as in (C.6). Then, from 
the above estimates, 

or l~12  ds <_ CR. 

Using (C.1) we deduce that if x ~ B(0, R), then R'  > 0 exists such that ~o ~ B(0, R')  
for all 0 ~ O. Therefore 

O' 0 0 0 1 J~(~ ,T )  + w ~  T)  - W~~ T)  <_ J~ (~ , T)  - -~6 

= Sg ' ( r  - S g ( r  + ! [rli:O -- bo,(~o)12ds 
2./0 ~ 

l forl~o - bo(~~ z ds 

+ 1 [TI. .~ _ ho,( f f l ) l  2 ds 
2.10 Ys 

1 / 'Ti -= 1 
-~ Jo Ys ho( ~s~ 2 ds + ~6. 

Now, if 10' - 01is small enough, 

1 IS~'(~o ~ - sg(~:~)l < 76, 

So I 1 T L g ~ - h o , ( ~ f l ) 1 2 d s  - ly, - h o ( ~ ~  < ~6. 

Also 

1 T " 0   lSo 

1 ~ T  0 1 
+ 7  Ibo,(~ ) - b0(~~ Ib0,(~ ~  + bo(~s~ ds < ~6, 

if [0' - 01 is small enough. Hence, T > 0 exists such that [0' - 01 < Y implies 

w2'(x ,  r )  - w~~ T)  < 6. 

Reversing the role of 0' and 0 proves (ii). 
Finally, (iii) follows from (i)-(ii) and Lemma A.2. [] 
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