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Abstract

In this paper we study three classes of finite automata satisfying the properties that every bi-

infinite word is the label of at most one, at least one and exactly one bi-infinite path. In particular,

we investigate the algorithmic complexity of testing if a given finite automaton has one of these

properties. Also, when restricted to the first class above, we give a polynomial time algorithm

deciding whether for two automata, the languages of bi-infinite words obtained as labels of bi-infinite

paths are equal. In terms of sofic systems, the result provides a polynomial time algorithm to test

the equality of two subshifts of finite type, given their representations as local automata.

1 Introduction

Often in Mathematics and Theoretical Computer Science it happens that almost similar questions arise
from apparently unrelated subfields. This is also the case of the subshifts of finite type. From a topological
point of view, such a subshift is a closed, shift-invariant collection of bi-infinite words avoiding a finite
number of factors. Also, it can be defined in Finite Automata terms, as the collection of labels of all bi-
infinite paths of a local automaton. In our case, subshifts of finite type are obtained by “loosing” some of
the constraints of a particular type of automata, i.e., ωωbijective automata, which are themselves obtained
as a generalization of the de Bruijn representation of reversible one-dimensional cellular automata.
In [4] ωωbijective automata are defined as finite automata in which for any bi-infinite word there ex-
ists a unique path labeled accordingly. Starting from this definition, it is proved that each reversible
one-dimensional cellular automaton has an associated ωωbijective automaton that captures most of the
information and properties of the initial system. In the same paper two natural less restrictive definitions
are also considered: that of ωωinjective automata, i.e. for any bi-infinite word there exists at most one
path labeled accordingly, and that of ωωsurjective automata, i.e. for any bi-infinite word there exists at
least one path labeled accordingly. Moreover, the definition of ωωinjective automata is itself one of the
defining properties of another particular, well studied class of finite automata, i.e. local automata, see [2].
An automaton is called local if there exist two values m and k, 0 ≤ m ≤ k, such that any two equally
labeled paths of length k go through the same state at time m. It was proved in [2], see also [4], that an
automaton is ωωinjective if and only if it is local.
In this paper we are addressing three algorithmic problems: how efficiently can one decide whether a finite
automaton is ωωinjective, ωωsurjective, or ωωbijective, respectively? While the first problem is known to
be solvable in quadratic time, see for example [1], and the second problem is not particularly hard to
be proved PSPACE-complete, there is no immediate efficient algorithm testing for the ωωbijectivity of
an automaton. The polynomial time algorithm presented here answers in fact a more general question:
given two ωωinjective automata, decide whether they are ωωequivalent, i.e., whether the two languages of
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bi-infinite words obtained as labels of bi-infinite paths are equal. The ωωbijectivity problem for a given
automaton becomes now easy, as it is reduced to testing whether it is ωωequivalent to a fixed ωωbijective
automaton.

A similar result is given in [8] where a polynomial time algorithm determining whether two irreducible
sofic systems with deterministic representations are equal is presented. Although the class of subshifts
considered in [8] is more general, in our case we only require that the presentations of the subshifts are
local, instead of deterministic.

2 Preliminaries

The aim of this section is to present formal definitions and notations used throughout the paper. We
assume that the reader is familiar with fundamental concepts from automata theory and algorithmic
complexities; for more details we refer to [7] and [5], respectively. Some basic linear algebra concepts are
also introduced, as they are used later on.

Let Σ be a finite alphabet. We denote by Σ+, Σω, ωΣ and ωΣω the sets of all nonempty finite, right
infinite, left infinite, and bi-infinite words over the alphabet Σ, respectively. Also, for k ≥ 1, Σk is the set
of all words of length k. Given a right (respectively left) infinite word w ∈ Σω (w ∈ ωΣ), a word u ∈ Σ∗

is a prefix (resp. suffix ) of w if there exists a right (resp. left) infinite word w′ such that w = uw′ (resp.
w = w′u). For a word u ∈ Σ∗, |u| denotes the length of the word. Given a finite set Q, we denote by 2Q

the power set of Q. Finally, we denote by Z and R the sets of integer and real numbers, respectively.

Formally, a (nondeterministic) finite automaton is a construction of the form A = (Q, Σ, I, δ, F ) where
Q is the finite set of states, Σ is the input alphabet (or the set of labels), I and F are the sets of initial

respectively final states of the automaton, and δ : Q × Σ → 2Q is the transition function. If we are not
interested in the language accepted by this automaton, but only on the possible paths, the initial and
final states are omitted.

A path of length k in A is a sequence of k + 1 states (qi)1≤i≤k+1 such that for every 1 ≤ i ≤ k there
exists ai ∈ Σ such that qi+1 ∈ δ(qi, ai). We refer to the word w = a1a2 . . . ak as the label of the path
(qi)1≤i≤k+1. We say that a word w ∈ Σk, k ≥ 1, is accepted by A if there exists a path (qi)1≤i≤k+1

labelled by w such that q1 is an initial state while qk+1 is a final state. In particular, we say that A
accepts also the empty word λ, if I ∩ F 6= ∅. We denote by L(A) the set of words accepted by A.

The definition of a path can be naturally generalized for the infinite case. Hence, the sequences (q1
i )i≤0,

(q2
i )i≥0, and (q3

i )i∈Z are left, right, and bi-infinite paths respectively, if there exist words w1 = (a1
i )i<0,

w2 = (a2
i )i≥0, and w3 = (a3

i )i∈Z such that q1
i+1 ∈ δ(q1

i , a1
i ) for all i < 0, q2

i+1 ∈ δ(q2
i , a2

i ) for all i ≥ 0, and
q3
i+1 ∈ δ(q3

i , a3
i ) for all i ∈ Z, respectively. Although the acceptance condition can be also generalized

to infinite and bi-infinite words, see for example [10], in this paper we are interested only in the paths
labelled by such words and not the language recognized by the automaton.

A finite automaton is called local if there exist two integers m and k with 0 ≤ m ≤ k, such that for any
two equally labeled paths (q0, q1, . . . , qk) and (q′0, q

′
1, . . . , q

′
k) of length k, we have that qm = q′m. This is

similar to saying that the current state on a path is determined by a bounded number of labels from the
past and from the future. For such an automaton, the smallest integer k satisfying the above condition
is called the synchronization delay.

In [4] finite automata are classified according to the number of different bi-infinite paths that can have
the same labelling. We say that a finite automaton A is

• ωωinjective, if for any word w ∈ ωΣω there exists at most one path in A labeled by w,

• ωωsurjective, if for any word w ∈ ωΣω there exists at least one path in A labelled by w,

• ωωbijective, if for any word w ∈ ωΣω there exists exactly one path in A labelled by w.
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It was proved in [2] that the class of ωωinjective automata is the same as the class of local automata.
In the same time, in [4] it is presented how ωωbijective automata can be seen as an extension of the de
Bruijn representation of reversible cellular automata.
Let A = (Q, Σ, δ) be a finite automaton. We say that a state q ∈ Q is transient if it cannot be found on
any bi-infinite path. By eliminating the transient states together with all the transitions starting from
or ending in one of them, we obtain the non-transient part of the automaton. Moreover, this procedure
can be performed in linear time, by computing first the strongly connected components. It is easy to see
that A is ωωinjective (ωωsurjective, ωωbijective respectively) if and only if the non-transient part of A is
ωωinjective (ωωsurjective, ωωbijective respectively). This is why in the next sections we assume that all
the automata considered do not contain transient states, i.e., we work with the non-transient part of the
automaton only.
Some of the results presented in the paper have a counterpart in terms of sofic systems. This is why we
briefly introduce at this moment some basic notion from this field. For more details on sofic systems and
Symbolic Dynamics in general, we refer to [9] and [2]. Given an alphabet Σ, the set of all bi-infinite words
ωΣω is called the full shift. A subshift S is a closed shift-invariant subset of the full shift, where the shift
operator σ is defined by σ((ai)i∈Z) = ai+1. Given a finite automaton, the set of bi-infinite words obtained
as labels of all bi-infinite paths in that automaton is a subshift. Any subshift obtained in this way is
called a sofic subshift, (or sofic system), while the automaton generating it is called a representation (or
simply presentation) for that sofic system. Clearly, a sofic system may have more than one presentation.
A subshift is called of finite type if it is a closed, shift-invariant collection of bi-infinite words avoiding a
finite number of factors. A well known result says that a subshift is of finite type if and only if it has a
local presentation, i.e. there exists a local automaton generating that subshift, see for example [2].
Linear algebra is a vast and rich field of study. It is no wonder that many problems turn to have elegant
solutions when a linear algebra approach is considered. This is also the case of some of our proofs
presented later in the paper. For any subset P of the state set Q = {1, 2, . . . , n} we consider the 0-1

vector ~P in R
n whose i’th coordinate is 1 if i ∈ P and 0 otherwise. The singletons {i}i∈Q then correspond

to the unit coordinate vectors and they form a basis of the vector space R
n. Also, we denote by ~0 = ~∅.

Notice that for any P1, P2 ⊆ Q the inner product ~P1 · ~P2 is the cardinality of their intersection P1 ∩ P2.
For any S ⊆ R

n the subspace of R
n generated by S is denoted by 〈S〉. Also, if h1, . . . , hm : R

n −→ R
n

are m linear mappings, then for any w ∈ {1, . . . , m}∗, w = a1a2 . . . , we denote by hw = ha1
◦ ha2

◦ . . .

the composition of the corresponding linear mappings.

3 ωωAlgorithms

We devote this section to the study of the algorithmic complexity of several problems regarding ωωinjective,
ωωsurjective and ωωbijective automata, respectively. In particular, while we show that ωωsurjectivity
testing is PSPACE-complete, we give a polynomial time algorithm testing for the ωωbijectivity of an au-
tomaton. The last result is obtained as a particular case of a more general setting: given two ωωinjective
automata we give a polynomial time algorithm deciding whether the two languages of bi-infinite words
obtained as labels of bi-infinite paths are equal. For sake of completeness, we start by discussing known
results about ωωinjectivity testing.
It was proved in [2] that an automaton is ωωinjective if and only if it is local. By looking for some
particular cycles in the associated pair graph, it was proved in [1] that testing for the locality of an
automaton, and hence also for ωωinjectivity, can be done in quadratic time.
Next we consider the class of ωωsurjective automata and the algorithmic complexity of testing whether
a given automaton has this property. We relate this question to the problem of testing whether an
automaton accepts the language Σ∗. In particular, the latter problem is known to be PSPACE-complete,
see [5]. We start by giving a preliminary result about non-ωωsurjective automata.
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Lemma 1. A = (Q, Σ, δ) is a non-ωωsurjective automaton if and only if there exists a finite word u ∈ Σ+

which cannot be the label of any path in A.

Proof. For the direct implication of the lemma, let us assume that for any n > 0 and any u ∈ Σn there
exists at least one path labelled by u. Then, by letting n approach infinity, and by using the compactness
of the topological space of bi-infinite words (see [6]), we obtain that A is ωωsurjective.
The reverse implication is also true due to the following consideration: if there exists a finite word u ∈ Σ+

which cannot be the label of any path in A then any bi-infinite word v ∈ ωΣω containing u cannot be the
label of a bi-infinite path.
Let A = (Q, Σ, I, δ, F ) be a finite automaton. From A we construct a new automaton A′ = (Q, Σ ∪
{#}, δ′), by adding a new label # 6∈ Σ and by including also new transitions labelled by # between any
final and any initial state i.e. qs ∈ δ′(qf , #) for all qf ∈ F and qs ∈ I . We claim that A recognizes Σ∗ if
and only if A′ is ωωsurjective.
Indeed, if there exists u ∈ Σ∗ such that u 6∈ L(A), then no path starting from an initial state and ending
in a final state is labelled by u. But then, since # can appear only as the label of a transition from a
final to an initial state, we have that #u# cannot be the label of any path in A′. Hence, by the previous
lemma, A′ is not ωωsurjective.
On the other hand, if for all u ∈ Σ∗ there exists at least one path in A from an initial to a final state,
then we can reason as follows. Any word v ∈ (Σ∪ {#})∗ can be written as v = v1#v2# . . .#vk for some
k ≥ 0 and v1, . . . , vk ∈ Σ∗. Moreover, we have that for each vi, 1 ≤ i ≤ k there exists a path starting
from an initial state and ending in a final state. Since between any final state and any initial state there
is a transition labelled by #, we can conclude that there is at least one path in A′ labelled by v and
hence, due to Lemma 1, A′ is ωωsurjective.
Moreover, testing whether an automaton A = (Q, Σ, δ) is ωωsurjective is similar to testing whether Σ∗ is
recognized by A when all states are both initial and final. Hence, testing ωωsurjectivity is in PSPACE.

Theorem 2. Testing whether an automaton is ωωsurjective is PSPACE-complete.

The last part of this section concentrates on giving a polynomial time algorithm for another impor-
tant problem. Given two ωωinjective automata we would like to test whether the two languages of
bi-infinite words obtained as labels of bi-infinite paths are equal. If so, we say that the two automata
are ωωequivalent. Clearly, testing whether an ωωinjective automaton is also ωωbijective can be done by
checking whether it is ωωequivalent to a fixed ωωbijective automaton. First, we need to introduce two
families of sets of states which are going to be extensively used during the algorithm.
Given an automaton A = (Q, Σ, δ), for each w ∈ Σω, we set

L(w) = {q ∈ Q | (q, q1, q2, . . . ) is a path in A labelled by w}

and call it the left Welch set of w. It contains all the states from which a path in A labelled by w can
start. Similarly, for any w ∈ ωΣ we define the right Welch set of w as

R(w) = {q ∈ Q | (. . . , q−2, q−1, q) is a path in A labelled by w},

i.e. the set containing all the states on which a path in A labelled by w can stop. The Welch sets were
first introduced in [6] in the context of symbolic dynamics. However, they proved to have an important
role also in the study of reversible cellular automata, see [3], and ωωbijective automata, see [4].
If n is the cardinality of the state set Q, for each left and respectively right Welch set we associate a
0-1 vector in R

n, called left respectively right Welch vector. Also, for each a ∈ Σ we define a linear
function ha : R

n −→ R
n as follows. For every q ∈ Q we have ha(~q) = ~H where ~q is the basis vector

corresponding to q and H = {p ∈ Q | q ∈ δ(p, a)}. This uniquely specifies the linear function ha. Vector
~X, corresponding to a set X ⊆ Q of states, is mapped according to ha( ~X) =

∑

q∈X ha(~q). Note that

ha( ~X) is not always a 0-1 vector, so it does not necessarily represent a set. However, the next proposition,
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similar to a result from [4], states that if A is ωωinjective and L is a left Welch set then ha(~L) is a 0-1
vector representing a left Welch set:

Proposition 3. Let A = (Q, Σ, δ) be ωωinjective. Then, for every a ∈ Σ and w ∈ Σω we have ha(~L(w)) =
~L(aw).

Similarly, let us define linear functions ga(~q) = ~H where H = {p ∈ Q | p ∈ δ(q, a)}. They naturally have
the similar property concerning the right Welch sets.

Proposition 4. Let A = (Q, Σ, δ) be ωωinjective. Then, for every a ∈ Σ and w ∈ Σω we have ga(~R(w)) =
~R(wa).

When testing for the ωωequivalence of two automata, we assume from the beginning that the automata
considered are ωωinjective, non-empty, and do not contain transient states. However neither of these
assumptions affects the overall complexity of the problem, since testing for ωωinjectivity and removing
transient states can be performed in polynomial time, while the emptiness problem becomes now trivial.

Let A = (Q, Σ, δ) and A′ = (Q′, Σ, δ′) be two ωωinjective automata, where the cardinalities of the two
state sets are |Q| = n and |Q′| = n′, respectively. Starting from the Welch vectors corresponding to the
same right or left infinite word but from both automata A and A′, we are going to define new vectors,
better suited for our analysis. For a right infinite word w ∈ Σω, let L = L(w) ⊆ Q and L′ = L(w) ⊆ Q′ be
the two left Welch sets corresponding to w, one obtained from automaton A, the other from automaton
A′. We first multiply the left Welch vector ~L ∈ R

n by (−1) (and simply denote it by −~L), and then

we concatenate it to the right with the other left Welch vector ~L′ ∈ R
n′

. Thus, we obtain an n + n′

dimensional vector ~Lcc(w) =
(

−~L, ~L′
)

called the extended left Welch vector associated to w. We say

that ~L is the first component of ~Lcc, while ~L′ is the second component.

Similarly, from two right Welch sets R ⊆ Q and R′ ⊆ Q′ corresponding to the same left infinite word v ∈
ωΣ but from both automata, we construct the extended right Welch vector ~Rcc(v) =

(

~R, ~R′
)

∈ R
n+n′

,

this time without multiplying the first component by (−1).

Proposition 5. Two ωωinjective automata A and A′ are ωωequivalent if and only if ~Lcc(w) · ~Rcc(v) = 0
for every w ∈ Σω and v ∈ ωΣ.

Proof. First, let us remark that from the definition of vectors ~Lcc(w) =
(

−~L, ~L′
)

and ~Rcc(v) =
(

~R, ~R′
)

,

the condition ~Lcc(w) · ~Rcc(v) = 0 is equivalent with ~L · ~R−~L′ · ~R′ = 0, where L, R ⊆ Q and L′, R′ ⊆ Q′ are
the corresponding Welch sets. Also, since both automata are ωωinjective, we have that the values of the
products ~L · ~R and ~L′ · ~R′ can be either 0, in the case there exists no path labelled by vw, or 1 otherwise.
Thus, ~Lcc(w) · ~Rcc(v) = 0 if and only if we have either ~L · ~R = 0 = ~L′ · ~R′, or ~L · ~R = 1 = ~L′ · ~R′. On the
other hand, the above condition is equivalent with: vw is the label of some path in A if and only if it is
also the label of some path in A′.

In the following, in order to verify whether A and A′ are ωωequivalent, we test for the above property.
However, we would like to find “representative” extended left and right Welch vectors on which to perform
the test, such that the overall conclusion remains the same while the computational complexity is reduced.
In fact, our representative vectors will form a linear basis that generates all extended Welch vectors.

Let A = (Q, Σ, δ) be an ωωinjective automaton without transient states. For any state q ∈ Q, by
performing a depth first search, we can obtain (in linear time) a finite word uq ∈ Σ+ such that there
exists a path in A labelled by uq starting and also ending in q. In particular, it implies that q ∈ L((uq)

ω)
and also q ∈ R(ω(uq)), the left and respectively right Welch sets corresponding to the infinite words (uq)

ω

and ω(uq).
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Proposition 6. Let A = (Q, Σ, δ) be an ωωinjective automaton with n states q1, q2, . . . , qn, and without

transient states, and let {L1, . . . , Ln} be a collection of left Welch sets such that for all 1 ≤ i ≤ n, qi ∈ Li.

Then, for any right infinite word w ∈ Σω such that L = L(w) 6= ∅, we have that for any long enough

prefix u of w, ~L = hu(~Li), for some 1 ≤ i ≤ n.

Proof. Since A is ωωinjective, and hence local, there exists k ≥ 0, the synchronization delay of A, such
that all equally labelled paths of length k have to be in the same state, i.e. synchronized, at some moment.
Let L = L(w) be an arbitrary non-empty left Welch set corresponding to some right infinite word w ∈ Σω,
and let u be a prefix of w of length at least k. Then, for any w′′ ∈ Σω the left Welch set of uw′′ is either
empty, if there is no valid path with this label, or equal to L since |u| ≥ k, the synchronization delay.
Thus, by taking any of the states qi ∈ Q such that there exists a path in A labelled by u ending in qi (at

least one state satisfying this condition must exist), we obtain that ~L = hu(~Li).
A similar result can be also proved for the right Welch sets.

Proposition 7. Let A = (Q, Σ, δ) be an ωωinjective automaton with n states q1, q2, . . . , qn, and without

transient states, and let {R1, . . . , Rn} be a collection of right Welch sets such that for all 1 ≤ i ≤ n,

qi ∈ Ri. Then, for any left infinite word w ∈ ωΣ such that R = R(w) 6= ∅, we have that for any long

enough suffix u of w, ~R = gu(~Ri), for some 1 ≤ i ≤ n.

We can extend the linear functions (ha)a∈Σ and (ga)a∈Σ for the extended Welch vectors in a natural
way, by applying the mappings on both components simultaneously. Thus, for any a ∈ Σ we have
ha, ga : R

n+n′

−→ R
n+n′

such that ha(−~L, ~L′) = (−ha(~L), ha(~L′)) and ga(~R, ~R′) = (ga(~R), ga(~R′)),
where L, L′ and R, R′ are left and respectively right Welch set from A and A′, corresponding to the same
left respectively right infinite word. Then, Proposition 6 can be generalized for extended Welch vectors
as follows.

Proposition 8. Let A and A′ be two ωωinjective automata with n, respectively n′ states and without

transient states. Let {~Lcc
1 , . . . , ~Lcc

n+n′} be a collection of extended left Welch vectors, ~Lcc
i = (−~Li, ~L

′
i) for

all 1 ≤ i ≤ n + n′, such that for all 1 ≤ i ≤ n, qi ∈ Li in A, and for all n + 1 ≤ i ≤ n + n′, q′i−n ∈ L′
i in

A′. Then, either there exists u ∈ Σ∗ and i ∈ {1, . . . , n + n′} such that exactly one of the two components

of hu(~Lcc
i ) is zero, or for any non-zero extended left Welch vector ~Lcc there exists u ∈ Σ∗ such that

~Lcc = hu(~Lcc
i ) for some 1 ≤ i ≤ n + n′.

Proof. Let ~Lcc = (−~L, ~L′) be an arbitrary extended left Welch vector, and let w ∈ Σω be a right infinite
word such that L = L(w) in A and L′ = L(w) in A′. Let us first consider the case where both Welch
sets L and L′ are non-empty.
We can assume without loss of generality that the synchronization delay of A is greater or equal to the
synchronization delay of A′. By Proposition 6 above, we have that there exists u ∈ Σ∗ a prefix of w

longer than the synchronization delay of A such that ~L = hu(~Li), for some 1 ≤ i ≤ n. Since the length

of u is also greater or equal to the synchronization delay of A′, we have that either hu(~L′
i) = ~L′ or ~0 and

thus, hu(~Lcc
i ) = ~Lcc or (−~L,~0).

Let us consider now the case where one of the left Welch sets L and L′ is empty. Since we assumed that
the extended left Welch vector is not zero, we conclude that the other left Welch set is not empty. In
particular, let us assume (without loss of generality) that L = ∅, i.e. there is no path in A labelled by
w. By using the compactness of the topological space, we conclude that there must exist u ∈ Σ∗, a finite
prefix of w, such that there are no valid paths in A labelled by u. On the other hand, by Proposition 6,
there exists n + 1 ≤ i ≤ n + n′ such that ~L′ = hu(~L′

i), where u is any prefix of w of length greater or
equal than the synchronization delay of A′. By taking u long enough, i.e. such that there is also no path
in A labelled accordingly, we obtain that (−~L, ~L′) = hu(~Li, ~L

′
i), i.e. ~Lcc = hu(~Lcc

i ).
A similar property is valid also in the case of extended right Welch vectors.
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Proposition 9. Let A and A′ be two ωωinjective automata with n, respectively n′ states and without

transient states. Let { ~Rcc
1 , . . . , ~Rcc

n+n′} be a collection of extended right Welch vectors, ~Rcc
i = (~Ri, ~R′

i) for

all 1 ≤ i ≤ n + n′, such that for all 1 ≤ i ≤ n, qi ∈ Ri in A, and for all n + 1 ≤ i ≤ n + n′, q′i−n ∈ R′
i in

A′. Then, either there exists u ∈ Σ∗ and i ∈ {1, . . . , n + n′} such that exactly one of the two components

of gu(~Rcc
i ) is zero, or for any non-zero extended right Welch vector ~Rcc there exists u ∈ Σ∗ such that

~Rcc = gu(~Rcc
i ) for some 1 ≤ i ≤ n + n′.

As indicated by the previous two propositions, we have two situations. In the first case, any extended left,
respectively right, Welch vector is obtained from a previously selected set of Welch vectors. If not, i.e.
the second case, then there exists a one way infinite word which can be the label of some paths only in one
of the two automata, and this word is also obtained starting from the infinite words associated with the
selected Welch sets. In this last situation we can conclude that the two automata are not ωωequivalent.
Thus, the next step of the algorithm is to compute for all states qi ∈ Q, 1 ≤ i ≤ n, and q′i ∈ Q′,
1 ≤ i ≤ n′, the extended left and right Welch vectors corresponding to the words (uqi

)ω, ω(uqi
), and

respectively (uq′

i
)ω , ω(uq′

i
). As explained before, these vectors have the properties required in Proposition

8 and Proposition 9 and will generate later on all other necessary Welch vectors.
For any state q of A, in order to compute Lq, the left Welch set in A corresponding to the right infinite
word (uq)

ω, we proceed as follows. For every i ≥ 1, let H((uq)
i) be the set of states from which a path

in A labelled by (uq)
i can start. It is easy to see that for each i ≥ 1, H((uq)

i) ⊆ H((uq)
i+1). Moreover,

if for some i ≥ 1 we have that H((uq)
i) = H((uq)

i+1), then for all i′ ≥ i H((uq)
i) = H((uq)

i′ ). Thus,
Lq = H((uq)

i) is the left Welch set in A corresponding to the right infinite word (uq)
ω. In a similar way

we can compute L′
q, the left Welch set of the same word but in A′. By putting together these sets we

compute the extended left Welch vector ~Lcc
q = (−~Lq, ~L

′
q).

The same procedure can be also applied to obtain the n′ extended left Welch vectors corresponding to all
states q′ from A′. Moreover, the procedure can be modified accordingly, in order to produce the n + n′

right extended Welch vectors corresponding to all states from A and A′.
Starting from the extended Welch vectors {~Lcc

1 , . . . , ~Lcc
n+n′} and applying morphisms hu, u ∈ Σ+, we

would like to obtain all the extended left Welch vectors. In particular, we are interested in obtaining a
basis of the vector space generated by all the vectors of the form hu(~Lcc

i ), where u ∈ Σ∗ and 1 ≤ i ≤ n+n′.
By Proposition 8, if the two automata are ωωequivalent, this space equals Lcc, the vector space generated
by all the extended left Welch vectors. Otherwise, it contains vectors where one of the two components
is ~0 while the other one is a non-zero left Welch vector. In order to obtain such a basis B we proceed as
follows:

• Step 1. Let B be a maximal set of linearly independent vectors from {~Lcc
1 , . . . , ~Lcc

n+n′}.

• Step 2. For each extended left Welch vector already selected ~Lcc ∈ B and each letter a ∈ Σ, compute
~L′cc = ha(~Lcc). If ~L′cc is not ~0 and B ∪ {~L′cc} remains a set of linearly independent vectors, add
~L′cc to the collection B.

• Step 3. Apply Step 2 until no more extended left Welch vectors are added to the collection B.

If during Step 2 the set B has not been modified, then we end the procedure, giving B as a basis of the
vector space generated by all the vectors of the form hu(~Lcc

i ), where u ∈ Σ∗ and 1 ≤ i ≤ n + n′. Indeed,
if at some moment by applying Step 2 the collection B remains unchanged, then it means that for any
~Lcc ∈ B and a ∈ Σ, ha(~Lcc) can be expressed as a linear combinations of elements from B. By induction,

it can now be easily proved that for any w ∈ Σ+, hw(~Lcc) can also be expressed as a linear combinations
of elements from B. Since this vector space is a subspace of R

n+n′

, its dimension is at most n + n′ and
thus, such a basis B = {~Lcc

1 , . . . , ~Lcc
k } is obtained in polynomial time in the number of states from both

automata A and A′ and in the number of letters of the alphabet.
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In a similar way, starting from the vectors { ~Rcc
1 , . . . , ~Rcc

n+n′}, we compute a basis { ~Rcc
1 , . . . , ~Rcc

l } of the

vector space generated by all the vectors of the form gu(~Rcc
i ), where u ∈ Σ∗ and 1 ≤ i ≤ n + n′.

Proposition 10. The two ωωinjective automata A and A′ are ωωequivalent if and only if ~Lcc
i · ~Rcc

j = 0
for every 1 ≤ i ≤ k and 1 ≤ j ≤ l.

Proof. According to Proposition 8 and Proposition 9, there are two cases. Either the two bases {~Lcc
1 , . . . , ~Lcc

k }

and {~Rcc
1 , . . . , ~Rcc

l } generate the entire vector spaces Lcc and Rcc, respectively, or this condition is not
fulfilled at least for one of this spaces.
In the first case we have that if for all 1 ≤ i ≤ k and 1 ≤ j ≤ l, ~Lcc

i · ~Rcc
j = 0, then the same conclusion

is true when we consider the product between any extended left and extended right Welch vector. Then,
by Proposition 5, we conclude that A and A′ are ωωequivalent.
For the second case, let us suppose that {~Lcc

1 , . . . , ~Lcc
k } does not generate the entire vector space Lcc.

Then, according to Proposition 8, there must exist some u ∈ Σ∗ and i ∈ {1, 2, . . . , n + n′}, such that

exactly one of the two components of hu(~Lcc
i ) is zero. Since the two automata do not contain transient

states, it implies that A and A′ are not ωωequivalent. Thus, we would like to prove that there exist some
1 ≤ i′ ≤ k and 1 ≤ j′ ≤ l such that ~Lcc

i′ · ~Rcc
j′ 6= 0.

We can assume without loss of generality that hu(~Lcc
i ) = (−~L,~0), where ~L is a non-zero Welch vector. Let

q be any state from L. From the way the extended right Welch sets ~Rcc
1 , ~Rcc

2 , . . . , ~Rcc
n+n′ , are constructed,

there exists 1 ≤ j ≤ n + n′ such that ~Rcc
j = (~Rj , ~R′

j) and q ∈ Rj . Since ~L and ~Rj are Welch vectors, i.e.
0-1 vectors, we have that

hu(~Lcc
i ) · ~Rcc

j = (−~L,~0) · (~Rj , ~R′
j) 6= 0.

Since hu(~Lcc
i ) and ~Rcc

j are linear combinations of the vectors ~Lcc
1 , ~Lcc

2 , . . . , ~Lcc
k and ~Rcc

1 , ~Rcc
2 , . . . , ~Rcc

l ,

respectively, we obtain that there must exist 1 ≤ i′ ≤ k and 1 ≤ j′ ≤ l such that ~Lcc
i′ · ~Rcc

j′ 6= 0 .
By putting together all the above arguments we obtain the following result.

Theorem 11. Testing whether two non-empty ωωinjective automata without transient states, A = (Q, Σ, δ)
and A′ = (Q′, Σ, δ′), are ωωequivalent can be performed in polynomial time.

Proof. Let Q = {q1, . . . , qn} and Q′ = {q′1, . . . , q
′
n′} for some n, n′ ≥ 1. Each step of the following

algorithm can be performed in polynomial time.

• Step 1: For all states q from A (respectively, A′) find uq ∈ Σ+ such that there exists a path in A
(respectively, in A′) labelled by uq which starts and also ends in q.

• Step 2: For all 1 ≤ i ≤ n + n′ compute the vectors ~Lcc
i =

(

−~Li, ~L
′
i

)

, where for all 1 ≤ i ≤ n,

Li = L((uqi
)ω) in A, and for all n + 1 ≤ i ≤ n + n′, L′

i = L((uq′

i−n
)ω) in A′.

• Step 3: For all 1 ≤ i ≤ n + n′ compute the vectors ~Rcc
i =

(

~Ri, ~R′
i

)

, where for all 1 ≤ i ≤ n,

Ri = R(ω(uqi
)) in A, and for all n + 1 ≤ i ≤ n + n′, R′

i = R(ω(uq′

i−n
)) in A′.

• Step 4: Starting from the previously computed vectors, compute a basis {~Lcc
i | 1 ≤ i ≤ k} of the

vector space generated by {~Lcc(w) | w ∈ Σω}, and a basis {~Rcc
j | 1 ≤ j ≤ l} of the vector space

generated by {~Rcc(v) | v ∈ ωΣ}.

• Step 5: Test whether for all 1 ≤ i ≤ k and 1 ≤ j ≤ l we have that ~Lcc
i · ~Rcc

j = 0.

Corollary 12. Testing whether an automaton is ωωbijective is decidable using an algorithm whose time

complexity is polynomial in the number of states and the number of labels.
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q

a, b, . . .

Figure 1: A simple ωωbijective automaton

Proof. Let A = (Q, Σ, δ) be a finite automaton. As explained before, we can assume without loss of
generality that A does not contain transient states; otherwise we replace it with it’s non-transient part.
First we test whether it is non-empty and ωωinjective. Then, we verify whether it is ωωequivalent with the
automaton A′ described in Figure 1. Clearly A′ is the simplest ωωbijective automaton. Thus, automaton
A is ωωbijective if and only if A and A′ are ωωequivalent.
Clearly, the overall complexity of the algorithm is polynomial in the number of states of A and the size
of the input alphabet Σ.

4 Final Remarks

The class of ωωbijective automata was introduced in [4] as an extension of one-dimensional reversible cellu-
lar automata. At the same time, two natural less restrictive generalizations were considered: ωωsurjective
and ωωinjective automata. It was then observed that ωωbijective automata are the same as local au-
tomata, a well studied class of systems, see [2]. Due to this observation we have that the set of words
corresponding to the labels of bi-infinite paths in any ωωinjective automata represents a subshift of finite
type.
In this paper we investigate the algorithmic complexity of several problems related to ωωinjective,
ωωsurjective and ωωbijective automata. In particular, we show that while testing for ωωsurjectivity is
PSPACE-complete, the ωωbijectivity of an automaton can be decided using a polynomial time algorithm.
This last result comes as a particular case of a more general algorithm testing whether two ωωinjective
automata are ωωequivalent, i.e. the two languages of bi-infinite words obtained as labels of bi-infinite
paths are equal.
In [8] a polynomial time algorithm determining whether two irreducible sofic systems with deterministic
representations are equal is presented. Although the class of subshifts considered in [8] is more general,
i.e. here we deal only with subshifts of final type, in our case we only require that the presentations of the
subshifts are local automata instead of deterministic automata as required in [8]. However, the general
question regarding subshifts of finite type is still open. Does there exist a polynomial time algorithm
deciding whether two subshifts of finite type given by arbitrary representations, i.e two (not necessarily
local) finite automata, are equal?
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