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Morphic words

Let be τ, σ,Σ, a ∈ Σ such as

◮ τ(a) = au

τ0(a) = a

τ(a) = au

τ2(a) = auτ(u)
τ3(a) = auτ(u)τ2(u)

. . .
τω(a) = auτ(u)τ2(u)τ3(u) . . .

◮ σ renames the result.

The infinite words σ(τω(a)) are the morphic words.



Yielding / Harvesting

A deterministic tree may be harvested by picking leaves from left
to right, if possible.
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Schemes

A (first-order) scheme is a deterministic term grammar.
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First result

Proposition

Schemes yield exactly morphic words.
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Schemes at second level
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Schemes at second level
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x : o

g : o → o

f : o → o → o

F : (o → o) → o → o



The Champernowne word

This word is obtained by enumerating numbers in order and
concatenating them. Respectively in decimal an binary, it begins by

01234567891011121314 . . .
0110111001011101111000 . . .



0, 1 : o

g : o → o

∗ : o → o → o

G : (o → o) → o → o

F : (o → o) → o
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Introducing second-order morphic words

A term word (tw) is a finite sequence of terms.
There are still

◮ τ, σ, term morphisms,

◮ letters Σ0, but also functions Σ1,

◮ And a root letter a ∈ Σ0.



Introducing second-order morphic words

A term word (tw) is a finite sequence of terms.
There are still

◮ τ, σ, term morphisms,

◮ letters Σ0, but also functions Σ1,

◮ And a root letter a ∈ Σ0.

τ(a) = au où u tw of Σ0 ∪ Σ1

b ∈ Σ0 : τ(b) = ub tw of Σ0 ∪ Σ1

b ∈ Σ1 : τ(b(z1, . . . , zn)) = ub tw of Σ0 ∪ Σ1 ∪ {z1, . . . , zn}

b ∈ Σ0 : σ(b) = vb ∈ Σ∗

0

b ∈ Σ1 : σ(b(z1, . . . , zn)) = vb ∈ (Σ0 ∪ {z1, . . . , zn})
∗

τ(b(t1, . . . , tn)) = ub[τ(ti )/zi ]
σ(b(t1, . . . , tn)) = ub[σ(ti )/zi ]



Champernowne is a second-order morphic word

Σ0 = {a, 0, 1},Σ1 = {g1} :

τ : a 7→ ag(0)g(1)
g(z) 7→ g(z0)g(z1)

σ : a 7→ 01
g(z) 7→ 1z
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Champernowne is a second-order morphic word

Σ0 = {a, 0, 1},Σ1 = {g1} :

τ : a 7→ ag(0)g(1)
g(z) 7→ g(z0)g(z1)

σ : a 7→ 01
g(z) 7→ 1z

τ2(a) =

τ(a)
︷ ︸︸ ︷

a g(0)g(1)

τ(g(0))
︷ ︸︸ ︷

g(00)g(01)

τ(g(1))
︷ ︸︸ ︷

g(10)g(11)
σ(τ2(a)) = 01 10 11 100 101 110 111



As wished,

Proposition

Second-order schemes yield exactly second-order morphic words.
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Widening the background

The Caucal hierarchy :

◮ monadic interpretations

I (G ) = {p
a
→ q|φa(p, q)}

◮ unfoldings
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Word graphs

Proposition

Morphic words belong to Graph2.

Second-order morphic words belong to Graph3.


