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1) Abstra
t numeration systemsDe�nition. [P. Le
omte, M. Rigo, 2001℄ An abstra
t numerationsystem is a triple S = (L,Σ, <) where L is a regular language over atotally ordered alphabet (Σ, <).Enumerating the words of L with respe
t to the genealogi
al orderingindu
ed by < gives a one-to-one 
orresponden
e
repS : N→ L valS = rep−1

S : L→ N.



Examples1) a∗
n 0 1 2 3 4 · · ·

rep(n) ε a aa aaa aaaa · · ·2) {a, b}∗, a < b
n 0 1 2 3 4 5 6 7 · · ·

rep(n) ε a b aa ab ba bb aaa · · ·3) a∗b∗, a < b
n 0 1 2 3 4 5 6 · · ·

rep(n) ε a b aa ab bb aaa · · ·



Remark. This generalizes �
lassi
al� Pisot systems like integer basesystems or Fibona

i system.
L = {ε} ∪ {1, . . . , k − 1}{0, . . . , k − 1}∗ or L = {ε} ∪ 1{0,01}∗De�nition. A set X ⊆ N is S-re
ognizable if repS(X) ⊆ Σ∗ is a regularlanguage (a

epted by a DFA).



2) Main questionIf S = (L,Σ, <) is an abstra
t numeration system, 
an we �nd somene
essary and su�
ient 
ondition on λ ∈ N su
h that for any S-re
ognizable set X, the set λX is still S-re
ognizable ?
X S-re
 ?

−→ λX S-re




3) First results about S-re
ognizabilityTheorem 1. Let S = (L,Σ, <) be an abstra
t numeration system.Any arithmeti
 progression is S-re
ognizable.De�nition. We denote by uL(n) the number of words of length nbelonging to L.Theorem 2. [Polynomial 
ase℄ Let L ⊆ Σ∗ be a regular languagesu
h that uL(n) ∈ Θ(nk), k ∈ N and S = (L,Σ, <). Preservation ofthe S-re
ognizability after multipli
ation by λ holds only if λ = βk+1for some β ∈ N.



De�nition. A language L is slender if uL(n) ∈ O(1).Theorem 3. [Slender 
ase℄ Let L ⊂ Σ∗ be a slender regular lan-guage and S = (L,Σ, <). A set X ⊆ N is S-re
ognizable if and only if

X is a �nite union of arithmeti
 progressions.Corollary. Let S be a numeration system built on a slender language.If X ⊆ N is S-re
ognizable then λX is S-re
ognizable for all λ ∈ N.



Theorem 4. Let β > 0. For the abstra
t numeration system

S = (a∗b∗, {a < b}),the multipli
ation by β2 preserves S-re
ognizability if and only if β isan odd integer.



4) Bounded languages, notationWe denote by Bℓ = a∗1 · · · a
∗
ℓ the bounded language over the totallyordered alphabet Σℓ = {a1 < . . . < aℓ} of size ℓ ≥ 1.We 
onsider abstra
t numeration systems of the form (Bℓ,Σℓ) and wedenote by repℓ and valℓ the 
orresponding bije
tions.A set X ⊆ N is said to be Bℓ-re
ognizable if repℓ(X) is a regularlanguage over the alphabet Σℓ.



In this 
ontext, multipli
ation by a 
onstant λ 
an be viewed as atransformation
fλ : Bℓ → Bℓ.The question be
omes then :Can we determine some ne
essary and su�
ient 
ondition underwhi
h this transformation preserves regular subsets of Bℓ ?



ExampleLet ℓ = 2, Σ2 = {a, b} and λ = 25.
8
×25
−−−→ 200

rep2 ↓ ↓ rep2

a b2
f25−−→ a9 b10

N
×λ
−−→ N

repℓ ↓ ↓ repℓ

Bℓ
fλ−→ BℓThus multipli
ation by λ = 25 indu
es a mapping fλ onto B2 su
hthat for w, w′ ∈ B2, fλ(w) = w′ if and only if val2(w

′) = 25val2(w).



5) Bℓ-representation of an integerWe set
uℓ(n) := uBℓ

(n) = #(Bℓ ∩Σn
ℓ )and

vℓ(n) := #(Bℓ ∩Σ≤n
ℓ ) =

n
∑

i=0

uℓ(i).Lemma 1. For all ℓ ≥ 1 and n ≥ 0, we have
uℓ+1(n) = vℓ(n) (1)and

uℓ(n) =
(n + ℓ− 1

ℓ− 1

)

. (2)



Lemma 2. Let S = (a∗1 · · · a
∗
ℓ , {a1 < · · · < aℓ}). We have

valℓ(a
n1
1 · · · a

nℓ
ℓ ) =

ℓ
∑

i=1

(ni + · · ·+ nℓ + ℓ− i

ℓ− i + 1

)

.Corollary. [Katona, 1966℄ Let ℓ ∈ N \ {0}. Any integer n 
an beuniquely written as
n =

(zℓ

ℓ

)

+
(zℓ−1

ℓ− 1

)

+ · · ·+
(z1

1

) (3)with zℓ > zℓ−1 > · · · > z1 ≥ 0.



ExampleConsider the words of length 3 in the language a∗b∗c∗,

aaa < aab < aac < abb < abc < acc < bbb < bbc < bcc < ccc.We have val3(aaa) =
(

5
3

)

= 10 and val3(acc) = 15.If we apply the erasing morphism ϕ : {a, b, c} → {a, b, c}∗ de�ned by

ϕ(a) = ε, ϕ(b) = b, ϕ(c) = con the words of length 3, we get
ε < b < c < bb < bc < cc < bbb < bbc < bcc < ccc.So we have val3(acc) = val3(aaa) + val2(cc) where val2 is 
onsideredas a map de�ned on the language b∗c∗.



Algorithm 
omputing repℓ(n).Let n be an integer and l be a positive integer.

For i=l,l-1,...,1 do

if n>0,

find t su
h that

(

t

i

)

≤ n <
(

t+1
i

)

z(i)←t

n←n-

(

t

i

)

otherwise, z(i)←i-1Consider now the triangular system having α1, . . . , αℓ as unknowns
αi + · · ·+ αℓ = z(ℓ− i + 1)− ℓ + i, i = 1, . . . , ℓ.One has repℓ(n) = a

α1
1 · · · a

αℓ
ℓ .



ExampleFor ℓ = 3, one gets for instan
e
12345678901234567890 =

(4199737

3

)

+
(3803913

2

)

+
(1580642

1

)and solving the system










n1 + n2 + n3 = 4199737− 2
n2 + n3 = 3803913− 1

n3 = 1580642

⇔ (n1, n2, n3) = (395823,2223270,1580642),we have
rep3(12345678901234567890) = a395823b2223270c1580642.



Remark. In parti
ular, we have uBℓ
(n) ∈ Θ(nℓ−1).So we have to fo
us only on multipli
ators of the kind

λ = βℓ.



6) Multipli
ation by λ = βℓTheorem. For the abstra
t numeration system
S = (a∗b∗c∗, {a < b < c}),if β ∈ N \ {0,1} is su
h that β 6≡ ±1 (mod 6) then the multipli
ationby β3 does not preserve the S-re
ognizability.For instan
e, if β ≡ 2 (mod 6), for n large enough, we have

rep3

[

(6k + 2)3 val3(a
n)

]

= ar bs+(3k+1)n ct+(3k+1)nwhere the 
onstants r, s, t are given by
r = 4k+6k2, s = 5k+11k2+24k3+18k4, t = −3k−17k2−24k3−18k4.



Conje
ture. Multipli
ation by βℓ preserves S-re
ognizability for theabstra
t numeration system
S = (a∗1 · · · a

∗
ℓ , {a1 < · · · < aℓ})built on the bounded language Bℓ over ℓ letters if and only if

β =
k

∏

i=1

p
θi
iwhere p1, . . . , pk are prime numbers stri
tly greater than ℓ.



Lemma 1. For n ∈ N large enough, we have
|repℓ(β

ℓn)| = β |repℓ(n)|+
(β − 1)(ℓ− 1)

2
+ iwith i ∈ {−1,0, . . . , β − 1}.De�nition. For all i ∈ {−1,0, . . . , β − 1} and k ∈ N large enough, wede�ne

Ri,k :=

{

n ∈ N : |repℓ(n)| = k and |repℓ(β
ℓn)| = β k+

(β − 1)(ℓ− 1)

2
+i

}

.



We assume that β satis�es the 
ondition of the Conje
ture.Proposition. Let i ∈ {0, . . . , β − 1}. There exists a 
onstant L ≥ 0(depending only on ℓ and β) su
h that for all k ≥ L, if m = minRi,kand n = minRi,k+βℓ−1 then
∀t ∈ {2, . . . , ℓ} : |repℓ(β

ℓm)|at = |repℓ(β
ℓn)|at.Furthermore, |repℓ(β

ℓm)|a1 + βℓ = |repℓ(β
ℓn)|a1.


