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ABSTRACT

We consider particle filters in a model where the hidden
states and the observations form jointly a Markov chain,
which means that the hidden states alone do not necessar-
ily form a Markov chain. This model includes as a special
case non-linear state-space models with correlated Gaus-
sian noise. Our contribution is to study propagation of er-
rors, stability properties of the filter, and uniform error esti-
mates, using the framework of LeGland and Qudjane [3].

1. EXTENSIONS OF HIDDEN MARKOV MODELS

In the classical HMM situation, the hidden state sequence
{X& , & = 0} is a Markov chain taking values in the space
E. It is not observed, but instead an observation sequence
{Y% , k > 0} taking values in the space I is available, with
the property that given the hidden states { X} , k > 0}, the
observations {¥%, & > 0} are mutually independent, and
the conditional probability distribution of ¥}, depends only
on the hidden state X at the same time instant. In addition,
when x € E varies, all the conditional probability distribu-
tions P[Y}, € dy | X} = z] are assumed absolutely contin-
uous w.r.t. a nonnegative measure Af (dy) on F' which does
not depend on z. The situatioa is completely described by
the initial distribution and locai characteristics

P[X, € dx] = po(dx),
PlXy € de’ § X1 = ] = Qp{z, dz’),
P[Y: € dy | Xi = 2] = gi(2,y) Af (dy) .

1.1, Conditionally Markevian observations

Alternatively, the following more general assumption could
be made : given the hidden states { X, k > 0}, the ob-
servations {Y% , k > 0} form a Markov chain, and the con-
ditional probability distribution of Y given ¥;_; depends
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only on the hidden state X at the same time instant. The
situation is completely described by the joint initial distri-
bution and local characteristics ’

P[X, € dz, Yo € dy] = p0(dz) go(z,y) M (dy) ,
PIXy € do' | X1 = 7] = Qu(x,d7’),
P[Ye € dy' | Yi1 = 9, Xp = 7]

= g{z’, v, 0 AL (v, dy') . _

Particle filters for these models, which include switching
autoregressive models, have already been investigated in
Cappé [1] and in Del Moral and Jacod [2]. -

1.2 Jointly Markovian hidden states ind observations

Even more generally, the following assumption could be
made that hidden states {X;, ¥ > 0} and observations
{Y%, k > 0} form jointly a Markov chain, and that the tran-
sition kernel can be factorized as

IPIX}; € d.-"b", Y. € dy" | Xp1=2,Yg-1 = y]
‘ H
= Ri(2,y,9',d2") A (v, dy") ,

where Re{z,y,y,dz’) is a nonnegative measure on E for
any z € E and any y,y' € F, and where A} {y,dy’) isa
nonnegative measure on F for any y € F. Particle filters
for these models have already been investigated in Crigan
and Doucet [3], where even the joint Markov property is re-
moved, and in Desbouvries and Pieczynski [4]. Notice that
when z € E and y € F vary, all the conditional probability
distributions P[Y; € dy’ | Xz—1 = z,Ye—y = y] are ab-
solutely continuous w.r.t. a nonnegative measure Al (y, dy’)
on F which does not depend on . Indeed, integrating (1}
w.rt ' € E yields

PlYyedy | Xp—1 =2,y =¥
o 2)
= Rk(m,y;y'!E) )\f(!” dyr) -
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Not only is the decomposition (2) necessary, but it is also a
sufficient condition for the decomposition {1) to hold. In-
deed, if the decomposition (2) holds, then the decomposi-
tion (1) holds with

Ri(z,y, ¢, dz") = Ge(z. 1. y") Qulz.y, 4, d2")

where by definition

(3

Rk(xsysy’adx’)

A ' "o
Qk(xsyiy ,dx) - Rk(:c,y,y',E)

=PXpedd | Xpm1 =2V =4.Y =1,
and
’g\k(xayay') = Rk(.’t,y, y’,E) 3

forany r € E and any y,y" € F. In full generality, for
any z € E and any y,3’ € F, the nonnegative measure
Ri(2,y, ', dz') can be factorized as

Ri(z,y,y',dz") = Wi(z, v, ¢, 2") Pe(z,y,y',d2'), (4)

into the product of a nonnegative importance weight func-
tion Wi{z,y,¥’, z), and an importance probability distri-
bution Pi(x,y,y’,dz"). The decomposition (4) is clearly
not unique. As much as possible, a clear distinction should
be made between results and estimates

o which depend only on the nonnegative kernel R,

s which depend on the specific importance decomposi-
tion (W, Py} of the nonnegative kernel Ry.

In practice, the importance decomposition should be such
that, for any ¢ € E and any y, y' € F, it is easy

o 1o evaluate the weight function Wiz, y,y', 2'),

o to simulate a r.v. X according to the probability dis-
tribution Py(z,y,y', dz"),

Another meaningful criterion for the choice of the impor-
tance decomposition is the optimization of error estimates
for associated particle schemes, seec Remark 4.3 below.

2. OPTIMAL BAYESIAN FILTER AND
FEYNMAN-KAC FORMULAS

For any test function f defined on E™+?

]E{f(XO:n) | %1‘"]
[E.../;jf(mum) Ro(dzo) ’E;Rk(xk—hd-'ﬂk?

L'...[Eﬁo(dxo) kI;Ile(:ck_x,dxk)

b
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where by definition and with an abuse of notation

Foldz) = Ro(Yp,dz) ,

Rk(E,Yk_l,Yk, dI') .

(5)

Ry(z,dz')

Given the observations, the objective of Altering is to es-
timate the hidden states, and to this effect the probability
distribution

i (dz) = BOF

is introduced. The evolution of the sequence {u, k& > 0}
taking values in the space P(E) of probability distributions
on E, is very easily derived using the following Feynman—
Kac formula. Let

P[Xy € dz | Yo,

O £y = [ - [ @) Fofdzo) T Zeos,dzs)

k=1

for any test function f defined on E. Clearly

(7mf) —
( ﬂ:f) (’Yn,, 1) and (’Yﬂd f) - (’Yn—laRﬂf) L]
hence
_ (7ﬂsf> _ ('Yn-—lanf) _ (lun.—laRnf>
W D)= D) ™ Pocto B )~ Ginor, B )

and the transition from g1 to py, is described by the fol-
lowing diagram

;# - ﬂn—an
" (4n—1 Br)(E)

Remark 2.1, Proceeding as in LeGland and Oudjane {5,
Remark 2.1], it can be shown that the normalizing constant
{ttn—1 R,)(E) is a.s. positive, hence the probability distri-
bution Ry, (pun_1) is well-defined. Moreover, the likelihood
of the model is given by

Hn—1 = Rn(ﬂn—l) .

Ro(E) H pr-1 Re)(E) (6)

with the usual abuse of notation (5).

3. PARTICLE APPR(jXIMATION
By definition, and for a given importance decomposition (4)
pRe(@s') = [ Wila,a") plda) Pula,de")
with the usual abuse of notation. On the product space

Ex E letn : (z,z'}) v z' denote the projection on
the (second) space E. For any probability distribution g on



the space F, the probability distribution p4 ® Py is defined
on the product space £ x E by

(1 ® Py)(dx,dz'} = p(dz) Pe(z,dx’) .

It follows that
4 Ry(dz') = f Wi(z,o') (4 ® Pe)(dz, dz')
E

= (Wi (5 ® Pi)) on~}{da'),

i.e. the nonnegative measure x R) on the space E is the
marginal of the nonnegative measure Wi, (4 ® Pi) on the
product space E x E, with importance weight function W
and importance probability distribution g ® Py. It follows
also that ’

Re(p)(dz') = (W - (p ® Pe)) o™ (d2')
where - denotes the projective product. The weighted parti-
cle approximation of the probability distribution Wy, - {u ®
P.) is defined by

Wi (1@ P)

2
-
w0
=
=
®
2

8= iy 1
a_l’fi) (Ek-—l’Ek)

4 N
N W

where { (E,';_I,E;;) ,i = 1,-+«, N} is an N—sample with
probability distribution g ® Py, which can be achieved in
the following manner : independently foranyéi = 1,--- , N

Gy ~p(de)  and g~ Pe(§eyodn),
and the corresponding particle approxfmation for the mar-
ginal probability distribution By (i) = (Wy-(u® Py ))yor—?
is defined by

Ri(py = (Wi - SN(u@ P))on™!

N AGERA
- N

5& .
=1 Z Wk(a_lﬁfi)
j=1

Let {uN , n > 0} denote the particle filter approximation,
associated with the importance decomposition (4), to the
optimal filter {¢i,,, n > 0}. The transition from p¥_, to
u is described by the following diagram

phy ———— pl = (W, - SNl @ Pa)) oL

In practice, the particle approximation
Y
i=1

is completely described by the set {£}, wi,i=1,--- ,N}
of particles locations and weights, and the transition from
{&_1wi1yi=1,- ,N}to{&,wi,i=1,---,N}
consists of the following steps

1. Independently forany ¢ = 1,--- , N, generate

G, ~pll(dz) and & ~Pi(E_y,da)).

2. For any% =1,--+, N, compute the weight "
- . N . T
wh = We@n 80 / 12 W@ D)1,
Jj=1

and set

N
N i
= wi b .
Hi ;ke;e

4. ERROR ESTIMATES

From now on, mathematical expectation E[ -] is taken only
w.r.t. the additional randomness coming from the simulated
r.v.'s, but not w.r.t. the observations. The following bias esti-
mate does not depend on the importance decomposition (4).

Lemma 4.1. For any (possibly random) probability distri- ~

butions p, p' on E, it holds

sup E|{(p @ P —p & P, Wi (¢pom))|

¢:lloli=1
< sup El{p—p,¢)| sup Ri(z,E) -
¢:fgll=1 z€E

In contrast, the following variance estimate depends explic-
itly on the specific importance decomposition (4).

Lemima 4.2. For any (possibly random) probability distri-
bution p on E, it holds

sup E{(SV(u@ P) — pQ P, Wi (¢pon)}|
¢:flgll=t

< — [ sup_Wilz,a) (W RR)(E)]M2 .
za'cE

Remark 4.3. In statistical applications, it is important to
accurately estimate the likelihood (6) of the model, i.e. to
estimate (ix—1 Bi)(E) = {pr—1 Rk, 1), for the test func-
tion ¢ = 1. It is easy to show that the L2-error for the
particle approximation of (6) is minimum for the particle
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scheme associated with the decomposition (3) of the non-
negative kernel Ry (x, dz’), i.e. for the decomposition

Rk(z! d.’L") = gk(z) @k (ml d&."') .
with the usual abuse of notation.
Assumption A The importance weight function is bounded

sup Wi(z,2') < o0 .-
XA

4.1. Rough estimates on a finite time horizon

If Assumption A holds, then the following notations are in-
troduced
sup Ri(x, E) sup Wi(z,z")
:EE Ilz"EE

= G BB = (e Br)(B)

= 7k(w) 3

and in view of Remark 2.1, -y and v {W} are a.s. finite.

Theorem 4.4. If for any k > 1, Assumption A holds, then

sup Bl (g — s, 6} |
8+ I9ll=1

1 A4
< == D VW),
VN E=0

where 4p. k41 = Vn - Tet1, and with the convention that
Ynent1 = L ’

4.2. Stability and uniform estimates

Without any assumption on the nonnegative kernel Ry, the
error estimate obtained in Theorem 4.4 grows exponentially
with the time horizon n. If the nonnegative kernel R, is
mixing, then the local errors are forgotten exponentially fast,
and it is possible, proceeding as in LeGland and Oudjane [5,
Section 4], to obtain error estimates which are uniform w.r.t.
the time index n.

Definition 4.5. The nonnegative kernel Ry, is mixing, if
there exist a constant 0 < gy < 1, and a nonnegative mea-
sure Ay defined on E, possibly depending on (Yi-1,Y%),
such that

er M(4) € Rule, 4) € - Mel4),

k

Jor any x € E and any Borel subset A C E, and let
m=(1-¢cf) [ (1+e}) < 1.

If Ry, is mixing, then

(n Re)(E) > £ (ue—1 R)(B)
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for any probability distribution 4 on E, hence a.s.

inf (pReXE) >0,
uElfIP}(E)(u e E)

in view of Remark 2.1. If in addition Assumption A holds,
then the following notation is introduced

sup Wi(z,z')
z,2'€F

—'.f—"_-"' H
#Glg(E)(ﬂRk)(E)

(W) =

and p, (W) is as. finite.

Theorem 4.6. If for any k > 1, Assumption A holds, and
the nonnegative kernel Ry, is mixing, then

sup B {ul — pin, 4} |
6:ll8ll=1

<._1._[6 +26n—1+ 4 ’kaa 8 ]
VYN " en  logd & e AT T

Where Tnuk4s = Tn -+ - Thta, and 8 = 2 \/pe(W).
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