(Yet another) proof of optimality for MIN replacement
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The MIN cache (or page) replacement policy prdn order to prove that MIN is an optimal replacement
posed by Belady [1] is an optimal off-line replacepolicy (i.e., it minimizes the number of misses), we
ment policy. Intuition tells that MIN must be opti-are going to show that, for any replacement policy
mal. The first published proof of optimality was veryk whose first departure from MIN replacement is at
detailed [4]. Some other proofs have been propos@te T, it is possible to derive a policy®’ that does
since [2, 5, 3, 6]. The proof sketched in [5] is anot generate more misses thArand whose first de-
extremely concise version of Mattson et al.'s proglarture from MIN replacement is at a time strictly
but is difficult to understand. The proof we proposgreater than-. By applying this procedure repeat-
hereafter is basically the same as [4] and [5], but iglly, we can transform any polidg into a MIN pol-
level of detail is intermediate. icy without increasing the number of misses, which
will prove the optimality of MIN.

Problem statement

Let us consider a set af/ blocks numbered from Proof

1to M, and a finite block sequencé()), witht = | ot ;5 consider a replacement polidy; different

1,2,3,-- andb(t) € [1, M]. Atimet, thecacheisa fom N, that victimizes blocks{v(t)} and gen-
setS(t) C [1, M]. The cache sizgS(t)| = N < M grates cache stat¢gt). From R, we are going to

is fixed and constant. Without loss of generality, W rive a policyR’ # R victimizing blocks {v/(1)}

assumeS(1) = [1,N]. o and generating cache stat&/§t). Let, be the ear-
If b(t) € S(t), this is ahit. Otherwise, ifb(t) ¢ |iast miss time such that(r) # v, where
S(t), this is amiss, and avictimblock v(¢) is evicted

from the cache to make room for bloék) : om = argmax{T; ()}
JES(m1)
St+1)=(S>t)—{v®)}) u{bt)} That is, 7, is the earliest departure of policiR
] ) from MIN. Fort < 7, policy R’ imitates R, i.e.,
By convention, we defingv(t)} = () whenb(t) € (/(t)} = {v(t)}. Consequentlys’(r) = S(r).
S()- _ _ At time 71, instead of victimizing block(7), pol-
We dgf_mel}-(t) as the earliest >t such thgt icy R’ victimizes blockv/(r1) = vm. Hence the
b(r) = j, i.e., itis the next reference time for blogk ¢ departure of policy?’ from MIN happens at a

after timet. By convention,[;(t) = oo if there is no e gyrictly greater tham,. We define set®(#) and
reference to block after time¢. The MIN replace- D'(t) as follows :

ment policy evicts the block whose next reference is
furthest in the future :

i | D(t) = {ieS@t)/i¢ s 1)}
w(t) = a;ggzgx{Ty (t)} D'(t) = {ieS(t)/i¢St)}



We have

D(Tl + 1)
D/(Tl -+ 1)

{om}
{v(r)}

We define sequendey,) as follows. Fork > 1,

Tht1 = To(r) (Th)

Fort > 7 andaslong asb(t) # v, and v(t) # vy,
policy R’ behaves as follows. Initiallyk = 1. At
timet = 7, + 1, we have

D(t)
D'(t)

{om}
{o(re)}

We iterate the following steps.

(1)

Step k: for 7, <t < Ty

Asb(t) ¢ D(t), a hit by R implies a hit byR’. Equa-
tions (1) remain true fot + 1. Asb(t) # b(Ti+1) =
v(7g), i.e.,b(t) ¢ D'(t), a miss byR implies a miss
by R'. Inthis case, as(t) ¢ D(t) (from the assump-
tion v(t) # vy), v(t) € S'(t) and we can choose

v'(t) = v(t) (both policies evict the same block) and

equations (1) remain true for+ 1.

Endof Step k: t = 714

We haveh(t) = v(ry). Policy R’ hits while policy R
misses. Blocky(7y) replaces block(7x41) in S(t)
and blockv(y1) replaces block(7y) in D'(t) : we
haveD'(t+ 1) = {v(%+1)}. We go to the next step,
k «— k + 1, and equations (1) remain true fo# 1.

occurs first (at timefy,, (1)), this is a hit forR and
a miss forR’ (equations (1)). Policy?’ evicts block
v(7g), so thatS'(t + 1) = S(t +1). ThenR'is
identical toR. It should be noted that the definition
of v, impliesmy, < T, (71). SO whenb(t) = vy,
we must have: > 2. Before R’ misses om,,, R
has generated at least one extra miss compar&d to
HenceR' does not generate more misses tiian

In any case, policyR’ does not generate more
misses tharRk. By repeating this procedure, we de-
rive a policy R” from R’, and so on, until obtaining
the MIN policy for the whole sequence. As we made
no assumption on policy, this proves the optimal-
ity of MIN.
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At the end of stek, policy R has generated exactly

k extra misses compared f¢.
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The procedure described above ends with sequence

(b(t)) or when the assumptids{t) # v, andv(t) #
vy, becomes false. If the casét) = v, occurs first,
thenS’(t + 1) = S(t + 1), and from now on,R’
follows R exactly. Otherwise, if the casgt) = v,,



