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Morphic words

Let be 7,0,2,a € ¥ such as
» 7(a) = au
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Morphic words

Let be 7,0,2,a € ¥ such as

» 7(a) = au
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aut(u)
aut(u)7?(u)

aut(u)r?(u)r3(u). ..
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Morphic words

Let be 7,0,2,a € ¥ such as

» 7(a) = au

() = a
7(a) = au
2(a) = aut(u)
3a) = aur(u)r?(u)
7(a) = aut(u)7?(u)m3(u). ..

» o renames the result.

The infinite words o(7%(a)) are the morphic words.
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Yielding / Harvesting

A deterministic tree may be harvested by picking leaves from left
to right, if possible.
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Schemes

A (first-order) scheme is a deterministic term grammar

X/F\y %X/f\f: - X/f\f
/N /\
A NRVAN
y X /F\ /F\
y X y/F\Xy
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First result

Proposition

Schemes yield exactly morphic words.
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Schemes at second level
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Schemes at second level

F . f
/ N\ / N\
g x x g
F
/' \
F X
|
g
X o)
g 0— 0
f 0—0—0
F (0 —0)—0—o0

n}
L)
1
u
!

DA



The Champernowne word

This word is obtained by enumerating numbers in order and
concatenating them. Respectively in decimal an binary, it begins by

01234567891011121314. ..
0110111001011101111000. ..
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Introducing second-order morphic words
A term word (tw) is a finite sequence of terms.
There are still

» 7,0, term morphisms,

> letters 3 g, but also functions %1,
» And a root letter a € ¥ .
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Introducing second-order morphic words

A term word (tw) is a finite sequence of terms.

There are still

» 7,0, term morphisms,

> letters 3 g, but also functions %1,

» And a root letter a € ¥ .

7(a) = au ouutwof opUX;

bexy: T(b) = up twof IgUX;
bexy: 7(b(z1,...,2z0) = up twof LoUXiU{z1,...,2,}
be¥y: o(b) = v €Xf
beXi: ob(zr,....zp)) = w €(XoU{z,...,zp})*

T(b(t1,...,tn)) = up[7(ti)/zi]

o(b(ty,... . tn)) = ublo(ti)/zi]

o 5 - = E
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Champernowne is a second-order morphic word

Z0 = {3’071}721 = {gl} :

T a — ag(0)g(1)
g(z) — g(z0)g(z1)
o a — 01
g(z) — 1z
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Champernowne is a second-order morphic word

Z0 = {3)071}721 = {gl} :

T a — ag(0)g(1)
g(z) — g(20)g(z1)
o a — 01
g(z) — 1z
7(a) 7(g(0)) m(g(1))

m2(a) = a g(0)g(1)g(00)g(01)g(10)g(11)
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Champernowne is a second-order morphic word

Z0 = {3)071}721 = {gl} :

T a — ag(0)g(1)
g(z) — g(20)g(z1)
o a — 01
g(z) — 1z

7(a) 7(g(0)) 7(g(1))

= a g(0)g(1) g(00)g(01) g(10)g(11)
01 10 11 100 101 110 111
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As wished,

Proposition

Second-order schemes yield exactly second-order morphic words.
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Widening the background

The Caucal hierarchy :
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Widening the background

The Caucal hierarchy :

» monadic interpretations

1(G) = {p > qlda(p, q)}
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Widening the background

The Caucal hierarchy :

» monadic interpretations

1(G) = {p > qlda(p, q)}

» unfoldings
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Finite trees

Finite graphs

o
Prefix
oRfe ‘rllll?g (tjgegersee ! __ | recognizable
(Treer) graphs(Graphy )
o
Algebraic
trees ! Graphy
(Treep) >
o
Tree3 / > Graphs
etc...




Word graphs

Proposition
Morphic words belong to Graphs.

Second-order morphic words belong to Graphs.
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