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Prwlydwlrq dqg Remhfwlyhv ri VPF Vdpsohuv
� Ohw t�q�qD� eh d vhtxhqfh ri suredelolw| glvwulexwlrqv gh�qhg rq H vxfk wkdw
�q Eg{�' �q E{� g{ dqg hdfk �q E{� lv nqrzq xs wr d qrupdol}lqj frqvwdqw/ l1h1

�q E{�' ]3�q� ~} �
xqnqrzq

=iq E{�� ~} � =
nqrzq

� Hvwlpdwh h{shfwdwlrqv U * E{��q Eg{� dqg2ru qrupdol}lqj frqvwdqwv ]q

vhtxhqwldoo|> l1h1 �uvw �� wkhq �2 dqg vr rq1
� Remhfwlyhv= Rewdlq VPF dojrulwkpv wr gr wkh mre lqvwhdg ri PFPF1
i Zhoo0vxlwhg wr sdudooho frpsxwhuv/ zhoo dgdswhg wr pxowlprgdo sureohpv/
qr exuq lq1
i Frpsohphqwdu| dssurdfk wr PFPF1



H{dpsohv uhohydqw wr VPF Vdpsohuv Iudphzrun
� Vhtxhqwldo Ed|hvldq Lqihuhqfh= �q E{� ' s E{� |�Gq� =
� Joredo rswlpl}dwlrq= �q E{� x d� E{�o�q zlwk t�q� lqfuhdvlqj vhtxhqfh vxfk
wkdw �q < "=

� Vdpsolqj iurp d �{hg wdujhw � G �q E{� x d�� E{�o�q d� E{�o�3�q zkhuh �� hdv|
wr vdpsoh dqg �� ' �> �q ? �q3� dqg �S ' f=

� Uduh hyhqw vlpxodwlrq � ED� J �= �q E{� x � E{� �Dq E{� zlwk D� ' H/ Dq a
Dq3� dqg DS ' D=



Eulhi Uhylhz ri Vwdqgdug VPF Phwkrgv
� tHq�qD� lv vxfk wkdw _�4 EHq� ? _�4 EHqn��> h1j1 H� ' H dqg Hq ' Hq=

� Ohw th�q�qD� eh d vhtxhqfh ri suredelolw| glvwulexwlrqv gh�qhg rq tHq�qD�
vxfk wkdw h�q Eg{�Gq� ' h�q E{�Gq� g{�Gq dqg hdfk h�q E{�Gq� lv nqrzq xs wr d
qrupdol}lqj frqvwdqw/ l1h1

h�q E{�Gq� ' ]3�q� ~} �
xqnqrzq

=iq E{�Gq�� ~} �
nqrzq

zkhuh {�Gq / E{�> {2> = = = > {q� =

� Hvwlpdwh h{shfwdwlrqv]
*q E{�Gq� h�q Eg{�Gq� dqg2ru qrupdol}lqj frqvwdqw ]q=

� Vhtxhqwldo phwkrg= �uvw vdpsoh iurp h�� wkhq h�2 dqg vr rq1



� VPF Sulqflsoh= Dssur{lpdwh th�q� e| zhljkwhg vxp ri udqgrp
vdpsohv2sduwlfohv

�
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Eg{�Gq� dqg eh�q < h�q dv Q < "
� Nh| hohphqwv ri VPF phwkrgv=
i Vhtxhqwldo Lpsruwdqfh Vdpsolqj
i Li yduldqfh ri wkh zhljkwv kljk wkhq Uhvdpsoh1
i Dojrulwkp ri frpsoh{lw| R EQ�

� Uhpdun= Phpru| uhtxluhphqwv lq R EQ� dqg grhv qrw lqfuhdvh ryhu wlph
li rqo| lqwhuhvwhg lq dssur{lpdwlqj wkh pdujlqdo h�q E{q�



Vhtxhqwldo Lpsruwdqfh Vdpsolqj Uhvdpsolqj
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-Qhz = Vhtxhqwldo Prqwh Fduor Vdpsohuv-
� Vwdqgdug VPF Phwkrgv gr QRW dsso| wr rxu sureohp> l1h1
rqh qhhgv Hq3� a Hq zkhuhdv zh kdyh Hq ' H=
� �Lghd�= Frqvlghu d qhz vhtxhqfh ri duwl�fldo glvwulexwlrqv th�q�qD� gh�qhg
rq Hq ' Hq vxfk wkdw ] h�q E{�Gq3�> {q� g{�Gq3� ' �q E{q�

dqg dsso| vwdqgdug VPF1
� H{dpsoh=

h�q E{�Gq� ' �q E{q�
q3�\
n'�

On
�{nn�> {n� =

zkhuh tOn� lv duelwudu| vhtxhqfh ri Pdunry nhuqhov1



VPF Vdpsohuv
Dw wlph q( q D �=
Vdpsolqj vwhs1 Iru l ' �> ===> Q/ vdpsoh [El�q ; Nq
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Uhvdpsolqj vwhs1 Li HVV?Wkuhvkrog wkhq uhvdpsoh sduwlfohv
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� Prqwh Fduor dssur{lpdwlrq
e�q Eg{q� '

Q[
l'�

Z El�q � h[El�q
Eg{q� =

� Udwlr ri qrupdol}lqj frqvwdqwv
_]q
]q3�
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zkhuh
hzq E{q3�Gq� ' iq E{q�Oq3� E{q> {q3��

iq3� E{q3��Nq E{q3�> {q�=



Dojrulwkp Vhwwlqjv 0 Vhohfwlrq ri duwl�fldo nhuqhov
� +Wrr, pdq| ghjuhhv ri iuhhgrp$ W|slfdoo| t�q� jlyhq e| sureohpv exw zkdw
derxw tNq� dqg wkh duwl�fldo vhtxhqfh tOq�BBB
� Wr xqghuvwdqg krz wr vhohfw tOq�/ wkh nh| lv wr uhphpehu

[El�
�Gq ; �q Eu� zkhuh �q E{�Gq� ' �� E{��

q\
n'2

Nn
�{n3�> {n�

� Glvfuhsdqf| ehwzhhq �q E{q� dqg �q E{q� i LV fruuhfwlrq
zq E{q� ' �q E{q�

�q E{q�

i Lpsrvvleoh wr lpsohphqw dv �q E{q� dgplwv qr forvhg0irup h{suhvvlrq1
�q E{q�'

+ ��N2Gq E{q� li qr uhvdpsolqj ehiruh q
�vNvGq E{q� odvw uhvdpsohg dw v



� Lqwurgxfwlrq ri nhuqhov tOq�
zq E{�Gq� '

�q E{q� q3�T
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On
�{nn�> {n�

�� E{��
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' zq3� E{�Gq3�� �q E{q�

�q3� E{q�
Oq3� E{q> {q3��
Nq E{q3�> {q� =

i Srvvleoh wr frpsxwh frqvlvwhqw LV zhljkw zlwkrxw kdylqj wr frpsxwh �q E{q� =
i Qr iuhh oxqfk wkhruhp= sulfh wr sd| lv yduldqfh lqfuhdvh dv qrz zhljkwv duh
hydoxdwhg rq Hq dv rssrvhg wr H1
� Rswlpdo vhtxhqfh ri nhuqhov qOrswq

r eulqjv |rx edfn wr LV rq H
Orsw
n3�

�{n> {n3�
� ' �n3�

�{n3�
�Nn

�{n3�> {n�
�n E{n� =

Uhpdun1 Lw iroorzv vwudljkwiruzdugo| iurp iruzdug0edfnzdug irupxod
�� E{��
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n'2
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q\
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n3�
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� =



Vhohfwlrq ri Duwl�fldo Nhuqhov
� Kdug wr xvh qOrsw

n3�
r dv gr qrw nqrz �q E{q� exw fdq eh dssur{lpdwhg1

i Vxerswlpdo exw dv|pswrwlfdo| frqvlvwhqw vwudwhj| frqvlvwv ri xvlqj wkh ds0
sur{lpdwlrq ri Orswq3� jlyhq ehorz

Oq3� E{q> {q3�� ' �q3� E{q3��Nq E{q3�> {q�
�q3�Nq E{q� i zq E{q3�Gq� ' �q E{q�

�q3�Nq E{q�
� Li Nq lv dq PFPF nhuqho ri lqyduldqw glvwulexwlrq �q dqg �q3� s �q wkhq d
frqyhqlhqw fkrlfh lv

Oq3� E{q> {q3�� ' �q E{q3��Nq E{q3�> {q�
�q E{q� i zq E{q3�Gq� ' �q E{q3��

�q3� E{q3��=

i wklv fkrlfh ri Oq nhuqho lv d jrrg dssur{lpdwlrq ri Orswq3� zkhq �q3� E �q
� Uhpdun1 Dhvwhwklf exw jhqhudoo| edg lghd= Oq3� ' Nq=



Vhohfwlrq ri lqlwldo glvwulexwlrq dqg wudqvlwlrq nhuqhov
� �� vkrxog eh vhohfwhg vr wkdw lw lv hdv| wr vdpsoh dqg LV zhljkwv ���� duh xsshuerxqghg ryhu H dqg doprvw xqlirup
� Li �q3� s �q/ fdq vhohfw Nq dv dq PFPF nhuqho ri lqyduldqw glvwulexwlrq �q=
� Li �q3� dqg �q ydu| vljql�fdqwo| +h1j1 vhtxhqwldo Ed|hv,/ srvvlelolw| wr xvh
duwl�fldo g|qdplfv1
� Wr vdpsoh iurp kljk glphqvlrqdo glvwulexwlrqv/ d VPF vdpsohu fdq xsgdwh
wkh frpsrqhqwv ri { yld vxeeorfnv1

Frqyhujhqfh Uhvxowv
� Frqyhujhqfh uhvxowv iroorz iurp jhqhudo uhvxowv rq Ih|qpdq0Ndf irupxod
+vhh Gho Prudo/ 5337,1



Wudqv0glphqvlrqdo VPF Vdpsohuv
� Frqvlghu fdvh = H ' �"n'f tn�f &n> l1h1 wudglwlrqdo| zkhuh Wudqv0glphqvlrqdo
PFPF duh xvhg lq d edwfk vhwwlqj +UMPFPF = Juhhq/ 4<<8,1
� Qrz xvlqj wkh VPF vdpsohu phwkrgrorj|/ WG0VPF pd| dovr eh xvhg iru
wklv edwfk dqdo|vlv vlwxdwlrq1
� Lq wklv fdvh/ d pl{wxuh ri pryhv lv xvhixo
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zkhuh �q>p E{� A f/ SPp'��q>p E{� ' � dqg tNq>p� lv d froohfwlrq ri wudqvlwlrq
nhuqhov1
� Lqfuhphqwdo zhljkw fdq eh frpsxwhg e| vwdqgdug irupxod exw wrr h{shqvlyh
li P lv odujh1



� Dowhuqdwlyh lpsruwdqfh vdpsolqj rq mrlqw vsdfh
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r duwl�fldo wudqvlwlrq nhuqhov1
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� Lq wklv fdvh/ eluwk2ghdwk/ vsolw2phujh pryhv fdq eh ghyhorshg
i Qr uhyhuvlelolw| frqvwudlqwv1
� Vwdqgdug VPF iudphzrun fdq eh uh0xvhg khuh wr ghvljq rswlpdo pryhv> h1j1
eluwk vwhs fruuhvsrqgv wr lqfuhdvh glphqvlrq1
� Qxphurxv dssolfdwlrqv wr vhtxhqwldo Ed|hvldq hvwlpdwlrq> h1j1 %rq olqh%
vhtxhqwldo dqdo|vlv ri prgho vhohfwlrq dqg sdudphwhu2vwdwh hvwlpdwlrq/ edwfk
dqdo|vlv w|slfdoo| dvvrfldwhg zlwk UMPFPF 1



VPF Vdpsohuv H{dpsohv = Ed|hvldq yduldeoh vhohfwlrq
� Prgho

\ '
P[
n'�

Ln�n[n E[� n Y > Y ; � �f> �2� =

zkhuh Ln M tf> �� lv vxfk wkdw �n ' f li Ln ' f dqg �n �' f li Ln ' �> l1h1
2P gl�huhqw prghov iru wkh uhjuhvvlrq ixqfwlrq1
� Vwdqgdug frqmxjdwh sulruv ohdgv wr pdujlqdo srvwhulru glvwulexwlrq

s El�GP �{�GW > |�GW � x ��f n |W�GWS El�GP� |�GW
�W@2n�f2

f �� n �2�3oEl�GP�@2 o El�GP�- EW 3 o El�GP��-
zkhuh

S El�GP� ' LoEl�GP� 3 �� n �32�3�G El�GP� �G? El�GP�G El�GP��3�G? El�GP� =



Dojrulwkp Vhwwlqjv
� Wr vdpsoh2pd{lpl}h s El�GP � |�GW > {�GW �/ frqvlghu �q El�GP� x ds El�GP �{�GW > |�GW �o�q
zkhuh q M t�> = = = > S� > P ' Df> S M t2Df> Dff> �2Df> 2Dff> Dfff� dqg �� ' f1
i Fdvh 4 = Wr vdpsoh iurp �/ �q ' d *L} Eq� n e zlwk �S ' �1
i Fdvh 5 = Wr pd{lpl}h �/ �q ' d *L} Eq� n e zlwk �S ' �f1
� Nq ghwhuplqlvwlf vfdq Jleev vdpsohu lqyduldqw glvwulexwlrq �q +4 vlwh shu q,
� Oq nhuqhov = dssur{lpdwlrq ri Orswq3� dqg wkh Dqqhdohg Lpsruwdqfh Vdpsolqj
fkrlfh ri +Qhdo/5334,
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Vlpxodwlrq Uhvxowv = Vdpsolqj �q El�GP�x ds El�GP �{�GW > |�GW �o�q
� |�GW qrlv| vdpsohv iurp d vlqf ixqfwlrq/ edvlv ixqfwlrqv [n E{�zhuh Jdxvvldqv1
Fdvh 4 = +83 vlpxodwlrqv, vdpsoh iurp �

� Frpsduhg VPF vdpsohuv xvlqj +D,/ Dqqhdohg Lpsruwdqfh Vdpsolqj xvlqj
+D, dqg +E, dqg dq PFPF Jleev vdpsohu ri fkdlq ohqjwk SQ1
� Uhpdun = DLV grhv qrw kdyh d uhvdpsolqj vwhs1
� Uhvxowv ghprqvwudwhg lq doo vlpxodwlrqv wkdw uhvdpsolqj xwlolvhg e| VPF
vdpsohuv surgxfhg d uhgxfwlrq lq wkh PVH*v yduldqfh/ fkhdso|1



Fdvh 5 = +83 vlpxodwlrqv, pd{lpl}h �
� Frpsduhg VPF vdpsohuv xvlqj +D,/ Vlpxodwhg Dqqhdolqj dqg Q +qrq lqwhu0dfwlqj, Sdudooho Dqqhdolqj uxqv1
� VPF Vdpsohuv rxw shuiruphg erwk V1D1 dqg Sdudooho Dqqhdolqj zlwk uhvshfwwr pd{lpxp srvwhulru prgh hvwlpdwh rewdlqhg lq hdfk vlpxodwlrq1
� Wklv ixuwkhu hpskdvlvhv jdlqv wkdw fdq eh pdgh wkurxjk lqwurgxfwlrq riuhvdpsolqj zklfk doorzv wkh Vlpxodwhg Dqqhdolqj fkdlqv wr lqwhudfw lq d sulq0flsohg pdqqhu1
� VPF Vdpsohuv shuiruphg vljql�fdqwo| ehwwhu wkdq wkh frpsduhg dojrulwkpvzkhq S lv vpdoo1
� Lqwxlwlyho| zkhq S lv vpdoo wkhuh duh ohvv lqwhuphgldwh glvwulexwlrqv khqfh
�v3� dqg �v fdq eh vljql�fdqwo| gl�huhqw1
� Dv h{shfwhg wkh qxpehu ri uhvdpsolqj vwhsv fduulhg rxw/ ghfuhdvhg dv Slqfuhdvhg



VPF Vdpsohuv H{dpsohv = Vhtxhqwldo Ed|hvldqHvwlpdwlrq
� Dw wlph w> wlph rffxuuhqfhv dvvxphg wr iroorz dq lqkrprjhqhrxv Srlvvrq
surfhvv ri lqwhqvlw| � G Un < Un

sw
�|�Gow

��� t� Ex��x$w
� ' i T

�3 ] w
f � Ex� gx

� ow\
o'�

� E|o� =

� Zh zdqw wr hvwlpdwh xqnqrzq lqwhqvlw| � Ew� vhtxhqwldoo| lq wlph1
� Vlpsoh slhfhzlvh frqvwdqw prgho iru � Ew�

� Ew� '
n[

p'�
�p�d�p3�>�p� Ew� n �nn��d�p>"� Ew� =

� Wkh qxpehu ri vwhsv n/ wkhlu dpsolwxghv ��Gnn� dqg wkh nqrw srlqwv ��Gn duh
dvvxphg xqnqrzq



i Vhw iroorzlqj wlph0ghshqghqw sulru glvwulexwlrq
sw �n> ��Gnn�> ��Gn� ' sw En� s ���Gnn�

�� n� sw E��Gn� n�
zkhuh sw En� Srlvvrq �tw/ sw E��Gn� n� xqlirup rughu vwdwlvwlfv rq df> wo dqg
�� ; J E�> �� dqg �o��o3� ; J ��2o3�@"(�o3�@"

� =
� Vhtxhqwldo hvwlpdwlrq ri srvwhulru glvwulexwlrqv ryhu wlphv q{W

�q �n> ��Gnn�> ��Gn� ' sq{W
�n> ��Gnn�> ��Gn�� |�Goq{W

�

zkhuh {W lv d wlph lqwhuydo gh�qhg e| wkh xvhu1
� Wkhvh glvwulexwlrqv duh gh�qhg rq H ' �"n'f tn� f &n zkhuh
&n '

�
��Gn M �Un�n ( f ? �� ? = = = ? �n

�f �Un�nn�/ wkh vxssruw ri
�q ehlqj uhgxfhg wr

�
��Gn M �Un�n ( f ? �� ? = = = ? �n ? q{W

�f �Un�nn�1



Vlpxodwlrq Uhvxowv
� WG0VPF zlwk Eluwk/ Ghdwk/ Xsgdwh dqg Dgmxvwphqw pryhv zdv dssolhg wr
wkh Frdo Plqlqj Gdwd vhw +Juhhq/ 4<<8,1
� Frpsdulvrq ehwzhhq UMPFPF dqg WG0VPF zdv rewdlqhg1 Wkh sorw ri wkh
hvwlpdwhg lqwhqvlw| ri wkh lqkrprjhqhrxv Srlvvrq surfhvv lv surylghg qh{w1



Frdo plqlqj gdwd= WG0VPF yv UMPFPF
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Frdo Plqh glvdvwhu gdwd/ 4;8404<95 = Vrolg olqh = UMPFPF hvwlpdwh/ Gdvkhg
olqhv = UMPFPF hvwlpdwh �� vwg1/ Vwdu = WG0VPF hvwlpdwh
H k� Ew� �|�Goq{Wn�e{W

l/ Grwwhg olqhv = WGVPF hvwlpdwh �� vwg



Frqfoxvlrq dqg Glvfxvvlrq
� VPF vdpsohuv surylghv sulqflsohg vhw ri qhz dojrulwkpv1
i Lqwhudfwlqj sdudooho PFPF uxqv +HDV\ WR FRGH,> doorzv wr fruuhfw iru
exuq0lq wkurxjk lpsruwdqfh vdpsolqj= frpsohphqwdu| wr PFPF1
i Joredo rswlpl}dwlrq/ Vhtxhqwldo Ed|hvldq hvwlpdwlrq/ Uduh hyhqw vlpxodwlrq1
� Pdq| phwkrgrorjlfdo sureohpv uhpdlq rshq
i Rswlpl}dwlrq Q yhuvxv S iru �{hg frpsxwdwlrqdo frpsoh{lw|1
i Rswlpdo sdwk iurp �� wr �S ' �=



Uhihuhqfhv
� S1 Gho Prudo/ �Ih|qpdq0Ndf Irupxodh = Jhqhdorjlfdo dqg Lqwhudfwlqj Sdu0
wlfoh V|vwhpv zlwk Dssolfdwlrqv�/ Vsulqjhu/ 53371
� S1 Gho Prudo dqg D1 Grxfhw/ �Rq d Fodvv ri Jhqhdorjlfdo dqg Lqwhudfwlqj
Phwursrolv Prghov�/ Vìplqdluh gh Suredelolwìv [[[YLL/ Hg1 M1 D}ìpd/
� P1 Hphu|/ P1 Ohgrx{ ) P1 \ru/ Ohfwxuh Qrwhv lq Pdwkhpdwlfv/ Ehuolq=
Vsulqjhu0Yhuodj/ 53361
� S1 Gho Prudo/ D1 Grxfhw dqg J1Z1 Shwhuv/ �Vhtxhqwldo Prqwh Fduor Vdp0
sohuv�/ lq uhylvlrq M1 Ur|do Vwdw1 Vrf1 E1
� D1 Grxfhw/ Q1 gh Iuhlwdv/ dqg Q1M1 Jrugrq +hglwruv,/ Vhtxhqwldo Prqwh Fduor
Phwkrgv lq Sudfwlfh/ Qhz \run= Vsulqjhu0Yhuodj/ 53341



H{wud Frpphqwv = Frqyhujhqfh Uhvxowv
� Frqyhujhqfh uhvxowv iroorz iurp jhqhudo uhvxowv rq Ih|qpdq0Ndf irupxod
+vhh Gho Prudo/ 5337,1
� Zkhq qr uhvdpsolqj lv shuiruphg/ rqh kdvIQ � eH�q E*�3H�q E*�
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� Zkhq pxowlqrpldo uhvdpsolqj lv xvhg dw hdfk lwhudwlrq/ rqh kdvIQ � eH�q E*�3H�q E*�
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� Wkh yduldqfh h{suhvvlrqv rewdlqhg iru wkh FOW ghprqvwudwh wkh uroh ri wkh
dx{loldu| nhuqhov qOrswq

r
qMQ1

� Zkhq pxowlqrpldo uhvdpsolqj lv xvhg dw hdfk vwdjh/ wkh yduldqfh h{suhv0
vlrq ghprqvwudwhv wkdw wkh idvwhu wkh O nhuqhov duh pl{lqj/ wkhq wkh idvwhu
h�q E{q�{n� ' U h�qE{�Gq�g{�Gn3�g{nn�Gqh�qE{n� frqyhujhv wr �q E{q�
� Vr xowlpdwho| zkhq O nhuqhov duh pl{lqj txlfno|/ wkhq wkh prvw vljql�fdqw
whup lq wkh h{suhvvlrq iru wkh dv|pswrwlf yduldqfh lv mxvw wkh whup dw wlph q
jlyhq e| ] E�q E{q�Oq3� E{q> {q3���2

�q3� E{q3��Nq E{q3�> {q� E* E{q�3H�q E*��2 g{q3�Gq



H{wud Frpphqwv = H{dpsoh Ed|hvldq YduldeohVhohfwlrq
� Uhjuhvvlrq prgho
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� Lqglfdwru yduldeoh Ln M tf> �� lv vxfk wkdw �n ' f li Ln ' f dqg �n �' f li Ln ' �
� Dvvxplqj W lqghshqghqw lghqwlfdoo| glvwulexwhg gdwd E[�GW > \�GW � duh dydlodeoh
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� G EL�GP� lv d W f o EL�GP� pdwul{ zkhuh o EL�GP� ' SPn'� Ln lv wkh qxpehu ri
edvlv whupv lqfoxghg lq wkh prgho1
� Wkh mwk froxpq ri G EL�GP� fruuhvsrqgv wr �[�EL�GP>m� E[�� > = = = >[�EL�GP>m� E[W �
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zkhuh � EL�GP> m� lv wkh lqgh{ ri wkh mwk qrq0qxoo frh!flhqw ri wkh vhtxhqfh L�GP 1



� �L�GP lv wkh dvvrfldwhg o EL�GP�f � yhfwru ri qrq0qxoo uhjuhvvlrq frh!flhqwv1
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dqg �h ELn ' ���� ' � zkhuh � lv xqlirupo| glvwulexwhg rq df> �o1
� Ilqdoo| �f/ �f dqg � duh �{hg k|shusdudphwhuv1
� Wkh gdwd duh wdnhq wr eh wkh vlqf ixqfwlrq/ l1h1 t�?fE{� ' t�? E{� @{> fruuxswhg
e| dgglwlyh Jdxvvldq qrlvh zlwk � ' f=� iru W ' Df hyhqo| vsdfhg srlqwv lq wkh
lqwhuydo d3�f> �fo1
� Zh vhohfw P ' W edvlv ixqfwlrqv ri wkh irup
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� Wr vdpsoh iurp s El�GP � |�GW > {�GW �/ zh frqvlghu wkh vhtxhqfh ri glvwulexwlrqv
�q El�GP� x ds El�GP �{�GW > |�GW �o�q

� q M t�> = = = > s� > s ' �ffff dqg �� ' f +l1h1 �� ' �� lv wkh xqlirup glvwulexwlrq,
� �q lqfuhdvhv dffruglqj wr d *L} Eq� n e zlwk �s ' �1
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� Lq wklv fdvh/ zh xvh d *L} Eq� n e vxfk wkdw �� ' f dqg �s ' �f1
� Vhohfw Nq dv d ghwhuplqlvwlf vfdq Jleev vdpsohu ri lqyduldqw glvwulexwlrq �q=
� Rqo| rqh yduldeoh lv xsgdwhg dw lwhudwlrq q> khqfh s q �1
� Q ' �fff sduwlfohv
� Uhvdpsolqj lv shuiruphg zkhq wkh HVV lv ehorz Q@2=
� 83 vlpxodwlrqv xvlqj wkh vdph gdwdvhw1



H{wud Frpphqwv = VPF Hvwlpdwhv
� Sduwlfoh dssur{lpdwlrq diwhu wkh pxwdwlrq vwdjh �qNq lv
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H{wud Frpphqwv = h�q E{�Gq3��{q�
� Fkrlfh ri h�q E{�Gq� ' �q E{q�Tq3�n'� On

�{nn�> {n� lv xvhixo dv lw pdnhv hydoxdwlqj
wkh LV zhljkwv vlpsohu =
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H{wud Frpphqwv = Ghwdlov ri Srvvleoh t�q�
� +Qhdo/ 5334, Pryh vprrwko| iurp wudfwdeoh glvwulexwlrq �� yld d vhtxhqfh
ri lqwhuphgldwh glvwulexwlrqv wr �=
� hj1 jhrphwulf sdwk =

�q E{� x d�� E{�o�q d� E{�o�3�q
zkhuh �� hdv| wr vdpsoh dqg �� ' �> �q ? �q3� dqg �S ' f=
� Joredo Rswlplvdwlrq = hj1 Vlpxodwhg Dqqhdolqj
� Fdq vhohfw �q E{� x d� E{�o�q zlwk t�q� lqfuhdvlqj vhtxhqfh vxfk wkdw �q < "=
� Uhvxowlqj dojrulwkp lv d jhqhwlf dojrulwkp zkhuh wkh vdpsolqj vwhs lv d
%pxwdwlrq% dqg uhvdpsolqj vwhs lv d %vhohfwlrq% vwhs1
� Vljql�fdqw gl�huhqfh wr vwdqgdug jhqhwlf dojrulwkpv lv zh frqwuro wkh dv0
|pswrwlf +Q < ", glvwulexwlrq ri wkh sduwlfohv1



� Vwdqgdug vhohfwlrq2pxwdwlrq dojrulwkpv duh edvhg rq
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� Lq jhqhudo h�q E{q� �' �q E{q� dqg sduwlfohv pd| qrw frqfhqwudwh rq d vhw ri
joredo pd{lpd ri �=
� Uduh Hyhqw Vlpxdwlrq
� Zdqw wr hvwlpdwh wkh suredelolw| ri d yhu| uduh hyhqw/ D/ xqghu wkh frqglwlrq
� ED� ?? �1

i Dssolfdwlrqv lq �qdqfh dqg whohfrppxqlfdwlrqv1



� Prvw ri wkhvh dssolfdwlrqv � lv w|slfdoo| hdv| wr vdpsoh dqg lwv qrupdol}lqj
frqvwdqw lv nqrzq1
� Vhtxhqfh ri glvwulexwlrqv lq wklv dssolfdwlrq zloo eh dv iroorzv =
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H{wud Frpphqwv = Ghwdlov ri Srvvleoh tOq�
� Lq vwdqgdug dssolfdwlrqv ri VPF rqo| wkh sursrvdo nhuqhov tNq� qhhg wr eh
vhohfwhg dv wkh mrlqw glvwulexwlrqv th�q� duh jlyhq e| wkh sureohp dw kdqg1
� Lq wkh iudphzrun frqvlghuhg wkhtOq� nhuqhov duh frpsohwho| duelwudu|1
� Lq sudfwlfh tOq� vkrxog eh rswlplvhg zlwk uhvshfw wr tNq�1
� Wr xqghuvwdqg krz wr vhohfw tOq�/ wkh nh| lv wr uhphpehu
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i Lpsrvvleoh wr lpsohphqw dv �q E{q� dgplwv qr forvhg0irup h{suhvvlrq1
�q E{q�'

+ ��N2Gq E{q� li qr uhvdpsolqj ehiruh q
�vNvGq E{q� odvw uhvdpsohg dw v

� Dq reylrxv Prqwh Fduor dssur{lpdwlrq ri �q E{q� lv edvhg rq wkh fxuuhqw
sduwlfohv =
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krzhyhu wkhq wkh frpsoh{lw| ri wkh dojrulwkp zrxog eh R �Q2� =
� Lqwurgxfwlrq ri nhuqhov tOq� doorzv xv wr shuirup Lpsruwdqfh Vdpsolqj zlwk



rxw kdylqj wr frpsxwh wkh pdujlqdo glvwulexwlrq

zq E{�Gq� '
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' zq3� E{�Gq3�� �q E{q�
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Oq3� E{q> {q3��
Nq E{q3�> {q� =

i Srvvleoh wr frpsxwh frqvlvwhqw LV zhljkw zlwkrxw kdylqj wr frpsxwh �q E{q� =

i Qr iuhh oxqfk wkhruhp= sulfh wr sd| lv yduldqfh lqfuhdvh dv qrz zhljkwv duh
hydoxdwhg rq Hq dv rssrvhg wr H1
� Rswlpdo vhtxhqfh ri nhuqhov qOrswq

r eulqjv |rx edfn wr LV rq H
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�Nn
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H{wud Frpphqwv = Vhohfwlrq ri Duwl�fldo Nhuqhov
� Kdug wr xvh qOrsw

n3�
r dv gr qrw nqrz �q E{q� exw fdq eh dssur{lpdwhg1

i Vxerswlpdo exw dv|pswrwlfdo| frqvlvwhqw vwudwhj| frqvlvwv ri xvlqj wkh ds0
sur{lpdwlrq ri Orswq3� jlyhq ehorz

Oq3� E{q> {q3�� ' �q3� E{q3��Nq E{q3�> {q�
�q3�Nq E{q� i zq E{q3�Gq� ' �q E{q�

�q3�Nq E{q�

� Li Nq lv dq PFPF nhuqho ri lqyduldqw glvwulexwlrq �q dqg �q3� s �q wkhq d
frqyhqlhqw fkrlfh lv

Oq3� E{q> {q3�� ' �q E{q3��Nq E{q3�> {q�
�q E{q� i zq E{q3�Gq� ' �q E{q3��

�q3� E{q3��=

i wklv fkrlfh ri Oq nhuqho lv d jrrg dssur{lpdwlrq ri Orswq3� zkhq �q3� E �q
� Uhpdun1 Dhvwhwklf exw jhqhudoo| edg lghd= Oq3� ' Nq=



H{wud Frpphqwv = Oq3� ' Nq

� E| vhohfwlqj Oq3�'Nq/ wkh lqfuhphqwdo zhljkw orrnv olnh d PK udwlr1
� Wklv fkrlfh pljkw eh �dhvwkhwlf� exw lv lqh!flhqw lq prvw fdvhv1
� Wr| h{dpsoh zkhuh H ' U/ �� E{� ' Q �{( f> �2��/ �2 E{� ' Q �{( f> �22� dqg
N2

�{> {�� ' Q �{�({> �2N
� zlwk �� D �21

� Dvvxph sduwlfohv dw wlph � kdyh ehhq uhvdpsohg vr wkdw �� ' ��1 Zkdwhyhu
�N / wkh LV zhljkw rq wkh pdujlqdo vsdfh lv xsshu erxqghg

�2 E{�
�2 E{� ? "=

dqg kdv �qlwh yduldqfh1



� Qrz dvvxph rqh grhv qrw shuirup lpsruwdqfh vdpsolqj rq H exw rq wkh
h{whqghg vsdfh H fH e| lqwurgxflqj dq dx{loldu| nhuqho O� ' N21 Lq wklv fdvh
wkh lpsruwdqfh zhljkw lv jlyhq e|

�2
�{��N2

�{�> {�
�� E{�N2 E{> {�� ' �2

�{��
�� E{� =

� Lw lv qrw xsshu erxqghg ryhu H fH dqg grhv qrw dgplw d �qlwh yduldqfh1
� Vr li H lv qrw d frpsdfw vhw/ rqh fdqqrw h{shfw wklv fkrlfh wr shuirup zhoo1



H{wud Frpphqwv = Oq3� ' �qE{q3��NqE{q3�>{q��qE{q�

� Frqvlghu wkh fdvh zkhuh Nq lv dq PFPF nhuqho ri lqyduldqw glvwulexwlrq �q=

� Frqyhqlhqw fkrlfh iru Oq3� lv
Oq3� E{q> {q3�� ' �q E{q3��Nq E{q3�> {q�

�q E{q�

� Jhw lqfuhphqwdo zhljkw zklfk lv lqghshqghqw ri {q
�q E{q3��

�q3� E{q3��=

� Wklv nhuqho lv d jrrg dssur{lpdwlrq ri Orswq3� li �q3� E �q1
� Wkh zhljkwv duh lqghshqghqw ri {q1



� Wkhuhiruh hyhq li Nq lv idvw pl{lqj +lq wkh olplwlqj fdvh Nq �{> {�� ' �q �{��,
wkhq wkh sduwlfohv duh vwloo zhljkwhg dffruglqj wr �qE{q3���q3�E{q3��=

� Vr li uhvdpsolqj lv xvhg/ lw lv pruh h!flhqw wr �uvw uhvdpsoh sduwlfohv zlwk
uhvshfw wr wkhlu zhljkwv �qE{q3���q3�E{q3�� ehiruh vdpsolqj wkhp dffruglqj wr Nq/
lqvwhdg ri xvlqj vdpsolqj wkhq uhvdpsolqj1
� Wklv lqfuhdvhv wkh glyhuvlw| dprqj sduwlfohv dw wlph q dqg lw lv srvvleoh vlqfh
wkh zhljkw lv lqghshqghqw ri {�1
� Wklv vlpsoh dssurdfk lv dwwudfwlyh exw frxog shuirup srruo| lq vrph dssol0
fdwlrqv1
� Frqvlghu d fdvh zkhuh wkh uhjlrqv ri kljk suredelolw| pdvv iru �q3� dqg �q
duh orfdwhg lq glvmrlqw sduwv ri wkh vwdwh vsdfh> h1j1 vd| d vhtxhqwldo Ed|hvldq
hvwlpdwlrq sureohp dqg |q lv dq lqirupdwlyh revhuydwlrq1



� Lq wklv fdvh zkhq wkh sduwlfohv duh uhvdpsohg/ rqo| yhu| ihz zloo vxuylyh
dqg wkhvh vxuylylqj sduwlfohv pljkw qrw hyhq eh orfdwhg lq wkh uhjlrqv ri kljk
suredelolw| pdvv ri �q1
� Khqfh/ h{fhsw zkhq Nq lv pl{lqj yhu| txlfno|/ shuirupdqfh zloo qrw eh
vdwlvidfwru|1



H{wud Frpphqwv = krprjhqhrxv fdvh
� Krprjhqhrxv fdvh= �q ' �/ Nq ' N/ Oq ' O zkhuh N lv dq PFPF nhuqho
ri lqyduldqw glvwulexwlrq � dqg

O �{> {�� ' � �{��N �{�> {�
� E{� =

� Diwhu kdylqj uhvdpsohg wkh sduwlfohv rqfh/ wkh| duh dssur{lpdwho| glvwulexwhg
dffruglqj wr �1
� Lq wklv fdvh/ O �{> {�� lv htxdo wr wkh rswlpdo nhuqho dqg wkh dvvrfldwhg lpsru0
wdqfh zhljkwv duh qrz htxdo wr 41
� Hdfk sduwlfoh hyroyhv lqghshqghqwo| dffruglqj wr N dqg lw lv qrw qhfhvvdu|
wr pdnh wkhp lqwhudfw dq|pruh1



� Whpswlqj wr frqvlghu d gl�huhqw O nhuqho/ lq wklv fdvh wkh sduwlfohv zrxog
kdyh wr eh uhvdpsohg shulrglfdoo|1
� Vxfk d vwudwhj| grhv qrw dsshdu mxvwl�hg dv uhvdpsolqj lv qrw shuiruphg
wr prgli| wkh pdujlqdo glvwulexwlrq ri wkh sduwlfohv exw mxvw wkh fruuhodwlrq
ehwzhhq vxuylylqj sduwlfohv dw wzr vxffhvvlyh wlph lqvwdqwv1
� Wklv rqo| olplwv wkh glyhuvlw| lq wkh vhw ri sduwlfohv dqg rqh fdqqrw h{shfw
wkh yduldqfh ri wkh uhvxowlqj hvwlpdwh wr eh orzhu wkdq wkh rqh rewdlqhg xvlqj
qrq0lqwhudfwlqj PFPF fkdlqv1


